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In this note we use Regge's continuation to complex angular 

i t  momentum 2  in order, to define and describe particles or resonances 

that do not correspond to a, usual Brelt-WIgner type pole of the 'partial - 

wave amplitude a. From the point of view of the analytic structure of the 

S matrix regarded as a atmultaneous function of angular momentum and 

energy, however, there Is only a quantitative d.lfference between these 

and.ordlnary particles. Thore are at least two definite examples of 

such resonances, nanety the 1 =0, tr-ii, S-wave "virtual state" 3  and the 

weU-known singlet n-p. S-wave "virtual state, 104  both near the threshold. 

The general situation is described here, which is valid for any value of 

angular momentum and 'energy, 'and it to suggested that some of the 

higb.er'apin resonances recently observed in strong interactions might 

belong to this category.' futhermore, we determine the connection 

between range and scattering .  parameters and the trajectory in the eompleA 

angular-momentum plane of poles of the S matrix that correspond to 

virtual particlea. This trajectory in turn Is related to high-energy 

cross sections for processes in which these particles are, exchanged in 
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the cross channel. 

Our considerations are b*sed on the fact that the total two.body 

elas -scattering amplitude can be written using a Watson-Sommerfeld 

transformation In the complex I -plane. 1 	awn of--In general few.- 

pole terms plus a regular remainder. The pole terms control the 

asymptotic behavior of the amplitude, and also the bound states and 

resonances in the partial-wave amplitudes. One can thus separate expli-

citly the singular parts of the amplitudes. This procedure is a substitute 

for the use of subtractions In the dispersion relationa. For a given set 

of quantum numbers, the olee are separated by more tbAn one unit of 

angular momentum0  Therefore, in the vicinity of a. bound state or 

resonance, the total amplitude may be approximated by a Regge -pole 

term of the form. 6  

A(q, coss) = P(q) 	 / sin tre(q), 	(1) 

where a(q) is the position of the pole of the $ matrix In the complex 

I plane as a function of the momentum q. The partial-wave projections 

of Eq. (l) are 

A(q,I) 	(q) / {[a() -Ij fu(q) +1  

which clearly ahowa the poie In the 2 plane at I a(q). For q 4 0,. 

n(q) Is a. real and Increasing function of q;  for q1 > 0. a(q) has a positive 

imaginary part. 

We fIrst diøcusa the threshOld behavior of a(.q). It will be shown 

that the behavior of phase'shita near threOld Is consistent with a square- 

root singularity. of 0(qz)  at qZ s 0. ThcrO.fore near q 2  4 atqZ) can be 

written in the form 

%(q) = ap(0) + (.qZ )1l'2( d/dq) 0  + 1/2 ( d2a/dq2  q2  (3) 
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Thus, for small q > 0 the imaginary And real parts of a are given 

repective1y by 

a1;  q(da1Jdq)0  

+ 1/2 (dZ  a/dq2 )0  q2 . 	 (4a) 

These ezpressione.bave also been verifiednmericaily And for the 

triplet n.p scattering and give exactly the deutezon binding energy in 

terms of the scatteringparameter. 1  Once the threi parameters In 

Eq. (3) are determined 1  the behavior of all partial.wavc amplitudes 

due to the pole terrn(l) And near qz
Oar. obtained by Inserting 

Eqs. (4) into Eq. (Z). We do not write the general expression here, but 

if 	0) is very close to the integer 	0 and we have q2(da/dq2 )0  << 1. 
we obtain 

A(q. I ) (/,,) / ((0) + cqZ +. ig(da 1/dq)0 1 0 	(5) 

where c = (1/2) da/dqZ)0 
a (da1/d. Equation(5).is precisely the 

amplitude corresponding to the effectivei.range approximation 

q cot) a * ° rq2/z, and 'we obtain by comparison 

PMAPM 
and 

(d2a/dq2 )O' dn1 41q)0  £2 ( 4a1/dq)0  = r. 

If we neglect the curvature (d 2a/dq2 )0  for the time being, we find 

(4a1/dq)0 - = ; a(0) = - . .; (0) -fr, 	(6) 

where a is the scattering length, and r is the effective range. 

We give now a quite independent calculation of the parameters of 

C. 
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Eq. (6), usIng the range of the forces involved. If we take no a model a 

short-range potentia, a square wU of range v 0  and strength 

V0 	. = (/t e)2  /r not quite strong enough to make an S-wave bound 

state, the position of the poie in the I plane is given by a(0)-1n/4. 

The scattering length a Is related to 45 by a = 2r0/1T. Hence we have 

aR(oT; ai/o 	 T 

The two estimates agree roughly. Their difference gives us the curvature 

of the trajectory 

(4a/dq) 0  = 1  r (r0/Z - r). 	 (8) 

Both for singlet and triplet n-p Regge poles as well as for the 1 el 0, 

mv pole, the curvature as determined from the effective range formula 

Is negative, i. e. the trajectories turn at the threshold. This behavior 

expresses the fact that there are no S-wave resonances without an 8-wave 

bound state. For trajectories near I = I (or higher), the situation is 

different. Here we can have a P-wave resonance without a P-wave 

bound state and in this case we expect the curvature to be positive. The 

real part of a as a function of a or qZ  Is shown in Fig. 1, and the 

parameters are given In Table I. It is important to note that the para-

meters of the cusp depend only on the range of the forces and ntón 

scattering length. Therefore one would expect approximately the same 

cusp at all thresholds. Below the tbrchold, q 2  is less than zero, and 

a(q) Is real and is given by7  

a E  nq) : e0) . ( s.q2 ) 	(da/dq) 0  + - (dZ/dqZ )0  qZ• (9) 

This expreasion.allows us to extrapolate a to the point s 0 or q 2 = m. 

in the case of the mr-n, I = 0 pole (or the so-called ABC pole). 



UCRL.999 

The cuanttty aA3de 0) is also shown In Table 1. The ezchange of 

the I 0, v-w system in the crossed chane1 results in a total cross section in 

the forward directlónwhiC varies as 	 where E is the labor- 

atory energy 2 ' 5  

Ustng the above method, we can also discuss the threshold behavior 

of a Regge trajectory very close to an integer . Again if we assume 

that . the single pole don4nates the . th partialwave in question, we can 

compare the amplitude (2) with that corresponding to the effective-range 

corrnuzaqM + Coob a4  + rq2/. Then near q 0 we ftnd that 

+ 	
j3qZI + 1 or 	a(0) .3  qZZ))f + Aç 

CLR aR(0) 	
. 

This discontinuity is euperimpoed upon a geacrally smooth trajectory 

at the threshOld. Note that (q) Is real near the threshold. 

We now discuss the general situation where a resonance Is observed 

without the trajectory of the 
I 

pole crossing an Integer value of I or J. 

First, the threshold can occur, in principle, close to an integer I 0. 

This case may be expected to be qualItative!y the same as the case L 0 

discussed above. More tatore sting is the following situation. In the case 

of resonances 1  the function a(E) is an increasing function of £ even above 

the threshold, except pOstbly for a amaU. cusp at the thoshold. When 

becomes equal to an integer, Eq. (2) gives a Breit.Wtgner resonance 

if 	is assumed to vary linearly with E locally near Er5 We consider 

the case where the s) curve turns very close to a physical Integer. 8  

In this case the expansion of a(E) is 1eforrn 

a(E) + 	(E..E)2  (d2 CL /dE 2 ) + 
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the parfial-wave ainpUtude is given by 

	

+ a)dak/dEZ)i: 	(11) 
(E_Er )Z  + F/Z) + C 

where r/z ts Za1/(da/dE2 )0. and C.is a very small constant. This 

amplitude correspoflds to two energy poles E 	 - 

Therefore. if in Sq. (11) a single-pole term is taken literally as the total 

amplitude, one obtains a resonance cross Aection that is approximately 

given by 1/((_Er)4 + ( r/)2 ). If we take one of the energy poles only, 

the resonance shape becomes l/((*Er - 	+ 1/43. Such a resonance 

can be of importance only if the curvature at the turning point is .mall. 

No examples of resonances of this type are known at present. At any 

rate, the virtual particles, although somewhat different in character #  

are special manifestations of the poise of the S-matrix in the complex 

ó.ng'.ar -momentum plane.. 

I should like to thank Professor Geoffrey P. Chew for many 

discus stone, suggestions, and encouragement. 
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Table I. Parameters of the Regge poles a= a(q) near threshold 

e 0.. Above threshold the imaginary part of a behaves as 

(da1/dq)0  q. and the real part asj(0) + }(dZa/dqZ)0qZ. The 

residue of the pole is essentially given by(0), and a(s a 0) will determine 

the power of the total Cross section In the crossed channels. 

Pole 	a(q 0) (ds 1/dq)0 	 (0) (da/dq2 )0 	 as = 0) 

-1 (in 	
) 

.1.2 4m 	) (rn '1 

0a 1/8 -1/32 -3/16 

n-p, 18b 	2.5Xl0 0.42 -0.39 -2.57 	-- 

n-p, 3s' 	6x10 2  0.36 -0.18 .-2j27 

Ea1uated from Eq. (7) on the basis of a scattering length 

a 	(see reference 2) and anassumed range 

r 0  r j/z rn 4 . Here (e = 0) is evaluated from Eq. (10), 

a. 4(q 2  + 1). 

Evaluated from range and scattering parameters fitted by a 

square -well potential (see reference 3). For the triplet state, 

the approximate expression.for the position of the trajectory at 

the threshold Is a(q = 0) (1/3) E B 11'Z rO , where 	is the 

binding energy and r 0  the range of the forces (see reference 7). 

The calculations for this ease are nonrelativtsttc. 
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FGURE LEGEND 

Fig. 1. TraJecto2'y 'of.the R.egge p0108 flear tbreho1d. The realpart 

ora 

i?*tr virt'.ia particle. and (b) qZ  in the case of n..p singlet and triplet 

poles. 	 . 
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