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This paper briefly reviews sources of noise in Josephson junc­
tions, and the limits they impose on the sensitivity of dc and 
rf SQUIDS. The results are strictly valid only for a resis-
tively shunted junction (RSJ) with zero capacitance, but should 
be applicable to point contact junctions and microbridges in so 
far as these devices can be approximated by the RSJ model. We 
first discuss fluctuations arising from Nyquist noise in the 
resistive shunt of a single junction in the limit el R/k T < <1 

o B 
in which a classical treatment is appropriate, and then extend 
the treatment to the limit el R/k T=*l in which quantum effects 

o B 
become important. 
The Nyquist limit theory is used to calculate the noise in a 
dc SQUID, and the results are compared with a number oi practi­
cal devices. The quantum limit is briefly considered. Results 
for the predicted sensitivity of rf SQUIDS are presented, and 
also compared with a number of practical devices. Finally, the 
importance of 1/f noise (f is the frequency) in limiting the 
low frequency performance of SQUIDS is discussed. 

II. Noise in the Resistively Shunted Junction 

We consider a current-biased RSJ in which current fluctuations 
are produced by the equilibrium noise i n the shunt resistor. 
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In the classical limit el R/k T<<1 this problem was solved by 
2 ° 3 

Likharev and Semenov and Vystavkin e_t a_l. We consider only 
the limit V>> 2 TT k„ TK/ d> (R is the shunt resistance and <t> is the B ro o 
fiux quantum) in which noise rounding of the 1-V characteristic 

4 is negligible , and 
2 2 1/2 V = R(I -I Z > 1 / Z 

o (1) 

where I is the critical current. We assume V<2A/e (£ is the 
° 5 

energy gap) so that we may neglect the Ridiel singularity , 
and T<<T (the transition temperature) so that the quasipar-
ticle tunneling current is negligible compared with the current 
in the shunt resistance. The phase difference,6 11), across the 
junction evolves with time as 

(h/2eR)6(t) = I-I sin6(t) + I„(t), (2) 
o N 

where I (t) is the fluctuating current produced by the shunt 
resistor. We now consider solutions for the spectral density 
of the voltage noise. 

Classical limi t 

In the classical limit, the spectral density of the current 
fluctuations in ' he shunt resistor at angular frequency ID is 

Sĵ Cu,) = 2kfiT/TiR. (3) 

Ambegoakar and Halperin computed the average voltage from 
Eq. (2) using Eq. (3) as the spectral density of I ft), and 
found that the I-V characteristic was rounded at low voltages. 
This rounding arises from the thermal activation of the junc­
tion into a non-zero voltage state at currents below I . In 
the limit in which departures from the noise-free solution are 
small, Eq. (2) has been solved * using Eq. (3) as the spectral 
density of I (t). At angular frequencies i!<<cu = 2eV/h the 
spectral density of the voltage fluctuations is white and has 
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ma gn i tude 

S (£2) v 
2 k B T K D , 
irR 

(A) 

where R = (3V/8I). is the dynamic resistance ot the junction. 
° 2 The first term, 2k TR /irR, represents the spectral density of 

the voltage fluctuations across the resistance R produced by a 
Johnson noise current at angular frequency fi, while the second 

2 2 term, (I /I) k TRJiR, represents noise at higher frequencies 
mixed down by the non-linear device with a ''mixing coefficient1' 

2 (I /I) /2. The second contribution vanishes in the limit o 
1 > -'• 1 , and one recovers the Nyquist result, o 

B. Quantum limit 

In general one should use the full expression tor the spectral 
density of the Johnson noise 

S j U ) (huj/nR) coth (h u/2k_T). 
D 

(5) 
I n t h e l i m i t k I 1 T>>hu) , E q . (i>) r e d u c e s t o E q . ( 3 ) , w h i l e i n t h e 

B 
limit k T<<hu>, S (u))-*-hui/irR, the spectral density of the zero 6 point fluctuations in the resistor. Koch e_t a_l . have used the 

2 general approach of Likharev and bemenov to solve tq. (2) using 
Eq. (i) as the spectral density of I (t), and find 

s..(n> - 2 k B T + / X o \ eV coth /eV \ 1 R 2 (6) 

The first term is the same as in Eq. (4;, but the second con­
tains quantum corrections. It is instructive to consider three 
limiting cases, all with Q<<2eV/h: 
(i) e V « k I: We recover Eq. (A). 

2 2 (ii) 2k •1(1/1 ) >>eV>>k_T or eV>>(eI R) /2k_T: We recover the D O D O D 
usual Nyquist result S (.fi) = 2k T/TTR. 

v B 
(iii; eV>>k.T, 2(1/1 ) 2k DT, or 1 < <eV/ k 'i < < (e I R/k_T) 2/2: We 

B O D D O B 
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obtain the quantum noise limit 
2 2 2 2 2 2 i / 2 S (S2) = e V ( I / I ) Z R ^ / T t R = e l V / i ( I - I ) ' . ( 7 ) v o D o o 

Note tnat this limit can be obtained only if 

K H el R/k,T>>1. (8) 
o b 

1 2 A l t h o u g h E q . ( / ) i s t r u e o n l y f o r 6 = 2TTI k C/<t « 0 (C i s t h e c o o 
junction capacitance), it is necessary to satisfy Eq. (8) to 
obtain the quantum limit in the more general non-hysteric case 
i< <-1 . Thus, Eq. (8) can be rewritten as 
c 

1/2 
*. £ (e/k BT) (B c$ oJ /ZTTC) » 1 , (9) 

where j is the critical current density and c is the capaci­
tance per unit area. Thus, one obtains the quantum limit by 
working with sufficiently high critical current densities and/or 
low temperatures. 
At the characteristic voltage V=l R in the limit K>>1 , we ob­
tain 

V^'v-1 R o 
el R (10) 

The quantity el /IT is just the spectral density of the shot 
noise in a current I . Howevei, it should be apparent that the 
noise arises from the zero point fluctuations in the shunt 
resistor. There is no intrinsic shot noise in the zero voltage 
pair current. 

III. Noise in the dc SQUID 

Model calculation 

7 , 8 Tesche and Clarke ' studied the effects of Nyquist noise in 
the resistive shunts of the two junctions of a dc SQUID, and 
computed the I-V characteristics and noise spectral densities 
for cs =0. To compare their results with real SQUIDS with non-

c 
zero capacitance they used the maximum value of resistance for 



5. 

non-hysteric behavior, R = ($ /2TTI C) . ( The introduction of J o o 
a non-zero capacitance modifies both the I-V characteristic and 
tne level of the voltage noise, but the overall error is be­
lieved to be no more than a factor of 2. Optimum performance 
is obtained for B = 2LI /<J> = 1, where L is the SQUID induc-

o o k 

tance. Most of the calculations were for a SQUID in the He 
range with L=lnH and I =lyA. These choices fix the noise para-

o meter T = 2irk,T/i <t> to be about 0.05 at 1.2K. The parameter B o o 
r determines the noise rounding of the I-V characteristic as 
well as the magnitude of the noise, and its value can drasti­
cally affect the value of the transfer function V, H (3V/3<}0,. 

4> I 

T h u s , p r e d i c t i o n s f o r a g i v e n v a l u e o f T a r e n o t n e c e s s a r i l y 

i m m e d i a t e l y a p p l i c a b l e t o a d e v i c e w i t h a v e r y d i f f e r e n t v a l u e 
of r. 
Figure 1(a) shows V vs. i/l for three values of average flux 

$ o 
in the SQUID. The SQUID must be operated at or near the peak 
in V to obtain optimum performance. For L=lnH, I =luA, and 

(f> O 
r=0.05, to a good approximation the optimum value of V at $• * (2n+l)A /A is o 

V - * 
* L 

7 

(11) 

Figure 1(b) shows the spectral density, S (0), of the voltage 
noise across the SQUID at low frequencies (<<2eV/h); S is 
white, proportional to P, and modulated by the average flux. 
S has peaks at the same bias current as the peaks in V . For 
v 4> 
the values of L, I , T, and <t given above, the peak has the 
value 

S =* 16k TR. v B 
1/2 1/2 Figure 1(c) shows the equivalent flux noise S, = S /V 
q> v $ 

For the same values of L, I , T, and $, 
o 

S^ * lbk TL 2/R. 

(12) 

(13) 

To compare the intrinsic sensitivities of different SQUIDS, we 
define a noise energy 
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Fig. 1. (a) Computed transfer functions, (b) spec­
tral density of voltage noise, and (c) rms flux 
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for a dc SQUID with 
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1Hz 
S * 8 k R T 1/9 

( U ) 

where we have used B = t3 =1 to obtain the last expression. Equa­
tion (14) demonstrates that one can improve the sensitivity of 
the dc SQUID by reducing L, C, and/or T. 

It is important to realize that when the SQUID is coupled to an 
input circuit to make a voltmeter or magnetometer, the equiva­
lent flux noise may not be sufficient to characterize the 
sensitivity. There is a second noise source, namely the cir-
culating noise current in the SQUID that produces a real flux 
noise in the device. This flux noise produces, in turn, a real 
voltage noise in the input circuit. Thus, the input circuit 
should be characterized by two noise sources, a current noise 
that arises from the voltage noise across the SQUID, and a 
voltage noise that arises from the current noise in the SQUID 
loop. The circulating current noise in the SQUID produces a 
component of the voltage noise across it provided V.^0; this 

9 
contribution is already contained in S . Thus, the current and 

v 
noise sources in the input circuit are partially correlated. 
A detailed account has been given of the optimization of various 

9 input circuits taking these effects into account. 

The SQUID is usually operated with an ac flux of (say) 100kHz, 
and the resulting ac voltage is amplified by a cooled tank 
circuit or transformer. When the circuitry is optimized, the 
noise temperature of the room temperature preamplifier can be 
less than IK, so that the noise contribution of the preampli-
fier is negligible for a SQUID operated in the He range. 

Performance of five dc SQUIDS 

Table I lists the sensitivity of five thin film dc SQUIDS with 
which the author is familiar. This list is not meant to be 
exhaustive, but is intended to show improvements that have been 



8. 

made over the 1974 cylindrical dc SQUID. The first device was 
flux-modulated and operated in a feedback loop, while the others 
were not modulated, and the noise was measured open loop at the 
optimum flux and current bias. The noise energy of the more 
sensitive devices is also given in units of Planck's constant, 
h. 

The agreement between the measured and predicted performance is 
generally quite good. SQUIDS (i)-(iii) illustrate how the 

1/2 
sensitivity improves approximately as C . The temperature 
dependence of S /2L for (iii) scales approximately as T. The 
fourth device illustrates that a two-order of magnitude reduc­
tion in the inductance produces approximately the predicted 
improvement in S /2L. However, the sensitivity did not improve 
further as the temperature was lowered. The last device, fab­
ricated from microbridges, has the highest performance reported 
so far, again in reasonable agreement with the predicted value. 
We conclude that Eq. (14) adequately predicts the sensitivity 
over a wide range of parameters. Detailed deviations from the 
model certainly occur, for example, due to self-resonant modes 
in the junctions or in the SQUID loop. However, although at 
biases near a self-induced step the dynamic resistance, R , 
may be substantially higher than the RSJ model would estimate, 

2 2 since both S and V tend to scale as R„, S is still in rea-v (J D <J> 
s o n a b1e a g r e e m e n t w i t h t h e m o d e l . 

C. Quan t um l i m i t 

Koch e t a l . have per formed p r e l i m i n a r y n u m e r i c a l c a l c u l a t i o n s 
of the l i m i t i n g s e n s i t i v i t y s e t by z e r o p o i n t f l u c t u a t i o n s under 
optimum b i a s c o n d i t i o n s , and f ind t / l H z ^ h . F u r t h e r work i s in 

p r o g r e s s . 
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IV. Noise in the rf SQUID 

A. Model calculation 

Kurkijarvi and Kurkij'arvi and Webb first calculated the 
intrinsic noise in the rf SQUID, which arises from the ther­
mally induced uncertainty in the value of flux at which the 
SQUID makes transitions between adjacent quantum states. They 
found the spectral density of the intrinsic equivalent flux 
noise to be 

2 / % 4/3 
q(i) (Li ) * / 2irk T x * / J 

a . ~ 1 . 5 o I a (15) 
rf o o 

provided the rf frequency, w f/2n, is less than 10 (R/lft)Hz. 
The noise also tilts the steps in the rf current-voltage char­
acteristic measured across the tank circuit coupled to the 
SQUID. If one defines a as the ratio of the voltage increase 
along a step to the voltage separation between successive steps, 

u 17-19 it can be shown that 

r r q> o (16) 

Although S may be substantially higher than the value pre-
* (i) 

dieted by Eq. (15), if one measures a, S is accurately pre­
dicted by Eq. (16). In addition, the noise of the preamplifier 
and tank circuit are usually by no means negligible, particu­
larly if the preamplifier is at room temperature so that the 
resonant circuit includes dissipative elements well above the 
bath temperature. The contribution to the noise energy is 7,18,20,21 

£
( a ) / l H z _ , T(eff) . 2uak T / u , , B a r f (17) 

where T is the effective noise temperature of the preamp­
lifier and tank circuit. Adding E ( I ) / 1 H Z = S^ l )/2L to e ( a )/lHz 
we find 

2 d 

e _ 1 / o 
1Hz w I 2L + 2TIC:> T (e 

" ' ) • 

(18) 
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Equation (18) demonstrates that for fixed a and T the 
a * -,\ 

noise energy scales as 1/u . However, in practice, T ( e ' 
Lends to increase as w , is increased. In general, the relative 
importance of the two terms depends largely on whether the pre­
amplifier is at room temperature or the bath temperature. Not 
only does the preamplifier noise temperature tend to decrease 
when the preamplifier is cooled, but, in addition, the contri­
bution of the tank circuit becomes insignificant. 

As in the case of the dc SQUID, when an input coil is coupled 
to the rf SQUID, a more detailed noise analysis is necessary 

1 o 1 (J O 'J 0*3 0 / 

to characterize the circuit. * ' ' ' Amplifier and tank 
circuit current noise are downeonverted by the SQUID to induce 
a real flux noise in the SQUID which in turn produces a voltage 
noise source in the input circuit. Thus, there are current and 
voltage noise sources in the input circuit, just as for the dc 
SQUID, although they are usually assumed to be uncorrelated. 

B. Performance of rf SQUIDS 

Table II lists the performance of six rf SQUIDS; again this 
list is intended to be representative ra.ther than exhaustive. 
It should be noted that the noise energy has been divided by 
•." , where K is the coupling coefficient between the SQUID and 
the input circuit. The noise energy is thus referred to the 
input circuit, and is a much more useful characterization of 
the noise for most practical purposes. 

The noise energy of SQUIDS (i), (iii) and (iv) is in good agree­
ment with the predictions of the model. The advantage of using 
a cooled preamplifier is clearly demonstrated. When (iii) was 
cooled to T-O.IK, the intrinsic noise became negligible, and the 
device was limited by preamplifier noise. The sensitivity of 
SQUID (v), on the other hand, seems to be substantially higher 
than predicted. It should be noted, however, that the value 
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of a listed was not given in ref. 27, but was tiken iroi an 
earlier paper on the same SQUID by the same group. The reasons 
for this discrepancy are not clear. Finally, devices (ii) and 
(vi) were operated at X-band. At these frequencies, the model 
is certainly invalid, and one cannot make any comparisons be­
tween theory and experiment, but it seems unlikely that one can 
improve significantly on the performance of the X-band device 

28 
of Hollenhorst and Giffard. 
It is apparent that by using higher rf frequencies and/or 
cooled amplifiers one can improve substantially on the noise 
energy of the 20MHz toroidal SQUID (i). At frequencies around 
400MHz, the use of cooled GaAs-FETS is relatively straight­
forward and inexpensive. One does gain sensitivity by going 
to 10GHz, but the system becomes considerably more complicated 
and expensive. It is possible that one could improve on the 
sensitivityof the 400MHz SQUIDS without a great increase in 
cost by working at (say) 3GHz, at which frequency one could 
still hope to use a cooled GaAs-FET preamplifier. However, 
to remain in the range of validity of the model, one would 
require a junction resistance >300JJ, implying that it would 
probably be necessary to use a tunnel junction. 

V. 1/f Noise 

Relatively little attention has been paid to 1/f noise in the 
devices developed recently. In fact, 1/f noise may become a 
serious limitation on the low frequency performance of SQUIDS. 

29 
Clarke and Hawkins measured the voltage noise in current-
biased resistively shunted tunnel junctions and found a 1/f 
spectral density at frequencies between about O.lHz and a few 
10's of Hz. The noise at lower frequencies was not measured. 

2 The spectral density was proportional to (3V/3I ) , indicating 
that the noise involved 1/f fluctuations in I , and to (dl /dT)", 
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suggesting that the critical current fluctuations arose from 
temperature fluctuations. With these assumptions, one finds 
the spectral densities for the voltage fluctuations to be given 
K 2 9 b v 

s ( 1 / f ) ,. ^ 
v 3Ac f 

(19) 

where A is the junction area, and c is the heat capacity of a 
unit area of junction with a thickness equal to the sum of the 
coherence lengths of the two superconductors. Equation (19) 
is not likely to be valid down to very low frequencies because 
the spectral density of the temperature fluctuations must 
flatten out as the frequency is lowered. However, this expres­
sion should give at least a rough lower bound of the noise at 
frequencies above (say) 0.1Hz. In a dc SQUID, this noise source 
will produce both a voltage and a circulating current noise; 
however, the contribution of the latter (.with V ^0) to the 
overall voltage noise is relatively small, and we shall neglect 
it. We can adapt Eq. (19) for a dc SQUID by dividing by 2 (for 

2 the two junctions), dividing by V^ to convert to an equivalent 
flux noise : 
Sett ing 2LI 
flux noise spectral density, and by noting that (3V/3I )/V ^2L. 

, we obtain 
2 2 

1/f k •! «. dl 

1Hz 12w~c Lf v 1 dl o 
(20) 

where w is the width of the junction, which is assumed to be 
square. At 4.2K, taking dl /I dT % 0.3K~ and c -\-6xl0~ bJK~ HE"'' 

o o v 
as reasonable estimates, we find 

1/f 

1Hz 

-29 -1 10 "jHz 

\um) \nri,\lHz/ 

(21) 

From Eq. (14), with c=0.04pFum 
at A.2K is 

the white noise energy level 

1Hz 
xlQ~ 3 3/ w W L \ 

yum)\lnH f 
1/2 JHz (22) 

file://-/-6xl0~
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Thus, we see that as we reduce LC, E W scales as (LC) while 
e scales as (LC) , so that, according to this model, 1/f 
noise will dominate out to progressively higher frequencies, 
this result is illustrated in Fig. 2 where the predictions of 
Eqs. (21) and (22) are plotted for L=lnH and w=100, 10 and lum. 
It should be noted that the model seriously underestimates the 
1/f noise in the cylindrical dc SQUID (indicated by the dashed 
lines) to which the parameters L=lnH and w=100pm correspond. 
It has been speculated that the motion of flux trapped in 
the SQUID might contribute to 1/f noise. However, preliminary 

11 ? 
measurements by Koch e_t â L. on SQUIDS with L*lnH and 100pm 
junctions, and by Ketchen and Tsuei on a SQUID with L^lOpH 

1 1 1 r 

'•L = lnH 
W=lOC>m 

L=lnH 
W = 10 fir.\ 

L = lnH 

ICT 10" I 10' 10' 
FREQUENCY (Hz) 

Fig. 2, S p e c t r a l densities of 1/f and white 
noise according to Eqs. (21) and (22) for dc 
SQUIDS with L-=lnH and junction widths w = 1 0 0 , 10 
and lum (solid lines). The dashed line shows 
'.it; measured noise in a cylindrical dc SQUID (i) 
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and 10um junctions are in qualitative agreement with the 
general predictions of Fig. 2. 

Thus, it seems likely that as the white noise levels of dc 
SQUIDS are improved by reducing L and/or C, the 1/f noise will 
inevitably be increased. If so, the optimum sensitivity at, 
for example, 1Hz may not necessarily be obtained by minimizing 
LC, but rather by adjusting LC to trade off the white and 1/f 
noise contributions optimally. One should also bear in mind 
that the 1/f noise will be reduced if one can operate the SQUID 
at a low enough temperature that dl /dT becomes vanishingly 

° i 
small; however, it should also be remembered Lhat c a T ~ . To mv 

v 
knowledge, there have been no measurements of 1/f noise in rf 
SQUTDS as a function of LC, but 1/f noise in the critical 
current of the junction WJ.11 certainly lead to ]/f noise in 
the equivalent flux noise. Furthermore, it is not known whether 
or not 1/f noise in point contacts or microbridges is due to 
temperature fluctuations. Further work is urgently needed to 
resolve these questions. 

VI. Summary 

The intrinsic sensitivity of dc SQUIDS has improved from 
- 30 -1 "WxlO JHz for the cylindrical tunnel junction device (i) 

to ^2x10 JHz for the planar microbridge device (v). Gener­
ally speaking, the performance is in reasonable agreement with 
model predictions. A SQUID with a sensitivity at or close to 
the quantum limit (t/lHz^h) may well emerge within a year. 
However, the SQUIDS must be efficiently coupled to an input 
coil to take advantage of the great improvements of sensitivity, 
and, for most purposes, also operated in a feedback loop. Both 
requirements require substantial further work. 

The sensitivity of rf SQUIDS has also improved over the past 
several years, by two orders of magnitude compared with the 
20MHz toroidal device (i) but by only a factor of about 5 

http://wj.11


15. 

compared with the 1974 X-band SQUID (11). These improvements 
have been achieved by using higher frequencies and/or cooled 
preamplifiers. Further improvements may be possible by cooling 
the SQUID below IK or by choosing frequencies around (say) 3GHz. 
Nevertheless, my general impression is that substantial further 
improvements will be both difficult and expensive. 

The question of 1/f noise has been largely overlooked in recent 
work, but it appears almost inevitable that as the white noise 
level of SQUIDS is reduced, 1/f noise will dominate up to higher 
frequencies. Further study of 1/f noise in tunnel junctions, 
micrnbridges and point contacts, as well as in SQUIDS, is 
urgently needed. 

Finally, to keep matters in perspective, one should realize 
that the highest possible sensitivity is necessary only for a 
very few exotic applications, for example, gravity wave anten­
nas. For virtually all practical applications a device with 

-31 -1 a noise energy of (say) 10 JHz , efficiently coupled to an 
input circuit and operated in a flux-locked loop, is likely to 
be more than adequate. Questions of dynamic range, slewing 
rate, and stability of the flux-locked loop, which are dis­
cussed by Professor Giffard elsewhere in these proceedings, 
as well as of long term reliability and straightforward opera­
tions of the device, may then be of greater concern than higher 
sensitivity. 
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Table I. Performance of five thin film dc SQUIDS 

Type 
J u n e t l o n 

A r e a R L T 
(Mm 2) (n) U H ) (K) 

Calculated 
(lO'^JHz" 1) 

Measured 
(lO'^JHz" 1) 

(i) tunnel 
junction . 

cylindr ical 

(il) tunnel 
j unction 
planar 

(iii)tunnel 
j unction 
planar 

(lv) tunnel 
junction-
planar 

(v) micro-
planar 

10 

10 

10 

0.8 

30 

40 

1.2 

0.0115 

0.1 

4.2 

4.2 

4.2 

1.6 

4.2 

1.8 

4.2 

O.b 

0.08 

0.015 

0.006 

0.0027 

0.0011 

0 .0012 

0.18 

0.025(37h) 

0.011(17h) 

0.003(5h) 

0.003(5h) 

0.002(3h) 
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