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ABSTRACT

Pion condensation has not previously been investigated in a theory
that accounts for the known bulk properties of nuclear matter, its
saturation energy and density and compressibility. We have formulated
and solved self-consistently, in the mean field approximation, a
relativistic field theory that possesses a condensate solution and
reproduces the correct bulk properties of nuclear matter, The theory
is solved in its relativistically covariant form for a general class
of space-time dependent pion condensates. Self-consistency and
compatibility with bulk properties of nuclear matter turn out to be
very stringent conditions on the existence and energy of the condensate,
but they do allow a weak condensate energy to develop. The spin~isospin
density oscillations, on the other hand, can be large. It is encduraging,
as concerns the possible existence of new phases of nuclear matter, that
this is so, unlike the Lee-Wick density isomer, that appears to be

incompatible with nuclear matter properties.

*This work was supported by the Division of Nuclear Physics of the
U.S. Department of Energy under contract no. W-7405-ENG-48.

TPresent address: Tata Institute of Fundamental Research, Homi Bhabha Rd,
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I. INTRODUCTION

Interest in the theory of matter at densities abovelthat of nuclei
has been stimulated in the last few years by developments in both astro-
physics and nuclear physics. 1In astrophysics, the equation of state of
matter over a very wide range is needed to calculate supernova explosions
and neutron star properties. Invnuclear physics, collisions between
nuclei at relativistic energies may create dense nuclear matter for the
first time in the laboratory. At high density, new states of matter
become possible, involving additionai particles or field configurations
than are present in the ground state. Several‘such states have been
discussed in the literature, the pionvcondensate, and the denéify isomer.1
At sufficiently high energy density; excitations: of the internal sfruéﬁure
of the nucleons become possibleleeading perhaps ultimately to a quark‘
matter phase.

The pion condensate has beén studied in two approaches.v Eéch has
some advantages and disadvantages compared to the other. In one of these,
the pion propagator in the.nuclear medium ié studied.l The singulari#ies
of the propagator occur at the energies of excitation of the medium
with the quantum numbers of the pion. At the density for which the lowest
excitation becomes degenerate with the ground state, a symmetry of the
original ground state is lost. In this case it is parity. This density
is the critical density, above ﬁhich the ground state has a finité |
amplitude for the condensate. In this approach, which_is equivalént :
to the small-amplitude random phase approximation, one can incérporate

a number of physical effects on the particle-~hole amplitudes describing
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~ the cbﬁdénsed'state at threshold. Shdft—rangé correlations between
nuciebﬁs, the excitation'bf'the A—fesonance, and fiﬁite—size form.factors
are the most iﬁportant effects.

'The other apprbach construéts a réiativistic field theofy of the
constituents of matter, and solves for the self-consistent fields in tﬁé
méan fiel& approximation. The advantage here is that bne can caiculate
thé équétioﬂ of'state.of matter fhrough the critiéal density into the
fuliy developed condensate region.. The disadvaﬁtagevis that fhe effect
bf‘éﬂorf—range correlations and finite-size form factors for the particles
of the medium would fequire a major additionél calculation using the
spectfum}frovided by the solution of the meaﬁ fiéld equations as a starting
point{ fortuﬁately, aé we shall 513cuss fully at a later ﬁoint, at the
critical density the two approaches can be relaﬁéd. This permits the
béaQAﬁtégeébof the propagatof approach to be carried into thebfieid
theoretical approach through a rénormali%atioﬁ'of the pion-nucleon
coupling constant. It turns out that the renormalization is almost
independent of density.

It ishthe‘seéond of these approaches, a field theofy of matter,
that we explore here. Our study differs from earlier research along this
~1ine in the choice of the interacting fields. The choice in earlier work
was motivated by a desire to preserve a certain elementary particle
property, chiral symmetry, which is explictly realized in the chiral
o—mode1.4’5 One drawback in these calculations, which however is not inherent
in the model, is that they were carried out in a non-relativistic approx-
imation. One expects that at higher densities and for finite pion

momentum, this will lead to significant error. We find in fact that
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already at normal density, the non-relativistic approximation is serious.
However, the most disturbing aspect of the earlier work is that while
purporting to discuss new states of nuclear matter, the chifal lagrangians
employed are not able to describe the normal nuclear state, as Kerman and
Miller showed.6

The motivation behind our qhoice of interacting fields is first to
account for the known bulk properties of nuclei, and thus constrained,
to exfrapolate to moderately higher density, to learn what the theory
implies about the existence of a pion condensate. We make four contribu—
tions to the theory of abnormal states in hadronic matter.7

1) We have formulated and solved self-consistently in the mean
field approximation a field theory of nuclear matter that
possesses a pion condensate;

2) The theory is constrained to reproduce the known bulk properties
of nuclear matter, namely, its satruation energy, density and
compressibility;

3) It is solved in its relativistically covariant form;

4) A continuous class of spade—time dependent pion condensate

solutions is exhibited.

In the next sections we formulate tﬁe theory, derive the connection
with the propagator approach that allows us to determine renormalized
coupling constants, calculate the source currents, and finally present
and discuss the numerical results. We will emphasize the implications
of self-consistency for the existence of condensate solutions, the
dependence of the condensate energy on the nuclear equations of state
within acceptable uncertainties and we will test the non-relativistic

approximation which has been used 1in previous work.



IT. RELATIVISTIC FIELD THEORY OF NUCLEAR MATTER

A. Discussion of the Relevant Fields

Field theory is the appropriate mathematical scheme in which to
discuss matter under conditions where new particles can spontaneously
appear. Since we are interested here in matter near the density of normal
nuclei, then the nucleons enjoy a special role. The state of such matter
is determined by expectation values of the various nucleon current
operators.

Jp(x) = <P (x) M (x) > _ ,
(1)

To= LY, v YyYse O} ¥ 1T

The normal state of symmetric matter has a very uncomplicated structure
in which only I'=1 and Y, are non-vanishing currents. The second is the
nucleon density, and the first reduces to the same in the non-relativistic
limit. Other states of matter are characterized by non-vanishing expecta-
tion values of additional currents. The pion condensate has non-vanishing

current

Tis = <UY,YTU> or I = <yy, 19>

Our problem is to determine whether and under what conditions the field
equations will give rise to such non-vanishing currents.
If quarks and gluons are the fundamental fields, then the interaction

between the nucleons would be described by such diagrams as
N -\ [
v
N

N 0




This is intended to indicate not only the exchange of quarks but a space-
time structure to the exchange gnd some involvement of more than two
nucleons at a time. This theory of matter (QCD) is incomplete, especially
as concerns the large distance behavior, and so does not provide a means
of éalculating the nucleon currents, Eq. (1), at the present. However,
nature provides a partial (asymptotic) representation of the exchange
quanta through tﬁe physical mesons and resonances. This is the historic
approach to nuclear forces. By introducing a set of meson fields of
various spins and isospins with Yukawa coupling to the nucleons, one
should be able to represent the interaction between nucleons as long as
the intrinsic quark structure can be ignored, The internal structure

can be ignored presumably at densities such that the nucleon bags do not

(4/3 m R;)-l. Estimates8 for the

11}

overlap, i.e., for densities p < Pe

bag radius vary between 1/3 to 1 fm, corresponding to pc/po between 30 and

1 respectively. Here Py = 0.145 fm ° is the normal nuclear matter density,9

corresponding to a radius parameter r, = 1.18 fm, If the bag radius were
really as large as 1. fm, then a description of ordinary nuclei in terms
of nucleons would be a poor one. Since, however, this would contradict
our experience with the shell model and direct nuclear reactions, we
assume here that up to moderately high densities, say 4p0, the nuclear
forces can be adequately represented by the exchange of mesons.  For
higher densities (or temperature), the internal structure of the nucleon
would need to be considered, at least in the approximation of introducing
the resonances as new fields.

In accord with the above discussion, a set of meson fields in the

various spin-isospin channels is introduced to represent the interaction



of nucleons in a medium up to intermediate density. These meson fields

are

of, 1=0) ,  w,(1",0), WO ,1), 0. (17, 1)

o =
( H H

and they are Yukawa coupled to the nucleon field VY:

int

£ = g0l - gy WM v, - g M) - By v, TH)

- g0 (sl TU AT X AT) L. (2)

p
The scalar intefactioﬁ (O+,O) is represented by a bfoad resonance believed
to represent two-pion exchange. In the static approximation, it contributes
an attractive Yukawa potential. The vector meson w“ on the other hand
contributes a repulsive interaction. These two meson exchanges can

account for the saturation of nuclear matter. A model based on the first

two chargeless mesons, the ¢ and W, was introduced many years ago by

Johnson and TellerlO and by Duerr.ll It has been revived'and extensively
investigated by Walecka and collaborators}z’lBWho also examine the properties
of finite nuclei.14 We shall refer to a lagrangian that includes the 0 and

w,, as the standard Walecka model.

U
The lagrangian densities for the fields are

PP - my , (3a)

°cDirac

i)
L]

%(5,08% - m?6®) - V@) , b)
: u ag

=
]

1 (VAP (Wl
w Tyt + my e . c)
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L. = 1/2(8‘111-8“[—%11'11) , (3d)
v 2

Lo = “Hpgy o™ + g 9u°pu ’ e)

where we use the standard notation for Bjorken and Drell,15 and

w = 9 W, = 9. W . (4)

The Euler-Lagrange equations based on the above lagrangian yield

the following coupled field equations

(i3 - m + 80 — g - gpej . I;— - 8y, AT Yy =0 , (5a)
(o +.m;)0 = g - S ; b)
@+ = g 2 (Py vHTy) + 28 0" x oy , o
@+ mu, - 38%, = g v 4)
(O+ mg)gu - aua\’g\) = g, {%iwugw tmxom} . e)

In the ¢ equation we have included a potential term U, which will be
discussed later.

The above equations are intractible in their present form.
However, they clearly show the connection between a finite ground state
expectation value for a nucleon current, Eq. (1), with the existence of
a finite amplitude for the corresponding field. For example, <$w> #0
implies <0> # 0. In the normal state of symmetric nuclear matter, the

0 and w, have finite expectations values <o> #0, <wy> # 0, and all



other field expectationé vanish. The other point of displaying the
field equations (5) is to emphasize the highly non-linear character of
the equations. The source curfents are iﬁplicit fuﬁctioﬁs of all the
(fields through the coupling of the nucleons to thesé fields, Eq. (5a).
Thus it is quite possible that the field equations can be satisfied by
several distinct sets of field configurations:v {<G>i, <w>i, <ﬂ>i,...
i=1,2,... .

The study of a fully developed pion condensate involves finding

the conditions, if any, under which a finite <m(x)> is a solution to

Eqs..(5).

B. Critique of Mean Field Approximation

Wé will solvé the system of equations (5) by the mean field
approgimation. This is equivalent to the Hartree approximation. The
ground state wavefunction is aésumed to be_a single Slater determinant ¢O,
composed of quasi-particle wavefunctions that satisfy Eq. (5a), with all

meson field operators replaced by their ground state expectation values,

W, + <w,> etc. (6)

g+ <0> , u u .

These expectatidn'values are computed in turn from Eqs. (5b-5e) by
calculating the nucleon current operators appearing on the right-hand

sides as the ground state expectations
yry -+  <PTy> = <¢O|$P¢|¢O> ) (7

The system of equations (5) thus reduce to a set of transcendental

equations in the unknown mean field configurations <g>, <mu>, etc.
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This approximation has already been used extensively in the
literature, both for the normal state of matter based on a lagrangian
similar to ours, and for the pion condensed phase based on a chiral
1agrangian}’4’5’16Neverthe1ess, a justification for its use is in order. i

The use of the mean field approximation to discuss the pion
condensed. state, a possible phase of matter lying in energy near the
normal state, is analogous to the use of the shell model to calculate the
nuclear spectrum near the Fermi level. Neither attempts to calculate the
absolute energy using the fundamental coupling constants. To do so would
require a theory with an accuracy on the order of 1 MeV on the scale of
the total energy, on the order of GeV. Instead, our lagrangian, Egs.
(2)-(3), when used in the mean field approximation, is an effective theory
with coupling constants adjusted to the ground state properties. The
theory is then used to make moderate extrapolations from this point.
Having thus determined the coupling constants it does not make sense fo
sum higher order diagrams since their contributions are implicitly built
into the normalized coupling constants. Moreover, Chin has shown that
while the coupling constante which lead to fhe correct saturation
" of nuclear matter are sensitive to the particular class of diagrams
incorporated into the effective theory, the density dependence of the
equation of state is not.13 The higher order diagrams are found to vary
only slowly with density. Thus the variation of the ground state energy .
with density is mainly determined by the mean field, and only the absolute
scale 1s sensitive to all ehe diagrams. The corollary of this is that the
effective coupling constants for the mean field theory are essentially

density independent, over a moderate range of density.

¥ TS I ST T D T (R
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The pion condensate phase corresponds to a long-range correlation
(in the spin-isospin density) and so is susceptible to description by a
mean field theory. However, the effective coupling constant g, cannot be
determined from the ground state properties, since the pion field <m>
is either very small or vanishes in the ground state.l7 Other investigatioms,
using the propagator approach, show that there is a considerable renormal;
ization of & due to short-range correlations}8 In addition, the renormal--
ization will depend on whether the A resonance and finite-size form factors
are incorporated explicitly into the mean field equations or not. 1In
Section III we show how these effects can be incorporated as an effective
By in our theory.

A description in the mean field approximation of the equation of
state and any-pion condensate phase that may develop as a function of
density can be contrasted with the traditional approach to the many—bédy
problem through the Schrodinger equation solved in the Breuckner or e®
theory. Here one uses potentials, sometimes of a form suggested by the
field theory of nuclear forées, with constants adjusted to describe free-
space scattering. These approaches then reiate the ground state energy
to the basic forces. They are powerful in the class of diagrams that they
sum, and lead to valuable insights. However, they do represent an extreme
extrapolation from the free-space interaction to the total energy of a
nucleus, Since the spectrum of a nucleus or the pion condensate energy,
which is sensitive to the spectrum, is a small fraction of the total
energy, then these energy differences will likely lie within the error
of the method and of the accuracy with which the potentials can be

determined from scattering data. This situation is further aggravated
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by the fact that the non-relativistic approximation is inherent to any
approach based on the Schrodinger equation. In addition, they are very
cumbersome formalisms. The mean field approximation therefore has an

advantage in providing essentially analytic insight into the physics of

high (p,T) nuclear matter.

C. Self-Consistent Equations for the Mean Fields

The mean field approximation to the equations of motion, Egqs. (5),
was described above. All meson fields and source currents are replaced
by their ground sfate expectation values. In infinite homogeneous matter
<$(x)w(x)> and <$(x)yuw(x)> are independent of x. The scalar and
vector fields 0 and w, are therefore constants, and their mean values,

U

0 = <0> and au = '<wu>, can be read from the equations of motion,
Eqs. (5b,c). The rho meson plays no role in symmetric nuclear matter
and so is not considered further. The equations for the mean fields

corresponding to (5) are therefore

(1% - g, - (m-g,0) - g Y, T * B<T@)>)P(x) = 0 , (8a)
mozc_s = g0<q");p> - <%%> , b)
mwz (I)u = g(k\ <1$ Yu Rb> ’ C)
(OD+mp) <> = g M <T@ vy, Te@> . )

Non-linear scalar field interactions are incorporated as Boguta and

14
Bodmer, through the potential density
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U(@) = (Y5bm + 14cgsc_y)(gs<-7)3 . €))

The field configuration corresponding to the normal phase of

symmetric nuclear matter is {0#0, w, 6 = §

= 8095 <1r>=0,. pu=0}.

This is the configuration investigated.by Walecka.,12 Chin,13 Boguta and
Bodmer.l4 Since,howe?er,the equations (8) are a non—linear‘system of
transcendental equations in the mean fields, the system may have another
(abnormal) solution. As we étated earlier, our goal is to investigate
whether a phase having a finitebpion amplitude is also a solution, when
the constants of the theory are chosen to represent correctly the bulk
properties of nuclear matter. |

The pion field must be allowed to have a space-time dependence
because of the importance of the p-wave interaction. The pseudo-vector
coupling (YuYs) between pions and nucleons is chosen to avoid the
unphysical s-wave interaction of the pseudo-scalar couplings (Ys)‘

We investigate the class of solutions

<m(x)> ﬁ(g cos kx + vxu sin kx) , (veu = 0)

Ckx = koxo - §° X (10)

where u and v are orthonormal vectors in isospin space. The particular
choice u = (1,0,0), v = (0,0,1) corresponds to the charged running

wave case

-  #+ikx
<, (x)> = L T e R <t >=0 , (1D

NE) ©

that has been investigated in the G-model.5 In symmetric nuclear matter,
the orientation of u and v is immaterial since there is no preferred

direction in isospin space. All such solutions (10) are therefore
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degenerate in energy for symmetric matter.

The Dirac equation (8a) as it stands depends explicitly on space-
time through the pion field. However this‘dependence can be transformed
into a trivial phase factor, which is what reduces the system to.a
tractable one. Consider the space-time dependent rotation in isospin
space |

-4 i(kx)yy
Rv(kx) = e . (12)

One can then show that (10) can be rewritten

To<n@> = TR ()T u R (kx) , (13)
and that the pion term in the Dirac equation is

Ted<mG)> = Tk R (k0)TevXu R (kn) . (14)

Thus by making the local isospin gauge transformation on the Dirac field
Yo(x) = RO(kx) ¥(x) (15)
v v o

the Dirac equation ( 8a) reduces to a space-time independent equation

for wv(x),
[iF - g - (m-g 0 + KTy +g Ty, vxu)lp (x) = 0. (16)

Now we verify that the space-time dependence assumed for the pion
field is a self-consistent solution of Eq. (8d). Since the Dirac
equation for the transformed field, (16), has no x-dependent terms in it,
and we are concerned with homogeneous nuclear matter, then momentum

eigenstates are solutions of Eq. (16). In this case, 8U$ and Buw are
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proportional to iipu. Therefore the source current in (8d) is

W o oetlh TR S

O <Yy v, T = <Yvey, 90 Ry TRV ‘ 1n
Since

Bu R: TR, = kuy1{ (T cos kx - TXv sin kx) : (18)

we deduce from (8d) and (10) that u must be orthogonal to both v and the

expectation value of wYSK T¢¥. In that case,

(k2 + k> +miym = —g <Y Y KT v Xup >, (19)

Thus the pion field (10) is a solution of (8d) if its amplitude ;
is a solution of (19), where the right side is an implicit function
of all the meson fields. One can infer from a general theorem given
in Ref. 16, and as we show éxplicitly in appendix A, the space~like
part of &U vanish in the ground state. On the other hand, the
time-like component of the vector_field is fixed by the nuclear

density from (8¢),

2— = + = + = v
mw, =8, Y, ¥,>= g, ¥V ¥>=gp. (20)

D. Eigenvalues of the Dirac Equation and the Fermion Propagator

Since the transformed nucleon fields wv satisfy an equation which

is independent of x, momentum eigenstates are solutions of (16),

b, = U e PE (21)
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where U(p) is an eight-component spinor for protons and neutrons which
satisfies

[8-g@- (m-g0) +kte(v+g y,vxu)lte) =0 . (22)

The notation can be simplified by writing

Py = 8wy = Py , (23a)
m-go = m* s b)

Then,
[f-w*+kT- (v +gmy,vxu)]ue = 0 . (24)

As noted, au shifts the origin of four-momentum. The scalar field gives
thebnuéleons an effective mass m*. This is the source of binding in the
Walecka model.12 The last term in (24) couples the neutron and proton
components.

The eigenvalues can be found in the usual way by rationalizing the
Dirac operator. Whereas multiplication of the usual Dirac equation
(p-m)u =0 by (p+m) accomplishes this, yielding P, = \/22+-m2 .
the operator needed to rationalize the operator in Eq. (24) is more
complicated. The inverse of this operator is the propagator in momentum

space. We find it to be

s = [F-wr ot ke Cay g ¥y yxw]™
= s iem - &t - @Oty - 2[R + wik] v vxu)
X {P+m*+1€I'[1/z;Y" 8.,T'FTY Yx‘j]} ’ (25)

where



~17-

D(p,,p) = D) = ((@P)-h))" - @)* - 4g] T[ (P - m¥* (k)]
(26)
and
ef = w o (4TI, (27)
(Pk) = Poko-g 'E s (28)

where recall that P The numerator of SV is the operator

TR TR TR

that rationalizes the Dirac equation, yielding

]
o

D(p) U(p) (29)

1]

The quasiparticle spectrum P, w(p) 1is therefore given by solutions of

I
o

D(w(p),p) (30)

It is a fourth order equation in P;, P°, P . However, we show later

that for symmetric nuclear matter we must choose,

k, =0 < py=0p, (31)
In this case we readily find the positive zeros of (30) to be

P, = E, = +/p2 + g2 & A2 , (32)
and corresponding negative solutions. Here

2 2 =2, 2 = #21%

A" = k{(+4g 1w )P  + (2g_Tm")

T l m
Pk
k= |kl . Bpo= 4 (33)

whence the Fermion spectrum is
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w() = p, = g,W, +E . (34)

This result is analogous to the Walecka theory, where the Fermion
spectrum is given by &D60-+ Vﬁf4-m*2, which is spherically symmetric
in momentum. However the situation here is more complicated. Due to the
pion nucleon interaction, the Fermi surface is distbrted. The spherical
symmetry is destroyed, the new symmetry being cylindrical about the pion
momentum E. Momentum E ~ 15/2 has lower energy compared to the case with
no pioms.

Two cases can be distinguished depending on the relative magnitude
of k. In Fig, 1 the two positive energy solutions Ei are plotted in
the P" plane. Depending on where the Fermi energy falls in this figure,
only E_ or both E_ and E, will be occupied, and the region of momentum

space occupled may be either connected or disconnected regions.

E. Evaluation of the Source Currents

In Section C the equations for the mean meson fields were derived.
In this section we will derive explicit expressions for the source
currents required, namely,
= < >
JF lPv va

(35)

=1, x Y kTevxu ’

u ’
and thus complete the mathematical description of the problem.

The Dirac matrix equation (8a) which depends on space-time was

transformed to a constant matrix equation of dimension 8, given by Eq.(22).
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Therefore, the problem of evaluating the currents is an algebraic one.
In principle the eigenspinors could be explicitly constructed. However,
unlike the four-component free Dirac equation, this would be non-trivial.
Instead we use the very powerful propagator technique to evaluate the
sources. The spinors themselves are of no particular interest.

In general, the ground state expectation value of an operator T

is given by19

<1I;V1‘wv> = -4 lim  lim  tr TS (x-x') (36)
+x that
where Sv(x-x') is the coordinate space representation of the propagator
of Eq. (16) or (25). In Appendix A the proof is sketched and we show

how to reduce this to an explicit integral over momentum states.

- . § i3
<1va‘1pv> = tr[l" —Q—LZ Res SV(PO,E)] . (37)
(2m)~  py=w(p)

The poles of the momentum representation of Sv(po,p) and the eigenvalue
spectrum wW(p) were given in Section D, The integration is carried out

up to the Fermi surface specified by those momenta satisfying
Ei(P”;Pl) = EF (38)

where E_ was given by Eq. (32) .and Py and p, are the momentum components
parallel and perpendicular to k.
In Eq. (25) we have an explicit expression for our propagator.

Denoting the numerator as N(p), we write it

N(p,,p)
s,(P) = ————— . (39)
D(p-p)
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The denominator is given by Eq. (26) which for symmetric nuclear matter,

Eq. (31), can be written in terms of the eigenvalues E, of Eq. (32), as
D(p,sp) = (By-E.)(P +E) (P -E )(P,+E) . - 40)

(Recall that- Po = po—-guﬁo), from which we see that the denominators

of the residues at P, = E_ are i4A2E+. Hence,

- a1 | 8- )
DA f COMETS AR XN
8(Ez-E_(p))
5 D) (txrrT N(p))PO=E_ : (41)

where 0(x) is unity for positive x and zero otherwise. The trace is a
double trace over spinor and isospin space having dimensionality 4 and 2
respectively. The results of the trace evaluations are listed in the
Appendix A.

The resulting evaluation of the source currents yields the following

explicit equations, valid for symmetric matter (kOE()):

3 )
2, 2= =, 2 d'p - 2 %2 2
k“+m)rw = -2g 71k g——(l-f—(m +P))
i T omnd | E A? I
e+ 2 2 2
+ 5 (1 + = (w*" + P, )) (42a)
+ A
2-2_2
0 2g_ T k
-2 = du = d’p -
0 = - — + 2¢g (m—go)f {"‘"(l'" >

2=2_2
0 2¢_m kT\
+ m
+ T <1 + .___.__.2._.__> ; » (42b)
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Ek =0 |, k =1,2,3 , (42¢)
g
- (i3]
B, = -— , d
o= TEP )
[iV)
+ d’p
p=<lpq)>_ 2[ 3(e_+e+)‘ Y e)
(2m)
1+7T
+ 3
q=<lp( 2 >l’)>=1/2p ’ f)

3
- d’p_ ; " }
e = 2[ s {e_(E_ + g B,) + 0, (B, + g i)

(2m)
2 2y-2 -
+%@+%mf'%%%f+%%0+UW) . g)
We use the notation
o, = 0(E; - E,(p)) . (43)

The first two of these equations define the self-consistency
conditions on T and 0. We also find that the space-like part of the
vector field vanishes. The nucleon dénsity is denoted by p, and the
charge density by q, which as asserted earlier, is %p for k0=0.

The energy density is denoted by €. All the integrals can be reduced
to one-dimensional over p", as shown in Appendix A.

These equations, together with the definitions of the quantities
appearing in them, define our entire problem for symmetric nuclear matter.
The numerical procedure is to fix EF’ to solve Eq. (42a,b) for

simultaneous solutions T and 8, and then to calculate the corresponding

density and energy density.



ITI. CONNECTION BETIWEEN PION PROPAGATOR AND MEAN FIELD APPROACHES

As discussed in the introduction, the mean field approach allows
us to investigate the fully developed pion condensate, whereas the
propagator approach permits a calculation of only the critical density
at which the new phase appears. However the effect of short-range
correlations, the A-resonance, and finite-size form factors are easier
to incorporate in the pion propagator (RPA) approach. Fortunately in the
7 + 0 limit of the mean field theory the two approaches can be related.
The pion nucleon coupling constant B of the mean field approach can then
be evaluated as an effective coupling which incorporates the above
mentioned effecté. This connection we now establish.

The pion propagator approach, proposed by Migdal and refined by
Weise and Brown searches for the critical density for pion condensation
by looking for the Goldstone modes in the spin-isospin (0 ,1) channel.l
This amounts to finding the density and pion wave number k at which
the pion propagator A(w(k),k) has a singularity for w(E)==O (Goldstone
mode) .

The pion propagator in the nuclear medium has the form
Mw) = [Pk -nl-Tw,I1h . (44)

Without II this would be the free pion propagator. II(w,k) is the proper
self-energy or polarization operator and is the object that we can relate
in the two approaches. The pion-like excitation is degenerate with the

ground state when

wi(k) = K +me + T(0,k) = 0 . (45)
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In actual calculations using this approach, Il is approximated by the
pion self-energy due to the strong p-wave TNN and 7WNA vertices, together
with an effective short-range interaction g' between particle~hole pairs.

This leads to the following structure of Il in symmetric nuclear matter

I, + 11
I = N : A (46)
1l - g'I;(HN+HA)

where HN is the nucleon particle-hole propagator (Lindhard function)

_§2, 252 * 2 .
HN(O.E) e f“k F“N(k) 2m pF/ﬂ (47)

with f“ od l/mﬂ, n* is the effective nucleon mass, pF is the Fermi momentum,

and Foo is the TNN form factor. The A particle-nucleon hole propagator

HA is given by
.
2 2 2 1 F
HA(O,B) &~ -fAk E"A(k) EZ 5;; . (48)

where Wy = 2.4 m_, £, ~5/m], and E , is the TNA form factor.
Estimation for the value of g' varies between 0.5+ 0.2 and is the subject
of considerable theoretical controversy.l7

The functional forms of HN and II, are easily understood as follows:
Both HN and HA describe the amplitude for the pion to create a virtual

particle and hole excitation in the medium. Therefore, the structure of

both self energies is the familiar perturbation form

2
|<1r|3(‘ |ph>|
int
Lwo = T — e : (49)
q Whlq) - Bpla+k

~
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where wh(q) is the energy of the initial nucleon (hole) of momentum q

~

that absorbs the pion with four momentum (w,k) and wp(qi-k) is the
energy of the'intermediate particle with momentum q+k. For HN the

intermediate particle is a nucleon so that wh-wp = -q * k/m*. For HA

the intermediate particle is a A33 resonance, so that wh-wp g wp ~ 2.4 me,

almost independent of k and q. Thus, the energy denominators for w=0
are very different for HN and HA'

Because both 7NN and 7NA interactions are p-wave, the numerator

2

|<ﬂ& >| « k?., However, for the nuclear intermediate states, the Pauli

nt

principle blocks occupied states and |<"|ﬂint|Nﬁ>|2 « kzn(g)(l-n(k+g)),
while no Pauli blocking occurs for A and |<"|aint‘Aﬁ>|2 « kzn(g).

Here n(g) is the Fermi distribution of occupied states. Because HA does
not involve Pauli blocking and the energy denominator is insensitive'to 95
we can simply sum over q giving HA o« kzp/wA as in Eq. (48). On the

other hand, Pauli blocking severely limits the sum over q for HN. As

~

k~+0 only those momenta ¢ inside the Fermi sphere that lie within a

~

half shell of radius Py and thickness k and oriented such that q+k > 0

satisfy n(q)(1-n(q+k)) # 0. The number of states in that shell is

« p2k. The particle-hole energy denominator i1s then « ka/m*, so

Pp

finally we obtain HN « k* m* as in Eq. (47). Even for k ~ Pps this

Py
form for HN holds because then wp-wk oc-pé/m*, while the sum over q
gives p§ in the numerator. Therefore, we see that the forms of HN and HA
in Eqs. (47) and (48) are easily understood.

To get a feeling for the magnitude of the self energies involved

in Egqs. (46)-(48), consider HN’ HA and II for P=Pys Pp ™ 1.8 m, g'=0.5,

* = i =4 i = = i
me = me, and for pion momentum k ZmW. Setting FWN FTrA 1, we find
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2 2 .
HN(O,Zm") ~ ~-10 m; and HA ~ -2m_. Thus, the numerator of Eq. (46) is

= —IZt%ﬁ while the denominator is =2.5, so that H(O,Zmn) = -5 m;. So,

: g as 2 2 :
we see that ]l is large and cancels the kinetic energy k 4-mﬂ = Su%f at

about normal densities.

Now consider the effect of finite form factors. Conventionally,
Fog (k) = F (k) = (A? -m;)/(A2+k2) ~ 1- (k*+mn2)/A* is described by a
monopole form factor with A ~ 1 GeV. Néte, however, that this large value
of A does not require an assumption that the quark bags are small. in
Ref. 20, the form factor for the intermediate quark bag of radius RB==0.72

_ s ' — 2
fm was computed as (k) = FWA(k) = BJ]ﬂkRB)/kRB 1 (kRB) /10. .For

Py
k = ZmW, this in fact yields the same result as the monopole form factor
with the large A = v/IZ.5/R, = 970 MeV, giving F = Fop®~ 0.9. The net
affect is to reduce HN-FHA by about 20% to a value =~ =10 m; at normal
density. For n* < My this value is further reduced by a factor m*/mN.
We can conveniently summarize the combined influence of II,, g',
aﬁdeﬂN on the self energy, II, in Eq. (46) by defining an effective 7NN

coupling constant via

£ 2
— eff e _£2 2, % 2
I = ( - > HN foep k 2m pF/Tr . (50)

Comparing it with Eqs. (46)-(48), this effective coupling constant is

given approximately by

f2 p2
2 1 A F
2 2 IF'nN(k)I [1 + 6 ? m*wA ]
£5.(k,p) = f Ll
eff \°FF m N £2 p.2 .
1+ ¢g'|F (k)lzfz—ZLP [1+l—-é F]
N T 72 °F -6 f2 mtw,

(51)
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Although the form of this "constant' certainly does not look constant

as a function of Pps Table 1 shows that f;}f is actually very insensitive
to m* and p = 2p§/3ﬂ2. The remarkable property of Eq. (51) is that in

the density range Py to 3po, where we expect m* to vary between
(1.0~0.7)m , fe;f varies by only ~107%.

In the Appendix we show that the relativistic mean field equations

reduce to the relativistic RPA equations when the pion field strength

vanishes, In particular, Eq. (8d) reduces, in the limit <mw(x)> =+ 0, to

(k" +m +T_ ) = 0 (52)

where Hrel is the relativistic Lindhard function

. a*
Moy (k) = =24 g;f(zﬂ; er (kv 5,(0) g 8,0+ k). (53)

The contour of integration for P, is specified in Appendix A.
Here S, 1is the nucleon propagator given by Eq. (25) when T=k=0. When

pF,<<1n*, Hrel reduces to the non-relativistic Lindhard function above

(with FnN==l)' Recoll and relativistic kinematics lead to corrections

TABLE 1. Effective WNN coupling feff in units of fm for k==2mw, g'=0.,5,
|F7N(k)|2 = 0.81 incorporating correlations, A production and
form factors as a function of m* and density from Eq. (51).

Compare feff to f,rr = 1.41 fm in free space.

m*/my = o, 20, 30,
1.0 fer = 0.93 0.89 0.86
0.75 1.01 0.98 0.96

0.50 _ 1.14 1.12 1.11
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of the orders of (pF/m*)2 and (k/m*)2 ~ 10-20% to the non-relativistic
seif—energy. In any case, Eq. (50) and (53) provide the link between
B and feff with uncertainties as quoted of 10-20% in the link as well
as uncertainties in feff due to the imprecision with which g' and form
factors are known.

We note that the idea of using an effective coupling to incorporate
A and correlation effects was first pointed out in Ref. 18 in connection
with neutron matter.

A last point we stress in connection with the pion self energy is
the near proportionality of Il to the effective nucleon mass, m*(pF).
This means that the driving force for condensation depends sensitively
on the details of the single particle-hole excitation spectrum and hence
on nuclear stfucture physics.ZLTherefore, pion condensation calculations
should only be carried out with models consistent with known nuclear
properties. An example of a model not consistent with nuclear properties

*=m, Since the effective mass, m* = m-—g05

is the chiral modell}’5 where m
is less than the nucleon mass, the chiral model can be expected to
overestimate the condensate energy. We note at this point that the
chiral c-model has not been solved in a fully self-consistent manner.

It is self-consistent in the "chiral angle" but not in the "chiral

radius."
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Iv, RESULTS

A. Determination of the Parameters

The equation of state of nuclear matter, €(p), is obtained in the
theory by finding the self-consistent T and G fields which are simultaneous
solutions of Eqs. (42a-b), for a chosen Fermi energy, EF’ and then calcu-
lating the corresponding density and energy density, Eq. (42e,g). The
pion wave number k is then varied to achieve a minimum energy. We note
that T = 0, the normal state, is always a self-consistent solution. For
given coupling constants the equations do not necessarily have a solution
with finite pion amplitude. In particular, as we have discussed, our
goal is to find whether such an abnormal state is compatible with the
known bulk properties of nuclear matter. These properties are the

saturation binding,9 density,9 and compressibility of symmetric nuclear

matter.
E/A = €/p-m = -15.96 MeV , (54a)
P, = 0.145 fm 3 ., b)
32
K = 9p2 2— (E/A) = 200-300 MeV . c)
0 sz

In addition to these constants, based in part on the results of Breuckner
calculations, is the prejudice that the binding should reduce to zero
somewhere in the range 2po— 3po. These four properties of the normal

state determine for us the four parameters,

go'/mo' s gw/mw s b , c . (55)
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(It can be verified that Eq. (42) depends on the ratios shown and not
separately on coupling constants and masses of the scalar and vector
meson.)

The normal state (m = 0) does not depend on the fifth parameter of
the theory, &y The free space mN coupling &y = 1.41 fm gives the
correct p-wave scattering length. However, as discussed in Section III,
we can incorporate in our mean field theory the effects of short-range
correlations, A resonance, and finite-size form factors by renormalizing
B in the specific way described. These effects yield an effective
coupling that is remarkably density independent. Within the many

uncertainties discussed, they reduce 8 from the free~space value to

about 1 fm, depending on the effective mass m* (see Table 1).

B. The Normal State

In Figs. 2 and 3 we show the calculated equation of state for the
normal ground state T .0 corresponding respectively to two sets of
parameters, Eq. (55), that have the three bulk properties, Eq. (54), and
differ in the density at which the binding vanishes. We shall call these
the stiffer and softer equations of state, referring to their high

density behavior, though we stress that at the saturation point they

have the same curvature, described by K= 280 MeV.

‘The difference between the equations of state in Figs. 2 and 3
*
is due mainly to the difference between effective mass, m (p), for

%
each case. 1In Fig. 4 we show m (p) corresponding to each case.
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In our theory, the m*(p) is controlled indirectly by the nonlinear
0 interactions in Eq. (9). For b=c=0, corresponding to the Walecka
model, m*(p) is strongly density dependent and has a rather small value,
~0.6 m, Associated with this small m* is a rather high compressibility
K ~ 500 MeV, which follows from the large values g,O/m.cj and gv/mv needed
to reproduce the binding and saturation density. By introducing the
nonlinear interactions of Eq. (9), which are equivalent to three and
four body forces, we can lower gc/m0 and-gv/mv. Since gv/mV controls
the magnitude of m*l4 while gO/m0 controls the density dependence of m¥,
by lowering gG/mCy and gv/mv we increase the magnitude of m* and reduce
its density dependence. This is what we find in Fig. 3. The larger the
values of b and ¢, the smaller are the values of gO/m.0 and gv/mv needed
to reproduce the saturation properties, and consequently m*(p) is larger
and less density dependent. Also, by lowering gG/m0 and gv/mv, we see
from Figs. 2 and 3 that the equation of state becomes softer. Therefore,
there is a correlation between larger three and four-body forces, a larger
and less density dependent m*(p), a softer equation of state, a lower

critical density, and greater condensation energy.

C. The Pion Condensate State

Turning now to abnormal states, for sufficiently large B there
is a second solution to the self-comsistent equations (42), the pion
condensate, that lowers the ground state energy. We show such solutions
for several values of - in both the stiffer and softer case. As &y is

lowered from the vacuum value of 1.41 fm, simulating the correlatioms,
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A and form factors, the critical density increases and the gain in
binding due to condensation decreases. The dependence on By is quite
different in the two cases shown in Figs. 2 and 3. At corresponding
values of B the condensate is much stronger for the softer (at high
density) equation of state. Indeed, for Fig. 2, with the smaller
non-linear O potential (b,c), condensate solution exists only for gﬂ>
1.18 fm. Since, according to our discussion of Section III, we believe
that the renormalized coupling constant should be & ~ 1 fm, we conclude
that for the stiffer equation of state, no pion condensate can exist.
In the other case with larger non-linear terms 1eading to a éofter
equation of state, the critical density is merely shifted to higher
values as g is reduced, and at the effeqtive value of 1 fm lies at
about 2po.

We conclude that pion condensation in symmetric nuclear matter can
be made consistent with the bulk properties of nuclei if the effective
mass is large (m* > 0.9), which in our theory occurs when sufficiently
large three and four-body forces exist. To gauge how large these forces
are in the case of Fig. 3, we can compute from.Eq. (9) the net contri-
bution of these many body forces to the energy per nucleon at normal
density. For these parameters of Fig. 3 this is

(_F:.) - U@
A/3 4 body Po

= <46 MeV . (56)

which is quite large. However, slight variations of b,c yielding nearly

identical results to Fig. 3 can result in a factor of 10 smaller value.

Next, we contrast our results to calculations using the chiral
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model5

where m* is fixed to be m.. In Fig. 5 we compare the condensation
energy, the difference in energy between the normal and condensed states,
calculated in Ref, 5, to those obtained from Figs. 2 and 3 for & chosen
to give approximately the same critical density. As expected, the chiral
model with the much larger driving force tends to give a much higher
condensation energy that increases rapidly with density. We conclude

that self-consistency and compatibility with the bulk nuclear properties
are very strong constraints on the existence and persistence of the
condensate phase.

Finally, we want to know the expected magnitude of the pion field
for various & Typically, T in Eq. (10) turns out to be on the order of
0.1 m . In ordgr to get a feeling for this number, we should compare the
amplitude of spin-isospin oscillations to the normal baryon density.

From Eq. (19), we can convert T into a magnitude of <@Y5Ys(3-5)w>
for E = 2m1T 83 as

2, 2
(k +mﬁ) _

(Y YgYVy LOXXPYD ==~ T, (57)
m

For T = 0.1 Moy 8y = l/mﬂ, the right-hand side is 0.25 m; which is about
one-half the normal baryon density, Py ™ 0.5 m;. Thus, sizeable oscillé—
tions of the spin-isospin density are possible. It is important to note,
however, that unlike the neutral condensate, the class of condensate
solutions considered in Eq. (10) do not lead to density oscillations.

The baryon density is uniform§ only the spin-isospin density oscillates.
In Fig. 6 we plot the ratio of the spin-isospin density <<$"{5Y3T3d)> to

the baryon density <$ yoq;> for a case with B = 1 fm in Fig. 3. Note
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that non-relativistically <{y,Y,1,¥> = p(pt) + p(n¥) - p(p¥) - p(nt)
is the spin-isospin density, where p(p4) is the density of protons with
spin pointed along the z axis, etc. On the other hand, p = <U-1YO'JJ> iod
p(pt) + p(a¥) + p(p¥) + p(nt) is independent of x. The ratio
R53 = <le5 Y, '1'311)>/<1$Y01p> in Fig. 6a measures the magnitude of the
spin-isospin density oscillations in the condensed state. We sece
that Ryq ~ 0.5 for p 2z 2p,. The corresponding oscillations of the
densities p(pt) + p(n¥) and p(p¥) + p(nt) are illustrated in Fig. 6b.
It 1s remarkable to note in Fig. 6a that although the condensate
energy is very small, < 3 MeV, the spin-isospin oscillations ére about
as large as they can possibly get. In fact, R53 only increases to 0.85
when By = 1.41, even though condensate energy is about 10 times larger.
This has imporfant consequences when considering dynamical effects of
pilonic instabilities. Clearly, the very slight softening of the equation
of state, E/A(p), due to condensation would have very little effect on the
hydrodynamics of nuclear collisions. However, the iarge spin-isospin fluc~

tuations can lead to critical scattering phenomena which we could hope to observe 2

D. The Non-Relativistic Approximation

We have solved a relativistic theory of nuclear matter in which
Lorentz invarianée was retained throughout. This offers the rare opportunity
of assessing the importance of relativistic kinematics in a many-body theory.
Therefore we have also solved the mean field equations in their non-rela-
tivistic limit. This limit is obtained when the effective mass m* is
regarded as much larger than typical kinetic energies -p;/Zm*, <k2/2m*,

etec. In that case the quasi-particle spectrum, Eq. (32), can be approxi-
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mated by

E, ~ m*+ ﬁ;{.gz - (4 + g m?) (k) # AZ} (58)
where A? is still given by Eq. (33). The source currents are otherwise
calculated as before in Eq. (42).

The numerical results are shown in Fig. 7, corresponding to the
coupling constants of Fig. 3 (where the effective mass is the largest
and therefore the relativistic kinematics least important). Comparing
the normal state, calculated relativistically, and the non-relativistic
approximation, weisee that the binding is underestimated by about 5 MeV
and the saturation point is shifted to slightly smaller density. The
approximation is even worse for the condensate state. Of course, on the
scale of the total energy density of ~940 MeV per nucleon at normal
density, this is a small error. But that is precisely the point:

A small error in the calculation of the total energy can be a large error
in the binding energy. This might be a significant warning concerning
the attempt to calculate nuclear binding energies in theories based on

the Schrodinger equation,
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V. SUMMARY

We have studied the pion condensate phase of symmetric nuclear
matter, in the mean field approximation of a relaéivistic field theory,
wﬁiqh is constrained to possess the known bulk properties of nuclear
matter. It was shown how to incorporate the effects of short-range
correlations, the A-resonance, and finite-size form factors into an
effective coupiing constant., It is essentially independent of density
over the range considered. The relativistically covariant theory was
solved self-consistently for the field configurations. Two cases were
studied, corresponding to parameters of the lagrangian which in both
cases yielded identical saturation properties, and differed only in their
softness at higher density. This latitude was introduced to represent
our ignorance of the equation of state away from the saturation point.
Only one of these possessed a condensate solution for pion-nucleon
coupling constant in the range of the expected effective coupling. This
was the case where the equation of state was softer at higher density.
Even in this case the condensate energy was very small, not exceeding
3 MeV for density up to 3po. This is in sharp contrast with other studies
based on the chiral o-model. Since the normal state of the o-model does
not possess the saturation properties of nuclear matter, we believe that
our estimate is more reliable. Thus self-consistency and compatibility
with bulk nuclear properties are strong constraints on the existance,
persistance and magnitude of the condensate phase. Despite the small
condensate energy in our theory, the corresponding amplitude of the
spin-isospin density was very significant, being about p/2.. We conclude

that a pion condensate is compatible with the known bulk properties of
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nuclear matter, at least within our theory.

Of broader interest to the many-body theory of the nucleus, Qe
also evaluated the non-relativistic approximation of this covariant
theory to assess the importance of relativistic kinematics. At normal
nuclear density, this approximation introduces an error in the binding
per nucleon, on the order of the binding itself, This might be regarded
as an estimate of the error that is inherent in many-body theories that

are based on the Schrodinger equation.
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APPENDIX A:
PROPAGATOR METHOD OF EVALUATING EXPECTATION VALUES

We need ground state expectation values of various operators

<r> = fdsx <Px) Tx) Px)> . (A1)

Examine

G TG Y@> = 7 <Pl Ty (x) Yy (x) >

a,B

Iin T, () <Pgx") Y,(0> ,  (42)

X >

where 0,8 are the spinor component labels. Now the Feynman propagator

is defined by

i SdB(x-x') <T(wu(x) @B(x'))>

Wy () Vglx") B(e-t") = Pax) Y ) B(t'-t) >,
(43)

where T denotes the time-ordered product. Therefore,

<P (x) I'(x) Y(x)> -1 Lim o dm rBa(x) SaB(x—x')

xX'+Xx t'»t

= —i 1lim 1lim Trace I'(x) S(x-x')
x'+x  t'>tt+

(A4)
This is a result derived in Fetter and Walecka.19
To learn the structure of S, expand the field operators
. -ipx + ipx
px) = zf:dsp(U(p,S) b(p,s) e + Vv(p,s) d (p,s) e ) (A5)
s
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where b and d' are destruction and creation operators respectively.

The ground state of our system is schematically

= + - + =
> bpl.... pr o> (EpF Eg) (A6)
Because
b7 (p,e) Bp',s")> = 818 B(Ep-E) ,  (A])
then
- s — ip(x'~-x)
<w60€) wu(x)> o(t'-t) = Jd'p UBUu e 8(t'-t) e(EF-Ep)
(A8)

The infinite contribution from the filled negative energy sea has been
subtracted away in (A8). Since we wish to avoid the explicit calculation
of the eight-component spinors, U, we turn instead to the differential
equation that is satisfied by S(x-x'), using (A8) to specify the boundary

conditions. From Eq. (16), the propagator satisfies

[i3 - gwtr) —Am* + Kt o (1/2\1+gﬂ1?¥5 ng)] S(x-x"') = 8u(x-x')
~ (A9)
Write the Fourier transform of S as
- q* ip (x'-x)
S(x-x') = f B e s (A10)
(2m)

where it follows from (A9) that S(p) is given by Eq. (25). The contour
of integration for the P, integration, which yields the form (A8) is
closed in the upper half plane and encloses only those singularities
that correspond to occupied states.

These singularities are located at
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Py = Ez(p) +guw = w@ (A1)

as found in Eq. (34). For fixed p the P, integral yields

ip (x'-x) .
e ~ Res S(p)| . G(EF- wip)). (A12)
p,= w(p)
Finally, if T'(x) is not a differential operator, the limits in (A4) can
be taken immediately with the result
3

- - dp
<YTYP> = tr Pf ) 6(E_~w(p)) [Res S(p)]
emul) T P

(Al13)

o0 (®)

If T is a differential operator, for example, the energy, Yoi-g%, it

must be allowed to act before the limits are taken:

3

, 9 B d’p OtF -
<Py i V> o= f (ZTr)Bw(ZR)e(EF wp)) tr v, Ip  Res S(E)]Pc,:w(E)

(A14)

Using the above techniques, we obtain the expressioms for all
needed source currents in Eqs. (42a,b,e,g). These involve a three
momentum integration, which may be reduced to a one-dimensional integral
over the component of p parallel to E. as follows: Observe that
Ei(PH’RL) = Ei(p”,o) + pf. For the 7 and ¢ source we need integrals

of the form

S Cr 8- E (00 - ;)
1 *
1
= ;‘;{f dpy [ =B, (e, 00 £(pp) 0(Bp-E, (2 ,0) .

— 00

(A15)
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Because of the theta function this is simply a one-dimensional integral
over a finite interval, possibly two disconnected segments. To evaluate
Eq. (Al5) numerically it is convenient to remove a singular piece of

the integrand. This singularity arises from the 1/A* behavior of f(p")
in Eqs. (54a,b). Since A? +vkp" as T+0 and A® = kp”(14-4g;gﬁz)%

as m*~> 0, we see that in either limit the integration in Eq. (Al5)
diverges logarithmically if Py = 0 is allowed (EF > Ei(0,0)). Thus, in
particular for finite T, the source integral behaves as logT near T > 0.
To extract this logarithmic behavior it is convenient to add aﬁd subtract

E+(0,0) in Eq. (Al5). Then the piece proportional to E_~-E _(0,0) can

F
be evaluated in closed form and the remainder proportiomal to
E+(0,0)-E+(p”,0) is free from singular behavior and can readily be

evaluated with a few point Gaussian quadrature. To illustrate this

procedure we evaluate the O-piece of the pion integral in Eq. (54a)

3 = ._.d_aL 9:_ _g__ 2 2
T f (2m3 E_ (1‘ X (m*™ + p| ))
Xy
. 2 2, 2
= —2’"———2-[ dp" (EF - E_(0,0) + E_(0,0) - E_(P",O)) (l _ 'A—i (m* +p" ))
X

1

- _z_i.z_ (Bp-B_0,00) [Gr, - 3,) = 3x,) = T0x)]
Xy

+ [ ap, (& 0,0) - E (p,,0)) (1 -2 2y pz)) . (AL6)
| — Py 2 I
S|

The end points x; and x, are taken from the positive roots of the

equation E_(p",O) = F If only one positive root exists then x;=0

B

and X, is that root. The function J(x) is
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I = 2 [-“é"i; zn(ax + o2x? + g2 )+ i:z— x Vo2x? + 8% | (A17)
with o = (1+-4g:ﬁz)%, B = ZgFffm*. Equation (Al7) contains all the
singular parts of the integral and shows explicitly that J(0) + &n7T
as T+ 0. The remaining integral in Eq, (Al6) is done by Gaussian
quadrature, The 9+ part of the pion integral and the ¢ integrals in

Eqs. (54a,b) are performed similarly.

For the demsity integral in Eq. (54e) we need

X
fd3p3 o, = % fdpbll .‘(E;—Ef_(p“',O)) . (A18)
(zmy~ = 4m? t
X
1

where x, ,x, are determined from the positive roots of EF = E _(x,0).

Although Eq. (A18) can be analytically done, a few point quadrature was

used in practice. For the energy integral in Eq. (55), we need

X
dsp = _..1__. _2_ 3 3
f(ZTT)B eiEi B 4'IT2fdp”‘ 3 (EF,— Ei(p” ,0)) . (A19)
X2

As a final note, we show the trace results that are needed,

according to Eqs. (35), (37), (39), (42f).
* b -
tr(N) = 8m [P2 -e? 42 gﬁ2 Trz(kk)] (A20)

tr(yuN) =4 [2(92 - e2)pY - (1 + 4gﬂ21_Tz)(Pk)k\)]g (A21)

e

2
tr(Ysk Teyxul) = 8gﬂ1—r [2(Pk)2 - om" (kk) - (P? - ez)(kk)] (A22)
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Er (Y, T4) = 2[(P2 - ek + 2(Pk)P\)]V3 g (A23)

ny
where guv is the diagonal metric tensor (1, -1, -1, -1) and v, is
the component of v along the 3-~axis. These results are obtained

using the trace theorems in Ref. 15.

From the last of these we can prove that Kk, 0 corresponds to

symmetric nuclear matter Eqs. (31), (42f). The u = 0 component of

(A23) is required for the evaluation of the charge density, Eq. (42f).

(Poyy T4 ) o« -P, /dsp Pek ,for ky = 0 (A24)

In Sec. II.D we proved that when k, = 0, the eigenvalue spectrum w(g)
is symmetric about the P” ; 0 plané (Fig. 1). Therefore making the
'change of integration variable to P, by Eq. (23a), we see that any:
integral such asv(A24) containing odd powers of P must vanish. Thus
Eq. (42f) follows. Turning to Eq. (A21) we see that when k; = 0, the

space~like components, M = 1,2,3, are linear in P and so the source,

Eq. (8c) of the Bi field vanishes also. We have proven Eq. (42¢).
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APPENDIX B:

Here we want to derive the connection between the propagator and
MFA approaches. Such a connection was discussed by Baym16

We present an alternate and more explicit derivation here.

We start from the pion mean field equation, Eq. (8d),

(O +m®) <T(X)> = J (x)

(B1)
where
= L
I, (x) gr O WYy TV >, (B2)
which depends implicitly on <m(x)> . In terms of the full propagator

S“(x,y), which satisfies Eq. (16) with 8*(x-y) replacing O on the

right-hand side, we can write as in Eq. (A%4)
J (x) = -ig oY Tr {y vy t8 (x x+)} (B3)
~m m sy~ W

where x+ = (x,t+0). We now expand Jg(x) to first order

in <w(y)>:

: 6J (x) » 2
J (x) = J (x) +fd y < (y)> + 0(<w>") .
-~ 6<17(y)> ~

<n}+0

B4
Defining . o (B4)

{ (x)
I, . ( ’ ) = - lim B )
13 %Y <1r(y)1>->0 6<le(y)> (B5)

and noting that the divergence of the axial current is zero when
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<> =0 (Jo=0), we can rewrite Eq. (A.1) to first order in <w(x)> as

(O +n2) <m,G)> = -/d"y My Ghy) <T (D> (86)
In symmetric homogeneous nuclear matter nij (x,y) = Gij N(x-y), agd
(O ;O-m,’zr) <1ri(x)> = —/duy N(x-y) <“i(y’> . (B7)
Expanding <'rri(x)> in Fourier components, we get finalZ.Ly‘
& +m) m (k) = -G T, (k). (88)
™ i i

Taking, however, the Fourier transform of Eq. (Bl1) shows that the

right-hand side is just J;(k) . Therefore,

(k) = - lim 2 . : (89)

Ji(k). ‘
'lTi(k) +0

m, (k)

1

In order to compute nij (x,y) or I(k) explicitly from Eq. (A.5),

we can start from the integral equation for Sy (x,y):

= b U 9
S;(x,y) = So(x.y) +fd z S,(x,2) 8, Y, Y ;ﬁ <m () > 1,5.(2,y) .
(B10)

where So(x,y) is the nucleon propagator when <m>=0. First integrate

by parts to transfer the 3/8.-7.u away from the 7 field. Then recall that

) <'ni(x) >

Y
= §,, 6§ (x-y) .
s <1rj(y) > ij ,

Thus,
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6s,_(x,2)
lim — = - —3—\3 {So(x’}') g'n’YsYu Tj So(y’z)} ’
@ (y)>+0  S<m(y)> 3y (B12)

Using Eqs. (A.3) and (A.5), we obtain finally,

. ogp? O 2 H v
(B13)
and therefore in symmetric homogeneous nuclear matter,
. d“ _
My = -21g2 [ —SB Tr (v, kS () Y S (e+K)) . (BL4)
T (2m) o 5 o

In the non-relativistic limit (pp << m*),
kY - 2
5,(p) (2m*) 1(po--gvvo--p2/2m* + ie e(pF-p)) 1, Trace + -8]/k|° and

N(k) reduces to the familiar Lindhard function (see, e.g., Ref. 7).
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a) k> 4g, TmY(1+4g272) b) k< 4g, Tm'/(1+4g2 72)

EZ(P,,0) EZ(P,,0)

2g,7Tm k

% 2

|+4qeT

F:;I Fﬁ/

XBL 806-9976

]
~k/2

Fig. 1. Eigenvalues of the Dirac equation in the P” plane, depending
on the magnitude of k as shown. There is symmetry P”-ﬁ+ —P”.
If Eé is less than &° - 2gﬂ§fm*k for case a, then the range

of p is two segments which do not include zero.
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B/s =15.96 MeV
R = 0.145fm

K= 280 MeV
(M/m). ., =0.77

sat.

Fig. 2.

XBL 7912-5246

Binding energy per nucleon as a function of density. The TTC=0
solution is the normal (non-condensed) state. Self-consistent
condensate solutions exist for & > 1.18 fm. Two examples are
shown. Parameters are gO/mc = 15/m, gw/mw = 11/m, b=0.004,
¢ =0.008, where the nucleon mass is m = 4.77 fm_l. Pion

1

momentum k that minimizes energy is k = 1.5 fm . Effective

mass at saturation is indicated on the figure.
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"(EE/¢\)Cx)n(j (hﬂfﬂ/)

P/Po

XBL 805-9728

Fig. 5. The condensation energy from Fig. 3 for B = 1 fm compared to the

prediction of the chiral o-model (Ref. 5).
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Fig. In (a) the amplitude R.., of the spin-isospin density oscillations

53

in units of the baryon density for the Br = 1 fm case of Fig. 3.
Also indicated are values of the condensate field m and
Part (b) illustrates magnitude

the condensate energy.

of the spin-isospin oscillations for R = 0.5 as a

53

function of coordinate parallel to condensate momentum k. p?

means proton with spin up.
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Fig. 7. Self-consistent solutions of the theory for the non-relativistic
approximation are compared with the relativistic results of

Fig. 3 for the normal and condensed state.
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