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ABSTRACT

An approach to calculating the transfer of isotopic tracers in reservoir models is outlined that
takes into account the effects of isotopic fractionation at phase boundaries without any
significant approximations. Simultaneous variations in both the rare isotopic tracer and the
total elemental (the sum of its isotopes) concentration are considered. The proposed procedure is
applicable to most models of the carbon cycle and a four-box model exampie is discussed.
Although the exact differential equations are non-linear, a simple linear approximation exists that
gives insight into the nature of the solution. The treatment will be in terms of isotopic ratios

which are the directly measured quantities.

1. Introduction

Recent measurements of the *C/!2C ratios in
tree rings make it desirable to take a close look at
isotopic exchange and fractionation processes in
global carbon models. These measurements (for
example, Stuiver, 1978; Freyer, 1979; Tans and
Mook, 1980) are aimed at establishing the history
of global biomass increases and shrinkages from
the atmospheric **C/12C ratios.

Models that explain in a satisfactory,way the
behavior of transient *C signals do not necessarily
also explain *C variations. The reason is that the
isotopic labeling of the CO, added to (or sub-
tracted from) the atmosphere is only about 18 % in
6*C, due to fractionation during photosynthesis.
Fractionation effects at the air-sea boundary are of
the same order of magnitude. On the other hand,
the 'C labeling of the CO, from fossil fuels is
—1000% in 6"C (corresponding to zero *C)
which is very large compared to fractionations
taking place in the global carbon cycle. As a result
approximations are allowed in *C calculations that
may not work for 3C in the same models.

We present here an approach to calculating the
transfer of tracers that is formulated in terms of
isotopic ratios. The formulation will be close to our
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intuitive understanding of isotopic exchange. The
effect of various approximations will be investigated.
An important feature is that the “inverse problem”,
the historic reconstruction of the isotopic source
function (e.g. deforestation and fossil fuel burning)
from a time series of observed isotopic ratios, can
be more readily solved when the equations are
given directly in terms of isotopic ratios.

2. The isotopic ratio equation

A useful expression for the change with time of
an isotopic ratio of an element, R, can be obtained
by differentiating the product NR, where N is the
total elemental abundance:

d d d
— (NR)=N-—R +R—N
dt dt dt

After rearrangement we obtain:

d d d
N-—R=-—(NR)~R~—N )
dt dt dt
By choosing R to be the ratio of one isotope, say
BC, to the sum of the other isotopes, '*C + 3C
(+ C), the right-hand terms in eq. (1) can easily be
found for particular models. The first right-hand
term is the change in time of the isotope in question
and the second is the change of the elemental

Tellus 32 (1980), 5
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abundance (the sum of its isotopes) multiplied by
the instantaneous ratio R. No assumptions have
been made in eq. (1) and it is therefore valid for
continuous models, box models and for different
elements.

A very minor approximation comes in as soon as
rate constants are entered into the isotopic flux
term of eq. (1). In general a particular isotope can
be assumed to be carried along with the elemental
flux except for a kinetic fractionation factor that
may occur at phase boundaries. The isotopic flux,
then, is given by the elemental flux times the
isotopic ratio R as defined above times a kinetic
fractionation factor. This fractionation factor can-
not properly be defined as a constant because we
consider the flux of one isotope versus the flux of
the sum of all the isotopes of that element. The
sum will not remain constant in composition as
minor changes in isotopic composition occur.
However, deviations of the fractionation factor
from a true constant (at a given temperature and
pressure) will in almost all cases be negligible
because, in general, the isotopic composition
changes very little and often one isotope dominates
in the elemental abundance. For instance, for 3C
the range of the dependence of the fractionation
factor as here defined on the isotopic composition
in natural environments is only about 1 part in 106,

3. Perturbation equations for a two-box
model

We will derive an equation for a most simple
two-box model in which we can separate out
different terms corresponding to pure isotopic
exchange and chemical changes. If we have two
well-mixed boxes, ¢ and b, between which an
element is exchanged with the transfer constants k,
and k,, the changes in one box are given by

d
E;Na:—“klNa—'.kle

d

E*Na:"*kl*Na+*k2Nb (2)
N, is the total amount of the element in reservoir i,
*N, the corresponding amount of the isotopic tracer
and R; will be the isotopic ratio *N /N, Asterisks
are placed on the transfer constants of the tracer to

Tellus 32 (1980), 5
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allow for isotopic fractionation. It follows that the
equilibrium isotopic ratios in reservoir @ and b, R,
and R, are related by:

ay Rog = @ Ry 3)

The «’s are the kinetic fractionation factors defined
as a, = *k,/k,. The equilibrium isotopic fraction-
ation factor (R, /R,,) is thus seen to be the
quotient of the kinetic fractionation factors.

In writing eq. (1) for this model in a pertur-
bation form we will append a suffix O to denote the
steady state values of the variables in the unpertur-
bed system, write 7; = R; — Ry and n; = N, — N,
for the perturbations and express *N, as:

*Nig + *1; =" Ny + Ny + Ry 1, 4)

After the introduction of elemental source functions
y; (positive or negative) with respective tracer
isotopic ratios R ; we find:

Ena:"‘klna'kkznb“'ya

Enb:klnaﬁklnb+}’b ()
For the isotopic ratio the combination of eq. (1),
(2) and (4) yields:

d
Na;ina:—arl kN r,+ &k, Nyry

af

R
+ (al -~ R“ )Rao (—kyn, + Ky ny)

+ (Rva - Ra) Ya

d
Nb‘d‘t‘sza‘xklNa"a“%ksz’b

b0

+ (R, —Rp) vy (6)

R
+ (%“#)Rbo (kyn,—kyny)

The first two right-hand terms describe a pure
isotopic exchange process in which isotopic atoms
or molecules are substituted for one another in the
two reservoirs. The third terms represent the
adjustment of the isotopes to a changing chemical
situation (1, and n, # 0). The isotopes have to do
this adjustment in their striving for thermo-



466

dynamic equilibrium which in this case requires
R,/R, = a,/a, The last terms give the source
functions in terms of the strength of the isotopic
signal they carry.

The numerical integration of a non-linear
equation like eq. (6) is not difficult to perform on a
computer. However, here will make a linearizing
approximation to discuss some common approxi-
mations. For R, we then have:

d
Na() E“Ra =0 kl NaO To * aakZNbOrb
t

R
+ (a, — Ra )Ra0 (—kn, + k)

al

+(R,,— Ry 7, @)

By introducing the ¢ and J notation familiar in
isotopic work:
s _Ra= R

? R

s

g=a— l~a— R,
R(IO

where R is the isotopic ratio of a standard, eq. (7)
and its equivalent for R, are transformed into:

d
Noo— 0, = — 4y

Yao a

ky Ny Ad, + a, ky Ny AJ,

=k, + kyng) + (8,0 — 6,0 Vs

d
Nio o Oy = dy ky Nog Ady — @ ky Nyg AG,

+ 6y (ky ng —key ny) + (6,4 — 9y0) Vs (8)

The solution to eq. (8) when y, = 0 and y,is a
delta function or spike, denoted as y,, with a §%*C
value of 5, is:

. I , .
NGOAb(I = ",‘ (a:z k2 + o kl e’ {) ‘/"sp (0xp - 5(10)
r

ky ak,
+_.-..
r !

- C(efrly . e—r!) }'!sp

(1 - e#r{) Vsp (500 - (Sbo)

N A, — Bk -y (S — 8
¥ pot b:"'"T“(IAe {)I}.sp(()xp—a(l())
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ky agk,
+—’"*“;,—" (L= yg (Ggo —

Ip0)

+Cle—e "y, )
where we have employed the following definitions:
r=ky+k,
F=uak, +ak,

k, a ke + o ky e

¢ ==
ayky oy kg kg ke —a ke — ayk,

Also —¢, + ¢, has been replaced by d,, — J,, which

is a very good approximation.

The solution clearly brings out the separate
features discussed with eq. (6): ordinary isotopic
exchange with an e-fold time (¢, &, + a,k,)~" and
the signal proportional to dy, — d,4, the adjustment
of the isotopes to a new chemical equilibrium with
an e-fold time (k, + k,)~! and kinetic terms that will
disappear at equilibrium.

We will now verify that the solution meets two
basic requirements: thermodynamic equilibrium at
¢ = infinity and mass conservation of the tracer.
Thermodynamic equilibrium means in our case
o, R, = a, R, and therefore also a; Ad, = a, Ad,, a
condition that is met by eq. (9) at ¢ = infinity. Mass
conservation of the tracer is in our case rigorously
expressed as:

A(Z Ni 51) = ysp 5sp

“conservation of label”, as follows from our
definition of J. Evaluating A(Z; N;5,) = 1,04 +
Ny Oy + Ngg AS, + Ny, AS, by using eq. (9) indeed
leads to y,, d,

An often used approximation of the tracer
equations that only takes into account the first
terms that describe the pure isotopic exchange
process (the *MC approximation”, see for instance
Stuiver, 1978) thus not only neglects transient
kinetic effects but also violates conservation of
tracer. The amount of label that is lost in this
approximation is expressed by:

ky

- (5110 - 5[,0) (1 - er_”) o

;

The rate of loss is &, 7(6,q — Jy,) 3, for our spike
input. This amount does not depend on the isotopic

signal of the input and will be larger than the total

Teltus 32 (1980). 5
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input of label for certain combinations of g 6pp

o

»

4. A simple global carbon model

In order to see the relative magnitudes of the
effects discussed in the previous section for *C in a
“realistic” global model, we will present the results
of some actual numerical calculations. The model
for which the calculations have been made is given
in Fig. | and Table 1. It comprises a biosphere,

BIOTA
I b
KNy, ke Nao + Bq Na)
aZRak2<Nao+lBonu)

a; RykyNpo
1

[BRBNES.

v ATMOSPHERE

|4

KaiNgot Nyl KalNpo + 8 M)

@y Ry kNG +3n,)
i

azR, ks(:\juo+ ng

OCEANIC |

MIXED LAYER
‘ m

kS(Ndlo+ ng)
6Pk (Nggtny)
i

Ko(N,+n,)

aSRmKE(’Nmo+nm)

Y oeep ocean |
d

Fig. 1. Four box model for which isotopic equations are
developed.

Table 1. Explanation of symbols in a four-box model
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and atmosphere and the oceans divided in two
parts: a wind-mixed layer and the deep seas. It is
basically a simplified version of C. D. Keeling’s
six-box model (Keeling, 1973). The parameters
have been chosen (see caption Fig. 2) very similar
to the values in the six-box model and also similar
to those of Oeschger et al. (1975). The tracer fluxes
are given according to the prescription of section 2.
An expression for the change in isotopic ratio in
each reservoir can be found by entering the isotopic
and elemental fluxes from Fig. 1 into eq. (1).
Assuming that interoceanic exchange and also the
decay of plant matter proceed without fraction-
ation, we will set @, = a5 = dg = 1. After adding an
elemental source y with an isotopic delta 4, to the
atmosphere, we then find in the linear approxi-
mation for small perturbations:

d
Noo— Ady =~k Nyg A3, + *ky Nao AS,
i1

d
Noa— A0, = Ky Nog Ady = "Iy Noo A3,
!

— & kZ ﬂnna + Y(a‘v - 5{10) " *k] NaO Aéa
+ *kd, NmOA5m + 83(_](3 g+ k4 Z;rlm)

N,

mo

*k3 NaOAéa - *k4 NmO A5m

d

. A5m =
t

+ 84(k3 na - k4cnm) - ks NmO A5m + k6 1Vd0 Aéd

d
NdoEAéd:kstoAém‘“keNdoA5d (10)

b,a,m,d in order: biota, atmosphere, mixed layer, deep oceans
No steady state total carbon inventory of reservoir §

1y perturbation from that steady state value

N; Ny + 1;

ky k, resp. transfer constants biota-atmosphere and vice versa
ky, k, resp. transfer constants atmos.-mixed layer and vice versa
ke kg resp. transfer constants mixed /-deep seas and vice versa
B, biota growth factor

¢ oceanic buffer factor

* (asterisk) denotes tracer isotope

Ry *Nio/N g, steady state isotopic ratio

r perturbation from steady state ratio

q ="k‘,/kj, kinetic isotope fractionation factor

R, isotopic ratio of a standard such as PBD

J; (R;— R)/R,

&; a1

Tellus 32 (1980), 5
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Fig. 2. 83C of the atmosphere after a spike input of CO,
to the atmosphere. The total effect is the sum of Fig. 2A
and 2B. Note the change in scale from Fig. 2A to Fig.
2B. The absolute magnitudes of the calculated effects are
not important as they depend entirely on how large the
spike has been chosen to be. However, the relative
magnitudes are determined by the amount of isotopic
labeling (—18 %c in this case) as compared to the kinetic
isotope fractionation effects (—14 % and —23% in all
but one case). Choice of parameters (Table 1), if not
mentioned otherwise: k, = g yr~L ky =4 yr™, Ny /Ny =
2.5, Npo/Nyy = 1.5, Nyo/Nyg = 60,8, =0, { = 10, ¢, =
~18§;r, 83: *'14,(':(',0, &3 — &4 = 9,(;15(, S, — 500 = — 8%,
Ad,=0.

Fig. 24. Behavior of the isotopic adjustment terms.
Curve lat kg =056, = 0; Ib1 ks =0, £, = —14 %3 1ct kg

¥

= 0, g = —28%; curves 2, 3, 4; kg = 45, 4, 3 yr!
respectively, & = —14 %.

Fig. 2B. Behavior of the isotopic exchange terms. Curve
Iiky=+yr~fcurve 2t ky=4yrt

Solutions for the case in which v is a spike are
plotted in Fig. 2A,B for various parameters. The
complete solutions always are the sum of the
external forcing, displayed in Fig. 2B and corre-
sponding to (8, — J,) and to the first two
right-hand terms of eq. (10), and the internal
isotopic fractionation effects displayed in Fig 2A.
The magnitude of the transient effect is aimost
linearly related (Fig. 2A, curve la, 1b, lc) to the
choice of ¢, (g, is then determined &; ~ ¢, = &, —
J40) which is an as yet unknown quantity in global
models. We chose ¢, = —14%, as our preferred
value as that is the value commonly found when
absorbing CO, into alkaline solutions. However, in
that case we are dealing with the movement of

P. P. TANS

CO? ions through the boundary layer, while in the
real ocean-atmosphere system this is not the
dominating process.

The relative importance of the transient effects
also increases when the mixed layer to deep sea
transfer (k) is enhanced (Fig. 2A). The larger k4 is,
the more the mixed layer and the atmosphere are
prevented from equilibrating with each other. As a
result the transient effects will become more
pronounced.

In the case of 'C the external isotopic forcing
(Fig. 2B) would be 50 times higher (! — 5§ =
1000%) than for 3C (63 — 4% = —18%) while
the internal fractionation effects (Fig. 2A) are only
twice those for PC (g* = 2ai*). Therefore, it is a
very good approximation in model calculations of
the C Suess effect. the dilution of the atmo-
spheric C level by the combustion of “C-free
fossil fuels, to set the &'s equal to zero (see for
instance Oeschger et al., 1975).

Table 2. 6'*C Suess effect in 1978

The parameters of the four-box model that are held
fixed are: k) = g5 yr7l, ky = 4 yrol, Ny/N,y = 2.5,
Npo/Nag = 15, Nyo/Nyg = 60, B, = 0, { = 10, ¢, =
—18%c. 83— €= 9%, 0, — Ogo = —18%, AS, =0,

kg = Hyr! pyr fyer!
&= —14% —~1.42 ~1.04 —0.69
£,=0 —1.51 —1.24 —1.01

For BC the situation is more complicated. A
calculation of the Suess effect for 3C is shown in
table 2 for various parameters of the four-box
model of eq. (10). Also we see how the transient
kinetic effects can be important when the atmo-
sphere and the mixed layer are prevented from
equilibrating with each other (higher values of k).
A “realistic” value for kg in our four-box model
would be ¢ yr~! which is obtained from Oeschger’s
box-diffusion model when the e-fold time of the
fossil fuel combustion is taken as 25 yr.

5. Summary

We have shown a way to formulate equations
that describe the behavior of a tracer isotope in
reservoir models when both the tracer and the
abundant isotope undergo change. The correct
equations are essentially non-linear.

Telius 32 (1980), 5
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In all cases the equations consist of two parts.
First, the familiar isotopic exchange terms that we
would find in the absence of changes in the total
chemistry of the situation. This part responds to the
isotopic signal that is carried by the input. In other
words, it responds to the external isotopic forcing.
Second, we find an adjustment of the isotopic
ratios to a changing chemistry. This part depends
on the internal isotopic fractionation existing within
the system multiplied by the response of the
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system forcing. The latter part has to be taken into
account in global carbon model calculations for
13C'
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O BBIMUCHEHUWM TIEPEHOCA YTJIEPOIA 13 B BOKCOBbBIX MOAEJAX
YIJIEPOOHOI'O LIMKIIA

Onucan NMOAXOM A BBIMUC/ICHUS TIEpeHOca YIiepo-
IHBIX TPECCEPOB B OOKCOBBIX MOJESSAX, KOTOPBIH yuu-
ThIBaeT 3BMeKTHl H30TONHOTO PPAKUUOHHPOBAHKS HA
rpaHuuax pasgena a3 6e3 kakux-1ubo CyeCTBEHHBIX
npubmpxeruit. PaccMaTpuparoTCs 0JHOBPEMEHHBIS
H3MEHEHMST KAaK C Tpaccepax, Tak W B [1OJTHOM
xonmudecTBe yraepona. [lpennaraemass npoueanypa
npuMenuMa Kk SOMLWMHCTBY Moaeel YriepoaHOro

Tellus 32 (1980), 5

LMKJIA;, oOCyXnaerca INpHMEp 4eThipexOOKCcOoBOH
Monenu. XoTsa TouHble BubdepeHuManphble ypa-
BHEHHSI HEJIMHEHHBI, CYLLECTBYET IIPOCTOE JINHEHHOE
npubiKkeHue, KOTOpOe INPOSACHSeT npupoay pe-
wenusi. PaccMoTpeHde BelETCS B TepMUHAX H30-
TOMHBLIX OTHOLIEHUH, KOTOPBIE SBSHOTCH Henocpe-
ICTBEHHO W3MEPSEMbIMH BETHYHHAMHU.






