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ABSTRACT
The finite-temperature HFB cranking equations are solved for the
two-level model. The pair gap, momgnt—of—inertia and internal energy
are determined as functions of spin and temperature. Thermal excitations
and rotations collaborate to destroy the pair correlations. Raising the

temperature eliminates the backbending effect and improves the HFB

approximation,
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1. INTRODUCTION

Hartree-Fock-Bogoliubov (HFB) calculations have been ﬁrimarily
restricted to the yrast line, which cohsists of the lowest energy state
for each spin.1 However, heavy-ion reactions populate regions above the
yrast line which contain a high density of nuclear states. The average
properties of these states may be described by introducing a temperature T.
"“The yrasﬁ line corresponds to T=0. Figure 1 illustrates how the excitation
energy of a nucleus can be split into thermal and collective components.
The finite-temperature HFB cranking (FTHFBC) equations have been
derived in a separate article;2 This theory provides a framework for
investigating nuclear properties above‘the yrast line. For a first
attempt to solve the FTHFBC equations, it seems advisable to choose a
simple model Hamiltonian rafher than embark upon more realistic calculatioms.
The model selected is the two-level model of Krumlinde and Szymanski.3
The HFBC treatment of this model at.zefo—temperature has been extensively
studied,3—8 so it is appropriate to extend prior investigations to
finite~temperature. The model contains a single~particle splitting, a
pairing force, an angular momentum operator which induces rotations, and
a finite—temperature‘is introduced, (The rotor is omitted here.) So
although the model is quite simple, it contalns several essential features
of real nuclei. Finite-temperature and rotations each destroy pair
correlations. This model illustrates in a self-consistent fashion the

inter-dependence of thermal excitations, rotations, and pairing.



2. REVIEW OF FINITE-TEMPERATURE HFB CRANKING THEORY

The FTHFB equations are2
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The HF Hamiltonian ¥, the HF potential I, and the pair potential A are

:Kij, = (T—u—wJX+I‘)ij , (2.
.. = ) Cik|v |32 0 (2.
a k ’
ij KL 2
A, = % ) (ijlvylkene . (2
1] K2 k2
The density matrix P and the pairing temsor t are
P = (clep = [Ufu* + v+(1- £)V] (2
ij jvi , ij ’
= { = [Uufv* T - . .
€55 csCy) [ugv* + v' (1 f)U]ij (2
The quasiparticle occupation probability f is
f = f_8 | S S— ' (2
ij i7ij i BE; ’
14+ e

where B = 1/kT, k is Boltzmann's constant, and T is the temperature.

The chemical potential P and the angular velocity w are adjusted to
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satisfy the number and spin constraints

(N\y = N, (2.
(3> = [J(J+l)]% = I (2.
The internal energy is
E = (H) = Tr[(T + %T)p + %At ] , .
and the entropy is
S = -k Z [filn £+ (1-£)) fn (1-£9)] . . (2.
i
The grand potential in a rotating frame is
@ = E-TS - uUN - wl . (2.
The FTHFBC equations (2.1) are derived from the variational principle
8 = 0 . | (2.
and the independent quasiparticle approximation

o+
H =~ HHFB = E,+ g Eiaiai . (2.

3. TWO-LEVEL MODEL
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The two-level model contains § identical sets of four states. One

of these sets is shown in Fig. 2. The levels are half-filled so that
N=2Q and the chemical potential u=0. The rotor is omitted. The

Hamiltonian is

H = H + H . (3.
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where the single-particle and pair components are

Q

ct ot + +
He p. = Ei_l (C)4C14+C34C35 =~ CpyCp3 = C4iCpy) - (3.2)
Q
H = -G 3 1(c c +cZi 41)(C3301 + Gy ZJ) , (3.3)
i,j=

The motion is restricted to two dimensions and the angular momentum is

+ t
1 -
5 1>—:1 (C{;€p5 = C34C4; *+ hect) (3.4)

where each particle has J = +% and the maximum spin is (JX) = Q. When
T=0, the exact energies of this.system are given by the R(5) model of
Krumlinde and Szymanski.3

For this model the HF Hamiltonian and the pair potential are block
diagonal in the index i, which specifies one of the §} sets of four levels.
shown in Fig. 2. Consequently the FTHFBC equation (2.1) reduces to
identical 8 X 8 blocks. The index i will now be omitted. The matrices
below are represented in the basis 1,2,3,4 of Fig. 2.

The angular momentum operator is

- =

0 5 0 0
L 0 0 0

0 0 0 -3

oo-’/zoj

The contribution of the pair interaction to the HF potential {2.4) is

neglected, so that T'=0. The HF Hamiltonian (2.3) is



F £ -w/2 0 0o ]
- w/2 -€ 0 0
H = ’ (3'6)
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and the pair potential (2.5) is

0 0 -A 0
0 0 0 =4
A = s (3.7)
A 0 0 0
0 A 0 0 |
where
A = 69(t;4 + tos) . (3.8)

The eigenvalues E; of Eq. (2.1) are. the quasiparticle energies
E;, = E5 = E, R E, = E, = E > (3.9)
where
2 244
E, = [e” + (A + w/2)“] > (3.10)

and the eigenvectors of Eq. (2,1) define the quasiparticle transformations

2.2),°
A+ —B+ 0 0
A B 0 0
U = s (3.11)
0 0 A+ B+ ‘
0 0 A -B_
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0 0 -B_ -A_
vV = s (3
B, AL 0 0
B -A 0
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where
1
A, = %[1+¢e/E]? , 3.
1
8,1 = %1 - e/E]? , (3.
and A, and B+ are positive, whereas B_ is positive when A>w/2 and
negative when A<w/2. The spin is
(JX) = Tr(pr) Q(plz - 034) s (3.
the moment-of-inertia is
f = (3w . 3.
and the internal energy (2.11) is
2
E = Qe(pll + Pgq = Pyy = p44) - A/G . (3.

The essential difference between the finite-temperature and zero-
‘temperature cases 1s that the quasiparticles have a non-zero occupation

probability (2.8) when T#0

+
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The density matrix p is evaluated by substituting Eqs. (3.11), (3.12)

and (3.18) into Eq. (2.6),

Pi1 Pp 0 0
p 0 0 0
b - 12 22 , (3.20)
0 0 P11 ~P1o
0 0 -ep Poo
where
" tanh(% BE,) tanh(% RE )
_ 1 _ ¢ Ll - (3.21)
PL1 2 4 | E, , E_ ’
1 o [tanh(%BE) tanh( RE )
o - € -
” S+ 5 i i + ) , (3.22)
- 1] (A+w/2) B -w/2)
Py, = i [ E, tanh(158E+) - E tanh(4 BE )| . (3.23)

Similarly the pairing tensor t of Eq. (2.7) is

[ o 0 b3ty
0 0 t t
t - 23 X ; (3.24)
"ty Ttys 0 0
|ty T3 0 0 ]
where
1 A+w/2 -w/2



(3.26)

tanh(%BE)  tanh(%BE_) ]

e = £ i,
23 4 E, E_

When T=0 (B=), then tanh(‘/zBE+) =1,
The finite-temperature cranked gap equation is found by substituting

Eq. (3.25) into Eq. (3.8),

p - @ [(A -;+w/2) cann(}s 85, + _(_A__ij_/_zl tanh (% BE_)] . (3.27)

When the spin and temperature are zero, then
1 '
A = [c*? - €°]° , (w=T=0) : (3.28)

The spin (3.15) is

1= (1) = %-[ié—gfﬁigl tanh(%BE,) - $é~§:91§l tanh(%BE_)] :

(3.29)

When w= 0, then E+ =E_ and (Jx) = 0. The internal energy (3.17) is

) tanh(% BE+) tanh(% BE ) A2
E = -0¢ E+ + E_ - _é— ’ (3.30)

and the entropy (2.12) is

S = ~2kQ J [fenf + (1-f) &n (1-£)] . (3.31)
f=f,

When T=0, then S=0.

For w=0, the critical temperature T, at which A vanishes is

KT, = 2 , (w = 0) . (3.32)

2tanh” ' (e/6Q)

In the degenerate model (€=0), Eq. (3.32) reduces to

kTC = GR/2 s (e=w=0) . (3.33)



4, SOLUTION OF THE GAP EQUATION

The function A(w,T) is determined numerically by choosing values
for w and T, and searching for values of A which satisfy the finite-
temperature gap equatioh (3.27). All other quantities are then directly
evaluated,

The effect of raising the temperature in the non-rotating case
(w=0) is shown in Fig. 3. At the critical temperature given by Eq. (3.32)
there is a ''phase transition” from a pair correlated state to a normal
state. The thermal excitations create a blocking effect which destroys
the pairing.

The gap A(w) is given for various temperatures in Figs. 4 and 5.
These figures illustrate how rotations and thermal excitatiomns collaborate
to break down the pair gap. For kT < 0.3 MeV,.the curves are triple-valued,
indicative of the 'backbending' effect:; whereas for kT > 0.3 MeV, there
is no backbending.

The critical spin IC is defined as the spin for which A goes to zero.
Figure 6 shows I, versus the temperature. As T increases, I, decreases.
When T=T,, then I, goes to zero.

The spin of Eq. (3.29) is given in Fig. 7. For small @, increasing
the temperature causes the spin to increase. This is the pairing region,
and pairing resists rotation-alignment, However, raising T decreases A,
which makes it easier for the spins to align. By contrast, at high values
of w, increasing the temperature causes the spin to decrease. At T=0,
the completely aligned state I=0 is nearly'produced. However, raising T
creates thermal excitations out of the completely aligned state, which

reduces the spin. It can be shown that each particle has the same spin,



a

-11-

which 1s therefore equal to I/2f2. The particles all align in exactly
the same manner. The cusps near the top of each curve correspond to the
point at which A » 0.

The moment-of-inertia (3.16) is shown in Fig. 8. At T=0 there is
a giant backbending. For intermediate temperature the backbending
disappears. When T >T. the moment-of-inertia is nearly constant.

The internal energy (3.30) as a function of temperature is given in
Fig. 9 for I = 0,4,8., The changes in the energies are primarily due to
the collapse of the pair gap. The variations in the single-particle (HF)
energy are very small, Since the pair gap at T=0 decreases as I increases,
it follows that the temperature dependence of the energy decreases as 1
increases.

The internal energy as a function of spin is shown in Fig. 10 for
several temperatures. For T=0 the yrast line is concave down, indicating
a sharp backbending, whereas at kT = 0.4 MeV there is no backbending.

Once the internal energy E(I,T) has been calculated, Fig. 1 indicates

that it may be decomposed into ground state, collective, and thermal

contributions,
E(I,T) = EgS + Ecoll(I) + Etherm(I’T) , (4.1).
where
Egs = E(0,0) , (4.2)
Ecoll(I) = E(I,0) - E(0,0) , (4.3)
Epoprg(D-T) = E(LT) - E(I,0) . (4.4)

These energies are given by Fig. 8 and Fig. 9.
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The quasiparticle occupation probabilities of Eq. (3.19) are given
in Fig. 11. TFor the model consideréd here, the quasiparticle energies
(3.10) are non-negative, so that 0 < fi < %. 1In more realistic calcula-
tions the quasiparticle energies can become negative in the backbending
region,1 and then 0 < fi < 1. Consider the I=0 curve. Then w=20, so
that E =E_ and £+= f . As T increases, A and E decrease, so that f
increases. For kT > kT = 0.498 MeV, then A=0 and E = € = 0.1 MeV<<KkT,
so that f ® 4 for 'T>'IC. Next consider the I=4 curves. At kT & 0.35 MeV,
A = w/2, so that E_ has a minimum and f_has a maximum. For KT > 0.35 MeV,
E_ increases more rapidly than kT, so that f decreases. At kT = 0.45 MeV,
A=0 and f+= f for higher temperatures. For I=8, A=0 when kT > 0.15
MeV, and then £+= f_.

Figure 11 shows that at high temperatures, f is independent of T

and f decreases as I increases. The explanation is as follows: at

high temperatures where A=0 and w/2 >> €, Eq. (3.29) reduces to

2

£,

(1~ 1/Q) . (4.5)

Consequently f is independent of the temperature. Since E =~ /2, it
follows that w is proportional to T when I 1is held constant. Equation
(4.5) also shows that f decreases as the spin increases, and f =0 when
the spin acquires the maximum value of Q.

The entropy (3.31) is depicted in Fig. 12. When fi =%, then S is

maximized, and
(S/k) = 408%n2 . (4.6)
max

For Q= 10, (S/k)nlax = 27,73. The features of the entropy curves are

dictated by the occupations f  of Fig. 1l.
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5. ANGULAR MOMENTUM FLUCTUATION ENERGY

An approximate angular momentum projection is achieved by correcting

the FTHFBC energy by the angular momentum fluctuation energyg’10

Eorog (T~ Epppe (1T = Beyye (LD .1
where

, _ 2

Betuet (0D = I 2y, ’ (.2)
*1%THFBC is given by Eq. (3.16), and EFTHFBC is given by Eq. (3.30). If
Efluct is independent of I, then FTHFBC gives the correct values for
Ecoll' Similarly if Efluct is independent of T, then FTHFBC gives the
correct values for Etherm' Consequently if Efluct is independent of I (T),

then the energy of a transition at constant T (I) is correctly given by

FTHFBC.

1
The square of the fluctuation in J, is 0

2 2 2 *, % |
(837 = TrlI_p - (3,0)" - It Jit™] , (5.3)

where J,, o and t are given by Eqs. (3.5), (3.20), and (3.24). The

2 2

2 2 € tanh(% BE,) € tanh(% BE )

1 A 1 + 1 -
[“(5)“(55)*5( E, >+‘z‘< E )]

result is

(a1)° =

S0

(5.4)
where I = and A = G,
max max
The fluctuation in Jx is shown in Fig. 13 and the fluctuation energy
is given in Fig, l4. Observe that increasing the temperature reduces the

spin dependence of the fluctuation energy, and increasing the spin reduces

the temperature dependence of the fluctuation energy. This indicates that
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the HFB approximation improves as the temperature or spin increases.
Comparing Figs. 10 and 14, observe that the fluctuation energy is smaller

than the FTHFBC energy by a factor of 13 at kT=0 and 41 at kT = 0.3 MeV.

6. CONCLUSIONS

The FTHFBC theory is used to derive the finite-temperature cranked
gap equation for the two-level model. Solution of the gap equation
provides various nuclear properties as functions of spin and temperature.
The manner in which rotations and thermal excitations mutually conspire
to destroy the pair gap is illustrated, For this model, increasing the

temperature eliminates the backbending and improves the HFB approximation.
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FIGURE CAPTIONS

Schematic diagram of energy E versus spin I. The energy splits
into thermal and collective components. The temperature is T.
Single-particle states in the two-level model.

The pair gap A versus the temperature in the non-rotating
(w=0) case,.

The pair gap A versus the angular velocity w for various
temperatures. The quantities A, w, kT, G and € have units

of MeV. The critical temperature kT, is 0.498 MeV.

See Fig. 4. The critical temperature kT, is 0.485 MeV.

The critical spin I, versus the temperature.

The spin I versus the angular velocity W for various temperatures.

The moment-~of-inertia 217versus the square of the angular
velocity ®w for various temperatures.

The internal energy E versus the temperature for various spins.

The internal energy E versus the spin I for various temperatures.

The quasiparticle occupation probabilities ft versus the
temperature for various spins.

The entropy versus the temperature for various spins.
The square of the fluctuation in J, versus the spin for
various temperatures.

The angular momentum fluctuation energy versus the spin

for various temperatures.
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