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HYPERFTNG SPLITFING IN ARGUATIC FREE RADICALS
'" g, ACRIVOS

Depar‘tmenu oi‘ Chemls’cry La.wrence Radia‘cio*ﬁ Laboratory
University of. Callfo rnia, Belkeley, Ca.l:u.mrnlq

The hyperfine structure of the ESR spectre of free radicals is a

pronporty of thc systen of electrong and muclel which comstitule the molecule

t arises f;:‘r n the energy of intera cmun of “b}k L::;; ad electrons and nucleax

o]

sping vhich is 0"‘ the forn

¥

exa

\ B s 1. o
: By 2 T A A
where T is a tensor of sccond ram;, 1‘ is the muclear spin azm J tThe total elec~

tron engular momentum. In o'c,her words, a nucleus m: spin I ﬁ serves &S g probe
to the elec'romc stmc ture of a complex molecular free radleai. The measure-

ment of this coupling emrgy is in general of priume importance, because 1t

analysis has *&bﬁr&fom réceived a considersbie 't“.omb of attention ia the litera~

ture. .
0 , .
In particular, it :is not wncommorn for the ESR specira ol free radicales in

) x,

golutions to possess a hyperfine struciure, as shown in Pig. 1 for the p-

benzosenicguinonz ion and :Eor wluch he rediation induced transitions in the
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4 hm’c; is the energy difference between the electronic Yéemsn levels in the ab-

ence of tlm. lvﬂez*fn.ne Ltemct:«.on a.ncl‘ﬁ is a co***“t charscteristic of ‘cﬂ*e

ol

-

free redical u.pa the m.c1eus n, of \,,n'm tic ratio T . 'H Iis the gpplied

external ms.gnetic field. In the sromatic melectron free redicals, the sigme

2ks

. 4 . ) :
bonded 9rc’ccm* x'i“&”& gpin I = 7'24 are resporsible for Tthe obsex rved structure.
"‘“h'?s egacrimenwl evmcnce Ima le& therefore 1o une coaclusion that the spin
polarizatlon 1is t. smitted tﬁro&gh o valeance bond between thu, - end T »
elactrcm which up to Lnat Hime were con’sic;.,erec3~ ag non interactling gz:*oups_.‘
Wcissml aml ICr:Co“.nOlle have brouvght forthe the iden thet as originslly
proposad by Abragem Horcwitz and Pryce in their .muay ot the hyperfine
cpiitting of the ions of the ‘t:fe_nsiticn metal se*-‘ics, rshis bonding cen be €X-
plained in terms of & mag;vetic woment aenulw pabrix in whick all the excived

configurations contributing to the groand sitate i',‘zzrcu@h the correm tion mcer-

on 'be*wecn the two groups would have to be inecluded. This approach, which

has been .aucce"“i‘\iil‘ developed end applied {o numerous cases in the literaturs
. >

i

will nov be given in some detail. Use will be mode of the density metrix for-

5

mplism ﬂeveloped by ,Jowdmh and hc?w?eenej
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The Density ‘ia'trw. Formulotion o S

The electmnic systen described Dj’ Atoz:s in }o..eculeo 15 given, vithin
the Bom-()npﬂnh,lnwr apprommtlon,é in krms cu g comlete 6(39 oi";atoxﬁc
orbi u&l& L.n&er tha, reotrlctlon uh:l"& ‘é;l‘:;z Pauli jJs mciple be o’geyed; A dirvect-
lﬁr measurable pbysicoghexﬁ.eal property of this system 0 -ag 'clﬁeiz 'ari expecta~

tlon value, . | o ;

<a> nj-? o)y Wag 7 0. (2)
vhare 0 (:e:) i a‘. ﬁnction associsted with the w"bﬁewable , and ¥ {;é} 18 the 4 .

ave foncidon’ vMeM LC.)CT’:.'D@S' the elecironic state vhen z spans & 'hstcomgle‘ce

spece J,"‘(Cl sgin coomimtes (x:8) of the N Cl”‘C’b.ﬁ’Otﬁm (‘,, = s Kprove zﬁ}} W (J::')

is e:«;z;mssed,. in general, as a supel@ositlon of comigm‘,tions.-,- Thus,

V(g =2 Gw () ).
K e
vhere each k’fK(,%') is given by the entisymmetrized product of he :s.u.gle pazx le

“molecular spin-orbitals ??k(;si,),‘i«rhich'arﬁ in turn linear combina‘bmns of the

complete set of atomic orbitels g(x, ):

i . & ; ‘ ' o + .
e R )
| ¢ = T | ’

-where T is a square matrix which tmm forms the U-dimencional spaee?ei’ atomic

orbitals g iml to “that 0‘? moleculc,,r orbitals ¥.. The atonrlc Ofb" uais are characier=
(47 N

‘1zed by the fourfold syaliol v =‘(n,,-13, i, '.azé), in such 2 manner thab:

o @RE RO ) O
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where (rs 99 @) are the spherlcal polar coordina es of the electron

‘ﬂ_wi h.respecc o the nucleus Ve Rn(r) depend3 only on the distance

on ¥ and Yzm(ea@) is a spner¢ca1 hafmonxcy (sed for inutance |
Ref. (7) Dy . 57) Al 05 E, uhé azxmutaT cuan+um numoer, indicates
the 1rfeaucible repr sentacionuof tny'ppau¢al symmecry {55 p, d, ...),'
Cand m che pawl:?;culq comnoﬁeﬁ%’ofAéhei?ﬁ +. 1 ;old devene ate states

of orbital angular momen%umg wn*le n, :the.prinqipal quantum numbez
d;stinwulshes the various states " with the Sameytranéformation ’
property bu’ witn dlffefent energy, Finaliy thé'mp%n funqtion'f;,

1 1

s-'"i'er"‘""t

Tﬂe &K afe glven approx;mately bJ eichef one of the fOllOWlng

\ is ecual' to a or B according to whethe; 1

'ﬂ',two conventicnal exmressions. (Qee zor instance RQL-_(?); p. 232)3
i By tha Slatef Pauling *Valenoe Boad’ (VB) Formula (8) {9):

x ﬁumw Tt = T

: (1 35 (62)

5
2
,ff”ffzé;f Py the “ﬁblecular ombitalﬂ (Mo) method developed by
- fHuCkel (10) and Nulllken (11) N o

o

"q [V 1(3{1)Vk2(}~2}‘“‘¢kN(XN)} = DKy{J:l —T\ﬁ' 2: ( l)p 'p}

. whe e DK is the Slater deieranant C
' ! ....._'- S A ST S &

vwl(n) vkz(n) ~- an(n)

The eigenvalue of the spxn is &ndicaced by a sugerscrint, a bar

' fgr mb = - 1/2 and nothing 1or m, = *_1/2. : '_‘ . ‘, i C

? Ry interchanges the spin in the n palrs of orbits  which are bonded ujgcbher angd
P pernutes the electrons among the spin-orbitals, with the corzcsncpdlnv parities
+ and p. The tyansformation T in Eq. (1) 1in the valence bond,VB method is the
unit matriy wvhen hym:‘id orbitals heve been token iato account.

\
\\m...

—
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The function 0 (x:)iza in general e@mdod in ‘texms of zero, one R *’c.wo, ( |

'

s IR G O

N .
and uccoralng to .Lq (2) its cez:;pec*l:.c tion value s

* f { (ml’ b ) 102("{ ) 5 '%l; }:«12)] l"""]" ﬂx__ mg
N SRl AL

e W e . , v S ' _‘ .v ' : = (8)

where the Oﬁaratmon inside the brac’{e'b g carried oui‘, before ’chc. pr.’mp sign

. is .elimnaced._ Heze Py> Py PN pN,,a;ve defined &qu’bhe one, two, ete. clectron

(Y

deneity mt.rices

p, (5%, ) = Fit [(aw Zps ove X ) ¥ ( 1> Epy wee e )

e s L1y (7RISR ) SR RNE)
2\ RRI% R Ti-ay ) "a1rie? '“Xm VA EpRpr AN
L) L3 u ) [ S 1 - » # L 4 ® » ¢ -« o ' Q t . 0 - » - * L 3 . € ] » @ .
%&y seonkyh Eppkpreeody) = ¥ Ugpder- - ) ¥ G-y
and _
= (Ci‘.{l) d-‘» = (d.b. ) 63’1 ‘\'23 e b (9)

The mmr‘cmce of the density mat crix is due to the physical significence
of the d:‘uagon&i elements. Thus:

(%3 % P ) ar, number of particles in the ‘sys‘cem multiplied by the

p:o‘bnb:...rby of f:.nciinf’ one Wi *mm the volz,mc. clemnt. dzxy 4 cen-

tered abouu ‘“l )
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92(X15X2’ xlgxz) drl dry = 2 x number of pairs in the system :s
| multiplied by the probabllity of simultaneously finding f_
" one particle in each of the volume elements dry and ar2 )
| centered about Kl anq 2, respectively‘ P o
| Accérding o Eq. (3) then: - ' |

pr(lszj”'nlltiziﬁ"‘n’) = ZPKJ\ pn(K?\ll,Z,-wn, 11,2, :“'?';.;.

= C

Pra = Ok Cn | ) L , | /

pn(l,zg."f'kin!l',?"';' * ‘1’1‘) =
S U S
| Tﬁ¥§7T'f ¥ (15250 0m,000N) ¥ (11,2150 »ntse - -N)(axy)
with the relationship between successlve density matrices:

(w-n)g, (1,2, +n[1t,2',on") =

f pn+1(l,2,-"*lil,n+lll'32_"g*“'n ;l’H-l) ~n+l
For brev;ty the coordinates are indicated by the particle index.
Also the space and spin coordinates may now be separated according

to McWeenys

pl(Khll 1) = pl(K,Rll 1) a(l) a (1')+~pl(st11, ") a(l) B8 (1)

e pl(K,mll 1') p(1) o (1’)**'p1(K’kll l') p1) ") (10)

- where ’che',pi are spinless‘density“matrices"obtained by integrating '

py over the spin coordimates.' The spin producu to which the

~

spatial function belongs is Lndlﬂated by a raised symbol., In

i - particular, if there exists an axis of quantizatilon Z, the spin

component in that direcéicn iss



‘
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]

<8%> = [ [s5(1)py {15 1)1, - e
= %“J [pl(lg 1) - py{1; 1)]d£1“ e

=ilq@ye )

For states of definite spin the spinless and}spiﬁ density_matrices' f

-py and gy are then: Lo el e -_@[ | |
Pl(li l'),z é% PKK {pl(Kklla 1:) + Pl(K%llﬁ 1’)] iﬂ

. , s ! s ' ' -‘v vi . o ' | !

Q1€l§ l!) = élpkx [pl(Kxfli lf) - pl(K%]l;vlt)} _ (12)

with the following physical signifilcance Of‘the'diagonal,eléments:‘
py{13 1) dr, = probability of finding any electron within
_ the volume element dry centered at - o o
ql(lgyl) dry = probability of finding an unpaifed electron
- with spin + 1/2 within the volume element dr, at ry

minus that of finding it with spin - 1/2.
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‘THE HYPERFINE INTERACTION HAMILTONIAN

.  The magnetic intéraction between particles isla relativistic

ok ' .
' - effect. Fernilz derived the exnreSSLon for the energy of inter-

3 : A
action between‘the»electron-and nuclear spin from Dirac's theory

e

of relativity, A derlvation consistent wlth these properties was

developed by Casimirl3 and'Ferreillé follows,i The hyperflne
encrgy 1is cbuained by - con3¢der1ng the motidn of an eleotron in

the field,

@n =.cur1_A
1nducbd by the aucleue of moment u s where the vector po»ential

A au a distance r from the nucleus n is defined by._'

@iv‘ én_# Q.

. by Wy X
Ay =curl 57 = "“"3““

The energy of a particle in this magnetic field is given by
the classical Hamiltonian of electrodynamics (see for instance (7)
P 108)[atomic units are used throughout this development - see

| Appendxx ( 31:

0]!—4

H= i %‘(g - ﬁ )E + potential'Energy_

,; - where the transition to quantum meohanics.is aéhieved'by replacing

A the momenﬁum ) by the operator = 1 v if the particles do not

B pOSSGuS gpin. For an elect ron with spin s = %-and inurinslc mag-
netic moment“u =B 5+ g, an additional eontribuuion to the energy
arises from the scélar product u gﬁ : ”he electrostatic inter-

| action between the nueleus and the elecuron churge clouds also

 contributes to the energy (quadrupole terns} but is non zero only
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for nucledl of_spinv1'=il and will not be considered here. Thus

‘the~hyperfine’energy of the syétemg‘in the absence’of quadrupoie

interacti&ns iss

=1Ly - L ay2. L 27,
H’f = L§(2~ ¢ ATz J' He* Bn
L X P P XT 1 2 T
= ﬁ[(P’” S o S 'p)-‘-—-A]+p. s VXVX ’-"—-}
L %P | bn) o2 ¥n])
= "{25 Hp' T3 e [Y(~' ““) AN
r ' , !
n % 1 2] 1
& - {EB 3 + %e- [Y.(g s y) - o,V J T
o 1
2 21 ' o T » oy
frewm¥EH o )

Use has_been made of the definition of'the orbltal angular,
momentum g =r XD and OL the vector identity curl curl = grad.

div - (grad)zlkeeping only the linear terms in A The two terms.
arising'from the electron gpin magnetic moment have been separatedl
according to their symmetry transformation property. The first

1s the anisotropic term

- L . S raorp | '
6 N * Y - ..3:.. a ...:!T.. = 1] o] TSL W -.l..- N ) . )
Re LY (g Y) Fln Y ] r = tn [-1,,'5 rs] e | (14)

 It”transf0rms under rotation as a spherical harmonic of order

L =2,
»In'magnetic fields of presently attainable magnitudes the
electron and nuclear spin magnetic’ moments are

Be=BEtE

Un = By 84 In

where B and'ﬁo arevrespectively the Bohr‘anﬁ nuclear magnetons and

‘where the g-factor for the electron‘with'gn isotropic, 1s a tensor
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of SeGOHd rank. The anisotrOpic’energy may'theréfore be written
as En &, * 8 where a is a tensor of second rank. When g is iso-

~

‘troplc the term 1n»§n is

| R € i i Ak o |
b (a, §0A = B, 1~ —5 _ 3A(5n =g gntﬁfﬁo)
{(3 coszé l) s %- sin 9 cos 6 (e s 4-e“i@§+)}
r .
B, 4 1/2 | o ,
= -2 () (2 YZO(%@) s -ws [YZl(e,cp) 57+ Y, 1(0,9) 8 ““]}
e
' . | (lSa)
PR '
"By fotatlng the axis, % <"z, the other two components are
obtained and the general expression is Pake 815 vector identity:
B Y . S . o o
n SRR . .
I, 2" 8 = 3 [A+B+C+D+E+F] e (15p)
where'
8 = 12 5% (3 cos®0-1)
1 24 7+ 4 |
B=3 {3 cos 9“1)(521 s f}:n’i)
g,==%-sin & cos 0 e -1¢ ( g? §+);.
':Q = ¢ (complex conjugatevcflc)x
_ LB 2y -210 b b
) E= 4 4.sin 6 e En S
.;\: L% . ' '
) F=E (complex conjugate of E).
« Here (r;6,9) are the polar sphérical coordinates of the electron
¥ - with respect to the nucleus n and the Z a i"ié that of an

~N7oan

. applied external field, I7, I, s and s
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are the spin raising a.nd Iowerma Qperetora (§ é'{ + i EY) which connect
ptates with AmI = & 1 or Am = & 1 and vanish for states of definite spm. ‘
¥hen there emsts an axis of quam%z.atmn Z. the amsotrapzc term in a staﬁe
of defzmue spin ie then

vy . 5 . " . ar‘ v v, . ; B
Pl 9%= % Bedfo-nrg®. - (15¢)
‘ e r ! . :

Now from this expressmn the rcason for thu ncmerzcla lure iz clear, since

thz term is a,ngt;lar dependent, ‘with principal values:s " N

- | N |

-1/2. —
T

a = - . - 1/2—-3?}- o . .
. ' . '
. 5n

-3

x

That xs, an ig a tensor of zero trace which wi‘.i.}. va.nish when averaged over all

onentatmns as is the case fcr s-electrons (£=0). - The angulayr dependence on

YZO {6, ¢) in Eq. {15c¢) 1mp11es thcn that the term centmbu ion will be non zero for : .«

the sta.ces (£ ml), (Ez 2) of the electron (see Eq. (5) ) when (.4 2} satisfy the
praperties af the szdes of a triangle of even pez'zmeper (triangular rule for the

addition of angular momcnta)

2, |
+2=2n,n=2,3, ~*°

“1"”2.2l > 23 I 4
£ 1 * 2,
and for

m1 =m,.

The isotropm term is obtamed fmm the clasmcal thbcry of Coalomb

fzelds [see for instance Panomky and thllzpa (14) page 3}]
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‘eigenfunction,
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v ,  1 C = - 4w B(r _gn) o L ‘ C ' (16)
AR A ‘ . :
. \ T , T

where the delia functien is defined by:
&.(3;;_,'- E’n.) = 0. fog' ;;,4- B,

_ f(r) &(r - ) f(r ), for 1.(3‘:') confmum.e in the fzcld region,
Fvn

Thw term is sphe'ﬁzcally symmetmc aml is thevefore non-zZeroe only for s~ electrons.

K ‘

grqe bynerrrnc im;erac*wn Hazmltoman for the “«E-e}.ec ron systemn of a com ple}.

meolecular free radical can be e:apazad.ed in tezms of one electron operators:

h"( z ?Hm (z,)

\

PO

where

pa® LEj-E ] -

T [ oL [ . : -
L. . . Lo R

" In oxder ﬁdde’aermﬁne the ‘expectation value of . )—(hf it must be noted

that the operater contams the nuclear spm coordma.,es which must therefore be

“included in 'i:he wave function uaed in Eq. (2). 1¢ B, ¥y are the grdund._ and esxcited

state ezgenfunctno 18 Of &he clectromc ar‘.ultamvn, tncn to first order, and as
pointed out by Pi‘yce {15) ‘
g o one

??_; Y - - q’k 8- Y (18)
k- M-,K o ) - j ) . .

is an eigenfunction of the complete Hamiltonian, where E, E o are the energlies

associated with the corresponding electronic states and =3 is the nuclear spin
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En polyatoxmc molecules me ox'b;tal deweneracy, when it exists in

the grouﬁd state, s quenched as a consequence of the Jahh-Teller theorem

{16, 17). This means that <L"f<uy>and <L >are zero. The e}’pectatxon

H.hf‘ 'Z{ ln s+z,, 'A ;:;} | :(1‘” ‘

wnere, assu'mng that there exists an external axis of quantzzatmn, Z,:

@) @n;i S”zr-‘ j[l 5(..; Ep! ?{1(,1‘1"]1&1'&"?51
= 8 5 12 5 "z l/Zq (@, =a 1), __ )
3 "nn in' Yln 1 Li58,
or ' .
8w . ‘

AT 89y, ,_(1%')

I z _ (2 o\ ) - ,,
B LA B =y /{In (21 8 91“'1')}1%1@#1

L fceste, -y -
,=§.n ;nﬁ o ql“‘,l),dz; (19b)

3
1

n
The molccular axis 'Z as Well as the external avie of quaantization z '

must be taken mto account in "che anisctropic term. The general case arises
when the elec_:tron is in an atomic orbital not center eo; about n |see Fig. 1]
Then, the electronic and molecular coordinates are separated by mazung use of the

addition theorem of spherical harmonics (see for instance (7) p. 370)
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(3 1;0526 - l) = (3 ¢0526 -1 P (cos?) )
. in vn

' 811’ : : ,j‘

+ - m»-éf YZm ?v ?:zn(al’fl) L

Lo . . _1 1,2 ) . N .
N ,‘ Fi il ferloel L : » ' (20}
and . l

£, ;, cos .gli'?_.,RY o ~.Fqp cos 6, G e e
1‘1 sin 91 = T n_gin Ul :

if electron (1) is in an atomic érbital'centémd é.béut v. The significant ‘
cantmbatzons to (IQb) will e;hen arise from atomic orbxtam centered a2bout n

and v. If n 15 a hydrogw atomn wsth an eleciron in a Is os:bit, then the

mgxmﬁcam on-zero contrzbutions will arise fmm one-centcr integrale about

v and two«cencer mtegrals about v and n., When Eq. (20) is substituted into

(19‘1)) the terms contalmng the molecular coordmatcs will come outs :.de of the

z "'z4 : 2 (coa@”)
In (Qa-_S) = ﬁn {3 cos Gvn -_!.) 3 l(1 l)d
o _ ./ fin
_ | .
i
S g » (51 Y
T“ET' mz#,() Zm vn ?vn ] rl - Q (1;1) d.g 1}

{19%)

Thus, if the molecule undergoes rapid tumbhng, ac in solutions, the aver@ge
value of i:he ameotrapw coupling vamahes due to the proportme of the spherical
harmonic of order 2. .,The physical implication here is that m golutions the
’nypei‘ﬁne structure of the ESR opectra will arise only fz'om me matrcpxc

contact term. This property wae derived by Weissman {1 8).
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APPLI(”ATION TO THE HYPE‘R FI\E INTER A’"TION
‘ I\I AROMATIC FE L‘}I ‘R &DICA}..,S

e 'The r»actm..y of the ammauic. molacules hes m thezr abzhf‘y to add -
or 1ose an electron from th.e ?r--elc.ctron sy tcng.a tmzs fcr?nmg a f:ee rachcal
"‘hese are s;abzhz.ed ina proper solvent in ordor to record 'che:u ESR- spectra,
vhese *he obeerved hypcrfme structure arises fz’om the contact interaction o
term of ’che mmaxrcd electron at'the nuclei of ;he avomatic and & protons 1n.
13 14

or N Thia meaneg that the

aliphatic suhatxtuents, H1 a.nd the s».celeton C
-electrons of a.n aromatm frz,e n-adacal pos.«,es a certain der'ree of unoaarcd

. ch""acbcr. which i3 dz.e toa g -7 carrclc.ixon mteractlon | | V
é;vahe,best wave fuxictionsv for an aromatic free radical are th_ue obtained

By first assuming sigma-pi sébara&ilﬁty where the ¢- and m-elecirons are

. cénsidered as individua.i groups in the eiectros’zatic.ﬁeld.of each other see.

for mstancca (6), p. 249 . ‘The ccmﬁgurations which take into account“ the

existence of the 0. - ™ valence ‘bonds, indicated by ch ESR experiments, are '

then introduced by means of a seriea perturbation.. The procedure, which is

ba'séd. on the theorems developed ‘hy Lykes and Parr (19), is as follows:
A. The electrounic systefn to a frst approz:imatién.is described by:

N _ o |

r?m, [<zoxn>}=\u el e

: Whez'e ( 3-) and (I} are independent ami., yvnmetr:sc £unctions of the ¢ - and
'rr-ele:ctrona resuectxvelv. They aze gwen in ‘terma m 2 complete orthonormal

set of Slater deterrmne.ms wnnh desc xbe phe system‘

‘Za’"A REY (zz)+~--[;

=3 m) + B, () + e o e
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where ... S e

£xg a5 = f (5005, ax, = 1 @@ = 1

(120) is a singlet'andeo'and (H) have the saﬁe spin mﬁltiplicity.i.
“Also, (lzo_andﬁ(n) are orthogéﬁal since the o~ and m~electrons
‘move in orbitals which are respectively symmetri¢ and antisym« 
metric with respect to the plane of the aromatid ring.
B. The o-7 bonding propérty is 1ntrodﬁced3by the interaction
df ?0'with the conflgurations YK’ Where the G—elécfron wave.function
n an electronic triplet'state or in a state of higher multi-

piicity, (=5), leading'to the ground state wave function:

¥ = Colp + Kfl Cy YK e R ; (23) -

In the absence of an external magnetic field, the electronic'
energy of the system is obtained by expanding the spin-free

Hamiltonlan up'ﬁo two particle operators:

1= [ e a0 [+ o A8+ & zzé?-**f' I
‘where 3 o ' 2._ .

R I "-{?}s_...z?zz_.. .

~§ k=£-electrons | .2 n Txn

© The first term in Hgl) represents the kinecic energy of the elecr '
trons and Zn 1s the charge of the bare nueled. The subindices
indicate the system of electrons on which'the dperators act. By'
sigma-pl separability it is meant that (“S,) is an elgenfunction
of the g~electron operators alone, while (I) ié'the elgenfunction

of the effective Hamiltonian .

A= ﬁ(l) (n) + L H(Z) o .  (25)
“eore o -
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where

71 () = 4 4 g0 (m), (29 (m) = 39 (x) - %3 (w)] ,
COI‘@

60 () arises from the last temm in Eq. (24), which is the two-
particle correltationfunction between theAc—‘and m-electrons. In |
the first approximation the m-electrons move in the electrostatic

notential field set up by the nuclel and the c»eleétrons, that 1is:

07y . 1 1 1
QG{WJ.)»?]?T(I) = {f pl (€ z@)( zo)!ll l’)]d%’l! } Wﬂ,(l)
0/ - Gy 1 1 s y(ls | "
Kolm) v, (1) = gf{rl R P (EO)( 0)!1's1"hff (1)1 T
(26)
when ¥ (1) is a one-electron w-mo.
" The o= correlation interaction.
3 L .
G =57 & ——
~0mT 2, an Lom
wiii now mix the excited configuratiOns into the ground state
¥, = Z5*19 1 [(ZK)(H)} | | (27)
| ~wWhere 2“+19 is a project ion operator define& by Ldwdin which

selects the states of (£S+l) snin multiplicity For a single
Slater determinant DO in Eq. (27), the eigenfunction of s% 1s then:

K™k

25+lg Dy = s b, - SR (28)
k=0 ‘ |

where 5& is thé sum of the Slater determinants whlch result by
applying all'the possible k?spin permutations to DO and n 1s the
total number of pairs of orbltals with opposite spin. " The
coefficients ¢, are then determined from recurrencé symmetry
relationships (Bee Idwdin (4)]. For a doublet state these are
given by: -
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k. (*1)1{ (n;:'l)"'l a o o ‘ {29)
o _ ‘ R : , T
where cq 18 obtained by direct application of Eé%lfﬁ_ Thuss to
first order, the ground state wave function Iss 4; .
R | -
Y=y oK ¥ (30)

S z - .
0 g=1 <ogp M 3’0@ K

Heve all the (2 ) and (ﬂl) satisfy the sigma-pi Eeparability

theorems and therefore the empectation value of H between the

_ dtaﬁes Yo and YK will only con ain the_cetms ig gcﬁ.

Uy %0 = Hox = <?.mf>ox = <Gor’xo

and

<Iyg = <H>oo = feg

where AeK is the energy of excitation of the virtual processes
which give rise to the hyperfine interaction;
The expectation value of the hyperfine interaction energy

is now thained from the wave function

=90 " - o | .‘  {31)

where ¥ is gilven by Eq,'(so) and © is the nuclear °pih eigen~
function. The excited spin states in Eq. (18) have beéen neglected

here qince ‘they are of the order of /AE, where for protons

"EH/AE = 8 x 10 7_ The hyperflne Interaction for the aromatic

free radicals in solution is then {see Eq. 19&)
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| ' | | ~ | dx. |
_ . 87 . =2 Z . {0t <1 : ,
g = 20, Ig [ ey Sl ) AT My 2 (0
o §Z§Z 5 IZ SF/-"q ) | {32)
5.2 % I 6% 132)

 Where'an’is'theiongfelectrpn'Spin’densityiat the nucleus n. -The

one electron density mabrixs
: ”91(1;1')15-98 plgogl;;lf).f'§_{cecﬁ 9;<KQ11;1f)f-CKCo pl(OK]l;1’)}
. L _ .
can be derived to first order fromeQa {30):

- C»;(. _ <G071>0K _ <GU’IT>KO
KTV T Thep T T Beg

c

Pox = Pgo = Cofx

That an unpaired m-electron does not contribute to the c-electron

‘densities in ¥, 1s noted fromt

91<Q0t1;l‘) = 91[(125)(120)}1;1’1 + 91[(n)(n)}1§1*]

since ﬁhé:oné;electfon'dénsity-matriceé”df the sépafété'groups
are additive. The effective one electron density ‘matrix will
thereforé only contain the cross terms'pl(xcllfl').“‘i*

. The'cpﬁpling constants for an aromatic free radical with
total spin 8 = 1/2 can readily be calculated now from Eq. (32).
The compléﬁe set ofISlater determinants.whicﬁ describe the w-
electron system are assumed Yo be eigénfunctions of SZ, This is

true in general since the doublet state projection operator can
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be applied successively to the w-electron antisymetrlzed produccs f

(m) and to the f[(z)(m)|]. The matrix elements between ¥, and YK

‘ a“e to be evaluated between antisymmetrized products of the form.

!

e, (1) <z>wi(s> ——-ggo
and .

gjc (1) o (2)';‘: (3) »~—HK f Hc (1) 4 (z)w (3) --—HK
s ;g ) ¢ (zw ) ---11K~-—— o) s (2)% () -~~HK

Only three electrons need to be_conéidered.here since all the

' o%hers are assumed to be paired. Although the exclted state is

doubly degenerate, only tbe EI(CSV) 1inear comblnation given
above contributes tq the hyperfine coupling. »
‘Since gcﬁ is alsingleAparticle operator in both the o- and

w~electrons‘non.zero terms will arise only from antisymmetrized

‘products which differ by not more than one set. in each system,

* for 1nstance,(c ,'GK) and (ni, s ). Thus, in terms of the complete

set of Slater ‘determinants which describe che system, see Eq. (22):

" .
<G67>0K = 53 Bi(c By ) [ { (1 ;lg)pz(OKll 2;1',2! )}l:“_lédxl o
| Dl

,where in order to separate the apace and spln coordinates the

Derac identity [see for 1nstance, Dirac (22) o 221]
¢ 3

\1 0o/

o] —i)

i 0/

-9

, ,s% Z

o %
S

SRR VA Loy
Piz = P1p 3(1+485-8,) 5 (s

i
VI R ST

ni

‘is used. Here the‘gvoperate on the electron spin functions -
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Q = (é) and B = (0), while P12 incerchanoes the space -l e
,_coordinateé'of electrons l and 2. Thus 1f Z is the external aAis

- of quantizations: A | ,
T R SRk 5 B2 1 geeld st \ '
Corox =~ % f} Byley By) J (4 By 57 87 1 pploK|1,2;51020), ax) ax

b
i

1 o onife oBvif 1 i qa ooy o g R on
% ;szi(CJBJ)J-g“T qi(ﬂiﬂjll,z) ql(ddUKII,Z)‘dgl dr,

H
§

: mn—c

id i(cJ )

and

o5 (KO[1,1") = p,(0K[1,17) = 2 (e Be) By pqlo 0y | 151) (33)

lere it 1 assumed that‘(? ) amdf(ZK)'can be expresued‘in
terms of a single Slatef aecerninant while {II) must be approximated
by a series expansion where Bi and Bf are the coe““icﬁentu of (Hi)
in the staces YO and YK and ¢y is the coeffﬁcienu of the upin
permutation (see Eq. 28) which makes'-he components of Yo and ¥,
identical except for one gset of orb1ta1§ *P py and two for p,.

The ¢ s GK’ and Ty and “j are molecular orbitalq given by

e}
(e

Ay o O Y A ,
6pn = Th(b) = 5 Tn, {b) {v) , : = ¢
o = Tela) = = T, (a) » | |(2) a : — 0

e wt e -zt
™ = Ti(g:(2p2)1'=“§ 1n Cp? (zp )

et
]

Tilgs(2p,)] = 5 Tjn ot (20, ),  {T§;'s'Tj) =55y (34)

e s e
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where theblinear transformations TO and T . and TiVaﬁd Tj are
column vectors operatAnv renpe¢tively on the Space Gf the g- and
¢~orb¢talsj in such & manner that the energy of the two systems

is indenendently minlmized. 3\
5<(15y) 1,1 (C2g)> =
s(myla_I(m = 0.

:'éil and.Qiz are directed Qrbitals* centéredvatfneighboring atoms |

1 and 2, see Fig. 3, usedviniforming the gigma bonding and anti~
bonding orbitals, (b)1 and (a}i‘ S is the overlap matrix for
the C:{2p,) orbitals. Thus in Eq. {32) the effective one electron

dengity matrix isi

91(1 1t )

rTh@ divected hybrid atom;c orbitalq (see for 1nstan e Van Vlieck
(23) are: a) for the carbon atoms in a planar aromatic ring:

0 c:{2s)
0| ct{2p,) B e
o | ¢:(2p,) Pes xu eos b=l
| '1  | “‘_c:’({zpz} - (35a)
" where P is the bond: angle ¢ = 120° for sz hyﬁridc as in

benzene,; and b) for the tetlaﬁcdral orbitals in Lﬂe Cﬁs group.
sin ¢ - cosa 00 ' ‘

= s ’ - ' :
cos a sina 0+2/3 . s
Q J5 | 1, sina = «/2 cck ©

1 i i -1
73 €08 C‘«/S SEX 5 6
1 1 -1

'«/"’ cos a’\/,, sin o -J—z- NG (050)

‘where 6 is the bond angle (2pc)(2ﬁl), 1=1,2,3 {0 = 2 arc sin 373 >
w/2, for true tetrahedral hybrids as in CHA),

A i SR W W G R W G WS N SN s AR A W W WY GVD e s it P T W Sid -.-'i-..nhlﬁ-—tbqb“-uﬂmm—u-‘ﬂpﬁm‘sﬂm“—u““w'—n‘—w»hw*mqw-n.‘

PRI
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If an average energy Ac = Agp may be assumed for a single type

of g-orbital excltation (o f%'g*) the sum over the complete set
K above‘yieids: | | |

(1 1r) . am— f} H Kij s [Pid = BByl © (36)

Nowﬁ since the G”orbitals are 1ccalized, the significant

. o
.OOntribucions to Kij are the one and two center inoegrals becween

o

.bcn&ed atoms. Conseq&ently the contact term will be non zero only-

for c~0?bica1u cencered about the particular nucleus. Thig-meanqv

that Per apromatic prouons hlg the C~H bond orbitals need only be .

13

consiaered in Eas 36 while for the ring skeleton nuclel C and

N*é all the d;?ected c~orbicals and the 18 orbital about the

center must be Laken into account - Thus s for an aromatic proton

th

bonded to the n earbonJaﬁomq

o

/

o . Kll‘pﬂ"oo"'
o {131Y), = —20 [- (H.lS H:1S|131" )+p (c,: so. [1320)]
RS AR EAe(l -5 ) P | 1 Cn |
, . SR | | (37)
‘fand for 013 on - (N ) in the ring skeleton at Ty
R s ci(:m o (06 A
S et |
xS ¥
+ (c .1s Cp 2s 1;1 )}
20e' {1~ 82)2 pl L ’,
Y|
- X
Lo o (Cemnd
Sl §: éﬂ l T [91(¢ni nill 1 ) Pl( hii nr~[1J1!)}

on ~ Y
i=1,2,3 i szi(l si)

where
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T T .
Oon = 2 2 Pig (Tpdy (q'km)z 8
n ik

is ‘the probablllty of flndlng an unpaired W-electron in the neighborhood of
the n PR tom in the ring, and the stakes (H ) and (Hk) differ at most by one
mo. (T, T .0+ The directed orbitals o and 6 , are respectively centered

Lx’ "kl ny n'y R :
about the neighboring altoms Cn and Cn" see Fig. 3. Also, the contribution
from the exchange integrals correspond to the virtual excitation of the three

o-bonds at Cn, see Fig. 2. Thus,

11, .2 .88 2, XX 1'1 2\-% : 2 %é'l
Ko = (sm x K, +cos XK - K,, }1-55) 2= X, (1-s7)
.2 o1 R U
K22 _ (cos x K55 4 (l+zm x) K;Ozc - Kiza ‘)(1_32) /o - Kz.(lﬁSZ) A

ZZ

L 2 - .2 ’ ' !
33 _ ,cosx .85 , (1+sinTy) . x 3'3" 2y - x v(1-62)7
K== ( 2 St T2 K,y - Kz 18 >, ® =Ky (aesT)

S . .88 . _ ‘ A. B
KSW =K, =K | o | (38)

S
where the parameter ) varies with the o-bond angle, see Eq. (35) (for sp? hy-

brlds 31n2x 1/3, coszx = 2/3) The carbon non-zero one center integrals are

Kzi = KZZ where the atomic orbitals indicated by (8,s,%,¥,2) are the c (1s,

25, 2px, 2py, 2pz). If the two cenﬁer integrals are neglected then for’sp2

hybrids: ,

Ky =Ky =Ky =K o . |
vhere | U - (39)
’ K =2k 4 20 A -
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 In this approximation, the hyferfine splitting constants, are
glven in the form derived by MbConnell and. Chesnut (2 ) and

M@czachlang ‘Dearman and Lefebvre (24), and Karpluq and Fraenkel (25)
- : 1 ' , :

v Hl L i Qp o PRI , v

" .;ZQf S R L e we v, i,"i
'Agl3 ?.(Sl*f@lc) pon'*vQZC,(pon--—l +.pon+1)» T («0)

where

1_~: ‘_; qiﬁKl 11 | 5 jfef
QHM .AH poreR 32) [qm <Iu (0)|>]_ 1’”

4“q K'S‘ ‘. 0 0 .
i g-?g;AZ?(l~sz), ?'[qsc'%'<l é %a ¢é £S!>] .
iy "'q11¢<K>’

24

o L igug 1.
ST ey e * ey O O SREN

Cogintmy Seefe o
%2073 005 18y aze.

e

Lo <] @ (0)[%]
I Cezs. o

2

' where the_parameter'cos X = 2/3~for'exact_sp?fhybrids as in
benzene.  Thuss it may be said that fer spg_hybridsﬁthe;Q’sxare_xus

- universal constants. .

' The experimental evidence is that the m-electron coupling
to an aliphatic side, chain proceeds significahtly only to the

e~ protonsS This can be explalned on the bas1s of hyperconjugation

as Bersohn (26) and MacLachlan (27) have done successfully for the

tolu- and xylosemlqulnones and for WUrster S blue ions. The —CH3

(or —NHZ) fragment is attached to the aromatlc system through

the C-C c-bond but the exoited trlplet states whlch contribute
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to the H%ISplitting arevthosé of the three C~H o-bonds., This
ans that there exists a correlation interaction, leading to
a valence bond, between the r~ and the rCH c*e1eotrons‘
- Since the three protons in ~CH3; see Fig. 3, are exaccly
equivaien » Gue to the rapid rotations about uhe C C ax¢s which
occur 1n solution, the three direeted C-H bonds may be reduced

ording tc CVV symmetry.;;.w

, [y )
cé = Tg (bE)
’ ' (bg) .
1 B 0 A VAV 1/\/- 1/«/‘ o
o =l | de | v yaE vE ) )
93 agd/ -\ o 1/'\/- 1/"7 |

. where the (bi).and (ai) (i ¢w1,2,s) refer to the'CHi bondsg see
B s ‘ L
| ’ The effective den51ty matriX'for;HE is thenys -

] o ii P .
‘51(1;,1'-)*1333: iv~1~Zg. .__u._. = "1( 1 L1 ) o (e2)
1=3,2,3 = | |

The highest cbntributiOn;'howeverg ariseg from the virtual .
excltations o, —> 0, since the exchange integral 1s between
" orbitals with maxirum 6verlap:f | |

gt HH o HH, |
22 _ 2 Zrl__’ (x{ 1 < K 2) = K ’ (QS)

K ZZ Z2Z

yiv: SRS
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where 2, z’lare-respectLVely.carbon sz'orbitals at C, and C‘,'
(see m&, 3) and (Hl, Hz, H.,) are the H;1§ orbitals for the
CHg g“oﬁons o _ ‘

' , 3 ) :

" The Clq splitting in --CH5 arises from thc virtual processes
 A{oge me-cnc,), (o) «»—ci) and (c,is =0y ) (1=0,1,2,3 in ?he.C—CHS
group). : n ' S a

T' Ky
91(1,1 )Cs = pon *zgg pl(c o ll 1 )+-———r pl(lu 4 ll 1' (44)
where o L
_ LCC_ Cret

K~ ~XK

'C and ¢' are rewpectively the hybrld oroitals centered at C and

Cn’ in ﬂlﬁ. 3. The highest aontrlbucions are, however;from Lhe

ce

one center 1ntegrals K » which is the same procesq as for

aromatie protons, and Ké.~ The hypecfine coupling constants for

the ~Cﬂ3 group are then

‘_‘A(’Hs)n;,"""" Q’H3 Pon N

: A 13-— {s; #+ Qc*) pon R .  | T-“    ‘ o :  .(45)
CWheve . o o - B

5_-*%51{,‘@-—1—?—)—; {q;(H) 5[<] ¢ (o)[2>~<l A (o) o (rlz);%}

. g . . Y300 Koy o |
R P IR &qlc_, = st aqc (0)12>}
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sine = 1/4 for tetrahedral hybrids, see Eq. 35 and ryp 1s the
distance between two H atoms in the CH3 groups.-

This approximation, where the spin denpity qla in the o=~
ele@tron plane is proporuional to the probability of finding an
unpaired w~e1ectron in that neighborhood pon’ i« verified by
evaluatlng the Q's by two different methods.

C , .
A) The excitation energy of the virtual'processes,Ae(a -0 )
and the exchange integrals KOrc are obtained semiempirically.
The first is evaluated in the Heitlez»»mndon {28) approximation,

wke:~ for a diatomic m@lecule A~B the bond energles ares

B ox +-AB Y %p B y=E_ 4 ;—--------JAB -}
o %o TSR ¥ T e T Ty L g2
| T Sap o + T SaB
and therefore
o, .. K s2 g o _ ~
belo —=c*) = 2 BB ABAB I (46)

E, is the kinetic energy of the electrons and Jyp and Kyp
‘are the coulomb and exchange energles respectively. For Slater
'tyne'orbi%als it can be shown that the contributions to the total
bond energy ave 10 to 15% from JAB and the rest from Kpps and '

Ae(cua-—c* z 2k, ~.850 (47)

_whére D ig the diﬂsoaiaéion energy of the-ﬁond° The experimentai'
values of interest are then (see for instance Cottrell (28),
chapcer )3 A
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D{CgHg ~ H) = .162 , - (dey = .138)

D(CGHCHy-H)= 1183 ,  ~  {dey = .113)  (48)
| o » FoHy TR

N R S LV

D(HSC—CHs).— 185 5 | (AE(C*C} i .113)

The carbon atomic ex@hange;integ:als hévg beeﬁjevaluéted;by_
urrord (30) from the speetréscopig term values [see for instance
Condon and'snortley (31) 9.'178], thuss

Ko <cl> =3 3 <@ (29,2s)>C = 0.1062

<F2> = 50 <F (Zp,zp)>C - 0. 0130 : (4£9)

where <G1> ahd <F > are the term value averages for the ground

and ezéited stéfes of € evaluated by Ufford. For-spz‘hybrids:A

,__ 1 _ o
K'= 5 <85 + <Fp>pl = 0.04406

The fwéiéentériihtégrais haﬁe'beén'e§aluatéd'fdr‘spZVhYbrias'by'
Altman (31) with Stater atomic orbitals, For interelectronic |
: distances found in aromaﬁic compcunds, {see for instanne (32)

"M234] these are

z*z - SR o 212y -
K., (Ro = 2.53) = -0.1005 " ' K; ° (2.83) = 0. 03557
K2'2'(2.01) = -0.08557 gis'ist (o oz) 0. 02737
zz v - s zz .
i ' ' I |
KZ % (3.49) =~ -0.015 - ' (49)

Altman algo evaluated the carbon one centef integrals which were
higher in magnltude than those given by Ufford, however, this

discrepancy is unlikely to occur for the two cenber integrals
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since the Siater’erbitals afe kriown fo‘be evbetter‘appreximation
far from the nucleus than cloee to it The exchange integrals in

. {40) and (45) are then.'

% = o, 01669

L~ .
‘K2 ﬁ KSI‘:_O.QOSS -
3 -0.030 | S
Ké‘g.xl | :1‘iu‘;ijt‘ffv¥  A  ”4  : .v;'} ; : | (50)

The values of X and Ae' have been. estimated by‘Kerplus_and.
Fraenkel: | o o ‘
..Kﬁ =;“QZ§ :
fe' 210
The proportionality constants thus. obtained Q°, are given in
Table I. - I | |

~ B) If the pfobability of findlng an unpaiwed ﬂ—electfon in the

neighborhood of the nth

ring acom, p is known then the Ql's may.
~ be evaluated directly. from the ESR speccra. The two conventional
methods o; approach to the problem, the VB and MO have been used
- suce eosfully, and the compar;son with the constants obtained above
"1s given in Table I.- |
Hence, the agreement between theory and experlment is ev1dent
fvom Table I. IE 18 alqo 1mportant to note cha as Das et al
"(50) have point ed out in the theory of the hyperfine interaction
;; of the Nl4 atom, che contr bution tc the conLac* term from all
~the electrons 1n the sysccm must be taken into account. Indeed,

for molecular free radicals Karplus and Fraenkel (25) and
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The g-fac*‘torsv (gn msi.r-g ) are teken from the table of exgei'men‘cal values

“n

given by Ramsey, N.F., 'Nuclear Momenis”, John Wiley and Sons, Inc. I.Y.

(1953) -~ o

Except for the. H:IS atomlce orbital the value af, 'R(o) 2 has been evaluated

e

(1960); Allen, L.C., J. Chéem. Phys 3k, 1156 (1901).

2
other thzm C.

- from Hurtree—ﬁ'och vave functions s Bee Ham.rﬁe, D.R, "The Calculation of
Atomie Structures”, John Wiley and Sons R Inc., N.Y.. (1957)(Appendu 2),

~. Roothaon, C C. J‘., L. }v,. Sachs end AW, Vewss, Rev. 1105.. Phys, 32, 186

Q' is the contribution from neigtborning etoms in the F-electron system’

From the work in references (2), (234), (%), and (314-)

From the work 1.1 reference (27),
From the E"ﬂi spectrum of C‘n(COOH) (La)( "3)

From the NR ahll ts of V (C O ) (49).

Prom-the work of references (26)(27) and (52),

From' the work in reference (36),

From the work in references(25) and (47).

Contribution from the virtual Drocess (o* co ™ %

splxt‘cing of the dihyurmtyuemlqmnane jom (52)

benzosemqu..none ion.

. From the work of references (_2), (20.), and (45).

%) determined from the €05

From t.he work in reference (52) for the "zethyl &e”ivatmres of the D

From the work of references (25), ( 37) axd (Zél) for the C 3 snzzi;twg in the

C'Hs radiceal. .

From the work 4in reference (50) for atomic 1 4

-
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- (p) From ‘ch. work m m;.erence (L-O)

'(-é.)_,”'i?i'o:d the work im refer«nce (39) for ‘che tet%ncymaetbylene negamve ion. =

Lt

L {r) From the 'work ln “eference (. ) fo:c the Xv:urﬂte*z-_s flue iong. R

{s) _.From”'t‘h\, 'v;rorls: in reference (246) for 'thc tct ai’luono ;p-benaosemi, q_umonc ion. A
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rBen J&mia and’ Iefebvre (51) estimate that for each ¢-H bond
excitation the virtual processps {ec: 1s ~é—0 ) account for 15%
(~4.12 oe) of ﬁhc total contributions, to the 013 splitting in
the CHg and CH radicals. o ) : T _; L
The & priori knowledge of Pyn 18 therelore of utmost
importance since 1t enables the proper asszgnment of -a chemical

s»ruccure to a free radioal from its:rESR strucpuredMM.

Applications |
The importance of the two partiole correlation 1n a ohemical
bond i1s the most significant contcibution to be derived from

_%his type of calculation. In general, iu is found that the

- hyperfine coupling constants at the end of a bond are of opposite .

sign, and therefore arise from antiparallel spin polarization.
"}This iz a consequence of the combined effécts of the Pauli,exclusion
principle and the correlation interaction, which demand that the,
.probabllity of finding two electrons of unlike as well as like

gpin in the ‘same neigthWhood be zero.

Using the VB method to *nterprec the hyperfine splitting

in triphenyl methyls Brovetto and forroni {53) found that the
m-electron densities aitornate in szgn for neighborlng aromatic
carbon atoms, wWhereas the single determinant Hickel MO approxiw

. mation without oveflap mould pred;ct no change in sign (26) This
however is =2 consequence of the mathematical approximations. Since
.in'the VB method the dominating terms are the bond exohango |
‘,energies, the elnctrons remain far apart, in the resu]tlng wave
'funccion, slightly more cnan the actual repulsion energy would

demand {5). _Conversely in the MO approximation, only the electrons
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of Tike spin remain apart due to the anuisymmetry condition

'(Fermi correlation) but if the correlation property is introduced

by means of a series expansion where the perturbation 1s the two
| 3 o . o -
elgctran interaction, the twp methods converge to the same

answer, | .
!‘An éxamp1e‘of'adademic inﬁerest, in which both approximations
have been uséd, is the_allyl.radiqal\discussed by McConnell and

Caesnut, The VB wave fuhctidn is discribed in terms of four-*

¥
part_cgep, three electrons and one. hole, w1th 2%n, = 2 cannonical

structures in the Panling-Rummer dlaéram, (see for instance (7)

,,/

chapter 13)

(rr) J" [(nl)+(n2)} -ﬁ« £1+ Pclcsm’l)' . . (s2)
where S
(L) = X Cp =0 . G —C
1/ 742 0 — ¢y 0 -~ Cx
| ¢ G G G

Here the Slater determinant wave functlons are exprQSQed

symbolically, The atomio orbitals which are bonded together are

’ccﬁnected by an arrow p01n~ing towards the spinvfunction . and

the unpaired orbital is bonded to "the hole _
The probability of finding an unpaired electrcn in the

~neighborhood of Cn is then obtained.dlrgctly from,the super*

position diagrams:



»
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wnere b is the number of w~eleocron bonds,'ciJ the number of

elcsed contours :m ’che supefpo..itmn diagram of (Hi) and (H ) and f.
iJ the number of bonds which separate n from the hole in a |

closed conuour . The terms are zero if ahe nole and Cj are in

dl erent closed concours._ Thus,_for the}allyl radlcal the

VB apprcximation y$elds;, 

. _ _ g‘,'

Pro = P30 = 3"
R ;.l

920“* "3

In { he MO approximation uhe transformatlon whlch minimlzes the -

one ﬁ~electron energy has been obtalned by Chalvet and Daudel

(se)

 /0.4357  0.721T  0.6022
- ?= 10583 O 4~O.8994>
\0.4557 ~0.7217  0.6022
with energiles -
= -1,339 B

‘ B is the benzene resonance integra1 ‘and. the corresponding Ecao
vmo 8 are used to generate thé Slater determlnants which form the

-basis set for the expansion of the w»electron system, see Eq. {22):

fwmegto e
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where.i.,‘
| 0.9249,
. L2049 \
B = ) W
~ | - (5133 ‘
-, 0660 -

- and ol - R S

) = [Tl
2(y) - = |lmgigms] |
?Qng?l‘? Qllﬂiwz7"lx

.-_- -\/— {H'frlwzvrsH 22: H’T:L”EW“H | % ‘1771ﬁ?W3’!}  .

z(ﬂ")g :{/-Z- {! !Wlﬁgﬂsl l l I'”l'"g'frsi ”

‘and {2)
B ﬁ_v_i s
Por = Poz = 057

'Heregthe sign of the coupling constant is alsc found to alternate _‘

aldng the. bbnds.) This is a general characteristic of the type
of compound defined as an “Alternant Hydrocarbon

The problems of actual interest are more complicated than .
the allyl'iadicals[and as éhe rumber of electrons increase the

MO approximaﬁicnvwith'the two electron correlation taken into

‘account 1s found to be most suiltable. ‘Fof-some aromatic free .

radicals the method of "alternant molecular orbitals" developed

by Lowdin (4) can be applied with some degree of success. An
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“alternant hydrocarbon is a compound;wheré‘the aromatic system

can be divided into two subséts of‘atoms, I and IIs in such a

manner, that no two atoms of‘a subset are ‘bonded tcgether. It is

then a characteristic of the aiternant hydrocarbons that the

‘ wlﬁﬁle electron MO's.occur in pairs, with equldistant energy

~ separdtion from a zerc level, in thc same manner as. electrons

and holes are situated with respect to the conduo*lon band~

¢i = ,Z: Ty 2, + E: ”u, ¢u, witn energy E, =t
foovians YV pinIr

\"/-‘)= Z T..&;“ Z

* vian'T VRV Cpan Ix Tt

@u, with energy Eo%ei' (54)

-For Lonvenience the 3 are orthonorma’ auomic orbi als which are

obtained from the real atomic orbitals ¢ by means of the fellowing

; transformation:
o= §“% ¢ = (;43§)"% ¢, {s = f ¢(l) ¢(l) dxl ~fsij]'
- or : o ._ | . 5 |
_ “‘% ____¢v.,.2-., s tb& S&; + 3 % ¢€ qu ng _ﬁ_‘ | (55)

£

,“ .

,,_The'glegtrqniquysfem may‘theaneE@escribedhin,;erms;qf,the 1cad

mo's: .

..<'g’/iI ) - (cos 91' .,sinei)i (;g/i ) R
| ‘,"iﬁ - ‘-"°3-‘91.;*"S11’%‘91-. \¥11/. .

. T

which;are used to construct the single Slater determinant D used

to generate the doublet state‘ o '

'where
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¢

ket . j J % . » ¥
= an_l )i {Gés 9) (Bin 9) {‘ l Vkiwk g(k‘%d):v(l{-ﬁ'}) w l '

. !’ ﬁﬁwkﬁ(k, -. v(k+j)‘wy+3) O"?OI!},
when the parameter g 1s independent of k; and %he unpaired
- electron orbital is denoted by Vs Here the,significance of the
angle @ is,as fo11ows$ ’ :

0= 0° , wiI =‘¢iII4ﬁ'¢i = lower half, bonding MO's

- (?ffi.j;') J .(1 .1)(%) o L
= 45°, ‘ﬁiII =A7§-‘1 -1 ‘wi‘ & purely alte?nant MO's

/

6 = 90°, @il - fwiII = Qi,'ﬁ upper ha;f;‘anﬁibonding MO's
The ground state wave function Wili correspond to a value of
tan @ < 1 since for-é = 45° the exchange integrais tend %to zero.
This means that in Eq. (56) tan © is a perturbation which intro-
duces conflgurat¢on.interactlon intc the m-electron systen.

FOr an odd alternant hydrocaroon with {2n+1) aromatic carbon

atoms and {2n+1) electrons the wave functlon is then (55)

2(11) "f«JN iIIEn coszé {”Vﬁ’l Y ’ﬁ' 10 H

3+-c°{3) ? tan 91 I}} -'wiviev ']"?l’ wiv *w !t

o L N 2

‘where the coeff iclent for the doublet Opera$0f for three electrons
15 ¢, (3) = 2/3 [see for instance, Lowdin {4)] and N is the normal-

- Izatlion constant.
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N= I | c0346 [1 “+ g

i*l,°~n

1=1 o *

lybas :

The T—electron density'matrlx correct to second order is

thens: ,
. = 1. (1« 2 tanaa }+& Z.tan 8,1 +~tan ( %—  )HH-J
Py = 2 2 pOG 91 1 i %i’ 1 Pis- | Byt

whefé Po is the ﬂensity matrix for the orthonormal‘set E'and for
the sake o; simplioity the »uperscripc 7 has been eliminated.

Thus, in the nelghborhood og c,

- - no -
Poy = L1 { (l-2 ZI tan )
J:i‘g%*tan 844«“
4. 2 B
’3‘?%1 tan 0, [T, +5 Titane]"""f'}‘. R 10

Now’since the Symmetyry reqﬁires,that for an odd alternant hydro-
carbon T, (& in II) £ 0 the w-electron density in the neighborhood
of‘c ‘will be negatlve. ‘The general reqult is thus applicable to
 the allyl radical which 1s the smallest odd alternant free radical.

| : The even alternant hydrocarbonsp with 2n aromatic acoms form

two Lypes of freg ra&icals according to whenher an_electronlis"e% |
added_ér abétracted.frcm the syétem. - The wfeléctron wave fuﬁction N

for the positive ion with_(2n~1) élec%rons ls then:



2(1.{)(4‘) = i—l—!:_!—:n“l 0052’6;- " cOS 9n| \'llflﬁl ;-'. wn_l%n_lw‘nl l N

-

i osin 0| [#)F, ¥y 1By 1Y

2 ) . . } . ',.T: l T oafa '
+ -3- Z‘. tan Gi [‘_’O_S_en Giv'_--w’i'dfi.qfn-r’i" ’2‘1 t"'.(!fi?bi.wn"‘ H
1 to ola ) .. ‘
* 3l "-'?’f;wi"yn"f\l)" o |
- (1] ot ol L. R S TR T H DU |
+ sin en(l“ ?Jiwj_'ﬂ;n" H 21] wi’dyitwnt l zii wiviani”"o}
T+ ..'. k : - o v. : o .b ' ,(583)
where | | H |
N, = Tr coéhé [l + —% nél tan 29 + ‘~]
Tooi=),.ecn-l” . 3121 o

For fthAe‘ negative ion the extra electron is to be placed in an orbital ortho-

normal .'bo 'Zlnt ;.n Eq. (54):

wn,III = nn

- sin ggfn + cos o .

Thus,
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Ewe T ces oyamans)eos oy vifiall

i=1,-mn
N

. | L o D=1 N ' g . .
+ sin @ ||y 7, "f’n*“”n'?l’ H +5 jEl an ° [ws % {“ R

RS A -3 '”‘Z’i‘”i*‘vm | “}
wsin o (|15 T FR T o1l
where | : ' _

W= I €08 i(1+®an29 )2{1 +' 5 2. fan”e
=1, _ : a-_:l

'The w«electron density natwiees for the two free fadicals will

have simllar functicnal aepenaencu on ei

po(+ 1on) '1“.“ ~i[1+n% 5 tanze }[p coszé R pn n,gia %o ]

1+§-z tanzei =17

: o 4 . . | l | v » .
452 tan Gi, fpii,f‘ +gtan 8, (e, + 'pif*i:’.);}' e

| n-1 5  ,'0- D
E tan e ] "‘!‘ L ) .
1=l - o

N

8 e

m}r’a )

s pnn,sinae {l + tan

| pc(n ;on) = Pnn‘ p0(+ lon) . R . | (59)

wa,since Coulson and Rushbrooke (56); Pople (57) aad Brzaoklan
(58) have shown that pn’n? = p . the physical signlf;cance of

,Equ(ss) is that for a constant G—W‘parameter Qq the correct



«

' measured, the tan

-39~ . UCRIL 9998

" electron densities for the even alternant hydrocarbons with C,o.

or higher, symmetry may be app?oximated from the Hﬁcke; MO

approximationt
e | ) | o
_ o . o g i
Poy (exp) g  nel 2, [Tyt Ebi’ o\ .
l+-~ % tan™® w Ll cen 60
Poy (HBGRETY =+ ¥ 8 4y 1 2*1*3 L e (60)

¢

Thus 1if the eleotron.dens1ty at the 2n carbon atomq could be

261 correlation parameﬁers would be obtained by

' ﬁnvehting the matrix in nq. (GG) This in general i$ not possible

ﬂlrce some of the substxtuent in she aromaaxc syhtem ao not have

S a magnetic moment or the abundaace of the paramagnetlc nuclei
1s benea th the detection 1imit T%e validity of ﬁhe Huckel
' approxima%ion 1s indeed evident from the ESR spectra of the ions

of anthracene, tetracene, perylene and naphthaeene observed by
Welssman de Boer and Conradl {59) ana Carrlngton, Dravnicks and
Symonis (60) ' Here the splitting for the uniposxtlve and negative
lons is different lndicating that there exists a different
correlatlon interaction for two dif erent lons where. '

e 2

Pov{exp for uhe + 10n) _ gn-l 5 s 72, e, \
P (ekp for the - 1on) Aty 2 (tan Gi+~tan 0, It~ 4 s
oV T 1=l 278 |

g The comple <1ty of the problem increases furthef as hetefoatoms

‘are introduced into the aromatic oystem.- However,_if the Coulomb

and resonance integrals for the heteroatom can be estimated with
some degree of accuracy (61), then the single determinant Hickel
MO's predictiélectrénrdensitiés'in fair agreement with the

experimental values (26)(45). Hence, these compounds are only
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nseadoalternant hydrocarbons ‘since the bondlhg ana ancibonding

} ymmetry ofbitals are not equldiscani from a zero leve waever,
V_tbe Lmo parpicle cerrelation can still be evaluated from Eq. (60)

Also, great caution Bhould be\practiced in using the universal

value of the =1 parameter since QH is'a fuvcticn 04 the o-bond

.angle and the o-bond distances.

?

SUMMRY o :
In conclus;on, 1% is important to no%e »hat

{a) For every type of wmhond in an aromatic free radical,

| there eyists a semiempirical constant, known as the o-7 parameter,
, wh¢ch, tOgether w;th the probability of finding an unpaired it
elcc roa Ain that neighborhocd, may be used to predict the hypefxlne

Splitting constant at the nucleus of an atom Lorming the bond.
(bs The aign of the hypcﬁfine coupling constant 1s found

‘;to alternaue along a ohain of atoms as a consequence of strongs
"tWO elecﬁron‘correlaﬁion.interaction which demands Qpposmte spin

polarization at ahe ends oz 2 chemical bond.

(¢) The success of the Hackel MO approzimatlon, with a

s;ngle Slater determin%nt, in predlcting the correct 7~nlectron

| densities in alternant as well as pseudoalternunt free radicals

i due to the fact that the corre“tion.fof two particle correlatlon

1'1nuefactions can be intro&uced hy pairing the orbltals which 1le
| symmetyically above and below a-zero 1evel. - The correct electron

"~ density is then given by the Huckel approxina tion wmth a small

correction which ig a functlon of a w»electron correlation

... parameter €;. -
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Fig 1 ESR Spectrum of__p-benzosemiquinone._
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j,Fige 3, Directed hybrld orbitals o in a.n aromatic hydro- :

N carbon and =CH3 group;_ ‘("‘ The spin polarization a’c the f e

correspondlng nucle:}’. has ‘-‘been indicated by an arrow Aint th
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Figy h Directed [orbitals  in the allyl radicals (The spin
at the nucleus

o polarizationﬂhas been indicated by an arrow in the correspondlng
fﬂoﬂ%ﬂé | ;
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This report was prepared as an account of Government
sponsored work. Neither the United States, nor the Com-

mission, nor any person acting on behalf of the Commission:

A.

Makes any warranty or representation, expressed or
implied, with respect to the accuracy, completeness,
or usefulness of the information contained in this

. report, or that the use of any information, appa-

ratus, method, or process disclosed in this report
may not infringe privately owned rights; or

Assumes any liabilities with respect to the use of,
or for damages resulting from the use of any infor-

mation, apparatus, method, or process disclosed in
this report.

As used in the above, "person acting on behalf of the
Commission" includes any employee or contractor of the Com-
mission, or employee of such contractor, to the extent that
such employee or contractor of the Commission, or employee
of such contractor prepares, disseminates, or provides access
to, any information pursuant to his employment or contract
with the Commission, or his employment with such contractor.




