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: carbonate. Among the various phase-matched ecorditions for'thirde

harmoric generationg*therelére many involving the simultanecus presence
of optical waves propagating in opposite directioms.. This ié;inrsharp
. contrast to most-phaséématching_situétiéns whiehiinvolvevallfwﬁves
propagating,ih the same direction. This difference arises from the.
§eriodieity of the cholesteric structure which is_tunable- throughout- -
theaopticgl-wavelength'regibn; .
. We show that phase-matched third-ﬁarmbnic genératioh:in=
choleéteric media can bé.used to ‘measure both the‘vidth-and7asymme£ry
of ultfashort‘pulses. ~No phase-mstched second-harmonic generation is

obsetved, implying our cholesteric structures have inversiofi symmetry

on the.scale of optical waveléngths. = . L
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I. INTRODUCTION

Harmonic generation has been studied in & very large number of
materiale. There are generally two objectives. Firstly, the creation
of laserslike'(intense, coherent and collimated) sources of radiation
gt new frequencies:provides new tools fot linear and ucn-linear
sPectroscopy. Secondly, careful measureuents of theee non;lineer
interections provide data for'comparison'with theory; thus furthering
our understanding of the ncn—linear properties of materials.

The ¢onversion efficiency of energy from the lase; frequency to a
Earmonic depeuds critically on the relative phase velocities.of -the
waves; and is most- efficient: if k-vector conservation or phase matehing
is achieved.l' In most media'phase"matching does not occur. _For the
case_of co~-linear thifd=harmonic=geuefatiou.in isotropic media
the phase-matching condition is satisfied if the refractive indices

_at the fundamental and third-harmonic frequencies are equal. Tﬁis is
not true in typical media since ordinary dispersion implies an increase

of the refractive index with frequency. One technique to achieve

phase matchlng in isotropic media is to utlllze the anomolous disper31on'

of an 1mpur1ty material with strong absofbtion between the fundamental

".and thlr&—harmonic frequencies to compensate the normal dlspers1on of

2,3

the host material. . More commonly experimenters have utilized either

the linear or circular‘birefringence‘of a medium to compensate the

bt

normal dispersion. ) )
" Recently interest has arisen in harmonic generation in liquid-
8,9

erystalline materials, in part because of their large possible

birefringence and hence potential for achievihg phase matching. These

materials- typically consist of large anisotropic organic molecules.

2=

. Under appropriate conditions (e.g. of temperature or concentration)

they exhibit both fluidity and ordering properties, such as birefrin-

‘gence. Investigations have been made of second- and/ér-third-harmonic

'genefation in all three of the major liquid-crystal mesomorphic phases--

10-1 . .. .
3 There is no convincing evidence

smectic, nematic and cholesteric.

of any second—hatmonlc generatlon in. these media, which in itself is

important 1nformat10n about . their structures, since it implies they

are centro-symmetric on the scale of optical wavelengths.lh
Third-harmonic generation does not have the same symmetry con-

straints and in fact has been obsefved in a number of licuid—crystalline

materials. 12,13

No concerted attempt was made to achieve phase-matchlng_
although it was suggested that the very high optical rotary power ‘
(or circular bifefringence) of cholesteric materials might be sufficient
to compensate the color dispersion and thus achieve phase matching.

In this thesis we investigate the phase-matching ability of

15.and de Vriés"s16

cholesteric liquid crystals in detsil. Using Oseen's
model for the optical properties of the cholesteric structure, we = -
predict the potential existence of: fourteen differeént phase-matched-

conditions for third-harmonie_generation,.most of which arise

not from the large circular bireftringence of the medium but from its

periodic structure. The helicel structure of the cholesteric Mesophase

gives rise to a_spacially—periodic dielectric coustant. .The periodicity
can be tuned throughout the optical wavelength region. The effect of
this pefiodicity on electromagnetic waves has much in commcn with the
effect ef a periodic botential on electron waves as well asvwith;ell

‘ 17,18

other cases with waves in periodic media.

In particular, this periodicity makes possible some very unusual



phase-matching conditiéns. We can divide them generally into three
ﬁypes: The uéual case of both fundementel and. third harmonic waves
propagating in the same direction, céses in which the phase-matched
third-harmonic emerges propagating in a direction ovpposite to that
ﬁf‘fhe fuhdamentai, and cases in which phase-matched third harmonic is
Vgenerated only when fﬁndaméntai waves are simultaneously present
pfopagating_in oppbéite directions.‘ The large number of phase-matching
conditibns and theif unusual nature are due in large part to the
tunable and large-scale (~ optical wavelengths)_periodicity of
cholesteric liquidvérystals. In essence, a wave propagating in a

periodic-médium can be expressed in & Bloch-wave fbrm17’18

with wave
vectors k given by'ko + gg-N vhere N is an integer and S is the period
of the medium. If S can be continuéusly tuned, then the wave vectors
k can be édjusted and consequently many phase;matching conditions can
be satisfied. |

'Iﬁ the foiloﬁing'seétion weibriefly describe the salienf pro-
pérties.of cholesteric liéuid cfystalline materials and a simple model
of their structure. In Séction ITITI the theory of, linear electro-
- magnetic wave propagation in cholesteric media is diéqusééd at same
lquthAfbr in it lie the essentials for understanding the non-linear
theory which foliqwsAin Section IV,» With ﬁhe non-linear theory we
predict the existence of fourteen conditions for phase-matched third-’

harmonic generation. Our experiments are described and discussed in

Sections.V and VI,

~h.

TII. THE MEDIUM

The detailed structure of the liquid crystalline mesophases is’

currently under intense investigaetion and is very far from being well

9

understood. However some simple structural models have proved

adequate to explain the most préminent.optical properties and also, as

we shall see, phase-métched'harmonic géneration.

The constituent.molecules of liquid crystalline materials are
typically anisotropic (e.g. rod-shaped) organic molecules (Fig. 2-1).
In what is called the nematic structure these moleculeé have long-range
orientational order; tending to line up parallel to eﬁch other, but
the molecules can move fairly freely past each other parallel to their
long axes, -giving rise, at least in part, to the medium's fluidity.
Becau;e of the molecular alignmént, the nematic mesophase is bire-
fringent, although ip samples thicker then ~ 0.1 mm non-uniformities
in the alignment direction caﬁ give rise to turbidity thus obécu:ing>
the siﬁple birefringence of the smalle-scale sfructure. »

The cholesteric structure is simply a twisted version of the
nematic.i Its constituent molecules not only have an oblong or plate-_
like shape but also have & particular "handedness;" i.e., they>are
not identiéal fo théir.mirror iﬁages; The cholesteric structure they
form is the neﬁatic struéture twisted about an axis normal to the
molecular slignment so as to form a medium with uniform helical

syﬁmetry (Fig. 2~2). -In,plahes normal to the helical symmetry axis

(z), there is uniform molecular alignment. The direction of this

alignment chenges regularly as a functioh of distance along z. In
thick samples (> 0.1 mm) the orienmtation of the helical axis may not

be uniform throughout the gampie; hence Fig. 2-2 represents a - "+ ~ -
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all the molecules and the dielectric response of the medium is therefore
uniform, not periodic.

Light propagating parallel to the helical axis encoﬁnters»a

longitudinel periodic refractive index giving rise to strong reflectivity.

for %-(k/;) = p/2 wlere n is a suitable average refractive index of
fhe medium'(éee.next section). ’This'process is analagous to Bragg
refleétion. The helical symmetry of the birefringence also gi&es rise
to'opfiqal acfivity which can be as great as th'é of degrees in a
saﬁple l‘mm thick. All of these prgpertiéSrwill-béVdﬁscussed*in

more detail in the next section.

ZT-resembling

Cholesteric materials are typicﬁlly réther viscous,
heavy éil. They also aré usually very ﬁurbid, primarily because 6f-
non-uniform orientation of the helical axis throughout the sample.
fhin samplés (é-o}l mn thick) between flat glass can be made optically
clear, indicating a relatively uniform structufe, and in our experience
the helical axis is‘usually'oriented normal to the glass surfaces.

This may be due to interactions at the interface favoring the appropris

ate'alignment for molecules in the bouﬁdary layer which then carries

‘over into the bulk of thin samples.’ It could also arise from flow of

the matérial parallél to the glass faces during assembly and from
stresses aftér assembly. These could favor alignment of the long axes

of the molecules parallel to the_floﬁ and hence encourage the helical

~axis to be perpendicalar to the flow.

_6-

time-averaged and small-scale structure. As the name would imply,
certain derivatives. of cholesterol (e.g., cholesteryl chloride) can
have this structure (Fig. 2-3). Some a-helix proteins (e.g.; poly-y-
19

benzyl-L-glutamate) also can form this cholesteric structure.

The period or pitch {p) of the helical structure has a range of

~ from ~ 2500 A to » (untwisted). It is a function of chemical composi--

20-25 Mixtures

tiog;and températﬁre,8 and electric and magnetic‘fields.
of cholesteric materials are uéu;llybalso cholesteric., The actual
difference in anghlar orientation of neighboring molecules along the
helical axis is smali; for p = 6000 A and an average molecular dimmeter
of 30&;,this angle is about 0.6 degree; v

The optical properties of this structure are those of a twisted

birefringent medium. Thin (<< p) layers normal to the helical axis are

birefringent due to the uniform alignment of the anisotropic molecules.

But since the alignment direction changes as a function of position

along the helical axis, sc also do the principle axes describing the
birefringence. The resulting optical properties are those of a -
birefringent medium twisted aﬁbut one of its principle axés into_é
medium with hélical symmetry. Light propagating pérpendicular.to the
helicel axis and Dolérized perpendicular to the helical axis encaunfers
a transversely periodic refractive index, producing an iﬁterference'.
pattern with maxima at angles @ satisfying sin® = NA/(p/2) where N

is an integer and A = 27 w/c.26 {The periodicity of thé (1linear)
optical properties is p/2>, With this geometry the liquid crystal is-:
1ike a grating. For light ﬁropagating perpendicula;_to the helical._
axis but polakized paraellel fo the axis, fhere is no diffraction,.

since then the light is polarized'perpendiculaf to the long axis of
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Chapter II Figure Captions -
2-1. P-azoxyanisole, which is a nematic liquid crystal in the

temperature range 116° to 136°C.

2-2. Idealized molecular arrangement in a cholesteric liquid

erystal. £ and n are the.ﬁolécular-alignmeﬁt éxes, vhich are
twisted around thé z~-axis ﬁith a §eriod P> the pitch.
2;3.v'Cholesterol. -Cholesterol itéelf does not have abliquid-
crystal phase, but a number .of ifs derivatives do. F9r~instance,
choiesterylvnonanoaté is liguid crystalline in the temperature

range from T7° to 90°C.
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IIT." LINEAR THEORY

We present in this-section a review of felevant lineer optical
propefties of the cholesferic—liéuid—cryétalline mesophase for light
ﬁfopagating alongeﬁhe'direction of helical symmetry. The results are

' df im@orfahee to‘harmonic,geﬁeratien nhich #ili be discussed later.
The:medel was developediby Oseenl5 and de Vries.l§

It is convenient ko introduce two coordinate systems, a cartesian
1ab6ratory,frame of reférencevwith_coordinates x, y and Z, and a
reference frame with coordingtes-g, n ;na z, which twists with the
cholesfeficbetructure (see Fig. é-2). Tﬁe_common z-axis is defined
to be parallel to the axis of helical symmetry. - The camponents of »
a vector referre&‘td the labératory frame (1abelled EL) are related to
the same vector' s components in the twisted frame (labelled ET)

through 8 twlst transformation hav1ng a matrix &L:

CBp (E,M,2) =T(2) E (x, ¥, 2), (3-1)
Cos. X z Sin 2n z 0
Y 1Y
z(z) =] -8in %} z Cos %?‘z 0 o (3-2)
0 0 1 .

h 4] ie the pitch‘or period of the helical structure.

We assume the medium to be characterized by helieally-twisted
birefringence - i.e., that sufficiently thin (%< p) layers normel to
the helical axis exhibit simple birefringence with two principle

dielectric constants mlong orthogonal directiohs specified by the unit

v

-12-

vectors £ and n. These directions twist about the z-axis with perigd

~

p in the direction zv Thus the dielectric constant exhibits the helical

symmetry and is diagonal in the twisted frame:

€ 0 \ _
o (3-3)

gl',- 0. Sn 0 ‘ A
o 0 € . :

Without loss of generality it is assumed that en'>'eET The inherent

(isotropic liquid phase) optiéalzactivity of the molecules is of the -

order of ~ 0.4 °/mm in our experlmental materlals. This has &.

negligible effect on our experlments and thus has been neglected in

‘the theory presented here For notational simplicity we assume € 15;,.

real the effects of absorbtlon can easily be added to the final »
formulae.

For & non—magnetic.dielectric medium Maxwell's equations 5ive

4 . _
L AL % B+ 55 glz,0) Blz.w) = B
° (3-4)
Vo (glaw) Elz.w) =0

where E(r,w) is the electric field at frequency w and g is the cor-

responding dielectric tensor. TFor waves propagating in the 1t z

direction in a:cholesteric structure, Eq. (3-4) reduces to

.22 , : -
(-?—-24 9-2— ;L(z,w))gL(z,w) =0 o (3-5)
9z (] o .

in the laboratory frame. We have assumed both g and E have»only z

spacial dependence, The spacial dependence of &1, which arises from

£
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ﬁhe twisted birefringeﬁce, is eliminated upon transformation into the
twisted coordinates (Juét as the time dependendence of the-rotating
msgnetic field in magnetic resonance is eliminaﬁed by a transformation

into rotating coordinates). Applying the twist transformation, -~

‘Eq. (3-2), to Ea. (3-5) gives

L _ L , | |
: 3 )-l»'n' -9 . o1 w ) »
-(ge R (?) +c_2§’1‘(“’)) Ep(z,0) =0 o (3-6).
where
0 -1 o]
g=[1 o o} (31
0 0’ 0

The two extra terms in the twisted-frame wave equation are:due to the
spacial dependence of the transfbrmatipn.
Solutions to Eq. (3-6) can be determined by_assuminggsv

Ea éikz-iwt

{3-8)
= (Eg £+ €n ﬁ)elkz—lw‘t ,
vhere»é is & dhit polerization vector. This gives
. 2 2 ' :
el e L ime .
(-5 +c2’e€”€_‘é 1o K€ =0
, (3-9)
T : 2 2
I 2 21 0
+i oy + (k- (=) +#=c )€ =0 .
RS- Y D +H5eE

14~

Non-zero solutions for é% and € exist only when the determinant of
Z ’ n
their coefficients is zero. The resultant expressions for k and the

corresponding polarizations follow:

2 2 2,
wl =1+ X < WY+ (3-10a)
2 2 2z, - :
wy =1+ X+ W ed® "~ (3-100)
.2 2
€ No4m a1
én sify =1 P
£/1,2 am) A
o (3-11)
-eim'1 2)(- : '
= 2 - 2.
) m& é - -1
where A
= @ -12
k1,2 m o3 (3-12a)
o = .2 - (3-12v)
and . _
Xo= T _ (3-13)
pevE
€ = l-(e +€ ) (3=14)
2-'7g .
e = €. ' ' ‘ :
asd——=2 > B (3-15)
EE t en,
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Formally, m, and m, &are the twisted-frame refractive indices,

2
bﬁt because of the unusual coordinate system their valves‘(Fig. 3-1s)
bear iittle rgsemﬁlance‘to brdipéfy refractive indices. Note that the
only parémetgfé of:the medium which enter these expressions are eg(w),
én(w)‘and p- | . .

The magnetic field B associated with each solution for‘the'electric
field E can be_obtainediby'transfo;ming the appropriate Maxwell equation

into the twisted coordinates:

Enp : o (3-16)

¥
R

f
xa
&1
&

where again we have assumed E has only z'spacial dependence. Hence,

for each solution (or normel mode),

A
1;—1!1
B = ’ E
=T m i A ~T
P
or. E o (3-17)
a3 . o .
= - — F
BE a n
= /e .
Bn + gve Eg
where
B R £ ’ :
QS m=- X f = 47— . (3-18)

~16-

Poynting's vector can then be expressed in terms of the electric field

in the twisted-coordinates. The result, for a single mode, is

~ %
re(s + L2L°)

1+ |f|2

A

(s) = ovE Ie |2

S% =gy .(3;-19)_

where Re indicates the real-part of its argumenf. o
There are four solutions of the wave equation, corresponding
to the four values of m (viml, tm2). Two of the waves propagate in

fhe forward (42) direction and two in the backward direction. However

" the direction of the phase velocity (in the twisted frame) is not

alvays the same as the direction of energy flow (Poynting's vector, g).
(We are assuming ofdinary dispersion, so that the direction of
Poynting's vecter fof a single frequency is the same as the direction

of the group veloéity.) From EQ. (3-19) it is apparent that the sign

" of § is the seme as the sign of Re(q) which in turn is related to m.

We have adopted the convention of celling modes with positivev(+2) .
Poynting vectors the forward (prgp&gating)_modes, which has the
consequence that the sign of ki (or'ml) mﬁst'be negative in the regiog

N2> 1 + a to describe a forward wave (Table 3=%).
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Fig. 3-1 shoﬁs typical values of the three basic parémeters
m$3f and g for the two forward propagating modes. For 1-a < A’z < 1+a,
miz'fi and 9 are. pure imaginary. In this region arouna No=1,
cholesteric media exhibit strong reflection of the incident polarization
feeding into mode 1 (Fig. 3-6). This feflectivity océurs béqauée the‘
periodic étrﬁcutre's linear-optical periodicity, p/2, is jusf half

" the reflected wavelength inside the medium:

p/2 = X /2/E ; (3-20)
or
A, : .
o= = =1 : (3-21)
/e
where Ao = 2n %L . A more complete discussioﬂ_of_boundzy value

conditions and the reflectivity is given later.

From Fig. 3-1 it is apparent that both modes (exéluding mode>1 -
near its reflection band) are in genéral elliptically polarized in
the twisted coordinate system,_bepoming lineariy and circﬁiarly
polarized in the limits X > 0 aﬁd by 4;m respegtively; As viewed
in £he léboratdry"frame the normal mode‘polé;iiations_will have a
7 suberimPosed spécial twist. ‘The geﬂeral constaﬁt—elliptical polar-
izatibn in the twisted frame appeérs in the laboratory frame aé a
twisted-elliptical polarized wave with the same ellipticity as in the
twisted.fraﬁe but with ité mﬁjor ﬁxis twisted or rotatiﬁg at the
spacial réte 2w/p radians per unit length. This may be seen math-
ematically by transforming the twistedvframe solutions iack into the

1adb fréme; which yields, for each normal mode

-18~

€ (()'E Cosi)z—lr-z + }?Sin%zt)

"EL = ——-_il e

ikz-iet
e

+ if(-% Sih'% z + ;r Cos %)) (3-22)

This laboratory—fréme expression for each mode mey be resolved

into a superposition of left and right circularly polarized components,

" each with different amplitudes and different propagation constants.

For each mode

E = € N x +j) einia-@z;—_';simt,
tovmEEr Az
' ~f[3 . . &lﬂ\z«_; Y )
N b Eai et (3-23)
. /5 v |
where
At = 1t £ | (3-2h)
/3 _ .
~and
noem¥ 2 (3-25)
P , _

. . : : +
Two of the four effective refractive indices Gﬁ 2)in this representation
. 3

' have unusual values (Fig. 3-2), differing significantly from vE, the

average index of the ﬁedium._ The correéponding.amplitudes of these Wwave
componentswaretSmgllgﬁEig;;Bﬁs) but essential in many. of: the phase-

maﬁched third-harmonic generation conditions to be derived.
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Clearly the detailed character of the solutions is strongly
dependent on the ratio of wavelength to pitch. In the 1limit of
¥ %0 (or § * ®) the medium is untwisted and the normal modes are
linearly polariéed along the two principle sxes, as occurs. in ordinary
ﬂ(uptﬁisted) birefringent medie. In the opposite limit.of X > «
fo +.0) the helical éharact'er of tﬁe structure is on an infi_nitessimé.l
scale compared t§ é'wavelength—and the normal modes become circulerly
pélarized in opposite seﬁses as in optically active media. Between
these two limits»the nofmal mode; are generally intermediate in
character. Fér very small but finite X' ( 0 <X < %-d) the modes.
sre ﬁearly linearly_polarized:glong § and ﬁ in the twisted freme énd
hence appear as twisted (or rotating in space) linear polarizations
in the laboratofy frame with a spacial twist raﬁe equal_fo thet of
_the cholesteric structure, namély ZW/p radians per unit iengfh. If
both modes are excited, the overall behaviour ié more complicated
becaﬁse the two modes héve different propggation constants.

Fér o <X g 1 -cand X >1+ a both normal modes are approx-
imately circularly poiarized'invthe labéfatbry frame. The felati#e
smplitude (Eq. 3-2k) of the stronger pure circularly-polarized com-
ponent of each mode is greatgr than 3. Hence the medium exhibits
a.__pproi:imate opﬁical actiw}ity (approximate in. the sense that incidgn‘t
linearly polarized ligﬁt.emerges.not.as purely 1inear;y pol-a.’rizedw
" but alvays slightly ellipfically polarizedls). For a right-handed
cholesteric material, the-dominanf laborgtory—frame circularly

polarized components are Ai and A Thus the approximéte optical

+
o*

- a&etivity is given by

-20-

radians 1w - +,
R (unit length) 3¢ (mp-mp) (3-26)
- T ' Ao
= xs(ml - o, +2 ;f) (3-27)
2 : S
~ - T . (3_28)

)-\lpx 2(1 - A’ 2)

- Fig. 3-4 illustrates the dependence of the optical activity on X'-. Note

that although Eq;'(3%28) is singular at A’¥1‘and 0, the optical activity‘
8 not infinite;;ﬁoéﬁ the‘céhcéptuai:and'mathematical-approiimations a
used in deriving Egqs. (3-26) and (3-28) respectively are invalid‘near
X = 1land 0. .
The reflectivity of a cholesteric medium is obtained through con;

sideration of thé boundry conditions. Suppose & planer monochromatic

"wave in an isotropic medium of refraetive index n, is normally incident

on a semi-infinite slaﬁ of cholesteric material with its helical axis
nofmal to the interface. The incident, reflected and transmitted fields
are written as follows:

Incident field:

E e ~in L, - iwt-
X X oc -
. = e
E e
Yy Y K
| (3-29)
W . : .
B -e. in — 2z - iwt
x\ _ ¥ oc
= e
B e
¥ x
Reflected field:
F\ €\ -in 2z - iwt
X _ X ocC
= e
E e
¥ ¥
’ . y o . w .
e ;e -in -z - iwt (3-30)
X _ Ay oc
’ - nO'» ’ €
\B s\ -e

y x
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Transmitted field:

s E ’
£ 1 dkz - dwt 1 dkyz - dwt
=*Ai(ifl) e * + A_(if )e
- _ 2'"T2
\"n - i (3-31)
i.f_l. ' o “1Tp :
JHN\ - “Taq ik .z - iwt a, | ik, z-iwt
/ & =¥ A L e 1 + A 2le? .
_ \}{- 1 a 2
N 1 : : 92

' With the boundary at z = O (vhere £ = £ and A = §) contimity of

tangential E and H (=B) implies

+ e =
S &x ® A1.+ A2

e +e

y Fey T ilfA 41, 8)
e, - e; = in (zi-Al + EE.AQ) (3-32)
e, - ?; =n (ql‘Al.+ a, A2)
ﬁ&e;alé;
°

v Consequently we obtain

1 o _
~ ~ - _ (3-33)
=2ie. .= f£. - . == . .
ley=ty (1% qu Al-*_fz(? * q2) Ao

:2ex = (1 +'nq1) A+ (1 + nq2) A,

~

n ’ . .~> -
2) e, *+ 11 +mgy)
9% e, i ng,.) e,

4
D f2(1 +

Ai —

~

_ (3-34)
_ ‘_l . _ll . T~ .
A, =D -fl(l + q-']).)'ex -i(1+ nql) ey

f
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e = Ai + A2 - e,
. (3-35)
ey = 1flA1 +‘1f2A2 - ey .
where o
Sl g e T - n )
D=3z Q1 * ng ) £, (1 + q2) (1+ng,) £ (1+ ql) (3-36)

-From Eq. (3-33) one can calculate the incident polarizations
which feed exclusively into each of the normal modes. These polariza-
tions differ significantly from the two circular,pblarizatibns'only

29

near X' = 0. The sense or handedness of the incident polarization

~ vwhich feeds into mode 1 is the same as the handedness of the cholesteric

structure. The refleétivity of the chélestéric medium for these.
same two incident polarizatioqs is shown in Fig. 376. The reflectivity
of sufficiently thick (typically ;-50 p) samples is independent of
the thickness,16 due to the finite penétration depth of the reflected
wave. - For essentially the same reason, the bﬁnd of total reflectivity )
(of mode 1) has finite width. |

In ordinary (untwisted) birefringent meﬁia, the polarizations
(= E) of the two normai'modes corresponding.ﬁo-eéch gi&en propagation
direction are orthogonal. 1In é.cholesteric strﬁcture‘kfor light |
propagating along the twist axis) this is not trué. Siﬁce transve;ge
(in xy plane) scalar products are invariant under the twist trans-
formation one can'eipreés sucthuantities directly in terms of the

fields of the twisted frame. Thus

. *
¥ 4 th 5

1€ = /lji”}@ﬁqrff

(337)

A
€
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This expression is'non-zeré except in the two limiting cases a > 0
and X' > o,
Although one might expect the lack of . orthogonality to lead to

cross tgfms in the expression for Poynting's vector when both modes are

: excited' this"is .not the case. In the general—expressiea for Poyrting's

vector outside the reflectlon band S

2 : ' £,
£.°\ 2
/e ‘ ql+ql q2+q2”
) eve 2 1 2 2
crm B\ e\
g 1+ ¢ 147

F1 _ 2

€, g ' A SN
—_— (q, +a )1 + Cos (k; -k, )z z - (3-38)
Jl ¥ f§ 1412 172 4%/ 2 ’
A, L 5f2). :
the quantitity (l + ") is identically-zero. However it will bes
, 1% ;

pointed out 1ater that the lack of orthogonallty can be relevant in
; nqn-llnear interactions. R i
The propagation of electromagnetlc waves along the helical axis
in a cholesterlc medlum ‘has many characteristlcs in cormmon w1th the
propagatlon of electrons in & one-dlmens;onal perlod;c»latt;ce.' Both
situatiéﬁs, as weli as a host of others; are described by‘vgves K

17,18 is generally

interagting.with a periodic medium.’ Bloch's theorm

spplicable to sgch problems, and we shall'rederiye here: the poleriza-

t;ons and ‘dispersion relafiéns of the normal modes using this theorm.
Inwa‘cholegteric structure, whichvhés a periodié'dielectric

susceptibility, solutions for the electric field can be expressed in

the form

E = "% alc,z) &7 . (3-39)

24~

vhere u(k,z) has the periodicity of the susceptibility which is
p/2 for linear-optical phenomena. Substitution into the wave equation’
(Eq. (3-k4)) gives the equation for u:
2 Y-S o ' '
] 9 2, w . . =
('8—2 kel P ) -Sz)). ulk,z) =0 (3-40)
‘\9z ST e J T
Since both g(z) and u(k,z) have the periodicity p/2. they both may
be expanded in series conteining only "reciprocal-lattice-vector"

components:

ulk,z) = % clk)el® (3-h1)
i 2: iGz S o '
gle) = F g ; : (3-k2)
where-G = N %;-w1th N belng ‘any integer. Substituting and taeking
the scalar product with e igz yields
2 m2 R : |
+ -— ! . : . -
3 g) * ‘%‘ gg_G 0. (3-43)

0

Typically, the potential.ofua lattice fér an electron cbhtains
many (perﬁaps ) Foﬁrier components. In a cholesteric structure
the dielectric constént has only three (éomplex) . Fourier cpmponents,r
which contributes to making exact solutions ébfaiﬁable. In the

laboratory frame
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Cos M1, Sin 4T, .
: P : . 1Y ) .
. 2
= + . e . -
glxy) =e|l+a e (3_ hk) (c + 2Q)% - e & G - og &
v . b W C'2
Sin — .z - Cos — z .
. D N
s .
: - G + o+
€ -€, N Q
: ; . : o1 1N £
vhere I is the unit matrix, and € = = (¢, + €_) apd @@ = ———2 @g o
=~ ; 2 g n (—:‘E + en : 2
before. Because of the helical symmetry of the cholesteric structure, » (x + Q)2 -€ 2—2- C(_2 - oae
. we gain formal simpiicity by working in.circularly polarized transverse .
) ~ Ea) A ~ - o« v 2
coordinates (+ = XAy o= Xz iV, . _ -0 & + K% - e
B /5 v : : 2 9
Thus we obtain o . o - ' : 2 WX -
. b : K™ =€ ) CO = 0
1 — 2 C
1 ae P
. b : 2 . , X
%(+,—) =€ : 41 p z s . (3-b5) e L T +. (K_-‘Q)e + €
oe 1 c? -
. ' s, bmo .. , .
This tensor has only O and % —p complex Fourier components.. ) o _—
- : : : L s :
From Eq. (3-43) one then obtains an infinite set of scalar . where Q= " In matnxf‘orm,

equations (two for each value of g taken from the reciprocal. lattice
?ectors)‘in the infinite mmber of unknowns 6; (resolving the vector

g’g into its ¥ and Z components):



-27-

N

—~
© 5
)
[ ~
v _ . !
. <4 e
R 8 &N 4 g 0 (ST AN _
- : S—
§ . :
) “l%
| - . oxlan ¢ "
- o o o o 3l o QL‘ )
”% . B 8 9
'; o 35
% ) . G%‘No géruo
e o ‘o o °© :
N . ) -8
t vy
i N_'N oxlm ) .
i 3] o 3l ©
S N o o 8 .. 9 ) 1) :
L o
: 1 1%
t
Y IN
31 o
QF o |N ' ) ’
o . o o ~ sl o o. o '
= g
+ [
Y]
ax'm ~ !
Q%lmo 3l o
9 . i
e 8 A o o e e
' g i
y L
~ ,
[\ IN )
3% |
- W {
o A Qb,mo o o o’ o j
° @ > !
o+ g :
: 4 i
~ )
o jou I
. 3lwo !
9
%N o o o .o o o 3
i [ g o
L g : -
! + !
2 -
St ;l

e

=28~

+
G

minant of the coefficient matrix venishes. The form of the matrix

Non-zero solutions for the amplitudes C exist when the deter-
allows the determinant £6 be expressed as a product of the determinants
of the smgller 2x2 matricies along the diagonal. All of these
smaller matricgs are identical except by translgtions in,k—spaceiby
reéibrocal lattice ve@tors.  This is a consequenée of K'in Eq._(3—39)
being defined only modulo bn/p. It is sufficient to éolve oniy one

of the 2 X 2 matrices. Solving for example the matrix determining.

the amplitudes C. and'C+

Q Q yields for the aliowed values of &
: 2 2 - : .
(n<+-"”;f’—) ,=e‘*’—2'-1<+ X2 /_w2+a2> (3-48)
) c

using agein the paramsterization of Egs. (3-12) ~ (3-15), Comparison

with Eqs. (3-10)and {33112) shows that

or . .
K=k - (3-k9)
o ?
where kT is any>of the twisted-frame propagation constants.discussed
previously (Egs. (3-10) and (3-12)). The corresponding solution for
the electric field, expressed in Bloch form, is
. 21
l(kf - ?;) z

- X

2

£ i br, ; : '
Z& \(14£) (R+i9) + (1-£)(R-if) e P R (3-50)

-
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where 6% is an arBitrary amplitude and f is given by Eq. (3-11). The
actual solution for the eiectri§ field obtained.by_first so;ving any
- of therother 3 x 2 matrices in Eq. (3-47) is identiéal to Eq. (3-50).
"'This same expression can be obtained immediately from:the léboratory-
frame resolution of‘eaCh mode into its circularly polarized cémponents,
.'Eq- (3-23). | |

. The reflection band of mode 1 in cholesteric structures is
an;logousrto the band gaps of electrons in lattices. Hﬁwever in
conﬁrast to the electron case, in a cholesteric structure there is
only one gap (for propagation paréilel to the helical axis)3o_and
for ohly one of fhe two normal mode polarizations. There are three
related sources of this difference:» the two;dimensionality of the
electron magnetié wave equation,'the "handedness" symmetry of the
cholesteric stfucture, and the émall number of Fqurief components of
thé’periodic dielectric responsé. The' situation haé some similarity
to a diffraction grating with & sinusoidally varying t:anémission
characteristic in the pleane of the grating; such & grating has only
‘zeroth- and first-order interference maxima, which is formally related
télthe fact that the Fourier ﬁraﬁsform of its transmission patterﬁ has
_only. three compiex Fourier éomponeﬁts. Similarly,‘a cholestgric
liguid‘éfystalvﬁas a sinuéoidally_varyihg'dielectri§ constant (as a
functioﬁ'of z) giviﬁgvrise to oﬁly three comﬁlex Fourier components;
However this féct alone is insuffieient to explain the single bénd gap

cin cholestéric iiquid crystéls, since and electron in a one-dimensional

sinusoilal potential would still have higher order gaps. The additional -

eritical differences are the helical symmetry of the cholesteric

-30-

structure and the higher spacial diménsionality of the wave equation.
Note that the solutions derived in this section are exact; unlike the
electron case, each solution consists of a superposition of just two

plane harmonic waves {Eq. (3-23).
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Chapter ITI Figure Captions

3-1. The values of m', f and q for thé two forward modes (Poynting

vector in + Z direction) in a right-handed cholesteric structure

A
(p > 0) with @ = 0.03, as a function of A'(z—2> , where l°= 2ﬂ—§— ).
DVE

- Forl-a < A’2.< 1+a, mi, fl and 9 are pure imaginarj; théif

 values, divided by /=1 , are plotted as dashed lines. For the

Fig.

backward propagatihg modes all signsichange. For a.left-handed

helical structure (p < 0), the signs of £, gnd £, change.

3-2. Normalized refractive indices for the two circularly polarized

components of each forward normal mode in the laboratory frame for

_ . . _ +
@ = 0.03 and a right-handed cholesteric structure. n, ‘and n,

actually not equal, but are viftually indistinguishable on the

‘are

scale of this graph. In the reflection band (around A' ='1, both
+ - . . - R

n, and n, are pure imaginary. For a left-handed structure the
senses ("+" and "-") are reversed. For the backward propagating

modes , the'senseS-are reversed and all signs change.-

. 3-3. The relative amplitudes of the two circularly polarized com- -

. ponenﬁsuof each forward ﬁammal mode in_the laboratory-framé,’for :

a = 0.03 and a right-handed cholesteric structure. For a left-

" handed strﬁcture the ratic for each mode is inverted. For the

Fig.

backward'propagating modes, the ratio for each méde is invérted;
(The handedness's of the 5ackward4m§de polarizafions>with respect
to their backward propagatiqn direction are howe#er unchﬁnged.)
3=k, Optical'rotaiion'in a cholesteric material with a = 0.03 and
/e = 1.5 for light propagating along the helicai»axis. For X' > 1
the sensé of rotation %s the same as the sense of the cholesteric

structure; for A' < 1 these senses are opposite. ‘The curve is a

v
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plot of Eg. (3-27) outside of the reflection band; it_is dashed for.
A' <@ and 1 -a<A' <1+ qa  where optical activity does not

approximate the medium's optical properties.

. 3-5. Polarization of norﬁallyeincident light which feeds ex-

clusively. into each of the two forward normal modes 1 and‘Z, for
a = 0,03,:Ev='1, and a semi-infinite slab of right—handed cholesterip
material with its helical. axis normal to the interface. The upper .

(lower) curve indicates that except near A' = 0 left—(right) circularly

-polarized light, X + if (R - if) efficiently excites mode 2 (1) in

a right-handed cholesteric structure.
3-6. Réflectivity of light normaily incident on a semi-infinite

slab of idealized cholesteric material with its helical axis ' .

. normal to thé‘interface.' The curve R1(R2) is for the incident

polarization feeding exclusively into mode 1{2) (see Fig. 3-5).
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IV. NON-LINEAR THEORY

For propagation of infinite blané waves along the helical axis
(taken as the z axis) of a cholesteric medium, the wave equation in

the laboratory frame, inciuding non-linear sources, has the form

(ﬁw(%)292’3“”)'E(mw)f-h"-(%)z,z%,s«»), e
9z /. _

where E(z,3w) is the electric field at frequency 3w, g(z,3m) is tﬁe
corresponding (linear) dielect¥ic constant and ENL(z,jm).is the
non-linéar,polarization at frequency 3w. With the,electric.dipole
approximation, tﬁe non-linear polarization fpr thifd-harmonic

generation has the form
PP(z,3) = X E(z,0) E(z,0) E(z8) O (-2)

where gNL is the cdrrespondihg noﬁ-linear susceptibility. 1In the
laboratéry, both £ and gNL vary.wifh z because of the changing
direction of molecular aligmment as a.funq£io£‘offz. " However in.the
twisted coordinate system ((£, n, z) - Egs. (3-1) and (3-2)), thé ‘
alignment direction does not changg, and hence 3 and gPL are both
constant. Application of the twist tramsformation, Eq. (3-2), to
Eq. (k~1) yields the corresponding wave equation in the twisted

coordinate system:

£y
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) 2 R . ) 2 . )
(2—;2 + %g‘;_z' - (-i—") + (-3::1) 5I‘>§T(z’3m) =
o (R) ) Bl B )

The forward propagating field at frequency 3w is generally a .

linear combination of the two forward propagating modes,

(3w)

‘ . ik z

E(z,3w) = 6'1(3“)(2) 81(3(9) e +
o : (4-L)
k (3w)

i z

+ 6 Gu} z) e, (3w) e 2

vhere 8 (z) and c., (2z) are assumed to be slowly varying ﬁmctlons
of z. (Solutlons for the 'ba.ckward propagating thlrd-harmonlc waves
mBy be. obts.lned by 1mrert1ng all propaga.tlon dlrectlons 1n the final
solution, Eq. (14-12) ) Substitution into Eq. (423) and us:Lng

Eq. (3-9) ymelds
4 iz,

. M ) .
(21kl +—'P— ) e e 3% 61(z) +

=
e
=
[3]

e

v(?lke -;p—

A 3
g) ese 3 62(z) =

o (2) _'grmu,sw) , (4-5)

vhere we have neglected the second derivatives of 6'1(2) and 62( z).

A
transposes of e

. .

The scalar products of §l+(3(u) .and g;(}w) .(the conjugate

and 32) with Eq. (4-5) yield

1
ik.z ik.z .
e U 6 v e 2 L6 -
: 2117(3&)) A'!' o |
(30) - B.7(2,30) | (4-62)
' cv’t—:z ) e ’ S
ik.2 - 1k,.2z
ce 2 L6, + ve 2 L £, -
2im (3w A'l' RL }
(30) - Bz, 3) , - (h-6b)
cV€z3m$ “ R
where
- Re(fl) : (h-7a)
A=m =2\ —= . - : ~Ta
. i l+|f1]2 : o o A _
B=[m(1+f )-A(f+f)]//(l+|fl)(l+f ). (4T
C = (1% £2,) - N (2] + £)1/ /(1+|f | Yast2) - (uete)
f2
D= m'2 -2 —= 5 s : _ (L-T@)
1+f, ’ :

and where the parameters m and f are to be evaluated at frequency 3w.

v



_§5_
Hence
At oat\ .
De, - Be : -ik z
3 ooy oz2im@E) (T %) . m X )
P gl(z) = " <AD Ty > p (z,3w) e | (4-8s)
| At ot S o
. : Ae, - Ce. L -ik. 2
3 oloy) o 2im(3w) 2 . 1_) . =NL : 2% : _
% Eé(z) = s <AD Tl (?,B&n) e (lf—Sb), ,

The fact that,t".he components of RNL in the di;ec£ions_ of both normal-
mxie i)olarizatiqns radiate into each normal mode is & consequence of
the lack of'orth_og:_ona.'lity between the modes (Eq. (3-37)).

Assuming that fhe driving field et frequency w is not depleted,
gr,(z,m) in Eq. (h-v3)' éan be expressed a‘s & superpositién of the four
normal modes at ﬁ'equenc'y w (two propagating forward and two backward).

ik (9%

£, @) =T € G e t - (1-5)
2 L :

Integration of Eq. (4-8) then yields

e c/e AD - BC -/ £

D0 G W 8w EW W e x

_ L,m,n
o1 : 1
Sin(z(Ak)lzmnz) e-l 3 (Ak)

Z
l&mn . ) (’4—10&)

-1
' E(Ak)lﬁmn

L6

€, (2) === < 5T 5e Cx

=3

eve

E S,Q,(“’) é\m(é)v'gn(t‘)) el(w)'eltz‘l(w)en(w) X

£,m,n

stn (80, ) -1 L(aw) |
1? “2tmn®’ . T 2 28mn® (4-10b)
E‘ (Ak)zzmn . ) .
with
(.Ak);;zmn - kJ(3m)~T =k£(“’) _ km(w) - _kn(w) fh-11)

If one particular combination (2, m, n) of fundamental-frequency
modes is dominant, for instance due to experimentélly chosen incident
polarizations a.nd/br due to phase matching (Ak = 0, see below) we

can neglect all other terms in the sum. Then, ﬁsing the expression

for the time averaged Poynting's vector derived in the previous

section, Eq. (3-19), we obtain for the third-harmonic intensity in

either of two_fbfward modes at the end of a sample of thickness 2z .

{(neglecting boundary reflections)
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( () lf (3w)|2
Relq, (3w) + ""1?;5‘
. (3‘”)‘23 _ _m(3w)? ! e
1 \E éé.’( 5 .1+|f(3w)l
-t o » 2
e, T(3w) - Be,T(3w) ' o N
L) s e x
o o 2
. s (Ax)
gz(w) Em(w), gn(w) _ 1(111(( ) 1‘3’“12‘2 (4-12a)
2 /1 2mn
(30) f22(3w) ,
: S W) + 3y :
I (Bw)(z) _ T (3@)? o Bt a5, 3w Cox
2. e ETERY 1+ £,2(30)
(a8t (30) - & t(3w) ‘ Yy A.  > 2
( €5 — Bcel g ) . éu%, gz(m) em(w) eh(m) X
. 2 c ’
gz(w) e (W 5’((»)'_ : E(.i.;_(__(ék;)_?);’%?z) (L-12p)
L m n -'(Ak)glmn

. »Third;harmonic generation is most efficient when the phase-r.éweug
matching condition (Ak)32mn = 0 is satisfied. Given w, € and a,
cne can compute from Egs. (3~10) -(3—11) and (4-11) the phasé_mismatch‘
{Ak) for &ll mode comblnations at all pltches. Because of the strong
dependence of k on pitch (Fig.‘3-la)_and the fact that the pitch of
cholesteric materials is a.confinuously variable parameter over a

large region (2200‘A < |p| < =), phase-matched third-harmonic

~
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generation can in fact be achieved in princiﬁle_for a7 least fourteen
different mode combinations.. Table 4-1 lists all these possible phase-
‘mﬁtchiﬁg conditions for third;harmonic generation frém 1.06 ﬁm waves
propagating along the helical axis of a twisted birefringent medium
with ordinary dlsper51on.

The phase-matched mode combinations ‘involving waves propagatlng
both forwards and backwards have no analogues in homogeneous media;
Theré is an apparént lack of consefvaiion of linear momentum among the
interacting waves. 'Phasé matching in thesé cases .can be understood
in‘terms_of the peribdicity of the medium. ' Since the periodicity
of the linear and third—ordér optical properties is p/2'the unit

lattice momentum is (4m/p) h. Hence we can expect momentum in

17318 In the

multiples of this unit to be echanged with the medium.
limit that the birefringence a is negligiﬁlé in the expressions. for k,

we have from Eqs. (3-10) and (3-12)

(4-134)

»
14
o

b(h513b)

W : .
vhere k = = YE and € = (EE + en)/2 K

Using‘this approximation the phase-matching condition for the fifth-

mode combination, for exemple, in-Table.h-l,

@)y 0 ) (3w) ’ (4-1k) -

2 2 st 1
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" reduces to

ko(w)+ ko(_w) + (_ko(w)) o 5

4
L
1
N
I

 Hence the apparent 1aboratory-frame momentum mismatch among the optical
‘fields is.accounted for by two ﬁnits of the lattice momeotum.-
Anslagous results can oe obtained,for‘all tﬁe mixed-direction>modev
cambinations. One can comoute from qu (4-15) the approximate pitch
for phase—matchipg of the corresponding mode combination: ko(w)_=
9 um -1 and ko(3w) = 27 um—l giving.p = 1.k um,.in_agreement wﬁth the
value in Table h—l.
_Similar con91derat10ns are applicable for angular momentum.
Yor small a the two normal modes are approxlmately circularly polarlzed
in opposite senses in the 1aboratory frame {except for X< a) Thus
photons in the two forvard mddes'carry equal and opposite units of
aagu;ar'momentum?ths; with the signs reversed for the backward pro-
pagating modes. VFor the tenth mode combination, for e#ample, in
Table L4-1, the consequent angular-momentum mismatch among the fields
is hﬁ. But since the médium has fwo—fold rotational sym@efry about
X the z-exis (se& below), the‘fields Can.exchange angular momentum
with the medium in units.of 2h. Examination of allzthe mode com-
hinations in Table 4, assuming the modes are circularly polarized,
_shows that the angular momentum mismatch among the optical fields is
alwaysvan interge; multiple of 2h and hence can be accounted for -
,ﬁy exchange with the medium.

All of the phase-matched’mode combinations can also be under-

stodd in analogy with electrons propagating in a one-dimemsiomal »-is«

ﬁeriodic lattice. We can express the nofmal modes in Bloch-function

W b {(4-15)

' 31
hﬂ/p) is the definition of an umklapp process

~50-

form (Eq. (3-39)) .

ikz

B(z) = e u (z). (4-16)

K is given modulo E%-in Eq. (3-48). It is customary to make Kk unigue

by requiring that it lie‘in the first Brillouin,zope, —2ﬂ/p<§ Kk <

2ﬂ/p.l7’18 Consequently, for example for the tenth mode comblnatlon,
‘ 21

which is phase matched for p = 0.47 Y, we have Kl =k ¢ gl Then

ﬁhe corresponding phase-matching condition,
(@) () , o, (W) _ ., (30) 1)

B (k" 70)

can be written equivalently as
O] (W) _ (L (30)y 4 bm (4-18)
etk + oK (k) ) 5

Tﬁe occurrence of'a reciprocal lattice vector (integer multiple of.
Thus this mode
comblnatlon, as well as #6 and #14, generate third harmonic fields
via a coherent optical umklapp process. For all the other mode
combinations no reciprocal lattice vector eppears in the expre551ons‘
banalagous to Eq. (4-18) and hence their harmonlc generation would be
called "ordinary" processes.31

One final interpretation of the phase matching condiﬁions mnay
be useful. ‘As~indicated in Eqs..(3—23) - (3-25), each hormal mode
made be written {exactly) in the laboratory frame as a linear

superposition of left-and right circulariy polarized waves each with
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its own amplitude A ’ {Fig. 3-3) and effective refractive index nl 2

{Fig. 3-2). - Since the normal modes themselves are nearly circularly po-~

lerized for most values of A',‘the amplitude of one of the circularly-

polarized components of each mode is much l&rgerthan the other. But the

weak amplitude components plsy criticel foles in achieving phase match-
ing. If the four mon-zero elememts of £ (Eas. (4-26) and (¥-27)) are
equal (see Secfien“VI), the non-linear tensor has the same form as for
third-harmonic generatien iﬁ isotfopic media and it is independent of 2z
in the iaboratory f;eme. -Hence linear and angular momentum are conserved
» smong fhe‘electeomagnetic waves inéide the medium,‘wi£hout exchange with
the lattice. Then if one treats each c1rcularly—polar1zed component of
each normal mode as 1ndependent and searches for all possible phase-
"matching conditions. for thlrdfharmonic generation, consistent with an-

gular momentum conserwation,; one obtains a list'corresponding exactly to

that in Table L-1. For instance for mode combination #4 in Table k-1,

() = E,w) E,w) Eytw)

(4-198)
3m, (30) =-z;2(§5 + o) + mye) S (sagw)

‘we obtain
A;m E A*2£@)>A§(w> ORI - (4-208)

3n,(3) = my(0) + n(w) + my(w). (4-20b)
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{w)

Since né(w) = me(w)¥ A > , the two phase-matching conditions (Egs.

119b and 4-20b) are exactly equivalent. In addition to yielding the
phase-matcﬁing,conditione exactly, this picture provides an'easy way to
estimate the relative intensities of the>thir§;harmonic signal genereted
with the various mode combinations, simply by computing the relative am-
plltudes A1 2 of the relevant: c1rcularly polarlzed componentsafime modes.
Phase-matched mode comblnatlons 1nvolv1ng very weak c1rcular1y—polarlzed
_ components of some of the modes_(necessary to conserve angular
mbmentuﬁ) will be relatively inefficient in converting the laser 1ight_
to its»third harmonic. Such estimates of couree will Se accurate only
to the extent that the mon-zero elements of X'~ in'fact are‘equat:’.Our
experiments indicate -that to a first rough approximation this is <indeed -
the case for our 1iquid-crystal_samp;es. .
Some of these phase-matcheble mode combinafions have correspondar:

ences in untwisted media. The second combination in Table H—; is

| 51(30)) « gl(ﬁ)) €2(w? .52(w). o | .(h;-Zla)-'
kl(a;»" @ ) i‘.e(w) e
In the limit p + © where & = =% andé, =»ﬁ =y, Eq (4-21) become
£« ‘gx(w') é"y‘“’) ey“*”» : C (he22a)
n (%) - n () - 2 (n ) - m (W), - (k-22b)
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The phase-matching condition has been rearranged to iliustrate the

compensation of the‘color dispersion by linear birefringence. This-

is the most cgmmon laboratory technique for achieving phase-mﬁtching.
'In the fegions of pitch where the normal modes af both w and

A

'3u;are approximately circularly polarized we have e,

~.

1 A Ay =
N — (x - 1y) =
‘ 1 . . V2
and &, =~ —= (X + iy) = ¥ (for p > 0). Then the third mode combination

2
in Table 4-1,

(W) . @ ¢ © g -
& & & £, (4-23a)

. _ l(w) . kl(w) + kg(“) (4-23b)

can be described approximately by

€~(3w) « €_(w) €-£w3 €+(w) “(4-2Ya)

+ .

Physically, the color dispefsién.is compensafed by its éircular.
5irefringence or rotary power in the twisted coordinate system. This
phase-matching technique,6 applied to difference—frequenéy generation,
" has observed in optically active materiéls.7
Wezwere unsble to observe third-harmonic generation phase
matched by circulgr-birefringeht compensatiop in cholesteric 1iquid
cfystals despite their extraordinafily high optical rotary power

8,9,32

(or circilar birefringence). Mode combinatienn#3 (@iscussed

sbove) was rot phase-matchgble in our cholesteric materials because -

m (w) ;Am_(w)) (4-2kD)

-5h-

the values of the parameters € and o did not satisfy the inequality
in Table 4-1. But even if thé inequality were'satisfied,'the resulting
phase matching could not be properly attributed to circular-birefringent
compensation unle;é phaée—matching occurred at a pitch such that the
normal modes at both_w and 3w were nearly circularly:polarized, so
that the medium could indeed be characterized by ciréular'
birefringence. If the inequality is satisfied as an equality, the
phase-matching pitch is «, and the normal modes are linearly polarized.
For o = 0.03 (typical for our mgterials), the color dispersion
(€(1.06 ym) - £(0.35 ym)) would have to be ~ 0.00l, one tenth of the
actual value in our materials, in order to achieve phase-matchéd
third-harmonic genefation via circular-birefringent compensatiqn;- ‘

In the twisted-frame coordinates (E; i) the only relevant

elements of g?L'are

Xegge Xegen Xgenn Xeann
_ | | o (4-25)
nggeg *nnegge Xanng *mnnn
(Elements differing by permutations of the last three indices are
équal; this degeneracy has not been included in this list.) The
médium is homogeneous, ﬁith all ﬁolecules aligned parallel or anti-
parallei to each other. The molecules themselves lack inversion

symmetry, so that if they were all aligned pointing the same direction

.it would be possible to generate second harmonic. The Lack of observed

second-harmonic generation in cholesteric mediatt 13233 ;

. 1mpli¢s

thet the medium has a high degree of inversion symmetry and hence.
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tkat the molecules may be alignen with equal "up" and "down"
drientations. This would:imply the medium has reflectiqn symmetries
S .y ' NL .
scross both the ‘€ and n axes and hemce only four elements of X% in:-

Bg. (4-25) are non-venishing. They are

‘B¥Xree

¢f2 = 3XE»£ nn -
- (k-26)

Cx = 3*n neEeE

C =

22~ Xynnn

~

The nohflinear polarization along § and'ﬁ in the twisted frame are
therefore given by
(w)

. ,
PE (3w) = qllEE (4-27a)

(w)

ML, .y _ (w) -
By (3w) =c, E -(k-27v)

1 - &
. . o NL . . M
Experimentally we measure the components of X' in Eq. (4-12).

These components can be expreséed in terms of Cll’ Cl2’ 021 and C22

using the relation (obtained from Egs. (3-8) and (3-11)

1

A+ g7

85w = (Er+ i£, 1) . o (he28)

The results are given in Table k-2,

5 L . . R T
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It is clear that since C C

11° C100 C21 and 022 are all non-vanishing,

Phase-matched third-harmonic generation should exist for all the mode

combinations in Table L4-1. 1In principle the relative values of C C

11* "12?
021 and 022 can be :determined-by measuring the relative third harmonic in-

tensity generated via féur (or more) different mode combinations. In our
experiments we used different_mixtures of chpiesteric materials and/ér
different temperatureé to observe ﬁost~of thé different mode com-
binations, and hence the non-linear susceptibiliéy may be differenf

for these combinations,' However the temperature éffect should be

very small over our ~ 30°C range and experimentally ﬁe»find>our data

is consistent with XNL being nearly the same for all our different

£

mixbures. This is reasonable in light of the large size of each type
of molecule and the lack of any radieally different structure or
bonding in the various groups added to cholesterol to meke the

cholesteric liquid crystalline materials we used (see next Sectiqn).
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Table L-1. Al]l mode combinations which are phase-matchable for third-
‘ harmonicbgeneration,from 1.06 um fundamental. The bars indicate back-
vara modes (vith Poynting vector in -z direction); The possiblity
pf phaseﬂmatching'for:the first three mode combinations is very
.sensitivé to the'ﬁedium parameters € and d.. Ali the other mode
combinations are'phase—matchable';t some (not the same) pitch for any
medium _pa.rameters in ‘bhé range investigated, hémely_0<a<0.5, 0<e(3w) —
e(w) < 0.2 and 1 < (e(3) + (w)) <}. The particular pitches for
: phase matching given in>the table are for o = 0.03, e{w) = 2.18 and
e{3w) = 2.30, vhich are t&pieal for our experimental materisls. The
poésiﬁility of anomoloué di;éersion between w and 3w has not been

included in this table.

JTonm F
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222
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Table L4-1

Condition For Existence

of Phase Matching

(e(3w)/e(w) - 1)

2 o
(e(3w)/e@) - 1'% Sa
(e(3w)/e(w) - 1) %a

Approximate Pitch For
Phase Mafching (ﬁm)
17 |
1.k
0.70
0.69
0.69
0.69
0.47
0.35
0435
0.35

0.2k
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V. EXPERIMENTS

" In our experiments we have used a number of different cholesteric
;iquid-crystalline materials in order to observe the various predicted
Zeaks in third-harmonic generation. Our observations of the mode
combination 2,2, 2 +2 (#4 in Table 4-1) were done using é_mixturé of
11.75: 1.00 by weight of cholesteryl chloride and cholesteryl

nwl':is‘l:ate.Bl‘l

" This mixture has the advantage of having a pitch which
is variable from =1.7 um to t wto + 2 um by varying the temperature
from 20 to 68°CL (A negative pitch denotes & left-handed twisted
.structure.) In perticular, the samples could be tuned to both -17.3
and + 17;5 ﬁm, the phase-matching pitches for mode combination #4 in
Tab;e“h—l>allowing'v§rification of the predicted polarization reversals
when the helicty of the structure changes.‘

All the other phase-matching peaks we obéerved required
cholesterie structures with pitches < 1.5 uﬁ. We used mixtures of
chblesteryl oleyl carbonate,.bholéstefyl nonanoate (also called

34 The particular

cholesteryl éelargonate) and cﬁolesteryl chloride.
mixtures were chosen for the accessibility of the desired pitch at

2 convenient temperature and for the'conjenience of:a weak temperature
depencé éf piteh, . in or&er to decrea;e the criticality of.temperﬁture
control. Tﬁe ratio of cholesteryl oleyl carbonate to cholesteryl
.nonanoate‘(by weight) is unity in all our mixturés and the ratio of
_chpleéteryl chioride to the sum of these two components varies.
Fig._é;l'éhows'how the pitch changes as a function of the concéntfation
‘ofIcholestefyl'chloride. The temperature variaetion of khe pitch
between 20°C and 40°C can also-be crudely estimated from the two curves
35

in Fig. 5-1.7”. The actual samples used to observe the various . .. -
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phase-matched mode combinations are listed in Table 5-1.
Samples were prepared by placing a few drops of the thoroughly

mixed (in the isotropic liquid phase) mixture within a ring of teflon or

'mylar on a glass window. A second window was then pressed upon the first

and the two were held together in a simple press. Samples up to ~250 ﬁm
in thickness were obtained which were clea; and uniform to the naked eyé.
Under a bolarizing hicro;cope however small regions were-discefnable
with.slightly different optical properfies, indicating slightly different
alignments of the helicél structure within the domains. Thé effects on
phase-matched third-hafmbnic generation of a diétribution of helical-
axis alignment is discuséed in Section VI. Most of our experiments were
done with 130 um thick samples. 'Samples with relatively random and mixed
helical-ax@s orientations (desirable for some pitch-measuring technigues)

were obtained by increasing the thickness or by subjecting samples to

thermal shocks such as quick melting and cooling.

Prediction of the precise pitches for phase matching reauires the

measurement of € and a (Egs. (h-11),'> (3-10), and (3-12) throught(3-15)).

‘e (Eq. (3-14) is the average dielectric constant over the two principle

axes £ and n. We measured £{w) in the isotropic liquid phase where the
felatively random orientations of the molecules gives the desired aver-

36 with a mercury-arc lamp as the light

age. We used the prism mefhod
source and é‘filtered photomultiplier tube as the detector. The results
the € at the laser frequency (kw = 1.06 um) and its third harmonic .

(A3w = 1,06 ym) sre given inﬁTable;Sél.:-By using € as measured in the
isotropic liquid phése as fhe appropriate e for the liquid-crystal phase
we are neglecting its temperatuferahd phase -ependence. vThese are rea-
sonable approximatibns iﬁ'light of the small temperaturé Qifferehce bet-

ween the temperatures at which € was measured and the temperatures for

phase matching (fypically ~25°C) and the smell difference in molecular
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interaction between the two phaseé.

| The parameter o (Eq. 3-15) is proportional to the birefringence
in the twisted freme. It is most easily obtained from Eg. (3-28) by
measuring the opticﬁl activity of the sample. In the region of -

aﬁplicabiiity {see Fig. 3-}4) a? is given by.

a2'= Ii—t- oX 2(1_ :2-). Rl , (5-1)

where R:is the optical_rotaiion per ﬁhit ieﬁgth. We measured the'
optical activit& at the He-Ne laser frequency (6328 A) and we assume
that the disperéioh of a is negligible. >For.a11 sample mixtu;es a
showed a temperature dependenée, decreasing with increasing . . :

37,38 Iﬁ Table 5-1 we list our measured valves of a at

temperature.
the temperétures corresponding to the pitches for phase matching for the
vafious>sample mixtures. Tﬁe optical activity of the 0% ch@lesferyl
chloride mixture was uhobservably sﬁall at Ao = §328 A and p = 0.2k ﬁm
(the phase-matéhed pitch 6bserved with this mixture). Eq. (3-28)
shows that optical'rofation decreases sharply with~d¢creasing P,
and shéuld 5e only ~ 0.5 deéree/25 um under the above condifioné.
However to within our experimental uncertainty the a(T) curves for all
the other mixtures in this three-component series were identical over
the»regions of interest for_phase—matchéd third-harmonic éeneration.
Hence we assﬁmed the value of o for the 0% cholesteryl chloride
mixture to be that of the othei mixtures at‘equivalent_temperatures,
namely 0.027. .

7 From the»values of € and a in Table 5-1 and using.Eqs. (h-11),

(3-10), and (3-12) through (3-15); one can caléulate the predicted

-6l

_ pitches for phase matching with the various mode combinations. These

pitches are given in Table 5-2.

We used three experimental techniques for measuring the actual

Apitcheé of our samples. For pitches significantly greater than optical

wavelengths two techniques are convenient. Direct observétion in a
polarizing microscope can reveal the periodic structure as alternating,
light and dark bands,39 whose periodicity'is p/2.v This method reguires

knowing the orientation of the helical axis in the region being . .

- examined, ‘and the axis must have a component perpendicular to the

microscope axis. A generally mofe'convenient technique is the diffracs

tion method.26 If a samplé has a uniformly oriented helical-axis

-aligned pargllel to the glass windows, a iaser beam propagating normal

to the smmple and polarized normal to the helicalraxis will gene:ate
diffraction spots at angles 6 (with respect to the sample normal or

beam direction) satisfying

o
Sin 6 = —= o )
where N is an integer and'kgy= an % . If the laser is pdlarized .

parallel to the helical»axis no diffraction'pattern,appears; in this-
case the dielectric response ofvthe medium is not periédic since the’
polariéatioﬁ is perpendicular to the long axis of all mplecules in

the structure. If the sampie regién brobed by the beam has sufficient-
ly random orientation of the hélical axis, diffraction will yield

arcs or rings setisfying the same relation (Eq. (5-2)).
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For pitches in the vieinity of the visible spectrum the pitch
may be deduced from measurements of reflectivity or transmisivity as
& function of wavelength. At the center of the reflection band, X' =1,
T p = A/?ET-S' . Thus measurement of- the center of the reflection
'bandeand €(A) givesthe pitch. The center of the reflection band is

105t easily measured in thin (X 10 um) samples, in which the band has

s true peak; in thicker:samples the finite region of total reflectivity'

of mode 1 makes the center of the band more difficult to determine.

In the regions where these three techniques for measuring pitch
overlap they are in good agreement.

In Table 5-2 we list the temperatures at which the various
experimental mixtures have the pitches predicted for phase-matching,
together with the accﬁmulated.uhcertainty in these predictions. Most
2f the uncertainty arises from the measurement of e(w), which enters
the theoretical expressions both explicitly and indirectly through
gur experimental determinations of a and p. Table 5-2 also lists the
rate of change of piteh with temperature in the same regions.

‘Each of the listed phase-matched mode combinations may of course

be observed in cholesteric media of either sense - right- or left-handed.

The on1y<difference isxthe senses of polarization of the normal modes
aﬁd hence the senses of incident—lightVpolarization necessary to
‘excite efficiently the desired modes. The sense of the twist of a
cholesterlc material may be determlned either from the direction of
its optlcal rotation (see Eq. (3-28) and Flg 3—h) or from the
polarlzatlon of the reflected 11ght at X = 1. 1In the reflection

.band one circularly polarized component of the 1nc1dent light is

'strongly reflected and the other is virtually all transmitted (Flgs. 3-5
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"and 3-6). The sense of the twist is the same as the sense of polari-

29

zation”™” of the strongly reflected light at X = 1. The cholesteric

mixture we used to observe the fourth mode combination had a left-

“handed structure at the lower temperature and a right-handed structure

at the hlgher temperature (Table 5-1). All the other mixtures had
left-handed structures, as indicated by the negatlve signs of the
predicted pitches in Table 5-2.

We used a mode-locked Nd:glass laeer as the fundemental pump
field. A typical pulse trainllasted about 200 ns with the individual
pulses separated by ebout 7 ns. The total energy in each train was
about 0.03 joule and the typieal average individual pulse- width was

about 6 ps (as measured by two-photon fluoresenceho’hl and. third

3.

harmonic generation The beam diameter was ~ 2 mm.

The experimental arrangement for measuring the phase-matched

‘third-harmonic involving a single propagation direction for the

fundamental waves (mode combinations #'s 4, 10 and 1l in Table 5-1) is

shown in Fig. 5-2. The leser beam was alveys circularly polarized,

- first, because the two circular_polarizatiohs are nearly the optimum

polarizations for exciting thé two normal modes,(see Fig. 3-5) in all
the samples of interest to us, and second beceuse this éliminated jthe
backgrognd third hermonic radistion generated from the cell windows, _
optical filters and the water bath, since no:third harmonio can be

n
generated in an isotropic medium by a 01rcularly polar1zed beam. 2

- The third-harmonic blocking filters are necessary to ellmlnate the

third harmonic genérated in the laser'cavity. The samples were
immersed in a water beth with the temperature controlled to within

* 0.02°C. Typically the temperature was swept very slovly (0.1 %o
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Q.01 °C/min)-tﬁroughfthe region of a predicted third-harmonic pesk,
while the third harmonic signal was measured every 2 or 3 minutes

A 1P21 photomultiplier tube detected the signal, which was normalized =
'against the reference eignal of third harmonic generated in s phase-
ﬁatched_solution of fuchsin basic ‘dye dissolved in hexafluoracetone
sesouih&drate.2 The response fime of the whole detection systeﬁ was
suff1c1entlylongthat individual pulses were averaged out. The signal
was measured as the area under the oscilloscope trace for a whole
pulse train. .

- To obeerve the. mode combination-2,2,2 + 2 (#4 in Table-5~2) :the
detectioo:apparetus was placed so as to intercept the beam propagating
forwards oﬁt of the sample. The experimentalpresults of variation of
third-harmonic intensity around the phase-metching tepperatures are
“shown in Pig. 5-3. ..The two peaks st p < 0 (T < 51. 9°c5 and at p > 0
(T >'51.9°C) correspond respectlvely to .fundemental pump waves being
right- end left-circulariy polarized, as predlcted by the theory
The peaks appear at temperatures within 0.1°C of the predlcted phese-
matching temperatures. The theoretical phase-meﬁohing eurvebis‘also
- shown in the figurerf6r comparison with the experimentel data. The
experimehtal peeks are definitely broeder with no clear fine structure
at the wings. Thie is probably due to the slight variation of the heli-

cal pitch in the sample,-eXpecielly near the boundary. surfaces. Sincé

the molecular structures for_p.><0'and pv< 0. are different :and XNLJcould
. ‘ . . A

vary accordingly, we would not expect the two phase-matching peaks to
be of the same height. Experimentally, we found that the two peaks
were different in height, but their difference was within the 20%

experimental accuracy.
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The third-harmonic  output was found to be elliptically polarized
with the ratio of the two circularly polarized components being 5 1.
The theoretical ratio, given by ][(A €l/2) f, (30)_, (3w)]/[(A + 61/2)

f+( )-m;(3m)]1 , is 1.8, Comparison of the phase-matched third-

harmonic signals from the liquid crystal and from the fuchsin basic

. . (3w), -(3w)
dye solution yields ILQ / IDye

~ 0.1 for this mode combination. 'We
also.measured the phase-matched third-harmonic generation from samples

. with @ifferent thickness. The third-harmonic intensities were indeed

roughly pr0port10nal to the square of the sample thickness.

To observe the mode comblnatlons 1,1,1 * T and 1,1,1 > 2 (#'s 10
and 1k in Table 5-2) a glass—sl1de beam splitter was placed on the
lgeer side of the semple.to couple out some of the backward third-v

harmonic signal. - The detector was movedito intercept this beam and

" a: focusing lens was ineerted, all as indicated in Fig. 5-2. The laser

beam was left-circularly polarized to feed efficiently into mode 1-

in these left-handed cholesteric structures. The experimental results
of the varlatlon of the third-harmonic power around the predlcted
phaseﬂmatching temperatures are shown in Flgs. S-h and 5-5." There i:..
indeed exist peaks at the predicted phese-matchlng_temperatures.
However, the widths of the peaks are several times broader than those
of the theoretical phase-matching curves for a monochromatic input
laeer beam. This broadening is due mainly to the>large spectral  nu:
content of the laser, as will be discussed later. As a further
confirmation of the theoreticalvpredictions, we found in the seme tem~
perature ranges no phase-matching pesak for third-harmonic generation in
the forward dierection and no peak for backward third-harﬁonic generatioﬁ

with the fundsmental right-circularly polarized. We also found that
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+he phase-matched thirdeharmonic.output was nearly left-(right-)
‘circularly polarized for mode combination #10 (#14), as predicted by
the theory. The iﬁtensities of the third harmonic generatéd by these
mode combinations compared to that of mode combination #4 are I(3m)(#10)/
:<3”)(#h) ~ 107 ana 1039013 ¢y ~ 2 x~107;h (éor;ected~for :
the different experimental arrangements). ‘ l
| The remaining mode éombinations in Table 5-2 require the

-simultaneous presence of fundamental waves propagating in opposite
directions along the helical axis. This was accomplished in two ways.
One method was to construcf the sample cell with a front-surface
mirror.ip contact‘with the back of the sémple. The mirror reflects
eacﬁ mode-leékedvpico—seéohd pulse back on ifself in the sample.
Alternatively, we put a movable reflector an optical distance beyond
the sample equal to the optical length of the laser cavity'(Fig‘S—S).
" This ﬁirror directs each pico-second pulse back through the sample
. where it meets the next pulse in the mode-locked train passing through -
.in the forward direction. A variable-retardation_plate (stressed
fused silic;) in-the_fegion beyond the saﬁple can then bé-used to
comtrol the polarizétibn of the returning beam. |

_We observed mode combination #5(2,2,T7 + 1)in a cell with a ~-
fefleéting back. Normally incident right-circularly polarized
v‘_funﬁamental fed effiéiently’into mode #2. Upon reflection‘off of
the mirror‘in contact with the back of the sample, the sense of circular
-polarization is revefsed, beqoming 1eft handed; hence mode 1 prépagating
backwards'is ekcited; The thifd harmonic generated in the forward
direction is aléq reflected_by the - same mirror and emerges,from the

sample propagating backwards. Again & glass-slide beam splitter.

-70-

couples out some of the third-harmonic signal: The experimental YT
results (Fig. 5-T) -show & pesk at-the predicted temperatures .Fhe:.
width is'again dug primarily to the spectral contemt of the laser.
Relative intenéitybmeasurements give I(3w)(#5)/1(3m)(#h) ~h x 1o'h,
Thé same experimental,a:rangemeﬁt gave the reéults shown in

Fig. 5-8 for the 22% cholesteryl chloride mixture around the predicted

phase-matching temperatures of mode combinations #'s 11, 12 and 13.

All three of these mode combinations are predicted to be phase matched

at the same pitch (352 nm). However the peak in Fig. 5-8 is due only to
mode - combination: #3:(131, 5 > 3)*because of the particular.fundamental
Ya¥e polarizations in the medium resulting from circularly polarizéd
incident laser light. Relative intensity measurements give 1(3“)(# 13)/ .
'I(3w)(#h) ~ 10-2, and again the width of the peak is due to the broad
spectral content of the laser.

This samé cholesteric mixture (22% cholesteryl chloride) was
also studied in an erdinary transpareﬁt cell using tpe experimental
arrangement shown in Fig 5;6,_ With no rétardation plafe in front> ‘
of the ﬁirror, we have the same rélati&nbbetween the:tvo fundamental

beam polarizations as in the previous case with the mirror in contact

with the sample. A left-circularly polarized incident laser beam

excites mode 1. Upon reflection at the mirror the pblarization is
reversed to right circuldr, which then on passing back through the
samﬁle will excite ﬁode 2 prépagéxing backwards, i.e., mode 2. Hence
only mode combination.# 13 can generate third hérmonic and thé signal
‘should emerge propagating backwards and be righifcirculaily polarized.

Experimentally we found the ratio of right- to left-circularly
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zclarized third harmonic propagating backwards to be ~ 10/1 and found

no third harmonic generated in the forward direction. We also verified

the ngcessity for the simultaneoﬁs presence of laser 1ight propagating
both fbrwards and backwards in order to generate phase-matched third .
harmonic via this mode conbination (#13). The width.of the mode~
iockedﬁlaser pulées was ~ 6 ps; ﬁorresponding to ~ 1vmmvinéide the
sample. By'translating.the.movéble mirror over distances of ~ 1 mm
forward or backward from the position yielding the maximum signal, we
essentiaiiy eliminatéd theé third-harmonic signal, thus confirging'the
requirement of opposed beams; Cbnversely; such observakions are in
fact é measure of the ﬁulse width (Section VI).

» Inserting a 1/4 A retardation pléte (at 1.06 um)bin front of
the mirror (Fig; 5-6) results in the backward propageting fundaméﬁtal
wave in the sample having the same sense of circular»pqlafization as
the forward wavé. This should excite only mode combination # ll; and
indeed, we found the third hermonic %o be nearly left-cifcu;arly
'nolarlzed in thls case, as predicted by the theory. Relative
measurements glve I(3m)(# 11)/1(3w)(#h) ~ 3 x 10 3 |

Exc1tatlon ‘of mode combination # 12 requlres both 1eft and rlght
ciréulariy polarized laser iight pfopagating in Qne:direction..
Expérimentaliy this is.easily achieved by using linearly polarized
incident light. But then a relatively large backg;ound signal. is
created by third harmonic generation in the cell windows, -water bath
and other oftical components. This problem plus a wesk signal to
Begin with made it impossiblé for us to ﬁake any good_ﬁeasﬁrements of
mode combination # 12. (The e#pgcted (see Section VI) intensity of

this peak compared to that from mode combination # & is ~ 3 X 1073,
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the relative background signal with linearly polarized laser light is
~ 2 x1072,)
The final group of mode combinations, #'s 6, 7, 8 and 9 also -
have very closely grouped pitches for phase matching. With the 40%

cholesteryl chloride mixture in a cell with a reflecting back we -

"~ obtained the results shown in Fig. 5-9. The small peak at 31.2°C

‘comes from mode combinétibn #6, as preéicted b&~the thedry. fhe ofher
three mode combinationé»aré'predicted to be phaée matched all af-
essentially"the same temperature, 30.i°C, and there is a strong peak
at this tempergture.‘ However, similerly to‘previously discussed
cases, the fundamental wave with right-circular polariiation in this

experimental arrangement seleciively excites mode combination # 9.

" Relative intensity measurements give I(3w)(#9)/I(3w)(#h) ~3x 10

‘We studied this same cholesteric mixture in an ordlnary

.transparent cell in the experimental arrangement shown in Fig, 5-6.

Again with no retardstion plate in front of the mirror, only hode

. combination #9 was excited. Experimentally the third haimohic signal

was propagating in the same direction as the right-circularly-polarized

vfundamentgl beam end had a 30/1 ratio of righf—fto 1eft-circulariy

polarized components. Insertlng a.quarter-wave plate for A=1.06 um
in front of the mirror and using right—circularly-polarized incident
laser light should exclusively.excite mode combination #8. | _
Experimentally we found onl& 1/3-of the third harmonic to have the
appropriate polarization (left-circular) for mode 1. Presuﬁably our
fundemental polarizations were not perfect and a small amount of
third harmonic from mode combinétion'#9 obscured signal from #8. We
estimate I(3)(#8)/1(3) (44) < 2 x 1072

No observations of mode

combination #7 were made, again because of the large background third
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harmonic resulting from the necessity of using linearly polafized
fundamental light to observe this mode combination. '

In principle, second-harmonic generation can algo be phase
matched in a cholesteric liquid crystal.. The mode combination 2, 2 + 2
is phése;mgtched for second-harmonic generétion for p =28 um in the
Samevmixturé we used to observé phase-matched third—hérmonic geﬁératibn
via'modeicombinétion 2, 2; 2 > 2 (#4). However we observed no péak
in second hérmoﬁic generation'aroﬁnd this_pitch. This is presumably
because the SVerail ﬁolecuiar arraggehent in planes pefpendicular to
the:helical‘axis has an inﬁersion symmetry. Durand and Leel; and
Goldberg and Schnuri2+13

generation in liquid crystals and have come to the same conclusion.

have also found the absence of second-harmonic

=Th-

Table 5-1. Empirical date on cholesteric mixtures used to observe
phase-matched third-harmonic generation. The bars over the mode

numbers designate the same mode propagating in the opposite (-2)

direction (i.e., with a negative pointing vector).
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Table 5m1

% Cholesteryl

VDielectric

Dielectric ’ Birefringencé
Combination Pitch For Chloride Constant(c) -Constant(c) a . .
. .Phase In Semple €(1.06um) €(0.353um) At ‘Pitch.
Matching Mixture ® t 0.01 + 0.01 For Phase Matching
(m) +.0.002
w K7
%, 2,2,2 _)_321 17 () ’ 2.19 2.30 - ' {o.ozg(d)‘ :
D _ - = ) \0.027"
5. 2,2,1+1 1.4 48 S 2,20 2.32 0.030
6. 1,1,2>1 0.70
7.1,I,2+1 0.69
8. 2,2,2 +1 0.69 %o  2.19 2.31 - 0.030
9. 2,2,1 + 2 0.69
10. 1,1,1 + I 0.47 30 2.18 2.30 0.027
11, 1,7,1 > 1 0.35
12, 2,3,1 + 1 0.35 22 2.8 2.29 0.028
13.°1,1,3+ 3 0.35
1%, 1,1,1 + 3 0.2k 0 2.17 2.27 0.027
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Table 572
% Cholesteryl Predicted Predicted Observed Relative
. Mode . Chloride Pitch For %%- Temperature Temperature Observed Pesk
Combination In Sample Phase ‘ For Phase For Phase " . Third~Hermonic
 Mixture (&) Matching (g—ni) Matehing €°c) Matching<~°c)- Intensity
. C :
o 3w , . , X
—— -17.3% 1 um 6400 ko4 + 0.2 9.3 1
- ! . ho, ,
b 2,2,2 2 (a) {_++17.5 $1.m 61400 5h.2 t 0.2 S5hix 1
5. 2,2,1 > 1 ‘ 48 -1377 £ 10 m - 39 33.3 ¢ 0.3 33.6 b x 107
6: 1,1, > 1 -700 * 5 mm 8.5  3L.1%t 0.6 3.2 < 3x107°
T.1,1,2+>1 40 - ~689 * 5.mm 8.5 . 30.1% 0.6
8. 2,3,2 » 689t Som 8.5 30.1% 0.6 <1 x107°
9. 2,2,1+2 -687 5 m 8.5  30.0% 0.6 29.9 3 x 107t
10. 1,1,1 » 1 30 ~472.t 3 m 3.6’ 38.2t 1 38.1 - 1% 207
11. 1,1, » 1 -352% 2 nm 1.37 32t 2 ' 3 x 1073
12, 2,2,1 + 1 22 - =352t 2 mm 1.3: 32t 2
13. 1,1,3 + 3 -352¢ 2 m 1.3 2% 2 30.5 . 1% 1072
1, 1,1,1 + 3 0 -237+ 2 mm 0.7 38+ 3 29.5 - 2 x 107"
See notes for Table 5-1.
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75-1.

'equgl to (p V& )'l
" at the frequency of the reflected light.

. Mixtures containing S 80% cholesteryl chioride are relatively

chloride).
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Chapter V Figure Captions

Center of the reflection band at two temperatures as a
function of the percentage of chblesteryl chloride in a mixture
containing equal amounts of cholesteryl 6leyl carbonate and

cholesteryl nonanoate (all by weight).. The reflected color

. is expressed as the inverse of its wavelength in air, which is

wherebp is the pitch of the cholesteric

structure and € is its average dielectric constant (Eq. (3-1k))

7 A negative (positive)
Signfindicétes-a Teft-(right-) handed cholesteric structure.

| ' Fig.
unstable at tEmperatufes loyer than the true solid-crystdl to

iiquid-crystal t;ansition temperature (j 9560 féf pure cholesteryl
They.are .

"éuperfcooled" liquid-crystal mixtures and

are. unstable to the onset of solid crystallization; when fréshly

prepared and cooled from the liquid phase to around room
temperature, these ‘High cholesteryl-chloride-content liquidrcsy

crystal structures,last on the: order of minutes before mnting

the: transitlons to the ordlnary SOlld crystal phase
5-2.- Experimental arrangement for observing third-harmonic

generﬁtion in temperature-tuned cholesteric liquid crystals. Elg'

Numbers refer to Corping and Scholt glass filters. The main

laser beam passes through a linear polarizer (Lp), a glass-slide

beam splitter (Gs) and a 1/k wave plate (%-A) for 1.06 ym.

. Glass Tilters then absorb any third harmonic generated up to

this point before the beam-enters the liquid crystal sample (LQ)

immersed in a temperature-controlled water bath (WB). An agueous
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solﬁﬁion of CuSO) then filters out the laser light before the
third-harmonic_signal passes through an interference filter (IF)
and the detector, & 1p21 photomultiplier tube. The réference
arm (for normaiizatioﬂ) generateé third harmonic in s cellrcon-
taiﬁing & solution éf fuchsin basié (rB) in hexafluroacetone
sesquihydrate. Lé;er attenuation filters (LF)band‘a 15 em
focal-léngth lensA(L) céulq be‘insertgd._ The secénd glass;slide

beam splitter and alternate detector pOSifion were used for

observing third-harmonic signal generated in the backward

‘direction.

5-3. Normalized third-harmonic intensity versus temperature

near the~phase-mgtching temperatures for the mixture of 1.75: 1.00
by wéight of cholesteryl chloride and cholesteryl myristate, in

a cell 130 ﬂm thick. The peak at the lower temperature

(corresponding to left helical structure) is generated by right-

‘circularly polarized fundamental waves and the ‘one at the higher

temperature,by ;eft;circularly polarized fundamental waves. The
solid line is the theo;étical phasé;matching ¢urve and the dots
are ekperimental daté points. The uﬁceftainty in the experimen-
tal thlrd-harmonlc intensity is about 20%

S-h.' Normalized third-harmonic power generated in the backward
direction as a function of temperature in a mixture of 35:35:30
by weight of cholesteryl oleyl carbonate, cholesteryl nonanoate,_
and cholesteryl chloride, in a cell 130 um thlck The phase-
match;ng peak appears at the predicted temperature of 38.2.* 1°C
for mode combination #10. The Qircles are the experimenta; .

data and have about a 20% uncertainty. The solid line is a
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theoretical phase-matching curve, assuming the laser pulses had
a spectral content of 150 A,
5-5. No;umlized third-harmonic power generated in ‘the backward

direction for a mixture of 50:50 by weight of cholesteryl oleyl

‘earbonate and cholesteryl nonanoate, in a cell 130vim thick.

The peak occurs withiﬁ the uncertainfy of the predicted tempéra—
ture (38 ¢+ 3°C) for mode combination #lk. The circles are
expérimental points with an uncertainty of 20%. The curve is a

smooth fit to the dats.

5-6. . Eiperimental arrangement for observing phase-matched third-'

'matched third—harmopic generation in liquid erystals requiring

" the simultaneous presense,of laser‘light propagating both for-

wards and beckwards. The two optical path lengths marked "L".
in thé figure must be equal to ensure the coincidence of the
pico-second mode-locked pulses in the sample, since their

separation as they come out of the laser is the round-trip

transit-time in the laser cavity} The unlabled optical components
are the same as in Fig. 5~2. The glass-slide beam splitters (GS)

_ for coupling 6ut the third-harmonic signal were oriented as

close (~ 10°) as practicable to perpendicular to the laser beam

so as to minimize the change of polarization of the reflected

_ third-harmonic signal as well as the transmitted fundsmental’

beams. An adjustable retardation plate (RP) stands in front of

a mbfable mirror MM. The reference third-harmonic apparatus

-(REF) is the same as in Fig. 5-2.

.- -5=T. Normalized third-hermonic power around the predicted

phase-matchiné temperature for mode combination #5 (33.3.#70.3°C),

'

" Fig.
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for a mixture of 26:26:48 by weight of cholesteryl oleyl carbonate,

‘cholesteryl nonanoate and cholesteryl chloride, in a cell 130 um

thick with a reflecting back. The circles are experimental

points with an uncertainty of 20%. The curve is a smooth fit

to the data.

5-8. Normalized third—ﬁarmohicrp6ﬁ6r arouﬁd the érédictéd phase-
matching temperatuie for mode combinations #'s 11; 1é‘and 13,

for a.mixture of 39:39:22 by weight of cholesteryl oleyl carbonate,
cholesteryl nonanoate and chdlesteryl chlbride, in a cell 130 pm
thick with a reflecting back. The cifcles are experimental

points with an uncertainty of about_zo%. The curved is a smooth
fit to the datsa.

5-9. Normalized_third—hgrmonic pover around the p;edicted ﬁhase— i
matching feﬁperatures (32t2°C) fofvmodefcombiﬁaticﬁs #*s-6; T, 8
and 9, for a mixtiire ofv30:301#05by weight of cholesteryl oleyl
carbonate; cholesteryl noﬁanoate;fanﬁ.cﬁblésteryl chloride -inva . .

cell 130:ym thick with a refléctingrbatk;7 The circles-are -experi-

‘mental points=with an uncertdintd.of 20%.')The‘éurve is snshwooth

£it to the data.
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VI. DISCUSSION AND CONCLUSIONS

In 8ll cases, the widths of our observed phase-matching peaks
(as & function of temperature or pitch) are greater than predicted’ -

theoretically for a monochromatic laser and & perfect liquid-crystal

-sample. If the laser begm'were monochromatic and thé‘liquid crystal

were as idealized in our theory, the widths of the pha.se—xhatching »

curves would depend on the rate of chinge of the index mismatch Ak

(Eq. (4-11)) with pitch and the thickness of the sample. The full

width at half maximum would be given by

(), = ;‘Tﬁm I (6-1)

dp .

where L is the semple thickness. The value of.i;g; (iji/pffdf'eﬁch of
the carefully observed mode combiﬁa.tions is given in Téable 6-—1,
But two other effects in fact dominate the observed widths.

Many liquid-crystalline molecules exhibit strong surface effecfs; in
nany mater'ia.'lsb the .initi;a.l »orienta.tioﬁ of the boundary layer of
molecules appeéfs tov rema_i_n i_mchanged despite ché_ﬁges in tiemperaturev
ex}_en including.phz_a.se changes.hs_ In a sé.mple éf chqle_steric maferi'al, :
the.molecular élignment at both interfaces may therefofe be fixed.
These constraints would not allow a perfect helical structure of arbi--
trary pitech to fit-betﬁeen the two interfaces.ﬁ-There'woula in general
be a-distortion of-the f'helical;”str.uc‘_cure amounting to ~ p/2 over the
sample thickness (ﬁ). This implies & pitch distribution with & width
(Ap)2,~ %- EE-. ‘The velues of (AP)ZQ% at the phgse—matchipg pitéhes
are given in Thble 6-1. This effect clearly increases with pitch,

and apparently is the dominant contribution in our observations of



»
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thé third-harmonic peak for p ~ 17 um (mode combination #4). For this
peak, (Ap)z/(dp/dt) ~ 0.2°C, and (Ap)i/(dp/df) ~ 0.1°c. Our observed
full width st half maximm is ~ 0.3°C. | '

For all the other phase-matched mode combinations we observed,
the dominant broa@ening effect comes from'the.lafge spectral‘éontent,
of the mode-locked laser. The different frequencies within the-laser's

spectra;_width are phase matched for third-harmonic generation at

different pitches. Thus as one varies the pitch (by changing the
temperature) one brings different frequencies (or, more generally,

frequency combinations) into a phaseématchéd condition for third

harmonic (or, more generally, sum frequency) generation. By assuming
& spectral content of the mode-locked laser pulses of about 150 A
(fyll width at half maximum of a Gaussian pulse) due mainly to frequency

chirping, we obtain'a contribution to the widths (Ap)3/p = 7.5 x 1073

‘&t any pitch and for all mode combinations, as indicated in Tabie 6-1.

This is clearly the dominant conmtribution for all the other observed.

‘peaks and gives good agreement with the observed widths (Table 6-1).

Observations of our samples under a polarizing microscope and of

the angular distribution of reflected light from a resonant (X = 1)

sample indicate the alignment .of the helical axis is not uniform.-

However this does not affect the observed widths of our third-harmonic
pesks. Phase matching is achieved in cholesteric liquid ¢rystals

through the contribution -of one or more units of lattice momentum to

- the required overall momentum bélance. The lattice momentum is always ..

parallel to the helical axis. Our third harmonic detector was always

: positioned so as only t6 admit signal ~ co-linear with the fundamental

beam(s). The momentum mis-match among co-linesr optical fields is

—9h-

always co-linear with their propagation direction and hence it cannot
be compensated by the laitice momentum in a mis-aligned cholesteric
structure. Phase matching can be»achieved for offeaxis beams, but
only if they are non-co-linear in such a way as to conserve their
components éf momentum perpendicular to the helical‘axis, since the
medium's contributidn.can only be parallel to_the‘axis.

In our experimental arrangement the third-harmonic detector had

7

an acceptance angle of ~3°; consequently, consideration of the vectors

in phase matching indicates we could observe phase-matched harmoniec-
generated from a ~3° range of domain aligrnments. Phase-matching

_ : . -l
occurs in a domasin tipped ~ 1.5° at a pitch difference Ap/p ~3 X 10

gompéred to an aligned domain. This is always small compared to other

effects as can be seen in Table 6-1 and thus does not contribute to

our observed widths. (The laser beam convergence was < 1° when focused,

énd so did not contribute.) There is a loss of_third—harmonic power
due to the fact that only the aligned (* 1.5°) regions qoptribﬁte.
Cémpafed to a peffect sample, fhis loss is rbughly propoffional to the
ampuﬁ# éf misaligﬁed (< 1.56)'samp1e. ﬁough mgasuféments suggest an
élignment diétriﬁﬁtibnwéf[~nf 6°. Thus our nuﬁériéa;uehtimate (below).,
of the C's.compared to. x‘};é_my be low by a factor of ~ 2.

From our measuremeﬁts of the relative intensities of phase-
matcﬁed third-harmonic géneration ﬁy all these various mode combinations
we are able to aeduce some information about thé relative values of
‘the non-linear-susceptibility elements. Equations (hflaé) and (&—lzb),

and Table 4-2 give the theoretical relations between measured third-

It
N
i
2
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harmonic interisities and the non-linear tensor elemént Cll’ 107

C,, and C22. Making the assumption that the non-linear tensor elements.

21

are the same for all our different samples, we find that computer
calculations using our relativé intensity measurements of mode
combinations #'s L, 5, 9. lO,(l3 and lh corrected for their different
‘widths 1ndicate that all four C's are nearly equal their values

differ by from ~ 3% to ~ 10%, but the data do not Justify more specific
conclusions. Uncertainties in the experimental values of the .
parameters m, big and q in the theoretical expre351ons are 1mportant in
some regions of pitch, but the dominant uncertainty is in our

relative intensity measurements. Because of the inherently;different%
beam éeometries for the verious mode combinations, the experimental
arrangement could not be the same for all observations. In addttion,
the four orders of magnitude range in the relative third-harmonic '
intensities requireo different amounts of focusing of the laser
beam(s) and attenuation‘of both'tne laser and the third narmonic.v
éorrections for all_these'different_situations introduce,uncértainties.
Different experimental runs also yielded slightlygdifferent results,
presnmably due to differenoes-in sample quality. Taken together, all
these faetors result in an uncértainty of about a faotor of 2 in our
relative intensity figures. As a consequence we canrbnly conclude
that C

c C,, and C,, ere equal to within < 10% and unequel by

127 V21 ¢ Fa2

by 2 3%. Comparison with the third harmonic intensity generated in a

11’

phase—matehed solution (45-gmfliter) of fuchsin &yé:in hexafluoracetone

sesquihydrate2 gives that the magnitude of the C's is ~ 0.2 Xgie'

-96~

In the above calculation, the experimental result for mode
combination #6.was not used. Assuming the e¢'s are equal, we compute

that the expected peak from mode combination #6 should be four times

greater than that from mode combination #9. Our experimental data

(Fig..5—9) indicate instead that. combinetion #6 is only 1/10 as intense

. as #9, or ~ ko times wesker than predicted. 1In some experimental.puns

no peak at all was yisible at this pitch. The discrepancy between the
observations and the prediction is due to strong reflection of left- |
circulerly polarized 1aser light. The central laser vavelength,‘

Ao = 1.06 um, is centered in the reflection band for p = 0‘72 um.

Mode combination #6 is phase matched for p = 0.70 um. The theoreticali
normal incidence reflectivity at 1.06 um of a semi-inriniteusampleis

~ 25%. Actual:measurements of the‘transmission in our tunedeeamplee in=
dicates that < lO of'the left=circularly-polarized light is transmitted.
In our: experiments we used right-c1rcularly-polarized incident light
which was virtually all transmitted but € 10 -1 of the reflected
backvard propagating left-circularly polarized light ‘was transmltted
Since mode combination #6 involves two left—cireularlyapolarizedum 7
fields (and one right), this effect would decrease the observed third-
harmonic intensity by & factor of < 10 -2 if the Yeftseircularly-
polarized beam were weaker_by‘lo_ throughout the sample. The

decrease would be somewhat less if the 1ntens1ty of the left-ciﬁeular&x~~

polarized beam decresses gradually as it penetrates the sample, due

.

73



A'l .

-97-

tc effects ngt‘considered in our theoretical analysis (e.g., scattering
losses due to'imperfeét cholesteric.strucﬁure). ;-

- The analagous situation of high reflectivity at the third
harmonié does not affect our observations. Althoughvmode combination
#14 is phase-matched for a piteh which puts'the third harmonic inside
its reflegtion band, there are no obsgfvable consequences since-fhe
harmonic is right-circularly polarized'and ﬁherefore not reflected.

We note in summary that the assumption that the four non-linear

tensor elements are the same for all our experimental samples.is

consistent (to within 10%) of our experimental results.

We also observed one of the phase-matched third~harmonic peaks in

an entirely differeﬁt kind of cholesteric-liquid-crystalline material.
All our previously_discussed observat%ons were mdde using mixtures of
materials all of which were chemical deri&atives of tﬁé cholesterol
molecule. This.choice'was arbitfary in»somé respects; any material
forming a cholesteric structure with appropriate.pitch and dielectric -
constants will geﬁerate phgsé-matched third harﬁonic. In particular,
poi&afY~benzy1-L-glutamate (PBLG), a synthetic a-helix protein,
diésolved in ‘dioxane is cholesteric for concentrations fro‘n‘)»~ 0.1 gm

19

to ~ 0.5 gm of PBLG per gm of solvent. The dielectric constants
are comparable to thosé of -our cholesterol-derived materials and

hence -the pitches for phase-matching are approximately the same. A

- pitch of ~17 Hm is realizable and hence phase-matched third-harmonic

generation via mode combimation #4 should be possible. Although the
pitch of PBLG in dioxane has a temperature dependence, we did not

use it to tune the pitch because of the slow response time of PBLG

. samples under changing external conditdons. (Tt teakes wesks for a

‘much attention.
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freshly prepared sample to form a moderately uniform cholesteric

structure; samples prepared from derivatives of cholesterol are usable

-within seconds.) Therefore we used the concentration dependence of

pitch, preparing many samples with'différent concentrations.;,Wéwobserve
a peak in-third-harmonic intensity~around p = 17 um with thealasegg
polarized to feed éfficiently into mbde #2, and no peék for éhe
opposite 1aser(polarizafion. Thefe vas a moderate amounf 6f scatter

in the data, presumably due to the usé of many different samp;es.

We expended a good déal of effortbin trying to observe phase-
matched third-harmonic generation from mode combination #3 (Table L4-1).
Unlike moae combinations #5 - #ih, #3 is not necessarily phésefﬁvsnﬁ
matchablé at any pitch in cholesteric materials; its:phasé—matchability
dependé critically on its parameters € and a. We believe this mode
combinatioﬁ is phase matchable in the same cholesteficbmixture we used

to observed combination #4 but at & pitch > 50 u. Our experimental

. efférts were largely frustrated by the poor quality of our liquid

. cerystal samples whén the pitch became this large; the samples no

longer appesred clear. Others have encountered similar difficulties

when the pitch approaches the sample thiékness.Bs’hy' We did observe

‘a slight peak at the expected pitch but could not verify the expected

dependence of the peak intensity of sample thickness (square law) due
perhaps, to the lhrgevlight scattering in oursamples.r

Reéently, measpreMents of ultr;short pulses ﬁave étﬁracted
hO%hS-h7 In all cases, except the case of Treécy using
the compression technique,pé_the experiments measure & cérrelgtiou

function which is intrinsically symmetric, so that only information

about the'pulse width can be 6btained, and not information about the
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pcssible assymmetry of the pulse shape. Techniques using second-harmonic
generation or twp—photbn fluoresence measure the second order auto-

©
correlation funétion,,G(g)(T) = J ]E(t)F'E(t+T)[2 dt, which is inher-
emtly symmetric (G(z)(T) = G(z)(::)). Phase-matched third-harmonic gen-

b7

erastion has been used for pulse-width measurements, but under circum-
sténce; in whicﬁ only a symmetrized form of,the third—order auto-
correlation function could be observed.‘ Here, in principle, thelfech;
nique can provide information about pulse asyﬁmetry as well, if phase
matching requires two fundamental photons in one mode and one in the
other mode, since then the correlation function G(3)(T) =
'jm IE(t)[hlE(t+T)]2 at # 63 (1) * Tnis 1s indeed the caéé for &1k«
-z _ .
fourteen phase matchable mode combinations except #'s 1,"%, 10 and 1h.
'To demonstrate the technique, we split the laserAbeém into two beams
vith proper polarizations for excitiné mode combinafion #9. The two
beams; after traveling about the same oﬁtical path, met each other at +
the sample from,oppésite sides. A variable optical délay in one arm
“allowed coﬁtinuous variation of the relative arrival time T of the two
pulses. Our results are shown in Fig. 6-1. ,Thebcurve shows an average
pulse width of abouf 7.5 péec and & slightvpulse asym@etry in the sense
thﬁt.fhe trailing edge of the pulse was steeper than the leading.edge.
This agfeés qualitativély.with the result of,Tree.cy.hs Assuming a hypo-
thetical asymmetric pulse shape construéted from two half-gaussians
joined at their maxima, we find a satisfactory fit to our data with the
ratiovof thérwidths of the two half-gaussians being = 4. Although third
order correlation functions give qualitative data about gsymmetry,'they
are not a sensitive quantitative measure 6f pulse shape. Some prior

knowledge of pulse shape and very preéise data are necessary to draw

accurate conclusions. The resoiution of our data was limited by the

sample thickness which was 130 um. For better resolution and signal-to-
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k9

noise ratio, we should probably use crystals such as calcite ~ as the
nonlinear medium in such measurements, where phase-matched third-harmonic
generation can be achieved with two fundamental photons in the ordinary
mode and one in the extraordinary mode. Since in calcite phase-matching
is achieved with all fields propagating in the same direction, the reso=-
lution is not limited to the sample thickness and one can greatly in-
cfease the signal without sacrificing résolution. Ideally one might be

able to obtain informatiencabout individual pulses instead of averages

over all the pulses in mﬁny trains.

Our maximum observed con%ersién of energy from the laséffE;é- 7
quéncy to thé third-harmonic was small. The most efficieﬁt mode
combination ip this respect was #4. Without focﬁsiné the & 2 mm
diameter 1asér beém, our 130 um thick samples conyerted ~ 10.1h of
‘the laser energy to its third harmonic. By focusing the laser beam
down to ~ 6.1 mm diemeter, one might increase the conversion by a
factor of ~ 5§ X 102. We did not observe any damsge threshold; if the
laser intensity did damege our semples, they recovered in the time
ﬁetween iaser shots (~ 2 min.).‘_We believe thicker samples are-possiﬁle,
but .probably not without external electric or magnetié»fieldsvto.
maintéin unfform orientation of tﬁe syemetry axis throughout the

20-26,50

sample. If the square-law dependence of third harmonic

intensity on sample thickness holds up to centimeters, a 1 cm thick
sémple would increase the conversion efficiency by another factor of

~ 6 x 103, A laser with a peak power of ~ 108 watts would then

~ generate a peék third-harmonic power of ~ 3 watts. Even this may be

optimistic. It could not be achieved with a typical mode-locked Md-

glass laser beeause only part of its broad spectral width (~ 150 A)

can be phase-matched at a given pitch in such thick samples. In

¢

-
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zddi tvon even if an allgned 1 em thick sample were achieved,

imperfections could leadgto”dephasingsand/ér scattering bf;the beams -

to the extent that the square-law dependence were no longer valid.

" The potential of cholesteric liquid crystals as practical conversion

.déwices thus awaits further invegtigatioﬁ of the prépertieé.qf thick
(1 cm) samples . 7 » |

Wé have exp1101t1y con51dered the phase matching of only two
interactlpns, second~ and th1rd—harmon1c generation, ‘In fact it is

just as easy to phase ﬁatch almost ahy othér optical interaction,

mwlmarlly because the per10d1c1ty of liquid crystals is continuously

tunable, and it is the perlodlcity which glves rise to most of the phase—

metching poésfbilities. Other largerscaleéperiedic medig:dffér*similar

potential. Bloembergen and Sievers ﬁave considered possiblities for
phase matching of & numbér of interactions in composite layers'of

GsP and Gals. This.material.1acks_inversion symmetr&, thus permitting
the observation of second-order noﬁ-linear effects. However it is

difficult to fabricate'and not so directly tﬁnqbleJ 'The_gregt

fadvantage of cholestéric liquid crystals is their inherent and variable

periodicity..

’temperature around the phase-matched pltch.
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Table 6-1. Data on predictéd and observed widths of phased-matched
third-harmonic peaks in cholesteric liquid crystals. p is the

approximate pitch for phase-matching of the designated mode ¢ombination}

d(Ak)/dp is the rate of change of the corresponding'phase mismatch

(BEq. (k- 11)) with pltch and dp/dT is the rate of change of pitch with

(Ap)l, (8p), and (Ap)

are estimated contributions to the widths of the th;rd—harmonlc peaks

in a sample 130 ﬁm thick due repectively to the rate of change of the

¢

index mismatch, possible dist@rtion of helical structure, and laser

‘bandwidth; and are defined in the text. The total predicted width is

calculatéd from the sum of the previous three columns, and the

pbserved widths are given in the-last ‘column.
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Chapter VI Figure Captions
Fig. 6.1. Normalized third-harmonic power versus relative time delay
of the two fundamental laser pulses propagating in opposite

directions in the mixture of Fig. 5-9 at the phase-matching

b

temperature 29.9°C. The circles are experimental points with an

uncertainty of 20%. The. dashed curve is a smooth fit to the data.
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