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Nonlinear Hodels In 2 + * Dimensions 

by 
Daniel Barry Friedan 

Abstract 

The general nonlinear scalar model i s studied at asymptotically low 

temperature near two dimensions. The low temperature expansion i s 

renormalized and e f f e c t i v e algorithms are derived for ca lculat ion to a l l 

a '4ers in the renormalized expansion* The renormallzation group c o e f f i ­

c i ents are calculated in the two loop approximation and topological pro­

pert ies of the renormallzation group equations are invest igated . Spe­

c i a l at tent ion i s paid to the infrared i n s t a b i l i t i e s of the fixed 

po in t s , s ince they provide the continuum l i m i t s of the model. 

The model cons i s t s of a scalar f i e l d f on Euclidean 2 + * 

space whose values 0(x) l i e in a f i n i t e dimensional d i f f e r e n t i a t e 

manifold M. The action i s 

S<-» - A* p * 7 T _ 1

g j 4 ( K x » o A x ) o V ( * > 

where A i s the short distance cutoff and T g i s a (pos i t ive 

de f in i t e ) Riemannlan metric on H. cal led the metric coupling. 

The standard nonlinear models are the specia l case? in which H i s 



a homogeneous space (the quotient G/H o£ a Lie group G by a compact 

subgroup H) and g i s some 6 - invariant Ueaannian metric on H. 

G ac t s as a global Internal symmetry group• 

The renormallzation of the model i s divided into two parts: show­

ing that the action reta ins i t s form under renormaliration and shoving 

that renormallzatlon respects the act ion of the dlffeomorphlsms ( i . e . 

the reparametrizatlons or transformations) of H. The techniques used 

are the standard power counting arguments combined with general izat ions 

of the BRS transformation and the method of quadratic i d e n t i t i e s . 

The second part of the renormalization i s crucia l for renormallzing 

the standard models, s ince i t implies the renormallxatlon of internal 

symmetry. It i s carried out to the point of identi fying the f i n i t e 

dimensional cohomology spaces containing poss ib le obstructions to the 

renormallzation of the transformation laws, and of noting the abaence of 

obstructions when H has f i n i t e fundamental group and nonabellan semi-

simple lsometry group. 

The renormalizatlon group equation for the metric coupling Is 

A - 1 J^r *ij - - fcjw 

^(T-'g) - - • ! % • EtJ + I T R i p q r R j p q r + 0 (T 2 ) 

R, i s the curvature tensor and R,, - R̂  M the Rlcci tensor of the 
ipqr i j ipjp 

metric g . The p- function p (g) Is a vector f i e l d on the 
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Typographical Note 

i h i s t h e s i s was prepared on a PDP-11 computer using the NEQN and 

NROFF t y p e s e t t i n g prograns of the UNIX opera t ing system. Limi ta t ions of 

the p r i n t e r required tha t Greek l e t t e r s and s p e c i a l symbols be con­

s t r u c t e d as combinations of c> her cha rac t e r s* The composite symbols and 

t h e i r meanings a r e : 

oc a l p h a s I n t e g r a l 

p b e t a a p a r t i a l d e r i v a t i v e 

y gamma 2 aim 

r GAMMA CD i n f i n i t y 

6 d e l t a T d e l , c o v a r i a n t d e r i v a t i v e 

4- e p s l l o n T g r a d i e n t 

> lambda £ l a p l a c i a n 

A LAMBDA 1 p e r p e n d i c u l a r 

f • u * d i r e c t aura 

n Dl • t e n s o r product 

n P I , product * PS I 

* p h i F rhc 

I PHI a- s igma 

•/• P8i T tau 
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I- The Low Teaperature Expansion 



2 

1. Introduction 

This i s the f i r s t part of a study of the general nonlinear scalar 

model at aymptotlcally low temperature near two dimensions. It treats 

the renormallzatlon of the low temperature expansion. The second part 

la an invest igat ion of the topological properties of the renormallzatloo 

group equations uear zero temperature. A part ia l summary of both parts 

i s to be found in [ I ] . 

The model cons i s t s of a scalar f ie ld jf on Euclidean 2 + * 

space whose values j*(x) l i e in a f i n i t e dimensional d i f ferent lab le 

manifold M. The d i s tr ibut ion of the f i e l d s i s 

n d*(x) exp[-S<*)] , (1 .1 ) 
x 

where 11 d4(x) i s the a priori measure on the f i e l d s and 
3C 

S((S) - A* $ax | T " X

g l j ( ^ ( x ) ) o # i { x ) » V ( x ) (1 .2) 

ie the ac t ion . A i s the short distance cutoff . 

The parameters of the model are: (1) T g 1 1 e • (pos i t ive de f in ­

i t e ) Rlemannian metric un M, ca l led the metric coupling; and (2) 

d^(x), a volume element on H (Independent of x ) , cal led the a 

pr ior i volume element, which Is taken to be some natural volume element p 

such as the metric volume element, associated with £•*• 
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parameters: parameters describing nonrenormallzable v e r t i c e s are ignor-

able . Power counting determines that the bare parameter A can be 

written as a function of a renormalized parameter A and the rat io of 

s ca l e s p A so that Z{ A, A ) , when expanded in A , has a sens ible 

l imi t order by order in A as A - > c o . To lowest order, A i s A 

scaled by appropriate powers of p A so that the renonnallzed d i s t r i ­

bution of f i e l d s i s , a t lowest order, independent of A* At higher 

order, A cons i s t s of cutoff dependent counterterms (containing powers 

of log |j A) needed to cancel the primitive divergences In the Feyntnan 

diagrams of the perturbatlve expansion. 

By power counting, the primitive divergences depend only on the 

short distance properties of the model* Therefore the perturbation 

theory can be made cutoff independent by means of counterterms which are 

independent of the infrared regularizat lon. 

The space of renormalized parameters A must be large enough to 

contain a l l counterterms permitted by power counting, because the d i s ­

t inc t ion between renormalized parameter and counter term i s arbitrary, up 

to cutoff Independent reapportionments between the two. 

The continuum l imit of the perturbation theory, which depends on ^ 

and A > 1B defined by ( 6 . 1 . 3 ) . Renormalization group equations follow 

from the equivalence of cutoff and continuum theories at distances much 

larger than the cutoff . Z(A, A) ia independent of fi, so d i f f eren­

t i a t ing the expression on the l e f t in ( 6 . 1 . 3 ) with respect to u , hold­

ing A and A f ixed , g ives the renormalizatlon group equation 
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appropriate to renoraallze perturbatlvely. The Internal 0(N) sycuaetry 

equates a l l constants , wo i t i s only necessary to Investigate f luctua­

t ions about any one of them. The 0(N) symmetry of the ac t ion , and I t s 

approximate scale lnvarlance near two dimensions, g ive the resul t that 

the d is tr ibut ion of f i e l d s reta ins the forts ( L l - 2 ) under renormallza-

t i o n . The renormalized dis tr ibut ion depends on a renormalized tempera­

ture (and a renoraallzed f i e l d ) * The renoraal izatlon group acts on the 

f i e l d s and on the one paraaeter space of the temperature T. 

A f i r s t order perturbstlve calculat ion of Che ^normalization group 

coe f f i c i en t s finds an infrared unstable fixed point at a temperature of 

order • . The smallness of * j u s t i f i e s the use of perturbatlve tech­

nique to find the fixed point . From the point of view of Wilton[7], the 

unstable manifold of the renormallzation group ac t ! to at the fixed point 

describes a Euclidean quantum f ie ld theory or , equlvalent ly , the univer­

sa l scal ing l imi t of a nearly c r i t i c a l extended s t a t i s t i c a l Bye.tea. In 

two dimensions the fixed point i s at zero temperature and the model i s 

asymptotically f r e e . 

Brezin, Zinn-Juatln and Le Gulllou[8-10] systematized Polyakov's 

r e s u l t s on the 0(H)- model In the language of perturbatlve quantum 

f i e l d theory. (See also [11] . ) The double expansion in T and *• i s 

found to be a renormallzable perturbation s e r i e s , so that standard per-

turbative f i e ld theory algorithms can be applied to the calculat ion of 

renormalizatton group coe f f i c i en t s to a l l orders . 

The standard perturbatlve version of the model i s used. Small 
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f luctuat ions of the nonlinear f ie ld fix) are represented aa l inear 

f i e l d s tr (x) by meana of coordinates about toae point on the ( H - l ) -

aphere M. Because of the homogeneity of Mv a l l such points are 

equivalent* An 0(N-1) subgroup of the Internal symmetries acta by 

l inear transformations on o>, the rest by nonlinear transformations. A 

spec ia l choice of coordinates i s made in order to simplify the form of 

the nonlinear symmetry. 

The d i s tr ibut ion ( 1 . 1 - 2 ) , rewritten in terms of the l inear f i e l d s , 

describes an (N-I ) - component ma&sless scalar f i e ld governed by an 

action consis t ing of the integral over apace of an i n f i n i t e power aeries 

In the l inear f i e ld t ines a product of. two of l t a der iva t ives : 

S(o-) - A* $dx i T ^ I y C c r C * ) ) » o^Cx) o o-'(x) (1 .3) 

l y C v ) - 8 ± J + (1 - v t v k ) _ 1 v ± V j . (1 .4) 

The expansion in T becomes a aum of Feynaan diagrams. 

Power counting deteraines that the renoraalized perturbatlve act ion 

remains the integral of a power aer ies in the l inear f i e ld t l a e s two of 

i t s der iva t ive s . The nonlinear ayametrles of the bsre action give r i s e 

to quadratic i d e n t i t i e s on the renoraalized ac t ion . 112] The aost gen­

eral so lut ion of these i d e n t i t i e s cons is tent with power counting i s 

exact ly the bare ac t ion , up to a renoraalization of the teaperature and 

a mul t ip l i ca t ive renormalization of the f i e l d . 
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The equivalence of bare and renoraallzed descr ipt ions of the aodel 

implies renormallzatlon group equationa for the teaperature and f i e l d t 

whose c o e f f i c i e n t s can be determined at each order in T and *• from 

the u l t rav io l e t divergences of a f i n i t e number of reynaan diagrams. In 

[ 1 2 ] , the c o e f f i c i e n t s are calculated in the two loop approximation. 

The aim of the present work I s to extend the r e s u l t s of Polyakov to 

the general nonlinear model, using an elaboration of the aethoda of per-

turbative f i e ld theory. Part I i s concerned with the renoraallzatlon of 

the double expansion in T and *• 

The treatment of renoraalizatlon div ides into two conceptually d i s ­

t i n c t tasks . The f i r s t task I s to show that after rsnoraal izat lon the 

d is tr ibut ion of the f i e l d s retains the fora ( 1 . 1 - 2 ) . Linear f i e l d s are 

Introduced to represent the f luctuations around the constant f i e l d s 

|l(x) - m, uBlng coordinates on X near a . In the absence of hoao-

geneity s l l constants Bust be included. For each constant a , the d i s ­

tr ibution of 1 lnear f i e l d s i s governed by an action of the form ( 1 . 3 ) . 

Vertices are pi .ded by the Taylor s e r i e s e.-pjnslon at a of the 

metric coupling in coordinates around a . Power "-ounting deteraines 

that each d is tr ibut ion of l inear f i e l d s re ta ins i t s fora under renoraal­

i z a t l o n . The problea Is to show that the renoraallzed v e r t i c e s ar 1 

l inear f i e l d s associated with the various constants can be made to f i t 

together as the Taylor expsnsions of a s i n g l e renoraallzed metric cou­

pling for a s ing le nonlinesr f i e l d . This i s accomplished by expressing 

the conditions for compatibil ity of the v e r t i c e s as an invariance of the 



c o l l e c t i o n of d i s t r ibut ions of l inear f i e l d s under siaulcaneous change 

of B and ' • Resulting quadratic I d e n t i t i e s on the renoraallxed d i s ­

tr ibut ions at l inear f i e l d s are solved to find a renoraallzed d i s t r i b u ­

t ion of nonlinear f i e l d s of the fora ( 1 . 1 - 2 ) . The resu l t i s t h a t t under 

any renornallzatlon scheae, the contlnuist l i a l c A -* <i> c*>n be taken, 

order by order In T and • , when the bare ae tr ic and f i e ld of ( 1 . 1 -

2) are expressed as cutoff dependent functions of a renoraallzed ae tr lc 

and a renormalized f i e l d . I t follows that the renoraal l i s t loo group 

acts on the f i e l d s and on the ae tr lc coupl ings . Different renoraal lza-

t lon scheaes g ive r i s e to equivalent renoraal lcation group a c t i o n s . 

Effect ive a lgori thas are derived for perforalng a a n i f e s t l y covarl -

ant ca lculat ions to a l l orders In T and *•; and the c o e f f i c i e n t s of 

the renormallzatlon group equations are calcti lsted In the two loop 

approximation. For the ae tr lc coupling, the r e s u l t I s 

A"1 A-j g j J - - p i j ( g) (1.5) 
»A~ 

PyCT-'g) - - * ! % + * ± J + l ' V V q r 

+ 0 ( T 2 ) . (1.6) 

R, i s the curvature tensor and R.. • B. . the Rlccl tensor of the 
lpqr 1J Ipjp 

metric g . The f i e ld fix) i s renornalized within the space of order 

parameters: the nonnegative unit aeasures f (x ) on M. The 
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renormallzation group equation Is l inear in the order paraaeter: 

A ' 1 — r I (x) - / ( g ) * fcx) (1 .7 ) 
»A l 

WT"lg> - - j l y j + 0 ( T 3 ) (1 .8 ) 

where r I s the covarlant derivat ive for the metric g . . . These equa­

t ions are studied in Part II* 

The second task in the study of renormalization la to Investigate 

the e f f e c t s on the transformation properties of the nodel . The d l f -

feomorphisms of H ( i . e . , the transformations or reparametrlzatlons of 

M) act on the f i e l d s and parameters of the model as a group of 

equivalence transformations. The diffeomorphisms which leave the param­

eters unchanged are global internal symmetries* The question i s whether 

i t i s poss ib le , given an arbitrary renormallzatlon scheme, to find f i n ­

i t e correct ions which make the renormallzation preserve the structure of 

the equivalence transformations. This seems crucial to the Interpreta­

t ion of the renormallzed model. In part icular , the preservation of 

internal symmetry Is needed for the renormallzabll ity of the standard 

models. 

The Invest igation of the renorraalliability of the transformation 

laws I s not carried to completion here, but stops with Ident i f i cat ion of 

the f i n i t e dimensional cohomology spaces which contain the possible 

obstructions* The next s t e p , which I s an examination of the extent to 
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which the act ion of the rat ional izat ion group removes the obstruct ions , 

i s not taken; nor i s any interpretation offered for the pathologies 

associated with the obstructions to renormalizabil i ty of the transforma­

t ion laws. 

The construction of the renormalized model and the ca lcu lat ion of 

the renormalizatlon group coe f f i c i ent s require no condit ions on the g l o ­

bal properties of the manifold M. The discuss ion of the renormaliza-

t lon of the transformation laws, on the other hand. I s l imited here to 

the cases in which M i s e i ther a compact manifold or a noncompact 

homogeneous space. In the l a t t er e s s e , addit ional qualifying assump­

t ions are made when convenient. 

The organization of Part I i s as fo l lows . Section 2 describes 

basic structural features of the nonlinear models: the parameters of 

the models; the transformation propert ies; the structure of the standard 

models; and the de f in i t ion of correlat ion functions, the order parameter 

and the generating functions. Section 3 sketches the construction of 

the regularized low temperature expansion. The technical d e t a i l s are 

g^ven in sec t ions 4 and 5. Section 4 I s a treatment of systems of coor­

dinates on the manifold M. Section 5 discuBses the representation of 

the small f luctuat ions by l inear f i e l d s , describes the d i s t r ibut ions of 

l inear f i e l d s , and derives invariance properties* Section 6 treats the 

renormal iut ion . I t discusses the renorcoalizatlon group in general , 

constructs the renormalized nonlinear model, and begins the inves t iga­

tion of the reno rea l i zat ion of the transformation laws. Section 7 
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suataarizes rules for calculat ions including apeclal rules adapted Co the 

standard models; and presents the r e s u l t s of several c a l c u l a t i o n s , not­

ably the two loop ca lcu lat ion of Che renoraallzaclon- group c o e f f i c i e n t s . 

Material spec i f i c to the standard aodels I s given In sec t ions 2 . 3 , 4 . 8 , 

5.S, 6 .5 , and 7 . 2 . 

The e s s e n t i a l Ingredients of Part I a t e aam.pulatlons of formal 

power s e r i e s . Analytic n i c e t i e s sre e i ther suppressed or Ignored. Ten­

sor analys is I s done using index notation, which I s regarded fro* the 

point of view of [ 1 3 ] . The indices < l , j , k , . . . , p , q , r , • • •> are used 

for tangent vectors on H. The staMatlop convention i s used throughout. 

(141 i s a reference for basic facts and notation of d i f f erent ia l 

geometry. 
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2. Structure of the Nonlinear Models 

J2-1- The d is tr ibut ion .of f i e l d s 

The form of the d is tr ibut ion of f i e l d s (1 .1 -2 ) Is determined by 

Euclidean invariance, by the scalar character of the f i e ld f»t by the 

requirement that a l l interact ions be ahort range and order inducing, and 

by certain assumptions of regular i ty . 

The a pr ior i measure fl d*(x) i s , by i t s e l f , the most general 

Euclidean invariant d is tr ibut ion of f i e l d s in which the values of the 

f i e ld at d i f ferent points In apace are completely Independent. It Is 

the f i r s t term in an expansion in the range of Interact ion (having range 

zero ) . The fu l l d i s tr ibut ion of f i e l d s can be wri1. sn as the a priori 

neasure t ines the exponential of (minus) an act ion . Because only short 

range interact ions are admitted, the actit-n must be the Integral over 

space of a local expression: a sum of products of spat ia l derivat ives 

of the f i e l d . 

A derivat ive i ff (x) - of the f i e l d , in the fu direct ion at x, 

i s a tangent vector to the manifold M at the point pKx). Because 0 

i s assumed to be sca lar , only products of even numbers of der ivat ives 

can occur in the integrand of the act ion; and the spat ia l indices must 

be contracted in pairs with the Euclidean metric . The r e s u l t , for each 

point x, I s a par t ia l l y symmetrized tensor at 0(x) in M. This ten­

sor must be contracted with a dual tensor In order to obtain a real 

number which can be integrated over space. The dual tensor must in 
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general depend on # ( x ) ; but, by Euclidean lnvariance, i t cannot depend 

e x p l i c i t l y on x . Thus the coupling associated with each tern in the 

action i s a tensor f i e ld on M. 

A term in the act ion containing no der ivat ives of the f i e ld takes 

the form 

A 2 + * <jdx h(*(x)) ( 2 .1 .1 ) 

where h i s a real valued function on M (a tensor f i e ld of rank 

zero ) . h i s the general izat ion of a constant external f i e ld* I t can 

always be absorbed into the a priori volune element: 

d*(x) - * d*(x) expt h(*(x>) ] . (2 .1 -2) 

Moreover, the rat io of two volume elements, being a pos i t ive function on 

M, can always be written as the exponential of a function h. The 

range zero portion of the d is tr ibut ion of f i e l d s Is parametrized 

equivalently e i ther by a pr ior i volume elements or by constant external 

f i e l d s . 

The action (1*2) i s the most general p o s s i b i l i t y containing the 

product of two derivat ives of the f i e l d . The two der ivat ives must 

appear In the form o" f (x) o * ( x ) , which i s a symmetric two-tensor at 

J*(x) . It must be contracted against - xymmetric quadratic form on 

tangent vectors at ^ ( x ) . The quadratic form should be nonnegative in 
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order that the action be order inducing. A f i e l d of nonegatlve sym­

metric quadratic forms i s a (poss ibly degenerate) Riemannlan metric on 

Contributions to the action containing a product of sore than two 

derivat ives of the f i e ld have naive length dimension > 2 + 0 ( « ) . 

Since true scal ing behavior c o n s i s t s of naive scal ing behavior plus 

corrections of order T, these contributions are suppressed under 

renormalization at low temperatures and small * . In the language of 

perturbative f i e ld theory, they are nonrenormalizable. In the language 

of s t a t i s t i c a l mechanics, they are i rre levant . 

The regularity assumptions are: (1) that the manifold in which the 

f i e ld takes values i s smooth ( i n f i n i t e l y d i f f e r e a t i a b l e ) ; (2) that the 

a priori volume element i s smooth and nowhere vanishing; and (J) that 

the metric coupling i s smooth and nowhere degenerate* 

The temperature T in the coupling T g Is not a separate 

parameter. Multiplying T by a pos i t ive constant c while multiplying 

g , , by c leaves the coupling unchanged- The temperature i s written 

separately only to make the expansion parameter v i s i b l e and appears only 

in the combination (T g ) J . Except when an e x p l i c i t expansion param­

eter i s needed, the temperature wi l l be absorbed Into the metric, the 

coupling written simply g , ,» 

The parameters of the general nonlinear model are the a priori 

volume element d^(x) and the metric coupling g . . * Two a priori 

volume elements are equivalent i f their rat io i s a constant, because the 



corresponding a pr ior i measures di f fer only in their normalizations. 

It i s convenient to s e l e c t a particular a pr ior i volume element 

d f(x) for each metric coupling g , and to parauetrize the model by 

metric couplings and constant external f i e l d s h . Two constant ex ter ­

nal f i e l d s are equivalent If they d i f fer by a constant function on M. 

The d i s tr ibut ion of f i e l d s becomes 

II d > ( x ) exp[ - S(#) + H Q ( # ) J <2.1.3) 

H o(#) - A 2 + * J d x h o ( ^ ( x ) ; . ( 2 . 1 .4 ) 

The obvious choice of d 0(r,) Is the metric volume element associated 

with g, but i t w i l l be useful to allow for a more general choice. 

2,'Z' The manifold M and i t s diffeomorphism group 

The manifold M i s taken to be f i n i t e dimensional, connected and 

smooth. If M i s not connected, then, because f luctuations between 

di f ferent connected components are neg l ig ib l e at low temperature, the 

model decomposes into a c o l l e c t i o n of Independent nonlinear models, e.-ch 

based on one of the connected components. Therefore M might as well 

be assumed connected. 

In the construction of the renorrcalized low temperature expansion, 

which sees only small f luctuations of the nonlinear f i e l d , only the 

local properties of M are s i g n i f i c a n t . Global conditions on M, such 
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as coapactness or completeness, are not needed. I t i s expected, how­

ever , tha t , for the aodel to be s ens ib l e (both perturbatlvely am. non-

perturbat ive ly ) , some global conditions are required. In part icu lar , 

the global properties of M seea to be relevant to the existence of the 

i n f i n i t e volume l i a i t of the low temperature expansion, order by order 

in T. (Coapare [ I S ] . ) Coapactness should certa in ly be enough to g ive 

a sens ib le aode l . Of the noncoapact aan l fo lds , certain homogeneous 

s p i c e s , at l e a s t , should have sens ib le low teaperature expansions. The 

discuss ion of the renoraali .^clon of the transformation properties of 

the model Is l imited to these cases because chey are technical ly acces ­

s i b l e . 

The dlffeoaorphisas of M ( i . e . , the transformations or 

reparametrizationa) are the smooth maps of M to I t s e l f which have a 

smooth Inverses . They form a group I). The inf ln l teaaal diffeonor-

phlsms are the vector f i e l d s on M. A diffeomorphism % aces on the 

f i e l d s by acting simultaneously on their values everywhere in space, 

taking the f i e ld fix) to the f i e l d • K ' f ( x ) . It carr ies the d i s t r i b u ­

tion of f i e lda to a transformed d i s t r i b u t i o n . I t also transforms volume 

elements and metrics on H, taking the metric g { . and volume ele-enc 

de(x) at 0"(x) to the metric ^ * g i 1 and v o l i n e element "r^d^-? at 

*°*(x). 

The transformed dis tr ibut ion of f i e l d s reta ins the form ( 1 . 1 - 2 ) , 

cbo metric coupling and the a priori volume element replaced by the 

transformed metric and the tranaformed a priori volume element. It 
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follows immediately that any diffeoaorphism of H which leaves the 

metric and volume element unchanged acts as a global symmetry of the 

model. 

When the model i s parametrized by a constant external f i e ld h 

(witli respect to a specia l choice d f(x) of a pr ior i volume element 

for each metric coupl ing) , the transformed d i s t r ibut ion of f i e l d s 

corresponds to the transformed metric f f c g . and the transformed exter­

nal f i e ld ^ .h i f and only i f the choice of a volume element for each 

™ o 

metric i s natural; that i s , 

* * d > ( x ) - d + *<*> (2-2-1) 

for a l l diffeomorphisms 4r- This certa in ly holds when d £(x) i s the 

metric volume element for g. Henceforth d <*(x) i s assumed natural in 

g« 

The transformed dis tr ibut ion of f i e l d s i s e n t i r e l y equivalent in 

i t s observable properties to the o r i g i n a l . The manifold M i s not 

i t s e l f d i rec t ly access ib le to observation because there i s no means of 

s ingl ing out a distinguished parametrization of the values of the f i e ld 

by points in M. The only observables are the spectral properties of 

the Euclidean motions (and of the internal symmetries) , and are not 

affected jy the diffeomorphisms of H. 

The girmp of diffeoaorphlsms of i ac t s on the space of parameters 

of the model as a group of equivalence transformations* The space of 
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parameters I s , after s e l ec t ion of a natural volume element for each 

metric coupling, the Inf in i te dimensional space j* of Riemannian 

metrics on M together with the space of real valued functions on M 

(modulo the cons tants ) . The true models are the equivalence c l a s s e s 

under the action of the diffeomorphlsm group* The apace It of 

equivalence c l a s s e s of metrics i s an i n f i n i t e dimensional manifold 

except at the metrics with i sometr ics , where there are s ingular i ­

t i e s . [16) The true parameter space i s a vector bundle (with s ingular i ­

t i e s ) over jl, whose f ibers are equivalent to the space of real valued 

functions on M (modulo constants ) . 

A covariant renormalization scheme i s one in which the bare and 

renormalized parameters (and f i e lds ) transform in ident ica l fashion, 

which i s to say that the renortnalizatlon and diffeomorphism groups com­

mute. A renormalization scheme i s manifestly covariant i f i t i s natural 

in the metric coupling and the a pr ior i volume element (or external 

f i e ld ) • The manifestly covariant schemes developed below are natural in 

the metric alone. 

2.'1' Standard models 

The standard models are characterized by the property that the 

transformations of M leaving the metric coupling and a pr ior i volume 

element invariant act t rans i t ive ly on H. That I s , for any pair of 

points in M there i s a symmetry transformation taking one point to the 

other. 
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The isometrles of a Riemannlan manifold always for* a f i n i t e dinen-

slonal Lie group* The condition that the a pr icr i voluoe element also 

be preserved determines a closed subgroup. Therefore th** internal sym­

metry group i s a f i n i t e dimensional hU group G. The symmetries leav­

ing fixed a s ing le point • in M fora a closed subgroup H of C, 

cal led the isotropy (or " l i t t l e " ) group at n - The nap n: G -* M 
o 

which takes the transformation * in C to the point * ( • ) in H 

i d e n t i f i e s M with the quotient C/H, the space of right H- cose ts in 

G. Varying the base point m amounts to conjugating H by an element 

in G. The action of G on M i s therefore determined by the conjuga­

tion c las s in C of the compact subgroup H. 

Since H leaves m f ixed , i t ac t s by l inear transformations on 

the tangent vectors to M at m . This i s cal led the Isotropy action 

of H. Since H i s a group of l s o o e t r l e s of a Riemannlau metric on M, 

and since the exponential map for tjch a metric i d e n t i f i e s the tangent 

space at m with a neighborhood of m in H- invariant fashion, and 

s ince M i s connected, i t follows that any element in H which ac t s an 

the ident i ty on tangent vectors dt m i s in fact the ident i ty 

transformation of M. d i s therefore ident i f i ed with a closed subgroup 

of an orthogonal group and must be compact* 

The t i e algebra of G I s written £ , that of H, h,. H i s a 

subgroup of G( so t_h, h] I s contained in h (where [•»•] i s the 

T«ie bracket in £)« Since H i s compact, there e x i s t s a l inear sub-

space m complementary to h in gj 
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£. - » • h. (2 .3 -1) 

such that the adjoint act ion of H on £ (by conjugation) takes m to 

i t s e l f . On the Lie algebra l e v e l , {h9 • ) i s contained in in. The 

l e t t e r s {a ,b , c . • • } are used for indices taking values in Jh and the 

l e t t e r s { i , J t k . . . p t q , r . . . } for indices taking values In ti. The 

c 1 I k nonzero structure constants of g are C , , tr . - - Ĉ  , C . . , and A ah* a i ia* i j • 

C , . , where the structure constants are g iven, for example, by 

[v, w l k - v 1 tf1 c £ j . 

The 0(N)- model has G « 0(N) , H - 0 (N-1) , M - S N _ 1 , and 

jo - R "" . The adjoint action of H - 0(N-1) on m - R i s the 

defining representation. The chiral SU(N)- model has G * SU(NV*SU(N), 

H - SU(N) (Che diagonal subgroup), M * 5U(N), and m - su(N). The 

aujaint action of U on m i s conjugation. 

The tangent space to M at m can be Identif ied with the sub-
o 

space m in £ by means of the derivat ive d n of the quotient map 

n: G -* M at the ident i ty e in S, because d ir(£) - 0. An i n f i n i -

tesmal transformation v *.n ni moves the poinc m i n f i n i t e s o a l l y in 

M along the corresponding tangent vector d ir(v)• The isotropy action 

of H on tangent vectors at m i s the same as i t s adjoint action on 

m. 

Since G ac t s t r a n s i t i v e l y on M, a l l G - invariant tensor 

f i e l d s on M» including the metric and volume element, are determined 

by their values at m , and are in one to one correspondence, v ia d ir. 
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with the II- Invariant tensors on ja. In part icular , the Invariant 

metric i s an H- invariant inner product on n_ and the invariant volume 

element an H- invariant volume element on ja. There i s only one volune 

element on m (up to mult ipl icat ion by a pos i t i ve real number): 

| e . - e 2 * " * | in a bas i s <e } for m_. So the metric coupling i s the 

only free parameter in a standard model* 

Because H i s compact, i t leaves the volume element on m invar i ­

ant* Any nondegenerate inner product on m can be averaged over H to 

make an H- invariant inner product. Therefore, for any G/H, H com­

pact , there e x i s t s a standard model* 

Any pos i t ive multiple of a G- invariant metric i s a l so G- invari­

ant, so the temperature i s always a frse parameter of a standard model* 

Whether there are more parameters depends on the isotropy action of H. 

If ( 8 ] ) ^ * a n d **2*il a r e t w o H ~ invariant inner products on jn, 

Chen (g. 80)4 i s 2 n H ~ invariant symmetric l inear transformation on 

m, whose eigenspaces reduce the representation of H o.. m» If H 

a c t s irreducibly, then g~ g ? i s always a multiple of the iden Lty and 

the temperature i s the only free parameter* Wolf 117] has c l a s s i f i e d a l l 

such isotropy irreducible homogeneous spaces* 

More general ly , the isotropy representation of H contains k 

inequivalent irreducible representations in m u l t i p l i c i t i e s 

n . , n_, ••* n. • The space £_ of G- invariant metrics on M i s 1 
1 £ K. ~"li 

product of k fac tors . The 1-th factor i s the space of pos i t i ve 
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a noncompact smooth manifold of dimension — n (n + 1)* If soue of 

these metrics have isoaetry groups 6' larger than G, then the G*-

invariant metrics form a submanlfold of the space of a l l G- invariant 

metrics* 

Inside the i n f i n i t e dimensional manifold j£ of a l l metrics on N 

i s the i n f i n i t e dimensional manifold R r_. of a l l metrics which have 

(sub-) groups of i some t r i e s equivalent to G under conjugation by d i f -

feome^phisms of M. The diffeomorphisas of H act as equivalence 

transformations on R r „ , - Restricting to the f i n i t e dimensional manl-

fold R_ of G- invariant metrics e l iminates most but not necessar i ly 

a l l of these equivalence transformations. For the standard models, 

preservation of the transformation laws under renormalizatlon Includes 

the preservation both of the internal symmetries and of the residual 

equivalence transformations. 

A general characterisation of the residun equivalence transforma­

t ions w i l l not be g iven . The problem i s of a cohomological character. 

Tor example, the space of infinltesmal equivalences at a given G-

invariant metric g i s the f i r s t cohoraology group of the Lie algebra 

£ with c o e f f i c i e n t s in the fu l l Lie algebra of inflnitesmal isometries 

of g j J . 

There i s always, however, a natural Lie group of equivalence 

transformations on R̂ » namely the group D_ of diffeomorphlBtns of M 

which commute with a l l transformations in G. I t s Lie algebra i s the 

sp^ce of a l l G- invariant vector f i e l d s on H, which i s ident ica l to 
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the space of H- invariant vectors In m, equipped with the with Lie 

bracket C . 

When G i s semis inple , the C- invariant vector f i e l d s exhaust the 

Inflnitesmal equivalence transformations by diffeonorphisms of H, 

because a l l of the f i r s t cohoaology groups of £ are t r i v i a l . The 

space of metric couplings I s then a f i n i t e dimensional noncompact Mani­

fold R_ on which a f i n i t e dimensional Lie group D_ of diffeomor-

~"G "TJ 

phisms of M acta as a group of equivalence transformations. The apace 

R_ of true parameters of the model Is the quotient R-/D-- K, i s a 

manifold except at meTlce with lsoaetry groups larger than G (more 

p r e c i s e l y , larger than the generic 1sometry group of the G- invariant 

metr ics ) • 

An example i s the model M - C - G/<e> in which M I s I t s e l f a 

Lie group, H l a t r i v i a l and the metric coupling i s assumed l e f t , but 

not necessar i ly r i g h t , G- invariant* The apace _R_ of G- invariant 

metrics i s the space of pos i t i ve de f in i t e symmetric forms on m. * £ • It 

has dimension — n (n * 1) where n i s the dimension of G. All of m 

i s H- invariant, so the residual transformations of M (those commut­

ing with l e f t mult ipl icat ion) form the Lie group G (acting by right 

mul t ip l i ca t ion ) . The spare JL, of equivalence c l a s s e s of G- invariant 

metrics has dimension -r n (n + I) - n - — n (n - 1) wherever i t i s 

nondegenerate• 

It w i l l sometimes be convenient to assume that G/H i s unimodular, 
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volume element on H. For the ln f in l teaaa l traneforaatlons In D_, 

t h i s la equivalent to the condition c^, - 0 on the structure con­

s t a n t s . If C la a unlaodular Lie group ( i . e . the l e f t Invariant 

volume eleneot on G l a a lso right Invariant) , then G/H l a automati­

c a l l y uninodular. The compact and the aemlsimple Lie groups are a l l 

unijnodular. 

2_.^. Correlation functions, the par t i t ion function and the free energy 

The correlat ion function < fix.) 0(x_) • • • ^(x . ) > of the non­

l inear model i s , for each k-tuplet ( x . , -"* »x.) of ( d i s t i n c t ) points 

in space, a nonnegative unit measure on M . It Is the probabil ity d i s ­

tr ibution Induced from (1 .1) on the values of the f i e l d at the points 

x . , *•• ,x. . Equivalently, i t i s the average over d i s tr ibut ion (1 .1 ) 

of the point measure In n located at ( +(x ) , • •* , f{x ) ) . 

A real valued function F on H l a integrated against 

< 0 (x . ) a'(x-) • • • ^(x ) > according to 

( F, <*(Xj) . . . #(x f c )> ) -

Z(O)"1 <J" n d ^ ( x ) exp[-S(*)] F( ^(Xj) , • • • , f d ^ ) ) ( 2 . 4 .1 ) 

Where Z(0) normalizes the d is tr ibut ion of f i e l d s . If F i s nonnega­

t i v e then the Integral i s a l s o , & the correlat ion function i s a nonne­

gat ive measure on n . If F - 1 then i t s integral i s a l so 1, so the 
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corre la t ion function i s a unit Measure* 

In part icular , the order paraaeter < fi(x) > i n nonnegative unit 

measure (a probabil i ty measure) on M* 

In the presence of an external source the d i s tr ibut ion of f i e l d s i s 

£ l l d*(x) exp [ - S(*) + H(*) ] ( 2 . 4 . 2 ) 

where the source term i s 

H(0) - A 2 + * f i x h(x) ( f(x) ) . ( 2 . 4 .3 ) 

h i s a space dependent external f ie ld* I t s value b{x) at each point 

x i s a real valued function on M. The par t i t ion function 

Z " £ 3 d*(x) exp i - S(#) + H(*) ] . (2.4.4) 

depends on the external f ie ld and on the metric coupling. 

Adding an external f ie ld to the action i s equivalent to making the 

a pr ior i volume element d£(x) vary with x . In the Inf in i te volume 

l i m i t i t i s f eas ib le to make a d i s t inc t ion between global (or thermo­

dynamic) and local parameters: the a pr ior i volume element, remaining 

constant In space, i s the thermodynamic parameter; the external f i e l d , 

compactly supported or at l eas t tempered ^n space, the loca l parameter. 

But renormalization depends only on short distance e f f e c t s (and w i l l be 
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carried out at f i n i t e volume) so does not see the d i s t i n c t i o n . The form 

of the renonaallzation of the range zero part of the d i s tr ibut ion of 

f i e l d s i s nore transparent In the language of external f i e l d s ( in f a c t , 

i t i s l inear in the external f i e l d ) , so i t i s convenient to f ix an a 

pr ior i volume eleaent d£(x) D d ff(x) for each coupling g . . and to 

consider the s p a t i a l l y varying external f i e ld h to be the global and 

local parameters combined. 

The correlat ion functions are der ivat ives of the part i t ion function 

with respect to the external f i e l d : 

< ^ X j ) • • . # < x f c ) > 

z<°>"1 Ihcx-y ••• h ? ) z/n«o* <2-*-5> 
1 k 

The dual to the space of functions on M i s the space of measures on 

M; thus a derivat ive with respect to h(x) i s a measure. The deriva­

t i v e s are always unit measures because the part i t ion function changes 

t r i v i a l l y when a constant function on M i s added to h ( x ) . 

The free energy P i s the Legendre transform of log 2: 

T - sup [ - log Z + A 2 + * Cdx < n< x>» E<x>> 1 • ( 2 . 4 .6 ) 
h J 

P i s a function of the metric coupling and of the ( spa t ia l l y dependent) 

local order parameter $, which at each x i s a nonnegative unit 
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measure i d ) on M. The psirlng between h(x) and f (x) in (2 .4 .6 ) 

i s the Integral of a real valued function on M agalnat a Measure on 

M. The Legendre transform of P i s , in turn, log Z. 

In the low teaperature expansion, the supraau. over external f i e l d s 

in ( 2 . 4 . 6 ) i s achieved by evaluating 

- log Z + A 2 + * £ lx ( h ( x ) , | ( x ) ) (2 -4 .7) 

at i t s c r i t i c a l point as a function of $; that i s , by inverting 

*<*> - z_1 fasz <2-4-8' 
to express h(x) as a function of $ ( x ) , and then subst i tut ing for 

h(x) in ( 2 . 4 . 7 ) . 

The part i t ion function Z, or the free energy Ti remains 

unchanged when the metric and the external f i e l d , or the order parame­

t e r , are transformed by the same diffeomorphism of M. They are func­

t i o n s , therefore , of the equivalence c l a s s e s under the act ion of the 

diffeomorphism group of M. The content of the model i s sunmed up in 

the dependence of the part i t ion function or the free energy on the g l o ­

bal and local parameters. The true space of parameters i s therefore the 

space of equivalence c l a s s e s . 

The equivalence c la s se s cf metric couplings and s p a t i a l l y dependent 

external f i e l d s (modulo t r i v i a l external f i e ld s ) make up a vector bundle 



27 

(with s i n g u l a r i t i e s ) over the equivalence c l a s s e s jt of metrics- The 

equivalence c l a s s . * of metrics and local order paraaeters form a conical 

sub-bundle of the dual bundle. 

_2^5. The order parameter 

The e s s e n t i a l property of the order paraneter Is i t s averag lab i l ­

i t y . The renormallzatlon group ac t s by averaging the variables of the 

model over small regions In apace (and by an overal l rascaling of d i s ­

tances ) . Points in a manifold M can only be averaged i f M i s -..r.bed­

ded in a space in which convex combination makes sent*? (fur example, a 

vector space) , and then the average of points in M w i l l in general not 

remain In M. There are ma.;y embed dings of a given manifold H in a 

f i n i t e dimensional vector space, but none which i s natural. Any such 

embedding involves arbitrary choices obscuring the character of the non­

l inear model, which depends only on the i n t r i n s i c structure of the 

abstract manifold M. The ouly natural embedding i s the one which 

places M ins ide the space of a l l unit measures on M i t s e l f , sending 

each point in M to the corresponding point measure. The order parane­

ter then var ies over a l l poss ible averages of point measures, which i s 

to say over a l l the probabil ity measures on M-

In a standard model (H the homogeneous space G/H) th i s picture 

can be considerably s impl i f i ed . The internal symmetry group G ac t s on 

M, so acts by l inear transformations on the real valued functions on 

M. Let V be a f i n i t e dimensional subrepresentation which separates 
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points In M; that i s , which, along with the products among i t s 

members, generates a l l the functions on H. Without l o s s of informa­

t i o n , the values h(x) of the external f i e l d can be assumed Co l i e in 

V. Each point m in M can be ident i f ied with a d i s t i n c t point in the 
* 

dual space V : the l inear functional which ass igns to each function h 
* 

In V I t s value h(m) a t a . M i s thus embedded in V , and the 

order parameter takes i t s values there . Tfce corre lat ion functions have 

a 
their values in tensor products of V . In the 0(K>- model, such a 

subrepresentation i s given by the N l inear coordinate functions on 

R , res tr ic ted to the unit sphere H. 

When more than one G- invariant aet*.*c coupling e x i s t s , i t i s 

necessary to use a reducible subrepresentation V of functions on M 

as external f i e l d s in order to ensure, by appropriate choice of G-

* 
invariant inner product on V , that , for any G- Invariant metric on 

M. the embedding of M i V can be made an lsoaetry* An isometric 

embedding i s desirable because i t allows the model to be written as a 

free f i e ld subjected to constraints* This formulation of the model 

suf fers from poss ible redundancy In the parametrizatlon of G- invariant 

metrics on M by inner products on V . 

The general manifold M possesses no dist inguished generating sub-

space of funct ions, so a l l functions must be allowed as poss ible values 

of the external f i e l d , and a l l probability measures as poss ible values 

of the order parameter. 

An asymptotically small action of the renormalization group on the 
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model has che e f f e c t of smearing the f i e l d f(x) whose values are In M 

to produce a f i e ld j|(x) whose values are In the probabil i ty aeasures 

on M, c lo se by the point Measures. The renoraallzed d i s tr ibut ion of 

f i e l d s I s a d i s tr ibut ion of the f ( x ) . The renoraallzed ac t ion , a s a 

function on th i s convex space of f i e l d s , has , preauoably, a degenerate 

s e t of minima which i s Identical to the aanlfold M. (This i s true of 

the minima of the free energy at low temperature In the aean f i e ld 

theory, which a l so requires for i t s formulation en averageable order 

parameter.) The renoraallzed nonlinear f i e l d s correspond to those { 

whose values £(x) l i e in t h i s copy of M. The f luctuat ions transverse 

to the space of renoraalized nonlinear f i e l d s are Integrated out of the 

renoraalized d i s tr ibut ion of the f (x ) without any l o s s of Information 

associated with dis tances much larger than the cutoff A" • The issue 

becomes the form of the result ing renoraallzed d i s tr ibut ion of nonlinear 

f i e l d s and the e f f e c t of the renormalizatlon procedure on the action of 

the diffeonorphisin group of M. These i s sues are addressed,, in somewhat 

di f ferent language, in the discussion of the renoraallzatlon of the low 

temperature expansion. 
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3. The Regularized Low Temperature Ex pan* Ion 

2-J.. Linear f i e l d s 

In the low temperature expansion only asymptotical ly small f luctua­

t ions about the constant: f i e l d s have any s i g n i f i c a n c e . In order to 

apply the standard techniques of perturbatlve f i e ld theory, some l inear 

representation for the f luctuations Is needed. That l s t a neighborhood 

of the constant fix) - m in the space of nonlinear f i e l d s must be 

replaced by a neighborhood of zero in some l inear space of f i e l d s * This 

Is most conveniently done by choosing coodlnatea on a neighborhood of m 

In M. Then points in M near m are represented by vectors in the 

l inear space of coordinates. The value fix) of the nonlinear f i e ld i s 

4 

represented by the vector o-'"(x) which i s ^(x) in coordinates around 

m. <r i s the l inear f i e l d . 

The advantages in defining the l inear f i e l d by means of coordinates 

are that (1) manifest Euclidean invarlance i s maintained (when the coor­

dinates are independent of v) t and (2) power counting i s s implif ied by 

the fact that the nonlinear f i e ld Is local and of zeroth order In the 

l inear f i e l d . These tvo conditions exactly characterize the d r in l t ion 

of the l inear f i e ld by means of coordinates. 

Without l o s s of information, as far as the low temperature expan­

s ion i s concerned, the d is tr ibut ion of nonlinear f i e l d s (2 .4 .2 ) i s re -

expressed in terms of the l inear f i e l d s which represent the small f luc ­

tuations* The a priori measure II df(x) becomes 
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do- - IId<r(x) exp[J(m,er)] (3 .1 .1 ) 

where dcr(x) ia the a priori volune element on M at the constant n 

(which i s independent of or ( x ) ) , and 

J(m,o-) - A 2 + * Jdx j(m,ff(x)) (3-1.2> 

i s the logarithmic jacoblan of the map from the l inear f i e ld tr to the 

nonlinear f i e ld f. J ( B , ( T ( X ) ) i s tiie logarithmic jacobian of the 

coordinate map from <r (x) to j*(x) (with respect to the appropriate 

volume elements)• 

The action becomes 

Stm.ff) - A* <jdx - j T " 1 ! (B ,<T(X) ) &\ ff^x) o (^ (x) ( 3 . 1 . 3 

where g (m,o-(x)) i s the metric g , , a t the point o* (x) in coor­

dinates around m. 

The external source becomes 

H(m,<r) - A Cdx h(x) ( i . t r t x ) ) . (3 .1 .4 ) 

where h(x) (m,v(x)) i s the external f i e ld h(x) evaljated at o- (x) 

in coordinates around m. 

The d is tr ibut ion of the l inear f i e l d s i s 
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2o- exp[ - A(m,or) \ 

A - S - H . ( 3 . 1 .5 ) 

The low temperature expansion for the f luctuat ions around f(x) - • i s 

calculated using standard Feynraan diagram technique on the functional 

integral 

C der exp[ - A) . (3 -1 .6 ) 

The propagator and v e r t i c e s come from expanding S, H and J in 

powers of <r. Since coordinates are used to provide the l inear f i e l d s , 

t h i s amounts to expanding the metric g ( o , v ) , the functions 

h(x) (m,v) and the logarithmic Jacob Ian j ( n t v ) in powers of the coor­

dinate v . 

To achieve a manifestly covarlant low temperature expansion, the 

coordinates should be such that the Taylor s e r i e s c o e f f i c i e n t s of g . . , 

h ( x ) , and J are themselves manifestly ccvariant . That i s , the l inear 

space of coordinates around m should be the tangent space T M to M 

at m; and the Taylor s e r i e s coe f f i c i en t s should be tensors formed from 

the metric , the curvature and i t s covarlant d e r i v a t i v e s , and the ex ter ­

nal f i e ld and i t s covarlant der ivat ives . 

One set of coordinates having th i s property are the geodesic normal 

coordinates defined with respect to the metric coupling 6.,., • 
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For the standard nodels I t I s convenient to use coordinates which 

are defined with reference only to the internal symmetry group, not to 

..ny part icular Invariant Metric coupling (when more than one e x i s t s ) . 

Geodesic normal coordinates defined with respect to the canonical con­

nection on H are of t h i s type. 

In sect ion 4 , e f f e c t i v e algorithms are derived for ca lculat ing man­

i f e s t l y covariant Tayloi seri- .s expansions In normal coordinates to 

arbitrary order. 

The value of the functional Integral (3.1*6) i s at l eas t formally 

independent of the chof^e of coordinates used to define i t . so the con­

s truct ion of the general low temperature expansion should not require a 

particular choice of coordinates , even a manifestly covariant choice . 

_3.£. Infrared regularization 

At X near zero, the d i s tr ibut ion of l inear f i e l d s (3 .1 .5 ) 

approaches asymptotically the gaussian d i s tr ibut ion 

II do*(x) exp[ - S (m.o*)] x o 

So(m tcr) - A*" f i x | T " X ^ ( m . O ) o o- 1(x) o cr3 (x) . (3 -2 .1 ) 

This determines the propagator for o* to be that of massless scalar 

f i e l d (a spin wave). But the massless propagator i s infrared divergent 

in two dimensions: 
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r 2 e i k x 

S d'k -S-s- - oo . ( 3 . 2 .2 ) 
(T k Z 

Therefore some kind of infrared regularizet ion nust be introduced* 

The renormallKatioa of the nodel sees only short distance e f f e c t s , 

so the form of the infrared regularizatlon cannot be e s s e n t i a l . How­

ever , certa in features would be espec ia l ly a t t r a c t i v e . The infrared 

rsgularizat lon ought to be applicable to the f u l l nonlinear model 

(2*4.2) and not merely to the sum over small f luc tuat ions , in the hope 

that the low temperature expansion i s that of a (nonperturbatlvely) sen­

s i b l e theory (having a good Inf in i te volume l i m i t ) . There should also 

be at l e a s t a p laus ible scenario for r-moval of the regularlzat lon, 

order by order in T, leaving behind a well-behaved se t of correlat ion 

functions*[cf . 15] F ina l ly , the Infrared regularlzat lon should be 

speci f ied without reference to a particular choice of coordinates (even 

a manifestly covarlant one)* 

By these c r i t e r i a , the simplest forms of infrared regularizet ion 

are unsatisfactory* A direct low momentum cutoff for the l inear f i e l d , 

or the addition of a regulator mass 

£ d x j f 1 a 2 I (m,0) o^Cx) tr^x) , (3-2*3) 

to the act ion are not applicable to the nonlinear f i e ld and depend on a 

choice of coordinates for their spec i f i ca t ion , changing form under 

change of coordinates* 
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One form of regularizet ion which does respect the nonlinear i t y of 

the model i s modifying the dis tr ibut ion ( 2 . 4 . 2 ) of nonlinear fie).ds by 

including in the ac ion a constant external f i e ld - - T h ( f ( x ) ) . 

Uien T i s asymptotically small the nonlinear f i e ld f luctuates only 

around r.he point m in M which minimizes h • The f luctuat ions are o o 

described by the d is tr ibut ion of l inear f i e l d s ( 3 . 1 . 5 ) . The external 

source H includes the 0(T ) constant external f i e l d . The leading, 

quadratic, tern in the exponent of ( 3 .1 .5 ) provides a massive propagator 

for l inear f i e l d , the masses being the eigenvalues of the Hessian of h 
o 

at m . This i s the form of regularizat ion which was used in [ 9 , 1 0 ] . 

Infrared regularization by means of a constant external f i e ld has 

three principal disadvantages. F i r s t , i t requires choice of a function 

on M and, in general , there i s no choice which i s natural in the 

metric T g , i s of order T and can be guaranteed to have a non-

degenerate minimum. Second, i t complicates ca lculat ion by separating 

the external f i e ld into two p ieces , placing the quadratic part of one 

piece in the propagator as a mass term. Third, i t s ing les out one point 

m in M, which i s n"t in keeping with the fact that , in two dimen­

s i o n s , the presence of spin waves in the model prevents the spontaneous 

emergence of order. (See section 6.4 below.) The external f i e l d , being 

of negative length dimension, i s a soft operator. Therefore, even jn 

models in which order i s imposed by a nontrlv ia l external f i e l d , the 

Bhort distances properties are those of the disordered s tate which sees 

a l l of the points in M. In a standard model a l l points in H are 
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equivalent, so no hara is done by selecting one of thea. But, in the 

general nonlinear aodel, the global structure of M is obscured by the 

constant external field* This is signalled by the persistence of 

infrared divergences in the correlation functions after h is sent to 
o 

zero. 

On the other hand, the constant external f i e l d infrared regulariza-

t lon Is ent i re ly su i tab le for separating Infrared divergences froa 

u l t r a v i o l e t divergences In order to perform the renormallzatlon. It i s 

simply necessary to use a d i f ferent external f i e l d to renormalize the 

d i s tr ibut ions of l inear f i e l d s about each of the constants . 

An a l ternat ive to the constant external f i e ld i s the f i n i t e volume 

£crm of infrared regularizetion* The system i s placed in a box, which 

for s impl ic i ty i s taken to be square, of s ide L. Periodic boundary 

conditions are imposed in order to a ln l c the anticipated disordering 

e f f ec t of the spin waves* 

Fini te volume regularlzation presents two complications* F i r s t , 

there i s a l o s s of global spatial symmetry* The standard expectation i s 

that th i s returns in the in f in i t e volume l imi t* In any case , renoraal i -

zation involves only the short distance property of local Euclidean 

invariance, which i s not affected by the f in l t eness of the volume* The 

second complication i s that , in the evaluation of Feynnan diagrams, 

momenta are summed over a d iscrete set of values* This has r»o conse­

quence for renormallzation* All of the primitive divergences of the 

Feynman diagrams are e i ther quadratic or logarithmic* The quadratic 
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divergences can be extracted using only operator theoret ic properties of 

the propagator, without need for an eigen" ' expansion. Logarlthnic 

divergences are calculated by approximating the f i n i t e volume propagator 

with the contlnuim massless propagator k . Corrections, which are 

0(L lc ) , do not contribute to the primitive logarithmic divergences . 

It seems to be poss ib le , with periodic boundary condit ions , to c o l ­

l e c t terras at each order in T so that , in the Inf in i te volume l i m i t , 

the bare propagator i s , in e f f e c t , t'.»e subtracted (infrared f i n i t e ) 

massless propagator. (Compare [ IS] . ) If t h i s i s s o , then the d i s c r e t e ­

ness of momentum space need never complicate actual ca lculat ion of 

i n f i n i t e volume correlat ion functions. This would j u s t i f y the use of 

periodic boundary conditions for the low temperature expansion. 

Under periodic boundary condit ions , the d is tr ibut ion of f i e l d s 

(2 .4 .2 ) i s dominated at low temperature by a l l of the absolute minima of 

the action ( 1 - 2 ) . These are the constant f i e l d s , forming a copy of H 

ins ide the space of a l l nonlinear f i e l d s . Fluctuations around a l l of 

the constants part ic ipate In the low temperature expansion of the part i ­

t ion function Z: 

2 - £ Z(m) (3 .2 .4 ) 
M 

where Z(m) Is the sum over f luctuations around the constant 0(x) - m. 

Each sum Z(m) i s calculated using a l inear f i e l d <r (x) , 

defined by means of coordinates around m, to represent the 



38 

f luctuat ions around the constant p(x) • n. Such a choice of coordi­

nates around each point in M la cal led a system of coordinates for H. 

Metric and canonical normal coordinates are exaoples . Systems of coor­

dinates in general , and these two in part icu lar , are discussed in s e c ­

t ion 4 . 

If each Z(m) were ca lcu l i ted by the functional integral ( 3 . 1 . 6 ) , 

then the constant nonlinear f i e l d s would be overcounted, s ince they 

occur as constant f luctuat ions around a l l nearby constant f i e l d s . The 

degeneracy of the minimum of the action i s ref lected in the fact that 

there are zero modes in the inverse propagator for the l inear f i e ld at 

each constant: namely, the constant l inear f i e l d s o* (x) • v • 

In each sum over f luctuations a gauge condition P (m,o~) • 0 i s 

needed to avoid the overcounting and eliminate the zero modes. A gauge 

function of the form 

P^m.ff) - L " ( 2 + * ) <j"dx p i(n,»T{x>>- (3 .2 .5 ) 

maintains manifest Euclidean invariance and s impl i f i e s the power count­

ing , p (ra.v) i s , for each D , a vector valued function on the coor­

dinate space at m. The simplest of gauge functions i s 

^(m.o-Cx)) - ar(x) . ( 3 .2 .6 ) 

The gauge condition i s imposed by including a delta-function 
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6(P(m,o-)) in the d is tr ibut ion of l inear f i e l d s ( 3 . 1 . 5 ) . A Fadeev-

Fopov determinant must a lso be included to correct ly reproduce the a 

pr ior i measure. The gauge function has a f i n i t e number of components, 

so the determinant i s of a f i n i t e dimensional matrix F, (m,o"): 

Fj(m.o-) - L ~ < 2 + * ) <J"dx f*( i , ,o-(x)) . ( 3 . 2 . 7 ) 

A mult ipl ier / . i s used to enforce the gauge condition and a f i n ­

i t e set of antlcommutlng ghost variables g ive the Fadeev-Fopov deter­

minant. The d i s tr ibut ion of l inear f i e l d s and auxi l iary variables 

describing the f luctuations around ^(x) * m i s 

dy dc*-dc dor expt - A(m,o-,y,c,c*) ] ( 3 . 2 .8 ) 

A(m,cr,y,c,c ) « S(m.o-) - H(m,o-) 

- i y ± P1(m.o-) - c 3 ?hm,o-) c* . ( 3 . 2 .9 ) 

The contribution to the part i t ion function of the f luctuations around m 

i s 

Z(m) - C dy dc*-dc do- expl - A(m,o-,y,c,c*) ] . (3 .2 .10) 

S i s L-iven in ( 3 . 1 . 3 ) , H in (3 .1 .4 ) and do- in ( 3 . 1 . 1 - 2 ) . Z(m) 
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i s a volume element on M at a , which l a Integrated In ( 3 . 2 . 4 ) to 

g ive the part i t ion function Z. In sec t ion 5 these constructions are 

described in more de ta i l and a formula for F. (m,0*) i s derived-

Both the constant external f i e ld and the f i n i t e volune forms of 

infrared regularlzatlon are used below. The s impl ic i ty of (3 .1 -5) In 

comparison with ( 3 . 2 . 8 - 9 ) Is an advantage of the f o n e r . The arguments 

for renoraal lzabi l i ty are correspondingly s impler. Below, when the 

re lat ionship between the two arguments i s s u f f i c i e n t l y c l e a r , only the 

simpler of the two i s made e x p l i c i t . 

.3-3. Ul travio le t regularization 

Ul travio le t regularlzat lon i s needed to tame the short distance 

divergences occurring in the Feynman diagrams which g ive the low tem­

perature expansion of the functional integrals ( 3 . 1 . 6 ) or (3 .2*10) . The 

u l t rav io l e t regularizet ion should be applicable beyond tiie low tempera­

ture expansion. Among avai lable forms of regular_sation, only the l a t ­

t i c e has t h i s property. 

The action (1 .2) makes no sense on the l a t t i c e . A nonlinear analo­

gue of the f i n i t e dif ference operator must be found to take the place of 

*"*ie continuum spat ia l derivat ive o • One poss ib le l a t t i c e action i s 

S(^) - i 7 D 2 ( * ( x ) , #(y) ) (3 .3 .1 ) 
(*,y) 

where the sum ranges over unordered nearest neighbor pairs on a 
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2 per iodic , cubical l a t t i c e ; and where D (m ,n ) i s the distance squared 

between the two points a and m_ in M, calculated with respect to 

2 

the Rieaannlan netr ic coupling fi.,« In place of D might be used any 

function K(m.,m.) which i s minimized when i t s two arguments are ident­

i c a l and whose second derivat ives at the a in laa are the values of the 

metric coupling: 

1 o 2 K 
oa.dm^ /m.-m. ijdmj /rnj-B^ 

If v are m in coordinates around m, Chen K(m. fio.) Is 

K ( m , v l f v 2 ) - g (m,<v>) ( o v ) 1 ( 6 v ) j + 0 ( ( 6 v ) 3 ) (3 .3 -3) 

where <v> - — (v. + v~) and 6v - v_ - v . . The terms of ctder 

(6v) depend on the choice of K. 

The l a t t i c e action in coordinates around m i s 

S(r,<r) - A" 2 2 I 8 i 1 { B I , < I T > i i ) \ i ° " 1 ( X ) V ^ * * * 
(x.p) J r r1 H 

+ terms containing more than two der iva t ive s . (3 -3 .4) 

The sum i s over points x and d irect ions u in the l a t t i c e ; A i s 

the l a t t i c e spacing; <»> " *r (c(x) + cr(x + p ) ) ; and & i s the 

f i n i t e dif ference operator in the u d irec t ion: 
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oo-^x) - A [ ff^x + JI) - o-^x) ] . (3.3.5) 

At asymptotically low teaperature the terns containing l o r e than 

two derlvatlvea are Irrelevant to the continuum l i m i t . Therefore the 

arbitrariness in the l a t t i c e action i s of no consequence. 

The propagator of the f i n i t e voluae l a t t i c e a- f i e ld i s the usual 

massless l a t t i c e propagator, the zero mode eliminated by the gauge con­

d i t i o n . In Feyniian diagrams, the aomenta are sunned over a periodic 

f i n i t e se t {k } : 

k - (2i» L - 1 ) n 

n - - y A L ••• - 2 , - 1 , 0. 1, 2, . . . -5-AL 2 ' 

S Ik. I 4 0 . (3-3.6) 
r P 

To define the value of a diagram in nonlnteger dimensions, the v 

dependence must b" i s o l a t e d . This i s done by proper time parametriza-

t ion of the propagators, exact ly as in the case of continuous unbounded 

momenta: 

G (k) - ( 2 2 A 2 (1 - cosA^k ) ] - 1 

dt n exp( - t i 2 A 2 (1 - c o s A ^ k ) ] ) . ( 3 . 3 .7 ) 



43 

Stunning over the loop momenta leaves an e x p l i c i t l y *• - dependent 

Integral over the proper t imes, which can be evaluated at noninteger 

dimensions- There does not seem to be known a nonperturbative extension 

of the l a t t i c e regularlzat lon to noninteger dimensions. 

. .iong the forms of short distance regularizat lou which are appl ica­

ble only in the low temperature expansion, the nost a t t r a c t i v e are those 

which do not depend upon the choice of coordinates on M. Dimensional 

regularizat lon i s one such* I t i s carried out by calculat ing the part i ­

t ion function Z order by order in T for a nodel based on a torus 

(periodic box) of s ide L and dimension 2 + * . Again, the d i s c r e t e ­

ness of the values of the * .xnenta due to f i n i t e volume does not impede 

i s o l a t i o n of the 4- dependence of the Feyuman diagrams. The diagrams 

are evaluated at <- s u f f i c i e n t l y negative for the resul t to be well 

defined and then ana ly t i ca l ly continued to <• £ 0. 

Regularization using a cutoff in momentum space Is a lso f e a s i b l e , 

but depends for i t s spec i f i ca t ion on the choice of l inear f i e l d s . 
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4. Systems of Coordinates 

A\L" Introduction 

A system of coordinates i s a set of coordinates around each point 

m in the manifold H. In t h i s sect ion a technical apparatus i s 

developed for describing systems of coordinates in general* This 

apparatus i s then used to find recursive procedures for calculat ing Tay­

lor s e r i e s c o e f f i c i e n t s of a Riemannian metric and other tensor f i e l d s 

in special systems of coordinates: Riemannian geodesic normal coordi­

nates and canonical geodesic normal coordinates in particular* 

Equivalent procedures for calculat ing the Taylor s e r i e s c o e f f i c i e n t s of 

a metric in Riemannian normal coordinates were derived by more d irec t 

arguments by Cartan[18]* The Taylor s e r i e s c o e f f i c i e n t s provide mani­

f e s t l y covariant v e r t i c e s for the Feynman diagrams of the low tempera­

ture expansion of the nonlinear model. The general technical apparatus 

i s used in succeeding sect ions in the descript ion of the Fadeev-Fopov 

determinant and in the renormalization of the low temperature expansion. 

A natural l inear coordinate space for a neighborhood of a point m 

in M i s the tangent space T M to M at m. With these as coordi­

nate spaces, a system of coordinates i s a c o l l e c t i o n of coordinate maps 

E : T M -* M ident i fy ing , for each m, a neighborhood of zero in T H 

with a aeighborhood of m in M. The coordinate maps are assumed to 

f i t smoothly together to give a s ingle map E: TM. -> M from the tangent 

bundle TM to M* In perturbation theory only formal power s e r i e s 
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expansions have significance, so domains of definition in the tangent 

spaces T M are not made explicit, here and where relevant below. 

£••2,- The compatibility operator D 

A systea of coordinates E: TM -» M determines, for a' suffi­

ciently close to n, a transition function E~. o E : T M -» T ,M. 
m m m m 

The inflnitesmal version of the trans i t ion functions i s a f i r s t order 

d i f f e r e n t i a l operator D. acting on real valued functions h on TM: 

w ^ h (m.v) - i j . / t . 0 h ( » < t > . £ | t ) o E B < v » . ( 4 . 2 . 1 ) 

where w and v are tangent vectors in T M. and m(t) I s a curve In 
m 

M with m • m(0) and w « •—» n o ( t ) . dt / t*u 

Written In coordinates {m } on M, D takes the form 

-i fc"^v)t D , - * - r " Qi<".v> ^ • ( 4 .2 .2 ) 

l inear connection in the tangent bundle; i t Is the ordinary derivat ive 

on TK followed by horizontal project ion. The transi t ion functions are 

the path independent paral le l transport functions of t h i s f l a t nonlinear 

connection. 

D. has two defining properties* F i r s t , act ing on functions on M, 

D i s ident ical to the ordinary derivat ive d • That i s , i f 
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D±h (n.v) - d ^ (m) . ( 4 . 2 ,3 ) 

Second, D s a t i s f i e s the in tegrab l l l ty condition 

D^ - 0. ( 4 . 2 . 4 ) 

2 where D " i s defined by 

v V D* - [ v 1 ^ , ir̂ D ] - [v, w ] 1 ! ^ (4 .2 .5 ) 

for v t w vector f i e l d s on M and [v, w] their Lie bracket* Uith 

respect to coordinates ( • } on M, 

D* - [ D t , Dj] . ( 4 . 2 .6 ) 

2 D.. i s the curvature of the nonlinear connection (represented as an 

2 
operator on functions); D * 0 expresses the local f l a t n e s s . 

A function h(o,v) on TM can represent, v ia the various coordi­

nate maps E , many d i s t i n c t functions h on neighborhoods in M: 

h (m') - h(m, E" lm') . (4 -2 .7) 
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D. Is cal led the compatibil ity operator because i t measures the extent 

to which these functions depend on a . h i s the expression in coordi­

nates of a s ing le function h on M, 

h(m,v) - h(E (v ) ) , (A.2.8) 
in 

i f and only If D h - 0. 

Any diffeomorphisu •£: M - • M near the ident i ty g ives r i s e to a 

transformed system of coordinates -fr ° E. T.ie trans i t ion functions and 

the compatibi l i ty operator do not change. Therefore, the compatibi l i ty 

operator can at most determine the system of coordinates up to such 

transformations by diffeomorphlsms of M. In f a c t , integrat ion of D 

as a one form oo M recreates the trans i t ion funct ions , and the trans i ­

t ion functions c l ear ly determine the system of coordinates exact ly up to 

dlffeomorphisms of Ma Moreover, any f i r s t order operator sat i s fy ing 

(4 .2 .3 -4 ) i s the compatibil ity operator for some system of coordinates . 

The additional data which are needed to specify completely the sy s ­

tem of coordinates are the coordinate or ig ins o(m) * E (m) . A real 
m 

valued function h on M i s represented in coordinates £ by the 

unique solut ion of che compatibility equation D h * 0 with i n i t i a l 

conditions h(m,o(m>) - h(m). The obvious choice of or ig in in 1 M i s 
m 

zero . But the ambiguity in the system of coordinates associated with a 

given compatibil ity operator wi l l be important in the discussion of 

renormalization* 



A tensor valued function t j j j j on TH I s a function whose value 

a t (m,v) Is a tensor at n. The conpat ib i l l t y operator extends to act 

on these functions. For each a, t i s regarded as a tensor f i e ld on 

the tangent space T M. The trans i t ion functions are used to d i f f eren­

t i a t e with respect to o: 

*k vj::: - &« <C • v* *}::: • «-2-9> 

where m - m(0) and w - T T / t _ 0 » ( t ) . 

A tensor valued function t , " (m,v) i s the expression in coordi­

nates of a s ing le tensor f i e ld t "_'(•) on H, 

t ( o , v ) - E t (v) , (A.2.10) 
m 

i f ami only If t s a t i s f i e s the compatibi l i ty equation D t - 0 with 

i n i t i t a l conditions 

t**"(n ,o (m)) - (d r t / m ^E T B >J. - . (d r t , .D" l ) i - -* tJ*"<m) . (4 .2 .11) j . . . o(m) tn j o(») m p J " * 

The extended compatibil ity operator continues to s a t i s f y the Integrabl l -

2 i t y condition D.. * 0. 
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A"J.* The 1 Inear connection 

I t i s useful to combine a systen of coordinates with a l inear con­

nection in the tangent bundle TM. The l inear connection serves two 

d i s t i n c t purposes* The f i r s t i s to provide a covariant derivat ive v . , 

allowing D to be written as T plus an operator which a c t s 

independently at each point m. This i s s technical convenience which 

presupposes no specia l re lat ionship between the system of coordinates 

and the l inear connection. The second purpose i s to define geodesic 

normal coordinates for the l inear connection- Two types of connection 

are of specia l i n t e r e s t : the torsion free Levi-Civita connection when 

M i s Riemannian, and the canonical connection when M i s homogene­

ous. [14] 

A l inear connection in TM determines a set of path dependent 

l inear paral le l transport functions between tangent spaces T M and 
m 

T ,M. As in ( 4 . 2 . 1 ) , the infinlteemal vers ion of the prra l l e l transport 

functions i s a f i r s t order operator, the covariant der ivat ive v . , a c t ­

ing on real valued and tensor valued functions on TM. In coordinates 
{m } , writing o, for -=_-

k * v k 

v^h (m,v) - ( ^ - r.£(m) ^ \ ) h (m.v) ( 4 .3 .1 ) 
on 

T^ (m.v) m (^~i ~ T i(m) v p i k ) ^ (m,v) 

+ r k | ( m ) 5 k (m,v) ( 4 . 3 . 2 ) 
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where p i s the Christoffel synbol for the l inear connection. If 

t ***(m,v) does not depend on v then T . t . " * I s the ordinary j • •• It J • •• 

covarlant der iva t ive . 

Any tensor valued function t on TM has a fornal Taylor s e r i e s 

expansion: 

tj";<m,v) 

s _L v i . . . , » o . . . ^ t 1 ; ; ; ( . . v > / v . 0 . ( 4 . 3 . 3 > 
n"0 1 n J 

where the coe f f i c i en t s i , • • •S. t """ ( B , 0 ) are tensor f i e l d s on M. 
1 n *'" 

From ( 4 . 3 . 2 ) i t follows Immediately that 

TfV* - 0 ( 4 . 3 . A ) 

and 

l \ . Sjl - 0 . (4.D.5) 

Thus the Taylor s e r i e s c o e f f i c i e n t s of T.t are given by the covariant 

der ivat ives of the c o e f f i c i e n t s of t . 

2 T . , P defined as in (4 .2 .5> , i s 

T^h (m,v) - - Rk (m) v p o^h (m,v) (4 .3 .6 ) 
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T , - ,«~ . - S ^ ^ v P j 5 k + Rk „ C . (4 .3 .7 ) 2 -k 
Ij pij n p i j 

R . . i s the curvature tensor of the l inear connection: 
p i j 

u V i r 1 » k , , - l u V , v V ] v k - [u, v ) q T v k ( 4 . 3 . 8 ) 

for u, v , w vector f i e l d s on H. 

Define a matrix valued fuction QT(H I V) on TM by 

\ m \ - <^(">.v) V, • (4 -3 .9) 

Equlvalc:t ly , 

oT/t-0 E n ( t ) ° E m ( v ) " <». " Q<-.») " > • < 4 -3-10) 

The expression on the l e f t In (4 .3 .10) Is a vector tangent to TM at 

(m,v) . On the right I s the same tangent vector decomposed into horizon­

t a l and v e r t i c a l parts with respect to the l inear connection In TM. 

Both the l inear and the nonlinear paral le l transport functions 

preserve the Lie brackets of vector f i e l d s on the tangent spaces T H. 

0^ - T8* - q^S* + 5k^qJ (4 .3 .11) 
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V j " ' " V £ " " t Q i» l])"'.' (4-3.12) 

where Q a t m i s the vector f i e ld <r 8., on T H and [Q , t ] at 

m Is the Lie bracket of t h i s vector f i e ld with the tensor f i e ld t (n ,v ) 

on T M. 
m 

7 The in tegrab i l i ty condition D - 0 becoaes, subst i tut ing (4 .3 .9 ) 

in ( 4 . 2 . 5 ) , 

< V$ - «5 \< - v $ + v* 

TIJ i + R k pi i v P • ( * - 3 - i 3 ) 

T,, i s the torsion tensor of the l inear connection: 

v V T* - v ^ w * - I ^ T V ' - [v, w j k (4 .3 .14) 

for v , w vector f i e l d s on M. 

- 1 . The der ivat ive of E a t the or ig in o(n) • E^ (a) i s given by 

" o O l ^ i - « £ < • • • < • > > + ' j O 1 ^ ) - (1 .3 .15) 

Q depends on both Che systea of coordinates and the l inear connection, 

but the particular combination on the right in (4*3-15) depends only on 

the system of coordinates* 
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4."£" Mormal coordinates 

Given a l inear connection on TM, normal coordinates around the 

point m are defined by 

Em(v) - P r m ^ U > (4 .4 .1 ) 

where p, . ( c ) i s the geodesic leaving m with i n i t i a l v e l o c i t y v . 

By construct ion, the or ig in o(m) i s at zero. 

The v e l o c i t y f i e l d i e covarlant constant along a geodesic , s o , in 

the language of ( 4 . 3 . 1 0 ) , 

•ib/r-n E „ " 1 m ° E™ < v ) ' < v > * v > • (4 .4 .2 ) 
d t / t - 0 P ( B > v ) ( t ) m 

That 1 B , 

v 1 (^ (m,v) - v 1 . ( 4 . 4 .3 ) 

Also, s ince p, . ( t ) has v e l o c i t y v at t • 0, r ( m , v ) % ' 

Q(m,0) - 1 . ( 4 . 4 .4 ) 

Conditions (4 .4 .3 -4 ) determine CJ uniquely. The contraction of 

v with both Bides of equation (4 .3 .13) gives a matrix equation 
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S q + q 2 - Q - Q T + R . (4.4.5) 

The first order operator 8 - - v T is 

o - v 1 d± - T ± ) (4.4.6) 

The matrix valued functions T(m,v) and R(»,v) are 

T*(«,v) - v k T^( i i ) (4.4.7) 

R*(«,v) - vK1 R ^ C " ) • (4.4.8) 

Equation (4 .4 .5 ) has a unique solution (J (n,v) sat i s fy ing the i n i t i a l 

condition ( 4 . 4 . 4 ) . 

The Taylor s er i e s in normal coordinates of a real valued function 

h on M i s the expar ;ion of h(m,v) • h(E (v)) in powers of v . 

The compatibi l i ty condition D.h - 0 implies 0 - - v U h - oho h " 0 . 

With i n i t i a l condition h(m,0) - h(m), the formal power s e r i e s so lut ion 

i s 

0) , k k 
h (m,v) - V - i - v . . . v r. v, h (m) . (4 .4 .9 ) 

n"0 1 n 

The Taylor s e r i e s coe f f i c i en t s of fi are the symmetrized covariant 

der ivat ives of h. 
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£ • ! • 2!l£ v le lbe in vi(">v) 

A vector f i e ld v on M i s represented in normal coordinates by 

the vector valued function w (m,v) which s o l v e s , froa ( 4 . 3 . 1 1 ) , 

0 - - v ^ w - (o - 1 + Q) w , ( 4 . 5 .1 ) 

5(m,0) - w(ii) . ( 4 . 5 . 2 ) 

The vector valued function v (m,v) whose Taylor s e r i e s c o e f f i c i e n t s 

are the symmetrized covariant der ivat ives of w i s the solut ion of 

ow - 0 with i n i t i a l condition ( 4 . 5 . 2 ) . The two vector valued functions 

w and w are related by a l inear transformation: w - V v , where 

the matrix valued function V7(m,v) i s the so lut ion of 

i V - V (Q - 1) ( 4 .5 .3 ) 

V(m,0) - 1 . ( 4 . 5 . 4 ) 

o i s applied to both s ides of ( 4 .5 .3 ) and (4 .4 .5 ) i s used to obtain 

o 2 V + (b V) (1 - T) - V (T + R) - 0 . ( 4 . 5 . 5 ) 

( 4 .5 .5 ) has a unique solution sat i s fy ing i n i t i a l condition ( 4 . 5 . 4 ) . 

It i s poss ible to calculate the Taylor s er i e s c o e f f i c i e n t s of Q 
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recurs ive ly using (4 .4*4 -5 ) , but , because the equation i s nonlinear in 

Q, t h i s i s an i n e f f i c i e n t Method. ( 4 . 5 . 4 - 5 ) i s l inear in V, so i s 

more suited for pract ical ca lcu la t ion . Q i s given by rewriting 

( 4 . 5 . 3 ) : 

( 4 . 5 .6 ) 

The tensor valued function t * | s (m,v) which represents in normal 

coordinates the tensor f i e ld t . on M i s found by a d irec t exten-
j . . . 

s ion of ( 4 . 5 . 1 - 3 ) . F i r s t , the tensor valued function t (n ,v) which 

so lves St (m,v) - 0, t(m,0) - t(m) i s found. I t s Taylor s e r i e s coef­

f i c i e n t s are the symmetrized covariant der ivat ives of t : 

. co . k. k 
s ! ! ! ( m ' v ) • s ^ v v n T k • • • T k t i " i ( n ) • < * - 5 - 7 > 

n - 0 " 1 n J " " 

Z1,"' - V 1 . . . Zp"' V ? . . . . ( 4 . 5 .8 ) 

The Taylor s er i e s expansion in normal coordinates of any tensor f ie ld on 

M i s thuB obtained Immediately, once the Taylor s e r i e s expansion of 

V.(m,v) i s known. 
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.̂.,6_. Metrics an.* volume elementB in coordinates 

In a coordinate system E, a metric g. is represented by the 

tensor valued function g,.(m,v) - E g., (v)• It satisfies the coapati-

bility condition 

D i S J k - ° ( 4 - 6 - u 

and the I n i t i a l condition 

g , . (m, o(m)) - ( a . . E j f g (•) (d , , E J ? - (4 -6 .2) 
i j o(m) m i pq o(m) m j 

fchen the or ig in i s at zero, the i n i t i a l condition i s , by (6 .3*15) , 

g^da-O) - (q'Sjdn.O) g p q (m) (Q'^On.O) . ( 4 . 6 .3 ) 

Mien tnt coordinates sre normal pith respect to a l inear connection 

in TM, g i s given by (4 .5 . ' ' -8 ) : 

g . . (m,v) - V.P(m,v) g (m,v) V?(m,v) ( 4 .6 .4 ) 
ij i P<) J 

no , k k 
g (m,v) - J -j v . . . v n V " - \ 8 <»> • <«-6-S) 

r ^ n-0 1 n r ^ 

In part icular , when the metric g i s covariant constant, 
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i i : J Cio,v) - V?(a,v) g p q ("> V*<B,V) • (A.6.6) 

A volume element dm on M i s represented in coordinates by the 

tensor valued function dv (m tv) - E dm <v), which s a t i s f i e s the compa-

dv (m>o(m)> - dm det d . .E . ( 4 . 6 .7 ) 
o(m) m 

The rat io between dv and dm i s a pos i t ive real valued function 

exp j(m,v) on TM: 

dv - dm exp j ( m , v ) . (4.6*8) 

j(m,v) i s the logarithmic jacobian of the coordinate map E at (m,v) 

with respect to the volume element dm at a and at E ( v ) . 

dv cons i s t s of a volume element on T H for each m, so integra­ni 

t lon against dv turns a real valued function h on TM into a real 

vslued function \ dv h on M. The compatibil ity condition D,dv - 0 

implies the integration by parts formula 

Cdv D.h - d C dv h. (4 .6 .9 ) 

In perturbation theory the integrations are asymptotic expansions, so 

conditions on the support of h are unnecessary. 
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When the coordinates are normal with respect to a l inear connec­

t i o n , 3v i s given by ( 4 . 5 . 7 - 8 ) : 

dv - dv det V(m,v) (4 .6 .10 ) 

0 0 1 k l k n 
dv (m,v) • 5 —r v • • »v v • • • v. dm • (4 .6 .11) 

n-0 n I n 

In part icular , when the volume element i s covariant constant, 

dv - dm det V(m,v) . (4 .6 .12) 

The Logarithmic jacobian J(m fv) of the coordinate map E at (m,v) 

i s then tr log V(m f v). 

_4._7« Calculation of Taylor s e r i e s ; torsion free normal coordinates 

The system of coordinates i s assumed to be normal with respect to a 

torsion free l inear connection in TM. An example of such a connection 

i s the Levl-Civita connection of a Riemannian metric on M. 

The matrix valued function V (m,v) i s expanded in in powers of v 

with nonstandard c o e f f i c i e n t s : 

v - 5 T ^ T V T v ( n ) ( 4 . 7 . D 

V Is homogeneous in v of degree n and V - 1. Equation 



60 

(4.5.S) gives V - 0 and* for n > 1, the recursion relation 

v(n) . 2 , v ( n - l ) _ ,2 v(n-2) + v<n-2) R ( ^ 2 ) 

where, i n t h i s context., v - v T . The natr ix valued function R i s 

defined in ( 4 . 4 . 8 ) . The f i r s t few terns in the expansion are 

V - 1 + y j - » + -Jf ( 2 v R ) + yj- ( 3 V 2 R + R 2 ) (4 .7 .3 ) 

+ jf ( 4 T 3 R + 3 v ( R 2 ) - [R, T R ] ) + 

log V - | K + -fiV* + < « k ' 2 R - 7 8 > - R 2 > (« -7 .4 ) 

+ J? ( 4 T 3 R - 2 V ( R 2 ) - [R, T R } ) + 

Note that tr R - - v V - ' R . 

( 4 . 5 . 6 ) g ives 

Q . ! + I E + -L , R + ( _!. T 2 R . _L R 2 ) 

t r l ( 2 7 3 8 - 6 7 ( R ! ) ) + • • • . ( 4 .7 .5 ) 

If g . , i s a covar ian t cons tan t metr ic on i\9 then the l i n e a r connec­

t i o n , being to r s ion f r e e , must be the Levl -Civi ta connection for g . . 
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The curvature matrix i s then symmetric: R - g R g- Frew (A.6-6) , 

g _ 1 g - 1 + ± R + { T R + ( ^ » 2 R + " ^ R 2 ) 

+ - 5 7 r ( v 3 R + Z v ( R 2 ) ) + • • • . ( 4 . 7 .6 ) 90 

More e x p l i c i t l y : 

B i : ) ( o . v ) - g l J ( m ) + - j v v R m j ( » ) + ? v v v V l l n j < m ) 

k 1 n p , 1 _ . 2 - _q v , * 
2t) k l inpj 45 ik lq npj 

( 4 . 7 . 7 ) 

^.^. Homogeneous spaces 

In this subsection, M is a homogeneous space G/H and E is a 

G- invariant system of coordinates. That is, 

EB " *"' ° \M ° * * ( 4 " 8 - n 

for a l l m in K and a l l i in G. I£ t i s a G- invariant tensor 

f i e ld on M, i . e . jrtt • t for a l l 1r in G, then i t s representation 

in coordinates t(m t v) - E t (v) i s a G- invariant tensor valued 
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t ( + ( n ) , + t v ) - i t t ( « ,v ) . ( 4 . 8 .2 ) 

The canonical connection in TM i » a natural l inear connection 

defined using the group theoret ic structure of the quotient G/H (see 

sect ion 2.3 and [ 1 4 ] ) . 1c can be defined by giving the operator v . on 

tensor valued functions oa TM. T 1 I defined at the H- invariant 

base po<nt m : 

w ^ t ( V v > - Jz/t-0 e *' W '<•'"•„• e * W y ) ' ( * - 8 - 3 ) 

where w and v are vectors in n « T H. V. at m respects the — m i o o 
action of H on T M, BO It extends to a G- Invariant operator on m o 

a l l uf TM. 

It follows immediately from (4.6*3) that G- invariant tensor 

valued functions on TM are annihilated by v • In part icular , the 

torsion and curvature of the canonical connection are G- invariant and 

therefore covarlant constant. Since G- invariant tensor valued func­

t i ons are completely determined by their values on m - T H. they need 
o 

only be studied there. 

The matrix valued function Q.\'o»v) , defined with respect to the 

canonical connection and the system of coordinates E. i s G- invari -

Jr 

ant . so v.Q;/ - 0. (4 .3 .13) becomes 
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"J V" - QJ V i • *U$ + R k P « v P • < A - 8 - * > 

or , 

•V V • T i j \ + R k

P i j A • < 4 - 8 - 5 ' 

The torsion and curvature (a t a ) are (Bee Beetion 2.3 and [14] ) : 

Ty - - C^ (4.8.6) 

R l l j k " - C j k C . i • < 4 - 8 - 7 ' 

The vector f i e l d s - Q and - R J ^ 1 ^ o n 51 generate the ideal 

m + [m, m) in £ . The Q. are nonlinear vector f i e l d s ; the rest are 

l inear* Note that unlmodularlty of C/H i s expressed in the condition 

c j k - 0 (A.8.8) 

(C , * 0 follows automatically from the compactness of H.) 

Canonical normal coordinates are described by the matrix valued 

function V*( v) on m sat i s fy ing ( 4 . 5 . 4 - 5 ) . In this context , 

ft • v S. i R(v) and T(v; are matrix valued functions on m defined 

by ( 4 . 4 . 7 - 8 ) . Exp l i c i t l y , 
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T(v> v - - [v, w]„ (4 .8 .9 ) 

R(v) w - [v, [v , wli,] (4 .8 .10) 

where (v, w ] m i 8 the component of the Lie bracket lying in m and 

(v, w ] h i s the component In Ji. Note that ST - T and 8R » 2 R. 

Recursion re la t ions for Che Taylor aer ies c o e f f i c i e n t s of V*(v) 

are obtained by writing ( 4 . 5 . 5 ) in terns of the expansion ( 4 . 7 . 1 ) : 

V<°> . i , v

< ! ) - T (4 .8 .11) 

and, for n > 1, 

v ( n ) . v ( n - l ) T + v ( n - 2 ) R < ( 4 .8 .12 ) 

The f i r s t few terms are: 

V - 1 + - ^ T + - ^ p ( T 2 + R ) 

+ • ^ • ( T - ' + R T + T R ) + . . . (4 .8 .13) 

l o g V - ^ T + - j ^ ( T 2 + 4 R ) + 0 ( v 4 ) (4 .8 .14) 

In the specia l cases in which [R, T] - 0 , ( 4 . 5 . 4 - 5 ) can be solved 
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V - e T / 2 f ( R + i - T 2 ) ( 4 .8 .18 ) 

where 

f ,u) - u ~ 1 / 2 s i n h ( u 1 / 2 ) (4 .8 .19) 

s

n 72^177 u " • < 4- 8- 2 0> 
n - 0 

The Taylor aer ies of Q i s calculated using (6 .5 .6 ) and ( 4 . 8 . 1 3 ) : 

Q - l + - j T + - j ^ ( T 2 + A R ) 

+ - ^ ( R T - T R ) + . . . . ( 4 . 8.15) 

A G- Invariant metric on M i s determined by an H- lnva^ant 

Inner product g on m. Inflnltesmal H- invartance i s 

° - C a i * k j + « iK C aJ • < 4 - 8 - 1 6 > 

The representation of the metric In canonical normal coordinates i s 

given by (4 .6 .6 ) and (4 .8 .13 ) : 
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V g V 

U + A (T*g + g T) + \ T*g T 

+ \ ( ( T 2 + R)*g + g(T 2 + R)) + (4 .8 .17) 
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5. Linear Fields 

$.'!.' Introduction 

The space of fields #(x) taking values in the manifold M i s 

i tself a nonlinear manifold- For calculation in the low temperature 

expansion, a linear representation is needed for the fields near each 

constant f*(x) • m. Natural linear fields at m are the tangents to 

the manifold of nonlinear fields at the constant m, i . e . , the fields 

cr taking values cr (x) in the tangent space to M at fn. The linear 

representation is a collection of maps £ from linear to nonlinear 

f ields, defined near the zero linear field, taking the linear field cr 

at m to the nonlinear field ^ « E (cr) which i t represents. 

It is convenient to use linear representations which respect the 

spatial symmetry of the model, in order that the symmetry remain mani­

fest in the low temperature expansion. It simplifies power counting to 

use representlons which are local and zeroth order in the linear f ield. 

Any representation satisfying these two cr i te r ia is determined by a sys­

tem of coordinates E on M: 

E (ff) (x) - Em (CT(X)) . 
m m 

(5.1.1) 



5_ .J2_. The compatibility operator D 

Each nonlinear field is represented by many linear fields, associ­

ated with different constants. A compatibility condition determines 

when a real valued function of the linear fields represents a single 

function of the nonlinear fields* The compatibility operator D i s 

defined to act on real valued functions G(m,<r) of the linear fields 

by 

*\G (m.cr) - k / t - Q G( m(t), E ^ o l m M ) , (5.2.1) 

where m - m(0) and w m~7T/tmri m(t). G(m,<T) is the representation 

of a single function G(phi) of the nonlinear f ie lds . 

G<ra,o-) - G(E (a)) , (5.2-2) 

if and only if 

(5.2-3) 

The linear fields form a vector bundle over the constants. The 

compatibility operator is the infinitesmal expression of a f lat non­

linear connection in this bundle whose path independent parallel tran­

sport functions are the transition functions E~, o i . The flatness 
m m 

of the nonlinear connection is expressed in the integrability condition 
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5j - 0 . (5.2.4) 

D̂  is defined as in (4.2.5). 

5_.̂ . Linear connections 

It is convenient to have use of a linear connection in the bundle 

of linear fields- It provides a first order operator T which acts on 

real valued functions of the linear fields, as the infinitesmal form of 

linear parallel transport of linear fields along paths in the constants 

M. 

In calculation of the low temperature expansion i t is convenient to 

use linear connections which respect the spatial symmetry and which are 

local and zeroth order In the linear field, thus which are determined by 

linear connections in TM. With respect to coordinates {m } on M, 

• ^-T - r^Cm) ^M^-r . (5.3.1) 
J i m 1 j i &<rk(x) 

J. 

r . . is the Christoffel symbol of the linear connection on M in coor­

dinates <m }. The summation convention applies to the index x as 

well as to the ordinary indices. 

Given a linear connection in the bundle of linear fields the compa­

t ibi l i ty operator can be written in the form 

5 i " *i " V ™ ^ 5oT (5.3.2) 
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where Q (m,<r) v— i s a vec tor f i e ld on the space of l i n e a r f i e l d s a t 

m« When the l i n e a r r e p r e s e n t a t i o n i s based on a system of coord ina tes 

and • . i s determined by a l i n e a r connection on H, then 

nJ/ qJ(m,o-(x)) —. . ( 5 . 3 .3 ) 
1 °o->Cx> 

Q.(m»cr) i s the matr ix valued function on TM, defined by ( 4 . 3 . 9 ) , 

which de sc r ibe s the system of coord ina tes with r e spec t t o the l i n e a r 

connection in TM. 

A l i n e a r connection in the bundle of l i n e a r f i e l d s i s no t e s s e n t i a l 

to the r e p r e s e n t a t i o n of nonl inear by l i n e a r f i e l d s * I t merely p r o ­

v i d e s , a s in (5 .3 .2 -3 ) a convenient sepa ra t ion of the c o m p a t i b i l i t y 

opera tor in to a l i n e a r c o v a r l a r t d e r i v a t i v e p lus an opera tor which a c t s 

independently on each space of l i n e a r f i e l d s * 

JL'A" Extensions to tensor valued functions 

In extending these opera to r s to tensor valued funct ions of the 

l i n e a r f i e l d s , two types of funct ions must be d i s t i n g u i s h e d . 

Those whose values a r e t ensors in the l i n e a r f i e l d s themselves ar<_ 

t r e a t e d exact ly as were tensor valued funct ions in sec t ion 4 . 2 . A vec­

to r valued function of t h i s type i s of the form W^x) (m,o-) , an exam­

p le being a (x) i t s e l f . The extension of v. to such funct ions 

s a t i s f i e s 
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T± o-^x) - 0 ( 5 . 4 . U 

I T . , —. ] - 0 . ( 5 . 4 . 2 ) 
1 »cr"(x) 

The second kind of t ensor valued funct ion takes i t s va lue a t 

(m,o-) in a tensor space of T M- Ic i s of the form T. "*{m,o-) . In 
m j . . * 

order to extend the opera to r s T and D to these func t ions , an a u x i ­

l i a r y l i n e a r connection in TM is. needed to t r a n s p o r t the t enso r s of 

TM. 

This a u x i l i a r y l i n e a r connection in TM i s in p r i n c i p l e d i s t i n c t 

from the l i n e a r connection in the bundle of l i n e a r f i e l d s which giv >s 

TM. I t i s a l so d i s t i n c t from a l i n e a r connection used to def ine normal 

coordinates* 

The operator T extendB t o : 

• .W1 <m,or) - ( —.- - r J(m) cr q(x) ) W3 (m,o"> 
1 hm1 q l b<rPU) 

+ r k ^(m) &(m,<r) . (5-4 .3) 

P ? i s the Chr i s to f fe l symbol for the l i n e a r connection determining 

v , and p, i s the Chr i s to f fe l symbol for the a u x i l i a r y l i n e a r con-



\w* - vj? - Q 1 { m l f f ) ^ W i . (5.4.4) 

If T(m,cr) Is a tensor valued function which depends only on mf 

i . e . a tenBor field on M, then D,T and v\T both equal ? T , the 
i i H i 

ordinary covariant derivative with respect to the auxiliary linear con­

nection. Hie extended operator sat isf ies 

B* W* (mpo-) - Rk

 tAm) wP(o,cr) . (5.4.5) 

~k 
R 1S i s the curvature of the auxiliary linear connection* 

ji\?_* The action, source and £ priori measure 

In terms of linear fields at the constant m, the action and 

external source are 

S(m.o-) - S(E (<T)) (5.5.1) 
m 

H(m,o-) - H(E (CT)) , (5.5.2) 
m 

satisfying the compatibility conditions 

(5.5.3) 
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In a l i nea r r ep re sen t a t i on based on c o o r d i n a t e s , ? and H a r e 

S(tn.o-) - £ d x | T " 1 B (a , ( r (x ) ) h o^ tx) I ^ ( x ) (5 .5 .A) 

H(m,<r> - A 2 + * £ d x h(x) (m,o*(x)) . ( 5 . 5 . 5 ) 

where g , and h(x) a re the metr ic and e x t e r n a l f i e ld in coord ina tes 

around m. The compa t ib i l i t y condi t ion D.H - 0 i s equivalent to 

D h(x) - 0, and D S - 0 i s equiva len t Co D g . - 0. 

The a p r i o r i measure dp i s represented in terms of the l i n e a r 

f i e l d s a t m by 

do- (m,<r) - E dp ( c ) . ( 5 . 5 . 6 ; 

I t s a t i s f i e s the compat ib i l iy condi t ion 

f5 .5 .7) 

I t can be wr i t t en 

do- - do- exp J(m.o-) (5 .5 .8 ) 

where do- i s the measure d0 a t the cons tan t <f> - m, and J(m,o") i s 

the logar i thmic jacobian at <T of the l i n e a r r ep re sen t a t i on E . 
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A spatially invariant a priori measure Af takes the form 

n dp(x), where dp(x) is the a prlocl volurae element on 11. Uhen the x 
linear representation is by means of a aysten of coorJinates, then 

do - n dff(x) (5.5.9) 
x 

J(m,o*) - A 2 + * Cdx j(n,o*(x)) . (5.5.10) 

da(x) is the a priori volume element dp(x) at 0(x) - m. J(m,o*(x)) 

is the logarithmic Jacobian of the coordinate map E at o- (x) • 

do* consists, for each m, o£ a volume element on the linear 

fields at m. Integration against do* turns a real valued function 

G(m,cr) of the linear fields into a real valued function C do* G on 

M» The compatibility condition D da - 0 Implies the integration by 

parts formula 

Cdcr DjG - d± Cdo- C . (5.5. U) 

do* also integrates censor valued functions of the linear f ields, pro­

ducing tensor fields on H. The integration by parts foruula i s 

P » ^k. -:: - \S~d° t.:: • ( 5- 5- i 2 ) 
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J5.j>. The gauge condi t ion 

This s ec t i o n and the next a r e concerned with t e chn ica l a s p e c t s of 

the degenerate pe r tu rba t ion theory i s s o c l a t e d with f i n i t e volume 

inf rared r e g u l a r i z a t i o n of the low temperature expansion. 

The minima of the ac t ion cons i s t of the cons tan t f i e l d s f(x) - m. 

The low temperature expansion of the In t eg ra l over nonl inear f i e l d s I s 

ca l cu la t ed by i n t e g r a t i n g over the l i n e a r f i e l d s a t each c o n s t a n t . To 

prevent overcount ing , the i n t e g r a l over the l i nea r f i e l d s o" (x) a t 

the constant ^(x) - m must avoid the cons tan t l i n e a r f i e l d 

<r (x) • v j* 0 which r ep resen t s 0(x) " m* • I n t e g r a t i o n over the non­

l i n e a r f i e l d s i s replaced by constra ined i n t e g r a t i o n over the l i n e a r 

f i e l d s : 

£d* G(p) -

C C do- &(P(m,cr)) det F(m,o*) G(E (o-)) (5 .6 .1 ) 
m 

where G(^) i s any r e a l valued function of the nonlinear f i e l d s , 

P (m,o~) i s a vec tor valued gauge function and F, (m,0") i s a matrix 

valued function to be determined. de t F i s a Fadeev-Popov determinant 

which compensates for the d i s t o r t i n g e f fec t of the gauge c o n d i t i o n . The 

6- function in (5 .6 .1 ) i s the n a t u r a l point measure a t the zero in T M 
IU 

with va lues in the volume elements a t m. A more e x p l i c t no t a t i on would 

be d m 5(P) where d m i s an a r b i t r a r y volume element a t m and 5{P) 
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I s the standard 6- function on T H defined with respect to d m. The 
m o 

product d ra 6(F) does not depend on the choice of d a . The integra­

tion \ over m in (5 .6 .1 ) Is integration against the volume element 

n 

l e f t by 6<P). 
The gauge condition i s enforced by means of a mult ipl ier y in 

T M: 

S(p) - J dy Mp(iyjF j) . (5.6.2) 

dy i s the natural volune element on T M whose value i s a volume e l e -
m 

ment on H. That is, for f a real valued function on T M, 
to 

K dy f ( )0 i s a volume element on M at m. 

To ensure that the gauge condition P (m(o-) - 0 s e l e c t s from the 

c o l l e c t i o n of a l l l inear f i e l d s near zero a fa i thfu l copy of the space 

of a l l nonlinear f i e l d s near the constants , P must sa t i s fy the nonde-

generacy condition: 

det D p 1 ( n , 0 ) 4 0 . ( 5 . 6 .3 ) 

The gauge function ought to respect th& spat ia l symmetry of the 

model and, to simplify the power counting, should be local and zeroth 

order in the l inear f i e l d : 

P(m,<r) - L ~ ( 2 + * ) £ d x pJ(m.<r<v>) . C3.u. 
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P 1 ( B , < T ) - L ~ < 2 + * ) £ d x ai(x) - ( 5 . 6 .5 ) 

jj.»2* The Fadeev-Popov determinant 

The s t r a t e g y for f inding F. (m,<r) i s to f ix an a r b i t r a r y constant 

m and to r ep resen t the l i n e a r f i e l d s a t nearby cons tan t s m' by the 

l i n e a r f i e l d s a t m, using the nonl inear p a r a l l e l t r anspor t funct ions 

E ,o E . The a u x i l i a r y l i n e a r connection i s used to t r anspor t vec to r s 
m m ' 

in TM. For convenience of e x p o s i t i o n ! coord ina te s {m } a re used on 

M. Only the f i r s t order in (m' - m) i s of i n t e r e s t , so path depen­

dence of the a u x i l i a r y p a r a l l e l t r an r -~Tt does not m a t t e r . 

The vec tor valued gauge function P (m* ,tr) becomes, for each m ' , 

a function on the l i n e a r f i e l d s a t m with va lues in T M. The a 
m 

p r i o r i measures do~ (m* ,o~) , because of t h e i r c o m p a t i b i l i t y , a re a l l 

represented by d c (m,o*) • For ^ and m* both near m, equat ion 

(5.6*1) becomes 

<j*d£ G<$) -

C Cdcr (ra.o-) 6(F(m',oO) det F(m' ,<r) GfE^cr) . ( 5 . 7 .1 ) 
m 

Since 3cr (m^cr) represen ts dp in terms of the l i n e a r f i e l d s a t 
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C d 0 G ( 0 ) - Cdtr(m,<r) G(Im<T) . (5 .7 .2 ) 

Therefore the Fadeev-Popov determinant i s determined by the condition 

1 - £ S(P(m*,<T)) Je t F(«',(T) . ( 5 . 7 .2 ) 

Since in i s arbitrary and since <r part ic ipates in the integral 

over f luctuations only i f P (m,o") - 0, F (m,o*) need only s a t i s f y 

(5 .7 .2 ) on the gauge s l i c e P (m,o") - 0. To f i r s t order in (m' - a) , 

P 1(m',o-) - P 1 (m,o) + (m' - m) j D P 1 (m,o-) . (5 .7 .4 ) 

So det F(m,a") i s determined, on the gauge s l i c e , by 

- C 6( (m' - m)1 D P 1 (m,o-) ) det F(m,<r) . ( 5 . 7 .5 ) 

Therefore the correct Fadeev-Popov determinant i s provided by 

F*(m,o-) - - D P 1 (m,o-) . ( 5 . 7 .6 ) 

Mien the l inear representation i s given by a system of coordinates, 

when Q i s determined by a l inear connection in TMf when the 
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a u x i l i a r y connection i s the same l i n e a r connec t ion , and when Che gauge 

funct ion i s ( 5 . 6 . 5 ) ; t hen , using ( 5 . 3 . 3 ) , ( 5 . 4 . 1 ) and ( 5 . 4 . 4 ) to c a l c u ­

l a t e ( 5 . 7 . 6 ) , 

FJda.O-) - L ' ^ ^ ^ d x QJ(m tff(x)) . ( 5 . 7 .7 ) 

F(m,<r) i s well defined by (5 .7 .6 ) even off the gauge s l i c e s 

P <m,cr) - 0, but i t s d e f i n i t i o n depends on the choice of a u x i l i a r y 

l i n e a r connect ion . On the gauge s l i c e s , however, the d e f i n i t i o n -spends 

only on the l i n e a r r e p r e s e n t a t i o n of the f i e l d s , because when the a u x i ­

l i a r y condi t ion v a r i e s , the change in D,P^» being l i n e a r in P, van­

i shes wherever P does . 

The Fadeev-Popov determinant can be r ep re sen ted , for each o , a s 

an i n t e g r a l over a f i n i t e s e t of anticommutlng ghosts v a r i a b l e s : 

de t F*(m,0~) - C dc*-dc c ^ p j c * . ( 5 . 7 .8 ) 

The ghost c i s in T M, c iu T M. A funct ion of c i s an element m ra 
.* * * of the Grassraann a lgebra A (T M); a function of c i s an element of 

ID 

* 
the Grassmann a lgebra A (T M)• A monomial in Che ghosts conta in ing c 

r times and c s times i s said to have bldegree ( r , s ) and ghost 

number r - s . 

The volume element dc ~ dc i n t e g r a t e s a function of the ghosts 

to the t r a ce of i t s component of h ighes t b i d e g r e e . E x p l i c i t l y , in terms 
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of a basis {c.} for T M and the dual basis {c } for T M. tera-1 m ra 
porarily abandoning the summation convention, 

dc* - d e - (dc*-dcX) (dej-dc 2) ••• , (5.7.9) 

0 - CdcJ-dc 1 ( c* or c 1 or 1 ) (5.7.10) 

1 - ^ d e j - d c 1 ( c 1 cj) . (5.7.11) 

The volume element dc *dc is natural. It does no'- involve an arbi­

trary choice of volume element on I H or on T M. 
m m 

5_.jJ. Redundancy equations and BRS invariance 

When infrared regularization is provided by a constant external 

f ield, the distribution of linear fields at o i s 

do* exp( - S(m,o-) + H(n,oO] . (5.8.1) 

The fact that this represents, for al l m, the same distribution of 

nonlinear fields i s expressed in the compatibility equations: 

D do- - 0 ( 5 . 8 . 2 ) 

D S - 0 (5.8.3) 
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£5 .8 .4 ) 

The compa t ib i l i t y equa t ions s t a t e t h a t the v e r t i c e s contained in the 

Taylor s e r i e s expansions of J , S and K a t ID determine those con­

ta ined in the expansions for any m* i n f i n i t e s m a l l y c lose to m. D 

s a t i s f i e s the i n t e g r a b i l i t y condi t ion 

D ^ - 0 . ( 5 . 8 .5 ) 

When f i n i t e volume infrared r e g u l a r i z a t i o n i s used, the d i s t r i b u ­

t ion of l i n e a r f i e l d s and a u x i l i a r y v a r i a b l e s i s 

dY dc*~dc dcr exp [ - A<m,<r,y fc,c*) ] (5 .8 .6 ) 

A(m,o*,y,c,c ) - S(m,o>) - H(mpo") 

- i y P j(m fo-) - c j FJCm.o-) c* (5-8 .7) 

F*(m,<r) - - D P 1 (m.o-) . ( 5 . 8 .8 ) 

An extension of (5 .8 .2 -4 ) i s sought which inc ludes the m u l t i p l i e r 

and ghost c o n t r i b u t i o n s to ( 5 . 8 . 7 ) . After Becchi, Rouet and S t o r a ( 1 9 ] , 

i t I s expected tha t the re Is an equation of the form s(A) - 0, where 

s I s a f i r s t order operator which inc reases ghost number by one, which 
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2 i-

satisfies s m 0, and which i n c l u d e s , i n some s e n s e , a term c D. . 

Formally, s i s to be a vec tor f i e ld of ghost number one on the super-

manifold descr ibed by the v a r i a b l e s (m,o",y,c,c ) . 

D i s extended to a c t on the m u l t i p l i e r and ghosts by means of the 

a u x i l i a r y l i n e a r connection in TM. In coord ina tes <m } t h i s amounts 

to adding to expression (5 .3 .2 ) for 5 , a term 

k 

E ^ - DjC* - 5 ± y - 0 (5 .8 .10) 

j oc oc 

D \ - RP c'!*--• + y •fej- - c q i ; — ) . (5 .8 .12) 

q 

c D. now taakes sense , and 

( c l ° l > 2 " 2 c ± c J ( 5ij " 'ij \ } • (5 .8 .13) 

The BRS opera tor i s defined to be 
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5CJ 

+ HV^t • 1 ^ ^ % «.«•») 

where B. and T are the curvature and torsion of the auxiliary linear 

connection. 

It follows immediately from the Bianchi Identities 

0 " £k ( S P « k + ? « ^ ' **%* ) ( 5 ' 8 , 1 5 ) 

° _ ^ ' ( V q ^ + T i J R q t k > ( 5 - 8 - 1 6 > 

s 2 - 0 . (5 .8 .17) 

3(1) - c 1 5 1 S - 0 (5 .8 .18) 

B(H) - c ^ H - 0 (5 .8 .19) 
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A - S - H + s( c* ^(m.ff) ) , (5 .8 .20) 

so 

s(A) - 0 . (5 .8 .21) 

Also, 

s(dff) - 0 (5 .8 .22) 

s(dc*~dc) - 0 (5 .8 .23) 

s(d)0 - 0 . (5 .8 .24) 

Final ly , an Integration by parts formula which w i l l be used below i s 

^ao-dy s(5) - c 1 ^ Ca<rdy 5 . (5.8.25) 

J>._9. Standard models 

In this section, which ?.s a continuation of section 4.8, M is a 

homogeneous space G/H, and all structures are assumed G- invariant, 

except the external source H. Because of the G- lnvariarce, the dis­

tribution of fieldB need only be examined at a single point m in M. 
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The l i n e a r connection la TK which determines v. and a l so T . 

I s the canonical connection. The auxi l iary l inear connect ion deterrain-

5 i • 'i - n i * k J j - ( 5 - 9 - l ) 

T kj is an H- invariant tensor at m . On G- invariant functions o£ 

(rf(m,o-(iO) — . (5.9.2) 
fln-'(s) 

The compa t ib i l i t y equat ions (5 .8 .2 -3 ) become the nonl inear symmetries 

[<3 i, do-] - 0 ( 5 .9 .3 ) 

[Q 1 , S] - 0 . ( 5 . 9 .4 ) 

The i n t e g r a b i l l t y condi t ion (5 .8 .5 ) becomes, using ( 4 . 8 . 5 ) , the commuta­

t i o n r e l a t i o n 

l \ . 0,1 - ^ \ + » P

q l J » q < « > ^ • (5 -9 .5) 

- Q, I s extended to the a u x i l i a r y v a r i a b l e s by adding to i t the 

term ( 5 . 8 . 9 ) . The commutation r e l a t i o n for the extended operator i s . 
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using ( 5 . 8 . 1 2 ) , 

[Q Q<. QJ " T^Q. + RP . . c - q (x ) -I ' V t j - k ,1J S ( r p ( x ) 

+ RP ( c * i _ + y * - <:<»*_ ) . (5 .9 .6 ) 

q 

The BRS operator i s 

1 J ocj 

_ _ 1 = i J k > L 1 ; 1 t k l S , , „ , . 
+ 2 T j k c c 71 * T R . i k i c i c c SoTT • < 5 - 9 > 7 ) 

3 

All of (5 .8 .17-18.20 ,22-24) continue to hold. (5 .8 .19 ,21) become 

6(H) - - c 1 [Q., 5) (5 .9 .8 ) 

s(A) - 6(H) . ( 5 . 9 .9 ) 

Note that the canonical connection on a Lie group has R... • 0. s 
l j lc 

(5 .9 .7 ) i s then the or ig inal BRS transformation.[19] 
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6- Renormalizatlon 

§.•!_• General i t ies 

From the point of view of of Wilson[7J, renormalizatlon means e l im­

inating from the d is tr ibut ion of f i e l d s of * model a l l f luctuat ions on 

s ca l e s smaller than a cutoff distance A • leaving an e f f e c t i v e d i s t r i ­

bution Cor the remaining degrees of freedom. The e f f e c t i v e d i s tr ibut ion 

has the same properties as the or ig inal at distances much larger than 

A" 1 . 

The most general d i s tr ibut ion of f i e l d s , including a l l poss ible 

short range Interact ions , i s characterized by a point A in an Inf in i t e 

dimensional space of parameters. Appropriate powers of A are used to 

make A dlraensionless. Each e f f e c t i v e d i s tr ibut ion i s characterized by 

.*>H c i f e c t l v e parameter A (A). A i s considered here to include a char­

acter izat ion of the local sources conjugate to the f i e l d s of the model, 

so that renormalizatlon of the f i e ld i s implied by renormalization of 

A. 

The invariance of the long distance properties of the model under 

simultaneous change of the cutoff A and the parameter A i s expressed 

in a d i f f e r e n t i a l equation for the part i t ion function: 

I A ^ + p a ) ^ ) z (A,A) - o . ( 6 . 1 .1 ) 

0 • 0(A) XT i s i s a vector f ie ld on the space of parameters, cal led 
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the p- function. The renormalization group equation (6*1*1) s ta te s 

that increasing the cutoff length from A to e A while flowing 

along the vector f i e l d - 13 for a "time" t has no net e f f e c t on the 

long distance properties of the model. The e f f e c t i v e parameter A (A) 

corresponding to the cutoff distance A" s a t i s f i e s the ordinary d i f ­

f erent ia l equation 

A" 1 ^—r A - - B(A) . ( 6 . 1 .2 ) 

The vector f i e ld - p i s the infinitesmal generator of the renormali­

zation group. The time t which Indexes the action of the renormaliza­

t ion group i s the logarithmic change of the cutoff length A • 

Flowing along - p in parameter space has the e f f e c t on long d i s ­

tance properties only of decreasing a l l d iaensionless character i s t i c 

l engths . That i s . i f r(A) i s a dlmensionless length In the model, so 

that A r(A) i s , for example, some corre lat ion length , then i t follows 

from the renormalization group equation ( 6 . 1 . 1 ) that when A flows to 

and A i s replaced by e A the length A r(A) remains 

unchanged* Therefore, the dimensionless length obeys 

r C e ^ P t t ) ) - e - ' r t t ) . 

The model shows c r i t i c a l behavior at values of A where some 

character i s t i c le i^th u~ goes to i n f i n i t y . The c o l l e c t i o n of such 

values of the parameter forms the c r i t i c a l surface- The divergence of 

the dimensionless length jj A near the c r i t i c a l surface allows a 
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scal ing or continuum l imi t to be defined, In which ju serves as the 

fundamental unit of length, measured against which the cutoff length 

disappears. 

Cr i t i ca l behavior i s associated with i n s t a b i l i t y In the renormali-

zation group act ion (so cal led infrared i n s t a b i l i t y ) * The renormaliza-

t ion group leaves i n f i n i t e lengths i n f i n i t e , but sends f i n i t e dimension-

l e s s lengths towards zero . Therefore two nearly ident i ca l values of the 

parameter, one c r i t i c a l and the other only near c r i t i c a l , go to ent i re ly 

d i f ferent fa tes under the renormalization group. Such behavior charac­

t e r i z e s i n s t a b i l i t y . 

The thermodynamic, or Inf in i te d i s tance , properties associated with 

a value A of the parameter are determined by the ultimate fate of A 

under the renormalization group. The abrupt change in this fate at the 

c r i t i c a l surface indicates that the c r i t i c a l behavior i s associated with 

a phase t rans i t i on . 

The fact that infrared i n s t a b i l i t y in the renormalization group 

implies c r i t i c a l behavior i s most e a s i l y seen in the case of a fixed 

point with nontriv ia l unstable manifold. (The unstable manifold of a 

fixed point cons i s t s of the points in parameter space driven to the 

fixed point by the renoraalization group as t -» - CD. Ihe s table man­

i fo ld cons i s t s of the points driven to the fixed point as t —> +00 . ) 

A parameter A near the stable manifold 1B driven by the renormal­

izat ion group Into the v i c i n i t y of the fixed point and then away along a 

trajectory which conveges towards the unstable manifold. Parameters 
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near the fixed point are almost l e f t fixed by the renormalizatlon group, 

so the trajectory spends a long time there* As A approaches the 

s table manifold, the trajectory approaches a l i m i t which cons i s t s of a 

path lying In the s table manifold teninating at the fixed point followed 

by a path in the unstable manifold leaving the fixed point . If A* i s 

some point on the outgoing part of the l imit ing trajectory , then, as A 

approaches the s table manifold, the time i t takes for the trajectory to 

reach a neighborhood of A grows without bound. Assuming some nonzero 

dimensionless length associated with A , the corresponding length 

associated with A diverges at the s table manifold of the fixed point . 

The s table manifold i s therefore a c r i t i c a l surface* 

The scal ing or continuum l imi t of the model i s characterized by a 

space of renormalized parameters A • The renormalized part i t ion func­

t ion Z I s defined as a function of the renormalized parameter A 

and of the macroscopic length sca le u by 

Z r (fi ,A r ) - lim Z( A, A( p ^ A , A r ) ) , ( 6 .1 .3 ) 
A-*» 

in which the bare parameter A i s given as a function of A and the 

rat io of sca les by insert ing 

A r - (p - 1 A)"P (A) - (6 .1 .4 ) 

The expression on the .right In (6 .1 .4 ) describes the point in parameter 



space reached by flowing from A along - p for a time log fi A. 

By the renormalization group equation (6.1.1), Z( A, A) is 

independent of A, In i t s long distance properties, when A i s given 

by (6*1.4). Therefore the renormalized partit ion function as a function 

of the renormalized parameter describes a continuum model• It follows 

from (6.1.1-4) that the renormalized partition function sat isf ies the 

renormalization group equation 

1 M l l + P ^ * "^7 ] z t < M r > - ° • (6.1.5) 

There remains the problem of describing the appropriate space of 

definition of the renormalized parameter. The space of renormalized 

parameters, as they are given In (6.1.4), i s the same as the space of 

bare parameters. But the renorroallzation group i s , s t r ic t ly speaking, a 

semigroup, since there is no way to undo the elimination of degrees of 

freedom. The definition of the continuum model (6.1.3) requires that 

the renormalization group be run backwards an infinite amount of time. 

Pathological short distance behavior is to be feared unless the entire 

backwards trajectory can be exhibited inside the space of bare parame­

te r s . Therefore the renorroallzed parameter should l ie in an unstable 

manifold associated with an infrared instabil i ty of the renormalization 

group. 

Equivalently, the continuum model should be defined by making the 

bare parameter approach a c r i t i ca l surface within the space of barf* 
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parameters, rather than by allowing the bare parameter to follow an 

arbitrary trajectory of the renormalization group backwards into unknown 

terr i tory . 

Suppose A(a) a curve in parameter space such that A(0) l i e s on 

the c r i t i c a l surface, r ( s ) being a dimensionless length associated 

with A(s) which diverges at s - 0. The continuum U n i t i s defined by 

sending B -> 0 with the cutoff A(s) - u r { s ) . By the renormalization 

group equation ( 6 . 1 . 1 ) , the same continuum l imi t i s obtained from 

A' ( s ) - e " t P a ( a ) ) , A*(s) - e - t A ( s ) , for any t « r ( s ) . Letting 

t -^ oo, as s -> 0, brings \(a) to the unstable manifold. There­

fore , the d irect ions of infrared s t a b i l i t y in parameter space are 

irre levant to the continuum l i m i t . 

Recapitulating: the continuum or scal ing l imi t s of the model are 

described by the unstable manifolds associated with infrared i n s t a b i l i t y 

of the renormalization group. 

In perturbative f i e ld theory, the renormalization traces a reversed 

course. F ir s t , the renormallzed part i t ion function i s shown to be well 

defined in the continuum l imit as a function of the renoroalized parame­

t e r , when the bare parameter i s made to depend appropriately on the 

renormallzed parameter and the rat io of sca les* Renormalization group 

equations then follow from the existence of the continuum l i m i t . 

The perturbative f i e ld theory i s given order by order in an expan­

s ion about a free f i e ld theory, that i s , about a gaussian d is tr ibut ion 

of f i e l d s . Power counting l imi t s the space of possibly relevant 
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parameters: parameters describing nonrenormallzable v e r t i c e s are ignor-

able . Power counting determines that the bare parameter A can be 

written as a function of a renormalized parameter A and the rat io of 

s ca l e s p A so that Z{ A, A ) , when expanded in A , has a sens ible 

l imi t order by order in A as A - > c o . To lowest order, A i s A 

scaled by appropriate powers of p A so that the renonnallzed d i s t r i ­

bution of f i e l d s i s , a t lowest order, independent of A* At higher 

order, A cons i s t s of cutoff dependent counterterms (containing powers 

of log |j A) needed to cancel the primitive divergences In the Feyntnan 

diagrams of the perturbatlve expansion. 

By power counting, the primitive divergences depend only on the 

short distance properties of the model* Therefore the perturbation 

theory can be made cutoff independent by means of counterterms which are 

independent of the infrared regularizat lon. 

The space of renormalized parameters A must be large enough to 

contain a l l counterterms permitted by power counting, because the d i s ­

t inc t ion between renormalized parameter and counter term i s arbitrary, up 

to cutoff Independent reapportionments between the two. 

The continuum l imit of the perturbation theory, which depends on ^ 

and A > 1B defined by ( 6 . 1 . 3 ) . Renormalization group equations follow 

from the equivalence of cutoff and continuum theories at distances much 

larger than the cutoff . Z(A, A) ia independent of fi, so d i f f eren­

t i a t ing the expression on the l e f t in ( 6 . 1 . 3 ) with respect to u , hold­

ing A and A f ixed , g ives the renormalizatlon group equation 
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( P S 7 + P r W r ) - ^ 7 ] z r <fi .A r ) - 0 , ( 6 . 1 . 6 ) 

^ - >>hfXA * ' " ( 6 - l - 7 > 

More prec i s e ly , for t - log p A> l e t II be the nap from renoraal-

ized to bare parameter which provides the contlnutm l imi t : 

Z r (uJ> r ) - Urn Z( A, I f 1 ^ ) ) - ( 6 . 1 .8 ) 
A-*D ^ 

a > " " oV ( I T T ' C n t * (6.1.9' 

• I V ? >. I F "t • (6.1.10) 

Being dimensionlesa, the renoraalization group coef f i c i ent 3 

can depend on p and A only in the combination p A« But, at each 

order in A » any tern in p which diverges when p A-*co can be 

i so la ted as a separate invariance of the nodel and discarded without 

af fect ing the v a l i d i t y of the renoraalization group equations* There­

fore the renormalizatloa group c o e f f i c i e n t s are independent of u and 

A in the l imi t p" A - * oo. 
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For properties associated with dis tances ouch greater than A , 

the bare part i t ion function i s governed by a renorualization group equa­

t ion of the form ( 6 . 1 . 1 ) , the p- function being 

p a ) - A ^ r A , (6 .1 .11) 

or , more prec i se ly , 

p a ) - ( |^- r^ ) ° n^ 1 . (6 .1 .12) 

The above constructions depend on expansions which have a chance of 

making sense only when both A and A are small . But A i s given as 

a power ser i e s in A with divergent c o e f f i c i e n t s . As the ratio of 

scaleB increases , A and A Bust be confined to smaller and smaller 

va lues . The perturbative renorroallzation group equations are at best 

asymptotic expansions of the nonperturbative equations. They are useful 

because the topological structure of a vector f ie ld such as the renor-

malizatlon group generator, In the region of small values of the parame­

t e r , i s exhibited in i t s asymptotic expansion. 

The topological properties of the renormallzation group determine ^ 

poster ior i the length sca les at which the perturbative analysis i s 

appropriate• When perturbation theory shows infrared i n s t a b i l i t y in the 

region of small values of the parameter, the perturbative analys is i s 

appropriate at short d is tances: i t es tabl i shes the existence of the 
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continuum l imit and exhibi ts the short distance ( « p~ ) scal ing pro­

p e r t i e s . When perturbation theory shows infrared s t a b i l i t y , the pertur-

bative analys is can be used to find long distance properties ( » u ) , 

but cannot pick out the renormallration group trajectory which leads 

back to an Infrared unstable fixed point , or even guarantee that such a 

trajectory e x i s t s . 

.6-.2• Power counting for the nonlinear models 

The general progran outlined in the previous sect ion i s now to be 

adapted to the nonlinear models. Two complications a r i s e : (1) the 

degeneracy of the gaussiaa models at asymptotically small values of the 

parameter, and (2) the ex i s tence of a group of equivalence transforma­

t ions on the parameters. 

This sect ion describes the constraints on perturbative renormallza-

t ion determined by power counting. The arguments are applicable to 

models on Euclidean 2 + * space for asymptotically small *•, but for 

convenience only the case *• » 0 i s treated e x p l i c i t l y . For <• 4 0, 

the e s sent ia l point i s that the s ign i f i cant cutoff dependence of the 

Fc.ynoan diagrams cons i s t s of powers of log u A and tha t , in the dou­

ble expansion in T and * , the power of log u A occurring in each 

term of the expansion i s controlled by the combined power of T and <-

multiplying the term, which i s therefore the appropriate number by which 

to order the expansion. 

The parameters of the nonlinear model are the metric coupling and 
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the ( s p a t i a l l y dependent) external f i e ld* The perturbatlve expansion i s 

in powers of the temperature* The aodel i s to be renoraalized by 

expressing the ba;*e metric and external f i e l d as a renoraalized metric 

and external f i e ld (scaled acecording to naive dimension) plus counter-

terms, so that the part i t ion function ( 2 . 4 . 4 ) , expanded in the renormal-

ized temperature, i s a cutoff Independent function of the renoraalized 

parameters* Renormalization of the external f i e ld i s equivalent to 

renoreal izat ion of i t * dual* the order parameter. 

The apparatus of perturbative renormallzation cannot, however, deal 

d i rec t ly with the nonlinear model* The theorems which support power 

counting arguments require a Feynman diagram expansion, which in turr i s 

derived from a functional integral over l inear f i e lds* Therefore the 

perturbative renormalization must take place in the c o l l e c t i o n of d i s ­

tr ibutions (3*1.6) or (3 .2 .8 -9 ) of l inear f i e lds* It i s necessary f i r s t 

to renormallze the individual d i s tr ibut ions of l inear f i e l d s , and then, 

as a separate matter, to show that the c o l l e c t i o n of renoraalized d i s ­

tr ibut ions of l inear f i e l d s i s equivalent to a s ingle cenortnaiized non­

l inear model. 

I t niight seem that infrared regular!zation by means of a constant 

external f i e ld - — T h avoids the second issue by eliminating a l l 2 o 

but one d i s tr ibut ion of l inear f i e l d s from ron-ideratlon. However, h 
o 

i s a so f t operator whose e f f ec t i s n e g l i g i b l e at the short distances 

which are of concern in the renormalization. h should be considereu 
o 

a device by which one dis tr ibut ion of l inear f i e l d s at a time Is singled 
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out tor renormallzation. Each d i s tr ibut ion i s renormallzed in the pres­

ence of an appropriate external f i e ld* The i ssue of the compatibi l i ty 

of the resul t ing c o l l e c t i o n of rei.ormalized d i s tr ibut ions remains. 

The parameters of the d i s tr ibut ion of l inear f i e l d s at a, ( 3 . 1 .5 ) 

or ( 3 - 2 . 8 - 9 ) , are the Taylor s e r i e s c o e f f i c i e n t s of g and h ( x ) , 

and, in ( 3 . 2 . 8 - 9 ) , a lso the c o e f f i c i e n t s of p and f*. The Taylor 

s e r i e s c o e f f i c i e n t s of g, h , j , p and f are the couplings a s s o ­

ciated with the ver t i ces of the Feynman diagram expansion. The loga­

rithmic jace Man j of the coordinate map i s not an independent parame­

t e r , because the a pr ior i volume element from which i t derives i s fixed 

in associat ion with the metric coupling* The v a r i a b i l i t y of J i s 

absorbed ln*:o that cf h* 

The d is tr ibut ion of l inear f i e l d s at m i s renormalized by 

expressing the bare v e r t i c e s as (naively rescaled) renormalized v e r t i c e s 

plus counterterras, so that the functional integral ( 3 .1 .6 ) or (3-2.10) 

a t m i s a cutoff Independent function of the renormalized couplings. 

The renormalized v e r t i c e s take the most general form prescribed by power 

counting for the counterterms. 

Of the variables in ( 3 . 2 . 8 - 9 ) , only the f i e ld tr (x) has short 

distance f luctunf ions . Power ccunting reveals that the primit ively 

divergent diagrams involving o* contain arbitrary numbers of the 

dlmensionless ver t i ce s from the expansion of S(m,o*) • These are the 

v e r t i c e s containing two derivat ives of o* ( x ) . The rest of the ver­

t i c e s of ( 3 . 2 . 8 - 9 ) contain no der ivat ives of o-. They have length 
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dimension - 2. By power count ing , a t most one of the™ can occur in a 

p r i m i t i v e l y d ivergent Feynman diagram. 

The diagrams conta in ing only v e r t i c e s from S a r e q u a d r a t i c a l i y 

d ivergen t - The p r imi t ive divergences of such diagrams cons i s t of 

i n t e g r a l s over space of two kinds of l oca l expression in er <*): po ly ­

nomials in cr (x) mul t ip l i ed by A ; and polynomials in O" (x) mul­

t i p l i e d by S ff (x) i o^(x)» These have exac t ly the form of the v e r ­

t i c e s occurr ing in the expansions of S and H. Since any number of 

v e r t i c e s from 5 can be present in these d lagr ims , the c o e f f i c i e n t s of 

the p r imi t ive divergence") a re polynomials in the Taylor s e r i e s c o e f f i ­

c i e n t s of the metr ic g . , . The order of the polynomials can grow 

without bound as the number of l.iops inc reases* 

The remaining p r imi t ive ly d ivergent diagrams conta in exac t ly one 

ver tex not from the expansion :»f S, and are l oga r i t hmica l ly d ive rgen t . 

A p r i m i t i v e divergence of such a diagram i s the i n t e g r a l over x uf a 

polynomial in o* (x) mul t ip l i ed by a c o e f f i c i e n t from che expansion " f 

one of j<m,o-(x>), h(m,o~(x)>, i y ^ ( m . f f t x ) ) , or 

c f (m,ff(x) ) c . . These p r i m i t i v e divergences have exac t ly the form of 

H, i y . P , and crF c . . The Taylor s e r i e s c o e f f i c i e n t s of the metr ic 

occur n o n l i n e a r l y , while those of J , b , p , and f occur a t most 

l i n e a r l y . 

The power counting argument appropr i a t e to (3 -1 .5) I s i d e n t i c a l to 

the above, simply omit t ing mention of p and f. 

The renormalized d i s t r i b u t i o n of l i n e a r f i e l d s a t ra there fore 
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takes the Bane Conn as the bare one: 

d <r expl - A (n.o-) ) ( 6 . 2 .1 ) 

dy dc*-dc dr<r exp[ - A r(m,<r,y,c,c*) ] , ( 6 . 2 . 2 ) 

where 

d ro- - II dr<r(x) exp[ - J r(n,<r) ] ( 6 . 2 . 3 ' 

(m,<r) - f i 2 + * <Jdx j r (m,<r(x)) ( 6 .2 .4 ) 

( 6 .2 .5 ) 

A r(m,<r,y,c,c*) - Sr(m,o-) - H r(n,o-) (6 .2 .6 ) 

- i y t (P r ) 1 (o ,<r) - c j (F r )*U,<r) c* 

Sr(m.<r) - fi* <Jdx i f 1 g j (n,<r(x)) S o-^x) o •r'U) (6 .2 .7 ) 

Hr(m.ir) - pi 2' 1* Odx h r (x ) (m,o-(x)> (6 .2 .8 ) 
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(P r ) 1 (Q,(T) - L " ( 2 + * J £ d x (p r) 1Cffl,ff(x)) ( 6 . 2 .9 ) 

(F r>*(m fo-> - L - ( 2 + * } £ dx ( f r ) * ( t a , ( r ( x ) ) . (b .2 .10) 

The renormallzed parameters at m cons i s t of the c o e f f i c i e n t s of 

the Taylor s e r i e s expansions ( i n po--ers of v) of I* (m,v) , 

h (x) (m,v) , (p ) , and (f ) . ( m , ^ ) . j i s not an independent 

renonnalized parameter but I s determined by the fixed r e l a t i o n s h i p 

between d o* and g • Any discrepancy between the counter terms for 

the J v e r t i c e s and j becomes an inhomogeneous counterterm for H, 

t h a t i s , a counterterta of the form of an e x t e r n a l f i e l d , but not l i n e a r 

in h . 

The ba re parameters for each n a re expressed in terms of the 

r a t i o of s c a l e s fci A and the renormalized parameters a t ra, so as to 

give a well defined renormalized p a r t i t i o n function 

Z <m) - lira Z(m), (6 .2 .11) 
A-*m 

which depends only on ti and the renormalized parameters ac m. 

For each cons tan t ra, g a t m depends non l lnea r ly on g a t 

m. h , p , and f a t m depend non l lnea r ly on g a t m and at 

most l i n e a r l y on h , p , and £" a t m ( r e s p e c t i v e l y ) * 

Power counting alone puts no r e s t r i c t i o n s on the renormalized v e r ­

t i c e s . Each term of each of the formal power s e r i e s g j ,» h , p , 
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and f at ID i s an Independent parameter-

_&._?• Renormaligation of the compatibil ity conditions 

The power counting arguments apply Independently at each constant 

m. But the bare parameters describing the various d i s tr ibut ions of 

l inear f i e l d s not independent* For exauple, the v e r t i c e s contained in 

S(m,cr) and H(m,o-) for a given m determine thos? for any m* 

inf in l tesmal ly c l o s e , because any sna i l f luctuat ion around the constant 

0(x) - m i s a l so a small f luctuation around #(x) • «** To con­

s i s t e n t l y describe a renormalized nonlinear model, the renormalized per-

turbative parameters must contain an equivalent redundancy- That i s . 

the c o l l e c t i o n of renormalized d i s tr ibut ions of l inear f i e l d s (6 .2 -1 ) or 

(6.2*2) must be the expression in some "renormallzed" system of coordi­

nates of a renormalized d is tr ibut ion of noulinear f i e l d s of the form 

(3 .1 .5 ) or ( 3 . 2 . 8 - 9 ) . If t h i s were m t the case then the space of 

parameters for the del would have grown enormously: from metrics and 

external fieldB to independent Taylor s e r i e s of metrics and external 

f i e l d s at each point in M. 

The redundancy in S. in H and In the a priori measure do* i s 

expressed as an invarlance under a f i r s t order d i f f e r e n t i a l operator 

D . described in sect ion 5 .2 . When infrared regularlzation i s provided 

by a constant exte ;:ial f i e l d , the renormalization of the nonlinear 

structure of the model follows from the renormalization of the invar i -

ance of the c o l l e c t i o n of bare d i s tr ibut ions of l inear f i e l d s under D . 
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For f i n i t e vol vine Infrared regular izat lon , the c o l l e c t i o n of bare d i s ­

tr ibut ions of l inear f i e l d s (3 .2 .6 -9 ) i s Invariant under a s ing le 

anticommuting transformation of the BRS type, described in sect ion 5*8, 

which connects d i s tr ibut ions at d i f ferent values of to. The renoruiali-

zat lon of the nonlinear structure follows from the renormalizatlon of 

the BRS lnvariance. 

The l i n e of argument Is an elaboration cf that of [ 8 - 1 0 ] . An 

e f f e c t i v e act ion i s defined for jch d i s tr ibut ion of l inear f i e l d s as 

the sum of one par t i c l e Irreducible Feynnan diagrams. The invariance 

properties of the c o l l e c t i o n of d i s tr ibut ions of l inear f i e l d s are used 

to obtain quadratic l d e n t i i t i e s on the c o l l e c t i o n of e f f e c t i v e ac t ions . 

At lowest order these i d e n t l t i t l e s s ta te the or ig inal invariance proper­

t i e s . The primit ively divergent pieces of the e f f e c t i v e act ions sa t i s fy 

the same quadratic i d e n t i t i e s * Therefore the renormallzed d i s tr ibut ions 

of l inear f i e l d s can also be made to s a t i s f y the i d e n t i t i e s . The qua­

drat ic i d e n t i t i e s are solved to obtain the resul t that the renorraalized 

d i s tr ibut ion of l inear f i l e d s i s the expression of a renormalized d i s ­

tr ibution of nonlinear f i e l d s in terms of * renormalized system of coor­

d inates , and, for f i n i t e volume Infrared regular izet ion , of a renormal­

lzed gauge function- The argument i s presented in paral le l for both 

forms of infrared regularizai ton. 

The sum of connected Feynnan diagrams for the d is tr ibut ion (3*1.5) 

or (3*2.8-9) i s generated by 
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W(m,p) - log C do* expf - X(n,(T) + (p,slgcia) ] (6 .3 -1) 

Wdn.p.p^c.c*) - log £ d y d f f ( 6 .3 .2 ) 

exp[ - A(m,o- ,y > C i c*) + {pi,o~) + i y p 3 J 

p (x) i s a local source conjugate to O" (x ) ; 

(fi.ff) - A 2 + * ^ d x f i t (x ) al(x) . <6.3.3) 

The auxi l iary variables of (3 .2 .8 -9 ) can be kept as parameters for pur­

poses of renormalization, because integration over then i s f i n i t e dimen­

s ional and cannot Introduce additional divergences. They global objects 

coupled only to the large distance f luctuations of the local f i e l d . But 

in i s convenient to introduce a conjugate var iable p J for the multi­

p l i e r V, and to integrate out y . , in order to remove the zero models 

from the integral over o~. It i s not convenient to integrate < ut the 

ghost var iab les , because of the t r i l inear and quadrilinear terms in the 

BRS operator ( 5 . 8 . 1 4 ) . 

The e f f e c t i v e action r , comprising the sun of one part ic le 

irreducible diagrams, i s given by the Legendre transform of W: 



fter) + 5(fi) - (p.cr) (6 .3 .4 ) 

P(ff.y) + W(p,p) - (f.,<r) + i/jp-1 C.3.5) 

where u and p in (6 .3 .4 -5 ) are given by inverting 

I F 5 (6.3.6) 

i y' " * T - W . ( 6 . 3 .7 ) 

In (6 .3 .5 ) the dependence on m, c , c i s suppressed. Note that , for 

f i n i t e volume regularlzat ion, U and P transform as logarithms of 

volume elements on M (see sect ion 5*6) . 

The generating functions are calculated in a perturbative expansion 

about t'. e gaussian dis tr ibut ion 

II d<r(x) e x p { - A * £ d x j T _ 1 ( 6 . 3 .8 ) 

I gY.<tt,0) o er1 0 cr1 + A 2 h Q ^(m.O) o-1 c^ ] } 
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dy n d(T(x) exp { - A* Cdx £ T* 1 g . , ( » , 0 ) o ff1 i cr1 ( 6 . 3 . 9 ) 

+ iyj L" 2"* £ d x (p J (m,0) + p J

k (m,0 ) <rk(x) > , 

where h . , (m,0) Is the hesslan of the constant external f ie ld and o . i j 

p , (m f0) Is the f i r s t der ivat ive of the g^ugi: function p (n to*(x)) at 

o^tx) - 0. 

The consequences of the redundancy equations are derived f i r s t for 

constant external f ie ld regularlzat ion. As In ( 5 . 3 . 3 ) , the compatibil­

i t y operator Is written In terms of a l inear connection In TM as 

5 - T - Q | ( D , O - ( X ) ) — . (6 .3 .10) 
o"o->(x) 

The integration by parts formula (5 .5 .11) y i e lds 

V e W ) " S \ l ** " p [ " S + B + (fi.o-) ] ) (6.3.11) 

- - C do- ( exp[ - S + H + (fi.o-)] (6 .3 .12) 

£ d x q|(ii,cr(x)) p J ( x ) 

0 - v t W - H j ( x ) (qj , -fetf) W- (6-3.13) 
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The pairing (<rfF - x*. . ) i s defined *a fo l lows . The expression on 

the right in (6 .3-12) requires integration of power s e r i e s in er ( x ) . 

Such integrals are generated by d i f f erent ia t ion with respect to the Tay­

lor s er i e s c o e f f i c i e n t s of h(x) occurring in H. If 

k k 
h(m,v) - £ - i - v l - • - v n h(x) . . (6 .3 .14) _ nl k. • • »K n-Q 1 n 

and 

k k 

n*0 1 n 
(6 .3 .15) 

then define 

(Qj A I*, , ) S O ? . . \b,-7 • (6.3.16) 
0h(x) n

 x i t k . - - - k o h ( x ) i , . . . v 
n—0 I n I n 

Pairings of \ft/"'\ with other functions oi <r (x) are defined s imi­

l a r l y . 

The Legendre transform of (6 .3 .13) Is the quadratic ident i ty 

5* P - 0 (6.3.17) 

where 
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5 i - ? i - < - Kb-> J ^ - • 'o- 3- 1 8' 

At lowest order - Vg » 1 so (6 .3 .17-18) la then the original redun­

dancy equation. 

The standard argument by Induction in the order of perturbation 

theory gives the quadratic ident i ty on the renormalized d is tr ibut ion or 

f i e l d s ( 6 . 2 . 1 ) : 

5* I r - 0 (6 .3 .19) 

B i " ? i " ( Q r > i < < T < x > ) • ^ (6 .3 .20) 
So-'(x) 

r ) { ( a ( x ) ) - CO}. - | f c > • (b .3 .2 ! ) (Q 

Power counting and Euclidean invariance gi«re that (Q H(ff(x)) i s a 

power aeries in o- ( x ) , containing no der ivat ives of o- (x) , with 

c o e f f i c i e n t s independent of x . Therefore (6 .3 .19 ) implies the separate 

i d e n t i t i e s 

*r ?r _ zr r,r Dj S - D' H - 0 . (6 .3 .22) 

The operator (D ) , defined as J.n (4 2.5), s a t i s f i e s , by ( 6 . 3 . 2 2 ) , 

(D r )J Hr - 0 . (6 .3 .23) 
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(5 ) does not d i f ferent ia te with respect to m, because v does 

not; that i s , (D ) ac t s independently on each space of l inear 

f i e l d s . But for each m Individually, U (0,6") cat. be chosen arbi­

t r a r i l y - Therefore (6 .3 .23) inpl ies the renormalized i n t e g r a b i l i t y con­

d i t ion 

<B% ( 6 . 3 . 2 4 ) 

Now define 

<Qr)-*(n.,v> ^ - r 
1 Jk, 3 

( 6 . 3 . 2 5 ) 

as a f i r s t order operator on functions on TM. (6 .3 .19-24) imply 

»'>« - » 

h*(x) - 0 

D< 8 i j 

( 6 . 3 . 2 h ) 

( 6 . 3 . 2 7 ) 

( 6 . 3 . 2 8 ) 

It follows immediately, using the results of section 4.2, that D 

1B the compatibility operator for a renormalized system of coordinates 

E on M, that g, is the expression in that system of coordinates 

of a metric g.. on M: 
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I j jdn.v) - (E^)*8 t j (v) , (6 .3 .29) 

and tliat h (x) i s the exprssion in the renormalized coordinates of a 

function h ( x ) : 

h r fx ) (m,v) - h r (x) (E^(x)) . (6 .3 .30 ) 

The renormalized d i s tr ibut ion of nonlinar f i e l d s , represented in 

the renormalized coordinates by the c o l l e c t i o n of renortoalized d i s t r i b u ­

t ions of l inear f i e l d s , i s 

n d r * ( x ) exp ( - S W + H (0) 1 (6 .3 .31) 
* g 

sUfi) - fi*' $dx y g y ( * ( x ) > » V ( x ) V J ( » ) (6 .3 .32) 

H r(0) - f i 2 + * <Jdx h ( x ) r ( #(x) ) . (6 .3 .33) 

As discussed in sect ion 4 . 2 , the system of coordinates E r i s 

determined by D only up to transformations by dlffeomorphisms ir of 

M (near the i d e n t i t y ) : 

E r -» * o E

r . (6 .3 .34) 

Therefore the renormalized metric g <ind the renormallzed external 
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f i e l d h r (x ) are only determined up to th.» t r a n s f o n a t i o n s 

g T , h r ( x ) -* * . g r , h < * ) « * ~ 1 . ( 6 .3 .35 ) 

The re lat ionship between h(x) and h (x) i s , by power counting* 

a l inear one: 

h(x) - Z h (a» h ix) + h^a) . (6.3-36) 

For each n , ^ ( " ^ **» t 0 * n v f i n i t e o r d e r , a d i f f e r e n t i a l opera tor on 

funct ions on T H and fi,(n) i s a real valued function on T fc. Both 
m i ci 

depend on the cutoff and, o o n l l n e a r l y . on g • The renormalized conpa-

t i b i l i t y cond i t ions imply 

( b . 3 . 3 7 ) 

\M - E* h ( E * ) # (6 .3 .38) 

h.(m) - E h, (6 .3 .39) 
l m l 

Z, i s , t o any f i n i t e o rde r , a d i f f e r e n t i a l opera tor on r e a l valued 

funct ions on M and h, i s a r e a l valued function on M. 
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h l ' h l , b + <M~ lA)~ 2"* hj r . (6 .3 .40) 

h, i s a f i n i t e contribution to th<» renormalized external f i e l d , h. . 

contains the counterterms for wiiatever quadratic divergences appear, 

given Che choices d #(x) and d #(x) of a pr ior i volune elements. 

The dependence of h on the cutoff i s in the form of powers of 

l °g (u A- h. i s t r i v i a l for the standard models because there i s no 

nonconstant invariant function on a homogeneous space M. 

To lowest 0'"*er, 

T" lg - (M" lA>~* i ( T ^ g ) ^ + 0(T°) J (6 .3 .41) 

and 

( ( J _ 1 A > " 2 " * [ 1+ o(T°) ] 

The counterterms of order T in (6 .3 .41-2) are nonlinear in T~" g 

and depend on the cutoff through powers of log ki~A« 

Loop counting constrains in the usual fashion the powers of T, 

log fi At. and *• occurring in the counterterms. As the number of 

loops increases , more of the v e r t i c e s play a ro le in the primitive 

divergences, so Che primitive divergences come to depend on more and 

more der ivat ives ( in M) of the paraa "-ers. 

For f i n i t e volume regularizat lon, the argument proceeds in 
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e s s e n t i a l l y the same fashion, "he Integration by parts formula <5.8.25) 

and Induction on the order of the perturbatlve expansion give the qua­

drat ic Identity on the renormalized v e r t i c e s 

( 6 . 3 . 4 3 ) 

where s i s Identical to s (5 .8 .14) except that D (6 .3 .20) 

takes the place of D . There Is a lso a l inear Identity 

l o y ^ A ' - - < f r > J <*-3-**> 

-2-*- /- - ' i A r 

(s ) acts independently at each m, and (s r) 2(A r) - 0, so 

(s r) 2 - 0 - (6.3.46) 

From (6.3 .43-46) I t f o] lows that 

A r - S r - H r + s r ( c* (?I)i ) (6 .3 .47) 

with 
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< D r ) ^ - 0 . ( 6 . 3 . 4 8 ) 

Therefore the renorraalized distribution of linear fields (6.2.2) i s the 

expression of a renorualized distribution of nonlinear fields (6.3.31-

33) In terms of a renormallzed system of coordinates E and a renor­

mallzed gauge funciton P . From this point Lhe argument is exactly as 

In the case of constant external field infrared regularlzation. 

.6.4^ Renormallzation group equations 

~"he equivalence between bare and renormallzed descriptions of the 

distribution of nonlinear fields i s used to derive renorraallzatlon group 

equations. The renorraalized partition function Is given by 

Z <f». 8 , , * h ) - l im Z(A, g i . , h) . ( 6 . 4 . 1 ) 
J A-*co J 

where the full dependence of Z and Z on parameters has been made 

expl ic i t . The limit i s taken with the bare parameters functions of 

t - log u A and of the r- "innalized parameters: 

g - g< t ,g ) ( 6 . 4 . 2 ) 

h - 2

h ( t , g r ) " r + h 1 ( t , g r ) . (6.4.3) 

The freedom to change origins in the coordinate spaces defining the 
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l inear f i e l d s g ives Che freedom to insert an arbitrary diffeomorphisit of 

M in the transformation fron renorraalized to bare parameters* 

The renormallzatlon group equation for the bare part i t ion function 

I s 

l A ^ f + p(g) | j + ( ft*) Mx) + 6(g) ) | j ^ y ] Z - 0 . (6.4.4) 

pts> - f r r g (b.4.5) 
/g 

/ g 

8(g) - 5 7 r h - J hj . C6.4.7) 
/s 

o The p- function, jj * p(g) J - • i s a vector f ie ld on the space of 

Rieraannian metrics on M. Y(g) i s , for each metric coupling g, a 

l inear operator on real valued functions on M. 6(g) i s , for each 

metric g. a real valued function on M. The combination 

y"(g) h(x) + 6(g) i s an in homogeneous l inear vector f i e ld on the space 

of external f i e l d s , which depends on the metric coupling* This pair of 

vector f i e l d s , on metric couplings ^nd external f i e l d s , i s (the negative 

of) the generator of the renormalization group. It i s the object which, 

in the general discussion of the previous s e c t i o n , was cal led the 6-

f unction. 



The inhomogeneous term in the renoraal izat lon group equation for 

the external f i e ld i s an inconvenience which can be eliminated by an 

appropriate choice of bare and renormalized a pr ior i voluue elements* 

To see thiB, write h. - h, + h. , , as in (6*3 .40) , and express b , 1 l , r l ,b ' i ,b 

as a function of t - log |u A and g . Then 

6 ( *> • [ h,t

 + P ( 8 ' fe/t - ? ( 8 ) " h i , b < 6 - 4 - 8 ) 

The arguement now goes by induction in the order of perturbation theory* 

The renormalization group coefficients are independent of the cutoff* 

dlv Therefore, at each order, the most divergent part h. , of h. (t,g) 

satisfies 

h/t ' ? ( e ) ] h i ^ • ° • ( 6 - 4 - 9 ) 

But the lowest order contribution to the operator in brackets in (6*4.9) 

1B the naive scaling value - 2 of 7, implying that h, . - 0. 
l ,b 

Therefore h. , must be independent of t . As a function of g alone, 

i t can be absorbed into the bare a pr ior i volume element, thereby e l im­

inating the inhomogeneous coe f f i c i en t from the renorraalization group 

equation for the bare external f ie ld* An exact ly para l le l argument 

shows that h. can be absorbed into the renormalized a pr ior i volume 

element, eliminating the inhomogeneouB c o e f f i c i e n t fro-", the renormaliza­

t ion group equation for the renormalized external f i e l d . 
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Thus the renormallzatlon group equation for the external field 

Identifies a unique choice of volume element, given perturbatlvely order 

by order In T (and * ) , with respect to which the external field is 

renormalized homogeneously. Homogeneous renormalization of the external 

field is the signal that the a priori volume element is chosen GO that 

setting h • 0 in fact means the absence of an effective external 

field. With respect to any other choice of volume elemp.it, h - 0 

leads to nonspontaneous ordering of the model. In the standard models 

this Issue does not arise, because the distinguished, or neutral, volume 

element Is fixed completely by the internal symmetry. 

The distinguished bare volume element depends on the form of ulta-

violet regularlzatlon. To lowest order, ir is the aetrlc volume element 

for g,,,' In dimensional regularization t Kere are no quadratic diver­

gences, so the distinguished volume element remain? thf metric volume 

element to all orders. On the lattice, however, a one loop calculation 

gives the distinguished bare volume element 

d 0(x) - d° *(x) exp[ ^ R + OCT 2) ] (6.4.10) 
T" g T" g 

where d «t(x) is the metric volume element and R Is the scalar curva-g 

ture of g . 

Henceforth i t i s assumed that the a priori volume elements are 

fixed at their respective neutral values. The renonoalization group 

equations aro then 

http://elemp.it
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l A l \ + P<8) h + 5 < g ) h ( x ) IhOO ! Z " ° ' (6.4.11) 

[ A S \ + P ( 8 ) tg" ~ y < g ) * * ( x ) I juT ! f* - 0 . (6.4.12) 

[ f i | - + p r ( g r ) ^ - p + ^ ( g ' ) h r (x ) ^— ] Z r - 0 . (6 .4 .13) 
* Sg ih (x) 

' fir + p r(g c) — + ^(g 1 )* i r(x) ^ i r^ - o . (6.4.U) 
* V >I r(x) 

The renormalized order parameter £ (x) i s the conjugate variable to 

the renormalized external f i e l d , and Is related to the bare order 

parameter by 

E r (x) - (ju^A) 2 ** z£ | ( x ) , (6 .4 .15) 

so J> • J + O(T). The renormalized free energ/ r* lp ,g ,£) i s the 

Leg endre transform of log Z , as in ( 2 . 4 . 7 - 8 ) . 

The c o e f f i c i e n t s of the renormallzation group equations are given 

by 

<p, Jh) - {Tt*K } ° I ? 1 (6.4.16) 

(p r , ? r h r ) - flV*°$rflt» (6.4.17) 
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II,. ( g r , h r ) - (g,h> . (6 .4 .13) 

More concrete ly , 

P<g> " 3 7 r 8 (6 .4 .19) 
It 

/ g 

P r (g r > - ( ^ j ) " 1 (Kg) (6 .4 .21) 
>g 

y r ( g r ) - z" 1 o ( | _ . p r u r , 1 _ , ^ ( 6 i 4 # 2 2 J 

Og 

y - (2 + * ) + y (6.^.23) 

f - (2 + • ) + ? r ( 6 .4 .24 ) 

y(g) and y (g ) are the adjoint operators on measures on M. The 

former annihi late constant functions on M; their adjoints generate 

semigroups which preserve probabi l i ty . 

The e f f e c t i v e parameters s a t i s f y the renormalization group equa­

t ions 
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A"' ^—r g - - P(g) (6.2.25) 
°A~' 

A"' - — r h(x) - - Kg) h(x) (6 .2 .26 ) 
VT1 

A" 1 ^—r I(x) - y(g)* I(x) (6 .2 .27) 
OA - 1 

f i " 1 ^ j - g r - - p f ( g r ) (6.4.28) 
Y 

fi"1 ^—r h r (x ) - - i x ( g r ) h r (x ) (6 .4 .29) 
* _ 1 

fi"1 ^ — j - I r ( x ) - fit*)* J r ( x ) (6 .4 .30) 

Recall that flowing along ( - p, - / h) i s equivalent to decreasing 

a l l dimensionless lengths: dimenslonful lengths remain constant while 

the unit of length A increases . 

The ambiguity in the re lat ionship between bare and renormallzed 

parameters, due to the freedom to choose arb i trar i ly the or ig ins of the 

coordinate spaces, implies that the renormallzatlon group c o e f f i c i e n t s 

are only defined up to lnfinitesmal dlffeomorphisms: 

p(g), Kg) -» p(g) - [v(g) ,g] , y(g) - v(g) (6.4.31) 

where v(g) i s a vector f i e ld on M, and [v f g] i s the Lie bracket. 
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(with s i n g u l a r i t i e s ) over the equivalence c l a s s e s jt of metrics- The 

equivalence c l a s s . * of metrics and local order paraaeters form a conical 

sub-bundle of the dual bundle. 

_2^5. The order parameter 

The e s s e n t i a l property of the order paraneter Is i t s averag lab i l ­

i t y . The renormallzatlon group ac t s by averaging the variables of the 

model over small regions In apace (and by an overal l rascaling of d i s ­

tances ) . Points in a manifold M can only be averaged i f M i s -..r.bed­

ded in a space in which convex combination makes sent*? (fur example, a 

vector space) , and then the average of points in M w i l l in general not 

remain In M. There are ma.;y embed dings of a given manifold H in a 

f i n i t e dimensional vector space, but none which i s natural. Any such 

embedding involves arbitrary choices obscuring the character of the non­

l inear model, which depends only on the i n t r i n s i c structure of the 

abstract manifold M. The ouly natural embedding i s the one which 

places M ins ide the space of a l l unit measures on M i t s e l f , sending 

each point in M to the corresponding point measure. The order parane­

ter then var ies over a l l poss ible averages of point measures, which i s 

to say over a l l the probabil ity measures on M-

In a standard model (H the homogeneous space G/H) th i s picture 

can be considerably s impl i f i ed . The internal symmetry group G ac t s on 

M, so acts by l inear transformations on the real valued functions on 

M. Let V be a f i n i t e dimensional subrepresentation which separates 
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infrared regularizatlon* Only the i n f l n i t e s a a l diffeomorphisas are 

treated, although It should be pos&lble to extend the arguments to deal 

with the f u l l group of diffeomorphisas. The discuss ion i s carried only 

to the point of iden t i f i ca t i on of the f i n i t e dimensional cohomology 

spaces containing the potent ia l obstructions to renoraa l i zab i l l ty . 

In the case M compact, the problem divides Into two stages• The 

f i r s t question i s whether Models which are equivalent under an i n f i n i ­

te smal diffeomorphism of H go to renormallzed models which are also 

equivalent under some diffeoaorphisa of M. A negative answer c l ear ly 

indicates some sort of pathology in the renoraallzatlon of the model. 

Given an affirmative answer to the f i r s t quest ion, the second one 

a r i s e s : i s i t poss ib le , by some f i n i t e modification of the renorinaliza-

t lon procedure, to make the renoraalizatlon covarlant? A c o \ i r l a n t 

renormalizatlon i s one for models which are equivalent under a d i f -

feomorphism of M are renonaalized to aodels which are equivalent under 

tne same diffeoaorphism of M. That i s , a covarlant renormalization i s 

one which commutes with the diffeomorphiso group of M. 

The renormalizatlon of the equivalence re la t ions i s described by 

means of a set of quadratic i d e n t i f i e s on the renormallzed action* Sup­

pose v to be an lnfinitesmal dlffeomorphism of H, i . e . a vector 

f i e ld on M. Let v be I t s expression in coordinates around m. 

Then, for W defined by ( 6 . 3 . 1 ) , 

< lv . gl | j + lv . h(x)] | ^ } e W ( 6 .5 .1 ) 
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- C e ^ ' [ v ' w x ) ) ^ - : (do- e" A) ] 
J ao-^x) 

< Iv, gi | ^ + [». h(x)l f f^ j j - ) u (6 .5 .2 ) 

" ( v • SSTxT' i» i ( * } 

The Ltgendre transform of (6 .5 .2 ) taplies the transformation law for the 

renorraalized act ion: 

< [ v > g I tg" + ( v* h ( x ) I IhTxT f ^ (6.5.1) 

( v r ) 1 ( « , o - ( x ) ) — Ar 

i<r (x) 

( ; r ) 1 (m,o - (x ) ) - ( ; i » - | ^ ( 7 J - (6 .5 .4 ) 

(6 .5 .3 ) i s equivalent to 

lv ,g] | f - - t v r ( n ) , g r ) ( 6 . 5 .5 ) 

and 



[v. g) I f + [v. h(x>] | g f ( 6.5.6) 

where v (m) - (v ) (o,v) — - and u (m) i s an arbitrary power 
ov 

s e r i e s lnfinltesmal lsometry of g a t a , which r;an freely be sub­

tracted from v Cm) because i t has no e f f e c t on (t . f i .3)r 

(6 .5 .4 ) i s rewritten, using ( 6 . 3 . 2 9 ) , 

v r 
(v, gj fjj- - (v r (a) , g r ' (6.5.7) 

°g 

v r(m) - (£";). { ? r ( . , - [v, g) $ - E r } . ( 6 . 5 .8 ) 

The vector f ie ld v has been renormalized to a c o l l e c t i o n of power 

s e r i e s vector f i e l d s v (m) at the points m in K. defined up to 

addition of power s e r i e s inflnltesmal i sone tr i e s u (m) of g at m. 

The issue now i s whether there i s some choice of u (to) which 

makes the v <m) the power ser i e s expansions of a s ing le vector f i e ld 

v on M. Differentiat ing (6 .5-7) with respect to m gives 

td .v r (m) , g r ] - 0 , (6 .5 .9 ) 
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so d.v (m) I s a closed one form on tf with va lues in the power s e r i e s 

in f in i t e smal i somet r ies of g * 

If the re e x i s t s a f i e ld u (m) of power s e r i e s Inf in i tesmal 

i sorae t r ies such t h a t d.v (•) - d.u ( • ) , then v • v ; • ) - u (m) i s 

independent of a , so i s a wel l -def ined vec tor f i e ld on M. The o b s t r u c ­

t i o n , If any e x i s t s * to f inding u (m) i s a cohonology c l a s s in the 

f i r s t cohomology of H with c o e f f i c i e n t s in the power s e r i e s i n f i n i -

tesmal i somet r ies of g • 

If the re i s no o b s t r u c t i o n , chen ( 6 . 5 - 7 ) , and (6 .5 .6 ) r ewr i t t en 

using (6*3 .30) , becoae 

x r 
tv , g] I s - - [ v r , g r ] (6 .^ ,10 ) 

l v . g) y~ + [v, h] | g - - l v r , h r ] . (6 .5 .11) 

(6.5.10-A1) s t a t e that bare parameters equ iva len t under an inf In i tesmal 

diffeomorphisn v go to renormalized parameters equiva len t by an i n f i n ­

i tesmal diffeomorphisiD v . Therefore the obs t ruc t i ons to renormal iza-

t ion of the equivalence r e l a t l o r s H e in the f i r s t cohoraology of M 

with c o e f f i c i e n t s in the power s e r i e s in f in i t e smal i somet r ies of the 

r 

metr ic g • 

When the fundamental group ff.(M) of M i s f i n i t e , i . e . when the 

simply connected covering space of M i s compact, then t h i s cohomology 

space i s z e r o . u (m) i s const ructed on the covering space by 
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integrat ion of d v (m) • It i s then projected down to M by averaging 

over the fundamental group* 

It w i l l be noted in Part II chat a l l known Infrared unstable fixed 

points of the renormallzatlon group equations have lt.(M) f i n i t e , but 

that there are Infrared atable fixed points for which the cohomology 

space of poss ible obstructions to renormallzabll ity of the equivalence 

re la t ions i s nontr lv la l . 

Assuming that the equivalence re la t ions are renormallzable (for 

example, i f n.(M) i s f i n i t e ) , there remains the i ssue of the renormal-

i z a b i l i t y of the group theoret ic structure of the equivalence transfor­

mations. The transformation properties are renormalized i f , for a l l 

lnf initesmal diffeomorphisms v . 

v r 
[v, g] - g | - - Iv, g r ] (6 .5 .12) 

v r % r 
[v, gJ | ~ + [v. h] | £ - - [v, h r ] . (6 .5 .13) 

This i s discussed in terms of the renormalization group equations* From 

(6*5.10-11) , the renormalization group c o e f f i c i e n t s sa t i s fy 

[v, (J] [v f g) ^ - [T(v), g (6 .5 .14) 

Iv, ?] - [v, gj ^ - T(v) (6 .5 .15) 
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where T i s i l i n e a r t ransformat ion , depending on g , from vector 

f i e l d s to vec tor f i e l d s . The renormal iza t lon i s covar ian t i f T - 0 . 

As discussed in sec t ion 6 . 3 , the renormal izar lon group c o e f f i c i e n t s 

a r e only defined up "J modif icat ion of the form 

< P ( g ) . ?<S> > "* < P<8) ~ M g ) , gl» y<K) ~ «(g) > . (6 .5 .16) 

where, for each metr ic g , w(g) i s a vec tor f i e ld on M. The problem 

i s to find w(g) so t ha t the modif icat ion (6 .5 .16) e l imina te s T in 

( 6 . 5 . U - 1 5 ) . 

P l i e s in the tangent space T R to tne space of me t r i c s a t g* 

The v e r t i c a l subspace V R c o n s i s t s of t angen ts k , , of the form 

k - fv, g ] . T R s p l i t s , in D- Inva r i an t fashion, in to the v e r t i c a l 

subBpace and a ho r i zon t a l Bubspace H R orthogonal in the inner product 

on T R: 
g~ 

(k, k) - <J*d°m k k (6 .5 .17) 

where d m I s the metr ic volume element for g . 

Standard e l l i p t i c opera tor theory for compact manifolds g ives a 

smooth decomposition of p i n t o ho r i zon ta l and v e r t i c a l p a r t s . [ 1 6 ] 

The freedom to modify j3 as in (6 .5 .16) i s used to d iscard the v e r t i ­

cal p a r t . Now, s ince the hor i zon ta l subspaces go in to each o ther under 

diffeomorphisms of M, the expression on the l e f t In (6 .5 .14) must be a 
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horizontal tangent vector . But the expression on the right Is obviously 

a v e r t i c a l tangent vec tor . So both are zero . Thus, by a su i table g-

dependent transformation of H, the renormalization of the ae tr l c cou­

pling can always be made covariant . It a l so follows tha t , for a l l v , 

T(v) i s an infinitesmal iaometry of g . 

The remaining problem Is to make covarlant the renotaal izat ion of 

the external f i e l d ; that i s , to find w(g) such that , for a l l v , 

v . w - T(v) (6 .5 .18) 

where v > w i s defined by 

v . w - [v, w] - (v, gj I j . (6 .5 .19) 

From (6*5.15) follows the cocycle condition 

V I * T ( V ~ V 2 " T ( V 1 > " T ( I V V 2 J ) ' ° * C6-5.20) 

If T(v) « 0 for a l l infinitestnal i sone tr i e s v of g , then (6 .5 .20) 

becomes the in tegrabi l i ty condition for (6 .5*IS) . So the problem 

reduces to solving (6*5.18) for v res tr ic ted to l i e in _i, the Lie 

algebra of infinitesmal lsometrles of g . For v in J., 

v « w - [v, w] , (6 .5 .21) 



129 

so the o b s t r u c t i o n , i f i t e x i s t s , Is a cohomology c l a s s in the f i r s t 

cohomology of the Lie a lgebra 1̂ with c o e f f i c i e n t s in i t s a d j o i n t 

r e p r e s e n t a t i o n . 

Since M i s compact, i_ i s the Lie a lgebra of a compact group: 

the d i r e c t sum of an abel ian Lie a lgebra ji and a semi-simple Lie a l g e ­

bra Jc. A s^mi-siraple Lie algebra has no n o n t r i v i a l f i r s t cohotnology 

groups , so the cohomologically n o n t r i v i a l T a r e a l l l i n e a r maps from 

a_ to _i. The cocycle condi t ion s t a t e s t h a t , for v In a , T(v) must 

commute with a l l of i_. Therefore the f i r s t cohoraology space , which i s 

the space of poss ib l e o b s t r u c t i o n s to covar ian t renorraal lzat lon of the 

ex te rna l f i e l d , i s exac t ly a • a « 

The case K a homogeneous space G/H must be handled somewhat 

d i f f e r e n t l y . The compact homogeneous spaces a re subsumed in the p r e v i ­

ous case* So the techniques a re d i r ec t ed a t the noncompact homogeneous 

spaces . I t does not seem f e a s i b l e to renormalize the metr ic everywhere 

on M, because of the lack of con t ro l a t i n f i n i t y . In p a r t i c u l a r , the 

e l l i p t i c operator theory UBed to obta in the covariance of the 3 - func­

t i o n i s not ava i l ab le* An a l t e r n a t i v e i s the usual t reatment of the 

standard models: f l u c t u a t i o n s a re examined only a t one typ ica l point 

m in M. The arguments a re sketched. 

The f i r s t problem I s to show t h a t the homogeneous space s t r u c t u r e 

i s preserved under r enormal iza t ion . In p lace of the compa t ib i l i t y con­

d i t i o n s a r e the nonlinear symmetries descr ibed in sec t ion 5 .9 . These 

give r i s e to quadra t ic i d e n t i t i e s on the renormallzed d i s t r i b u t i o n of 
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l inear f i e l d s . The solut ion of the I d e n t i t i e s la a d i s tr ibut ion of 

f i e l d s invariant under a deformation of the nonlinear representation of 

5 on the a- ( x ) . 

The question becomes whether there i s a nonlinear transformation of 

the f i e ld a (x) which undoes the deformation of the representation of 

£ . The deformation i s described by a one- cocycle on £ with values in 

th3 power s e r i e s vector f i e l d s on T M. It Is removed if i t i s cohomo-
o 

l o g i c a l l y t r i v i a l * 

Note that h acts l inear ly on T H, so the vector f i e l d s on — m 
o 

T M which represent Ji vanish at the origlr. . The deformation of £ 
o 

need not preserve t h i s property, so g ives a l inear map T Iron h to 

m. Thu cocycle condition on the deformation becomes a cocycle condition 

on T t with respect to the isotropy representation of ji on a . It 

can be shown that i f I can be eliminated then the ent ire deformation 

can be removed* Therefore the possible obstructions are cohoraology 

c l a s s e s in the f i r s t cohomology of h with c o e f f i c i e n t s in in. It f o l ­

lows from the fact that _h i s the Lie algebra of a compact group H 

that t h i s cohomology space i s ji » n» , where _a i s the abelian factor 

in h and m i s the subspace of £ - invariant vectors in m, i . e . the 

£ - invariant vector f i e l d s on H. 

Assuming that the symmetry i s preserved under renormalization. i t 

remains to renormallze the residual equivalence transformations D̂  

( see sect ion 2*3}* This part of the argument proceeds as in the compact 

case* The f i r s t step i s to attempt to renormalize the equivalence 
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relations- The second is to use the geometry of the space R of C-
C 

invariant metrics to make p covarlant under the equivalence transfor­

mations, and then to attempt i.o make the external field renormalization 

also covariant. 

The analogue of the local isometry obstruction to renormalizatlon 

of the equivalence relations i s an obstruction in the f i r s t cohomology 

class of ra , the Lie algebra of k_, with coefficients In the space 

of a l l residual infinitesma1. equivalences of G- invariant metrics (see 

section 2* 3)• 

The obstruction to covarlant renormalizatlon of the external field 

turns out to be a cchomology class in the f i r s t cohomology oi m with 

coefficients in i t s adjoint representation, where m i s the subalge­

bra of m leaving the metric g invariant. Therefore the obstruction 

i s possible if and only If m has a nontrivial abellan factor-
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7. Calculation 

Z".L* Rule» for calculat ion 

This sect ion summarizes e f f e c t i v e procedures for manifestly covarl -

ant ca lculat ion to a l l orders In the renornalized low temperature expan­

s ion , using the r e s u l t s and constructions of the previous sec t ions - The 

procedures are discussed In l e s s than the f u l l general i ty those r e s u l t s 

and constructions al low; the more general, procedures are l e f t i m p l i c i t . 

Infrared regularizatlon Is assumed to be t> a constant external f i e ld or 

by f i n i t e volume, but d e t a i l s are given mainly for the l a t t e r - Metric 

norea! coordinates ( sect ion 4.7) are used for the general model and 

canonical normal coordinates ( sect ion 4 .8) for the standard models. 

Detai l s are giv^n mainly for dimensional regularlzatlon with renormali-

zatlon by minimal subtraction. 

The object i s to calculate the renormalization group coe f f i c i en t s 

and the renormallzed part i t ion function Z (6*4*1) order by order in 

T as a function of the renormalized metric coupling T~ g and the 

renormalized external f i e ld h ( x ) . The functional integral (2 .4 .4 ) for 

the part i t ion function i s rewritten in terms of the l inear f i e ld 

c ( x ) , as in (3 .1 .6 ) for constant external f i e ld regularizatlon or as 

in (3 .2 .10) for f i n i t e volume regularizatlon- Both require choice of a 

system of coordinates. Finite volume regularization also requires 

choice of a gauge function and an auxi l iary l inear connection in TM 

(see sec t ion 5 . 4 ) . 
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The bare metric coupling i s written as the naiveJ" 'ed renor­

malized netr ic coupling plus counterterms: 

A* T _ 1 g - p * T " 1 ( g " ! > + 0 ( T k + 1 ) ) ( 7 . 1 .1 ) 

*<?> - ^ • 

Similarly, the bare external f i e ld ia written as the naively rescaled 

renonnalized external f i e ld plus counterterms: 

A 2 + * h ( x > - M

2 + * [ h ( k ) ( x ) + 0 ( T k + 1 ) ] ( 7 . 1 .3 ) 

h ( 0 ) ( x ) - h r (x ) . (7 .1 .4 ) 

The central problem i s to find the counterterms as functions of g and 

h r ( x ) . 

The a priori volume element i s , to lowest order, the metric volume 

element. Both bare and renormalized a priori volume elements are to be 

adjusted, i f necessary, at each order in T to ensure that the external 

f i e l d s are renormalized homogeneously (see sect ion 6 . 4 ) . Dimensional 

regularizat ion el iminates a l l quadratic divergences, i . e . divergences 

2+^ proportional to A vanish in the continuum l imit for <- < - 2 . So 

the a priori volume element Is not an i s sue; in fact i t plays no role in 

the ca l cu la t ions . The external f i e ld i s renormalized homogeneously as 
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long as no f i n i t e inhoaogeneous counterterns are added to the external 

f i e l d . Minimal subtraction, in particular* allows no f i n i t e counter-

terms at a l l . 

For the general model the coordinates are taken to be metric normal 

coordinates for the renormailred metric . For the standard models canon­

ica l normal coordinates are used. The gauge function I s , for s impl ic i ty 

of ca lcu la t ion , ( 3 . 2 . 5 , 6 ) . The auxi l iary l inear connection i s the 

Levi-Civlta connection for the renormallzed metric in the general case 

and the canonical connection ( sect ion 4.6) in the standard case* 

The coordinates , gauge function and auxi l iary connection are held 

fixed as the low temperature expansion i s renormallzed. As a conse­

quence, the Fadeev-Pcpov matrix f, (m,o~(x)) ( sect ion 5.7) also stays 

f ixed. By ( 5 . 7 . 6 ) , ( 5 . 3 .3 ) and ( 5 . 4 . 2 ) , 

f |(m,o-(x)) - (Q r)j(m,<r(x)> (7 .1 .5 ) 

where Qr i s the matrix valued function defined In (4 .3 .9 ) and given in 

normal coordinates by (4*5 .6 ) , ( 4 . 7 .5 ) and ( 4 . 8 . 1 5 ) . 

As each order in perturbation theory for the functional integral 

(3 .1 .6 ) or (3 .2 .10 ) over tht l inear f i e ld i s renormalized. the system of 

coordinates and, poss ib ly , the gauge function also undergoes renormali-

zat ion (see sect ion 6*4). But the renormaliced compatibil ity conditions 

( s ec t ion 6.4) guarantee that the c o l l e c t i o n of countertertns for (3 .1 .6 ) 

or (3*2.10) can be reduced to counterterms for the functional integral 
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(2.A.4) over the nonl inear f i e l d , by using the renormali^od system of 

coo rd ina t e s . A new s e t of counterterms for ( 3 . 1 . 6 ) or (3 .2 .10 ) can then 

be const ructed by r e tu rn ing to the o r i g i n a l system of coord ina tes and 

gauge func t ion . 

The coupl ings for the v e r t i c e s of the Feynman diagram r ep re sen t a ­

t ion of the funct ional i n t e g r a l ( 3 . 1 .6 ) or (3 .2 .10) are provided by the 

Taylor s e r i e s expansions in coord ina tes of the renormalized metr ic plus 

counterterms (7.1*1) and of the renormalized ex te rna l f i e ld p lus coun­

t e r terms ( 7 . 1 . 3 ) , by the expansion of the logar i thmic jacobian j (m,v) 

(absent for dimensional r e g u l a r i z a t i o n ) , and by the expansion of 

f*(m,v) ( in f i n i t e volume). Formulas ( 4 . 5 . 6 ) , ( 4 . 6 . 4 ) , ( 4 . 4 . 9 ) and 

(4 .6 .10-11) g ive these expansions in terms of the expansion of one quan­

t i t y , the v i e l b e l n V (m,v) , which i s ca l cu la t ed r ecu r s ive ly using 

(4 .7 .2 ) or ( 4 . 8 . 1 2 ) . 

The gauge function (3.3*5-6) produces an e s p e c i a l l y simple propaga­

t o r for cr ( x ) . From ( 6 * 3 . 9 ) , th? propagator i s 

G i j ( x , y ) - T < < g V l ) i J G o (x ,y) (7 .1 .6 ) 

where G i s the f i n i t e volume ( r ea l space) propagator for a s ca l a r 

f i e l d in which the cons tan t f i e l d s have been projected ou t . The volume 

element II dcr(x) r e s t r i c t e d to the zero modeB i s the metric volume 

element, so i n t e g r a t i o n over the m u l t i p l i e r y using the metr ic volume 

element for dy" leaves the propagator ( 7 .1 .6 ) and gives Z (m) equal 

to the metr ic volume element dm times the Feynman diagram expansion 
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g e n e r a t e d by t h e a c t i o n ;*, 

S i n c e the t e c h n i q u e s o f c a l c u l a t i o n a r e a l l m a n i f e s t l y c o v a r i a n t , 

i t i s o n l y n e c e s s a r y t o c a l c u l a t e a t a s i n g l e p o i n t m i n an a r b i t r a r y 

n - d i m e n s i o n a l m a n i f o l d M. The r e s u l t s o f the c a l c u l a t i o n * which a r e 

e x p r e s s i o n s In the c u r v a t u r e t e n s o r and o t h e r c o v a r i a n t o b j e c t s , a r e 

i m m e d i a t e l y t r a n s f e r a b l e to a l l po in tB i n any n - d i m e n s i o n a l m a n i f o l d . 

( I t seems t o oe the c a s e t h a t w i t h normal c o o r d i n a t e s t h e d i m e n s i o n n 

n e v e r a p p e a r s e x p l i c i t l y i n c a l c u l a t i o n , i n p a r t i c u l a r n e v e r a p p e a r s 

e x p l i c i t l y i n the r e n o r m a l i z a t i o n group c o e f f i c i e n t s * ) 

The c a l c u l a t i o n p r o c e d u r e i s iiow d e s c r i b e d r e c u r s i v e l y * Z i s 

k 0 
assumed known t o o r d e r T . To o r d e r T , 

Z r - C d m exp [ | u 2 + * Cdx h r ( x ) (m) ] . ( 7 . 1 . 7 ) 

To c a l c u l a t e Z r t o 0 ( T k ) r e q u i r e s knowledge o f g { ! f \ h ( k ) ( x ) and 

1 2k r 
the e x p a n s i o n of V (m,v) to 0 ( v ) . In o r d e r t o c a l c u l a t e Z t o 

k+1 
0(T ) u s i n g ( 3 . 1 . 6 ) or ( 3 . 2 . 1 0 ) i t i s n e c e s s a r y to f i n d V t o 

2lt+2 
0 ( v ) , which i s e a s i l y done u s i n g ( 4 . 7 . 2 ) or ( 4 . 8 . 1 2 ) , and t o f ind 

k+1 the 0(T } c o u n t e r t e n n s 

8 i 3 8 i j K i J 

h U 1 ( x ) - h ( k + 1 ) ( i ) - h ( k ) ( x ) . ( 7 . 1 . 9 ) 



137 

The f i r s t s t ep I s to c a l c u l a t e c o u n t e r t e r a s for the divergences in 

the Feynnan diagrams generated by the ac t ion (3*1.5) or ( 3 . 2 . 9 ) for the 

l i n e a r f i e ld <r* The metr ic and ex t e rna l f i e l d in coord ina tes a re 

wr i t t en as the resca led renormalized met r ic and ex terna l f i e ld plus 

counter te rms: 

A* T ' 1 ; ^ - p * T ~ l il[^ + 0 ( T k + 1 ) ] (7 .1 .10) 

A 2 + * h ( s ) - ^ [ h ( k ) ( x ) + 0 ( T k + 1 ) ] (7 .1 .11) 

-*(k) "~(k) (k) 
where g and h (x) are the expressions in coordinates of g 

and h (x). 

k+1 Supe r f i c i a l l y i t appears as i f counter terms a re needed at 0(T ) 

for a l l of th^ v e r t i c e s given by tu« expansions of Sdn.o -) and H(m,0") 

in powers of c . But the renormalized compat ib i l i ty cond i t ions 

(6 .3 .20-22) imply tha t only enough counterterms need be ca lcu la t ed to 

determine g and h (x)*. For t h i s i t i s enough to c a l c u l a t e 

counter tenos for tl»e two point ver tex 

dx gj (m,0) & t r ^ x ) do^Cx) (7 . J..12) 

and the zero point ver tex 

dx h r ( x ) (m,0) . (7 .1 .13) 
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The counterterm for (7.1.12) i s minus the part of the primitive 

divergence in the one particle irreducible two point function of o* (x) 

which Is quadratic In the external momentum. By the induction assump-

k+1 

tion the divergences are 0(T ) relative to the lpwest order contri­

bution. With dimensional regularization there are no quadratic diver­

gences, so on dimensional grounds the only divergence in the two point 

function must be quadratic in the external momentum. The diagrams which 

provide the primitive divergence have two external legs and contain only 

vertices from the expansion of S (section 6.3), so the coefficient of 

the divergence is a symmetric tensor at m formed from the Taylor 

series coefficients of the metric coupling at a, which in turn are 

formed from the metric, i t s curvature tensor and the covariant deriva­

tives of the curvature, a l l at m. The corresponding countet;ena for 

E* <m,0) is written £±. (m,0) 

The counterterm for (7.1.12) is minus the primitive divergence in 

the one particle irreducible zero point function. Again, by the induc-
k+1 tion assumption this i s 0(T ) . On dimensional grounds the primitive 

divergence is proportional either to a Taylor series coefficient of the 

external field at m or to A - The la t te r does not occur with 

dimensional regularization. 

The diagrams which provide the part of the primitive divergence 

proportional to the external field have no external legs and one vertex 

from the expansion of H; the rest of the vertices are from the expan­

sion of S- The coefficient of this part of the primitive divergence is 
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a r e a l number formed by c o n t r a c t i n g a c o v a r i a n t d e r i v a t i v e of h (x ) a t 

m w i t h t h e m e t r i c c o u p l i n g , i t s c u r v a t u r e t e n s o r and c o v a r i a n t d e r i v a ­

t i v e s o f t h e c u r v a t u r e , a l l a t m. 

The d i a g r a m s wh ich g i v e t h e q u a d r a t i c p r i m i t i v e d i v e r g e n c e s h a v e no 

e x t e r n a l l e g s and v e r t i c e s a l l from t h e e x p a n s i o n of S e x c e p t f o r a t 

mos t o n e from t h e e x p a n s i o n of t h e l o g a r i t h m i c j a c o b i a n J - The c o e f f i ­

c i e n t of t h i s d i v e r g e n c e i s a r e a l number formed from t h e m e t r i c , c u r v a ­

t u r e and c o v a r i a n t d e r i v a t i v e s o f t h e c u r v a t u r e a t m. 

—r •fc<k> 
The c o u n t e r t e r m f o r h ( x ) (ro,0) i s w r i t t e n h (x ) ( m , 0 ) . By 

t h e a b o v e d i s c u s s i o n , 

h < k > ( x ) (m ,0 ) - [ £ < k > h r ( x ) J (m ,0 ) + h * k > ( m ) . ( 7 - 1 . 1 4 ) 

-<k> i 
_z i s a d i f f e r e n t i a l o p e r a t o r i n o~ ( x ) ( i n d e p e n d e n t of x) w i t h 

c o n s t a n t c o e f f i c i e n t s formed from t h e m e t r i c , i t s c u r v a t u r e t e n s o r and 

-<k> 

t h e c o v a r i a n t d e r i v a t i v e s of t h e c u r v a t u r e a t m. h . (in) i s a r e a l 

number formed f r o o t h e m e t r i c , c u r v a t u r e and c o v a r i a n t d e r i v a t i v e s o f 

c u r v a t u r e a t m» With d i m e n s i o n a l r e g u l a r i z a t i o n i t i s a b s e n t . 
-<k> 

By ( 4 . 4 . 9 ) and ( 4 . 6 . 3 ) , t h e c o u n t e r t e r m s g (m,0) and 
-<k> [k] 
h (x) (m ,0 ) f o r t h e l i n e a r f i e l d s d e t e r m i n e t h e c o u n t e r t e r m s g , . (tn) 

[k] and h (x) (m) f o r t h e n o n l i n e a r f i e l d s : 

h [ k ] ( x ) (m) - h < k > ( x ) (m,0) ( M . l b ) 
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g ^ + 1 ) ( m ) - qP(m,0) [gp^do.O) + 1*^(0,0)] Q^(m.O) , (7.1.16) 

where, by the renormallzed compatibility condition (6.3.21), 

QP(m.O) - (Qr)P(m,0) + £ < k >(Q r)P (m.O) . (7.1.17) 

gjj'd") " 1*^(0,0) + £ < k >(q r)P(m,0) g^(o!) 

+ g' <m) 5 < k >(Q r)P (m,0) . (7.1.18) 
IP — 1 

Since the counterterms for the external field are linear in the 

renormalized external field they can be written 

h ( k )(x) - Z* 1 0 h r(x) (7.1.19) 
h 

(k+1) . (k) + tkj (7.1.20) 

Z^ 0 ) - 1 (7.1.21) 

Noce that (7.1.19) differs from (6.3.37) in that here Z. does not 
n 
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contain the rescaling factor (p A)~ • Z i s a linear differen­

t i a l operator, natural in the renortoalizetl metric, of order at most 2k* 

Homogeneous renorraalization, if necessary by adjustment of the a priori 

[kl volume element, has been assumed* By (7.1.14-15), Z, is given by 

z ' W h r(x) (m) - j e < k > h r(x) (m,0) . (7-1.22* 

So, since the Taylor series coefficients of a function in normal coordi-
[k] -<k> 

nates are the covariant derivatives, Z/ at m is z_ at m with 
covariant derivatives substituted for partial derivatives. 

[kl [ki 
Once the counterterms g and h (x) are known, the renormal-

k+1 ization group coefficients can be calculated to order T (relative 

to the lowest order contributions). For cutoff forms of ultraviolet 

regularization the formulas were given in section 6.4. They are 

presented here for dimensional regularization with rainiraal subtraction. 

The renormalization group coefficients give the change in g and 

h (x) needed to keep u g and u h (x) fixed when making an 

lnfinitesmal logarithmic variation of u: 

3 ( W - - , ^ 1 , - 1 * g ( W ( 7 . L 2 J , 

J(W . - « + •> - (z i W )" 1 P^zJ[ k ) • (7-1.24) 

The r- superscripts have been suppressed because the renormalization of 
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the ba re parameters i s of no i n t e r e s t . 

The f i n i t e n e s s of the renorraal izat ion group c o e f f i c i e n t s a t <- - 0 

implies t ha t they a r e determined by the the simple poles in *• of the 

counter te rms: 

p<"> - - « g + . f j , " ' 1 ' - 8 ( k ' U (7 .1 .25) 

y U ) - - (2 + «) + g | - Z < k , 1 ) . (7 .1 .26) 

The res idues of g < k > , Z * k ) , g l k l and z}^ a l e wr i t t en g ( k , 1 > , 

( k , l ) [ k , l ] [ k . l j 
\ , g and ^ 

k+1 Once the renormal iza t ion group c o e f f i c i e n t s a r e known to 0(T ) t 

k+1 the f u l l counterterms a t 0(T ) a re determined by ( 7 . 1 . 2 3 - 2 4 ) . (See, 

for example, [20] . ) Therefore I t i s only necessary to find the pr imi­

t i v e divergences whit h a re simple poles In <• in order to find the 

f u l l se t of counter te rms . With these counter te rms , the Feynman diagram 

expansion ot (3 .1 .6 ) or (3 .2 .10) gives the p a r t i t i o n function Z r f l n -

_7.^. Renormalization group coefficiencs 

This sec t ion summarizes the app l i ca t i on of the procedures of 7.1 to 

the c a l c u l a t i o n of the renormal izat ion group c o e f f i c i e n t s in the two 

loop approximation, using dimensional r e g u l a r i z a t i o n and minimal sub­

t r a c t i o n * Metric normal coordinates def ine the l i n e a r f i e l d s . To 
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eliminate factors of 2it, T i s replaced by 2it T. The r - super 

scr ip t s are suppressed. 

The primitive divergences in one loop diagrams give 

T"1g*J>(m,0) - - 3 7 *„(•») (7.2.1) 

h < 0 > ( x ) (m.O) - ~ T ( g " 1 ) 1 ; ) T 1 T j h ( x ) (m) . ( 7 . 2 . 2 ) 

The operator \ i s therefore 

z < 0 > - ^ T ( g - V J o ^ (7.2.3) 

and 

z£ 0 ) - 1 + "ĵ T (g'V^TjhU) (m) 

Using the expansion (4 .7 .5 ) for Q , 

So, by ( 7 . 1 . 1 8 ) , 

( 7 . 2 . 4 ) 

I < O > (Q)*( m ,0) - - £ T ( g - l ) l p B j ( . ) . (7.2.5) 

T - ^ 0 1 - - i S i j . (7.2.6, 
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By (7.1.25-26), cht- one loop renormallzatlon group coefficients are 

pjj'tt^g) - - * T _ 1
g l J + R l d (7.2.7) 

7 ( 1 >(T _ lg) - -(2 + *) - "f T Ti Ti * (7.2.8) 

In the next order i t i s e a s i l y seen that there are no s inple poles 

in the counter terms for ( 7 . 1 . 1 3 ) , no 

Z ^ 1 ' 1 1 - 0 ( 7 .2 .9 ) 

and 

g [ 1 , 1 1 ( m ) - i * 1 ' 1 ^ * , " ) (7 .2 .10) 

where g • '(m,0) i s the residue of g (p,0) at * - 0. 

Calculation of the Bimple poles in the two loop Feynman diagrams 

for the two point function g ives 

T - ' g ^ N - . O ) - - { T 2 ( R l p q r + R i q p r ) R j p q r (m) (7 .2 .11) 

where contraction i s with g . The f i r s t Bianchi ident i ty , (5 .8 .15) 

with T - 0, Implies 
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R, R, - T R, R„ . (7 .2 .12) 
iqpr jpqr 2 ipqr ipqr 

Therefore 

T" 1 g ^ ' ^ d i . O ) - - y T 2 R . R. (m) 
i j 4 ipqr jpqr 

By ( 7 . 2 . 1 0 ) , 

From ( 7 . 2 . 9 ) , ( 7 . 2 . 14) and ( 7 . 1 . 2 5 - 2 0 ) , 

(7 .2 .13) 

l ' 1 j ! ! ' ' 1 - - 7 - T 2 R , R, (m) . (7 .2 .14) 
6 i j 4 lpqr jpqr 

? ! 2 ) " pf!' + 4 T R . R < < m > • (7.2.15) 
r i j r*ij 2 ipqr jpqr 

7 ( 2 ) - ? U ) . ' 7 .2 .16) 

The two loop r e s u l t s a r e therefore ( 1 . 6 , 8 ) . 

Algebraic equat ions for the two loop B- function are obtained 

froai (1 .6 ) by express ing the metr ic curva ture R J 1 k in terms of the 

metr ic g . . and the canonical curvature and t o r s i o n , here w r i t t en R 

and T, and given in ( 4 . 8 . 6 - 7 ) . 

V - ^ + ^ f t i + ^ r l - ^ ( 7 - 2 - 1 7 > 
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rj k - i ?jk + 1 ^" 1 ) i p % ? 2 P

 + 8 k q *SP> • < 7 - 2 - 1 8 ' 

When M i s a l o c a l l y symmetric space G/H, these equations reduce 

P i j ( T " l g ) " ( " * + f T + c l l 2 ) T _ 1 8 i j (?• 2-19) 

. n 2 + 4 (dim A) (dim H - n) 
1 8 n (dim H - dim A) " M-ftvi 

a i s +1 or -1 depending on whether G i s compact or noncompact; n 

i s the dimension of M; and A i s the abelian factor in U. For 

M - s" - S0(n+1)/S0(n) t h i s reproduces the result of [10] . 
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II* The Renonnalizatloa Group Equation 
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1. Introduction 

This is the second part of a study of the general nonlinear scalar 

model near two dimensions* In the f i r s t part , the model was described 

and i t s low temperature expansion renornalized. This part is an inves­

tigation of the topological properties of the renormalizatlon group 

equations near zero temperature* 

The fields ff(x) of the model are functions from 2 + «• dimen­

sional Euclidean space to a f inite dimensional differentiable manifold 

M. The coupling of the model i s given by a (positive definite) Rleman-

nian metric g.. on M. The action is the energy integral 

s(*> - J"dX ̂ g y & / ( x ) a #J(x> . ( l . D 

The ^normalization group is a one parameter group of transforma­

tions of the space II of Rieraannian metrics on H, which describes the 

change in the effective coupling as the scale of distance in Euclidean 

space is increased* Finding i t s orbit picture is the crucial f i r s t step 

towards understanding the model* The large distance properties of the 

model are determined by the the long time properties of the renormaliza-

tion group, the simplest of which are seen at at tractive fixed points* 

Critical behavior (and the possibility of defining a continuum limit) is 

associated with instabil i ty in the long time properties, the simplest 

form of which is seen near fixed points with nontrivial unstable 
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manifolds . 

The in f in i t e sma l form of the r eno rna l l z a t i on group i s the renormal-

i z a t i o n group equat ion 

S r « « - - P u ( 8 ) ( 1 - 2 ) 

where p i s a vec to r f i e ld on It, ca l l ed the S- func t ion . The 

tangent vec tor p(g) to the space of me t r i c s a t g i s the symmetric 

tensor f i e ld p . . ( g ) o n M. 

p(T g) i s c a l cu l a t ed by techniques of p e r t u r b a t i v e quantum f i e ld 

theory as an asymptotic expansion in the p o s i t i v e r e a l number T, 

ca l led the temperature* Effect ive algori thms for c a l c u l a t i o n ^ere 

derived in Par t I , To the second n o n t r i v i a l o rde r , the r e s u l t i s 

P ± J ( T " l g ) - - * T ^ g y + R t j + y T R ^ + 0 ( T 2 ) (1 .3) 

R V,.,, i s the curva ture tensor of the metr ic g , , , R. . - R*' J i s the 
i j k i j 1J ik j 

2 Ricci tenBor, and R „ s tands for R, R. i j ipqr jpqr 

Resu l t s on the p rope r t i e s of the p - funct ion can be i n t e r p r e t e d 

when <r m 0 and a lso in the f i c t i t i o u s regime <• = 0. The l a t t e r i s 

used as an approximation for the case <• • 1, which cannot be studied 

d i r e c t l y by p e r t u r b a t i v e techniques . The i n t e r e s t i n g p r o p e r t i e s of 3 

are those which depend smoothly on <• and whose q u a n t i t a t i v e f ea tu res 

can be expanded as asymptotic a e r i e s in <-* 
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Q Is, to all orders in T, a natural function of the metric, in 

the sense that 

p(*.g) - **?(g) (I-*) 

for a l l diffeomorphiftms 4» of M. More concrete ly , fi I s , to every 

f i n i t e order, a polynomial in the curvature tensor and i t s covarlant 

d e r i v a t i v e s . It follows that the renormallzation group preserves sym­

metry. 

Of special interes t are the models In which M i s a homogeneous 

space G/K, H compact, and g , l i e s in the space jL of G-

invariant metrics on M. Since i t preserves symmetry, the renormallza-

t ion group acts on R~. 

The renormallzation group commutes with the diffeomorphism group J) 

acting on R, so i t ac t s on the space K - R/D_ of equivalence c lasses* 

In f a c t , only the equivalence c las ses are meaningful in the physical 

interpretat ion, so p i s defined only up to replacements 

P<g) - * p<g) - Iv(g) , g) , (1 .5) 

where v(g) i s , for each metric g, a vector f i e ld on M cefined up 

to infinltesmal isometries (Kil l ing f i e lds ) of g , and sat i s fy ing 

v(i^g) - * A v ( g ) ( U 6 ) 



(up to Killing fields) for a l l diffeomorphisms <£• 

When M Is a homogeneous space G/H, a natural analogue of j£ is 

D , the group of diffeomorphisms of M which commute with G. I), 

acts on R_, the equivalence classes being R . The vector fields 

v(g) occurring in (1.5-6) are taken to be G- invariant, i . e . in the 

Lie algebra of D... It Is possible, a t least when G i s not semi-

simple, that there exist equivalence relations between G- invariant 

metrics that are due to diffeomorphisms of M which are not in t). 

This possibili ty is systematically ignored* In situations where It is 

realized, the treatment here will be incomplete. 

The result (1*3) was calculated using dimensional regularlzation 

wit'., ilniraal subtraction. There are other ways to calculate, none pre­

ferred. The 3- functions calculated by different techniques are 

related by conjugations under transformations of jt which commute with 

I), In the absence of the obstructions discussed in section 6.5 of Fart 

I . The properties of the renormalization group which are of interest 

are the invariants under these transformations. 

The manifold M is assumed to be compact and/or homogeneous. Gen­

eral statements below are implicitly qualified by this assumption. If 

M i s a noncompact homogeneous space, then i t is assumed also to be uni-

midular, meaning that a l l invariant vector fields on M preserve any 

invariant volume element. Unimodularity must be assumed because almost 

a l l of the description of p presented here requires for i t s j u s t i f i ­

cation integration by parts on M* When M is compact, the integral of 
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a function f over M with respect to che metric volume element i s 

written \ f- The integration by parts formula states that C T.V • 0 

for any vector field v on M( where v. i s the covariant derivative 

associated with the metric* When M i s homogeneous, any invariant 

function f on M must be constant* C f will mean simply the value 

of f at any point- Uhimodularity i s exactly the condition needed to 

give the integration by parts formula C v\v - 0 for a l l invariant 

vector f ields. 

The space K is described in [1]. A reference for basic differen­

t i a l geometry is 12]• Tensor analysis i s done here in index notation. 

For an explanation, see (3). The aim of this presentation is to survey 

the accessible general features of the problem as an aid to further 

exploration. The issue of the existence of the renorraalization group 

flow Is not dealt with* Detills are for the most part left to the 

reader* 

The organization of Part II ia as follows. Section 2 derives the 

fixed point equation?., describes the known solutions and begins the d is ­

cussion of topological properties near fixed points in terms of the 

linearization of p. Section 3 examines the special case H a homo­

geneous space; section U the special case M a twc dimensional mani­

fold. In both cases the p -function is shown to be a gradient. Sec­

tion 5 continues the discussion of the fixed points, based on Bochner 

estimates toe the linearization of the 0- function. 



153 

2. Fixed Points (I) 

£.•!.' The fixed point equation 

The renormalization group equation is, following (1.4-5), 

J£ g - - p(g) + f v(g), g ] (2.1.1) 

where v(g) i s an a r b i t r a r y vec tor f i e l d on M ( s a t i s f y i n g (1 .5) ) . 

The fixed po in t s of the renormal iza t ion group a re ( the equivalence 

c l a s s e s of) the met r ics g a t which p i s tangent to the o r b i t of 

the diffeomorphism group: 

(Kg) + I v(g>, g ] (2 .1 .2 ) 

fo r some vec to r f i e l d v(g) on M. The p e r t u r b a t i v e expansion (1 .3) 

for 6(T g) can only be used r e l i a b l y to loca te fixed po in t s a t 

A simple way to e x h i b i t the small T s t r u c t u r e of the Q- func­

t ion i s to parametrize the general metric on M in the form T~ g 

where g . . i s a metr ic of some fixed t o t a l volume ( o r , in the noncom-

pact homogeneous cade , of some fixed i nva r i an t volume e lement ) . The 

renormal iza t ion group equation (2 .1 .1 ) becomes 

iL-T . - * T + < ^ R > T 2 + < ^ R i 1

> T 3 + 0 ( T 4 ) ( 2 . 1 .3 ) 
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&«« - - T f "u - < i * > •« - i V 8 ) > 8 , i j > ( 2 ' 1 - 4 ) 

- T ' ( I Ri2j " < "£ 4 » •« " l Ve>. «>« > + 0 ( T 3 ) 

2 where R - EL. i s the s c a l a r c u r v a t u r e , R s tands for R i k l R i k l t 

n i s the dimension of M, v(T g) i s expanded as 

v (g) + T v t ( g ) + 0 ( T 2 ) , and < f > I s defined as C f / C 1, the 

i n t e g r a l s taken with r e spec t to the metr ic volume element for £ , . • 

Of i n t e r e s t a r e the met r ics l e f t fixed by the renormal iza t lon group 

when «• • 0, and a l so those l e f t fixed when «• z 0 which depend 

smoothly on *• and approach *• • 0 fixed po in t s a s *• -* 0- By 

( 2 . 1 3 ) , the <• - 0 fixed po in t s are a t T - 0 . The me t r i c s T~ g a t 

T • 0 form a pa r t of the boundary of the space of a l l nondegenerate 

m e t r i c s . Every metr ic a t T - D ia a fixed p o i n t , but not a l l a re l im­

i t s of renormal iza t ion group t r a j e c t o r i e s . At i s sue i s the behavior of 

the renormal iza t ion group flow near the T - 0 m e t r i c s . 

If — were O(T), then the o r b i t s of the renormal iza t ion group 

would approach the T - 0 sur face t r a n s v e r s a l l y a t each g . , , so t ha t 

each point on the T * 0 surface would be a t rue fixed p o i n t . But when 

-r£ - 0(T ) , as i s the case in ( 2 . 1 . 3 ) , the s i t u a t i o n i s qu i te d i f ­

f e r e n t . This can be seen h e u r l s t l c a l l y in an analogous equat ion in tv*o 

v a r i a b l e s : 

j£ (T,x) - ( aT 2 + 0 ( T 3 ) , f(x)T + OCT2) ) . (2 .1 .5 ) 
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The i n t e g r a l curves (T.x) of (2 -1 .5) are given for small T by 

log (T i f 1 ) - a 5* - ^ . (2.1-6) 

As T - * 0 (or becomes >> T ) x i s dr iven e icher to i n f i n i t y or to 
o * 

zero of f ? 

The t rue fixed po in t s a t T • 0 a r e the met r ics a t which 

T~ 8 J J " 0(T ) . They a re the so lu t i ons of the nonl inear d i f f e r e n t i a l 
a t i j 
equation 

RU - < £ * » • « " ' V » ' i ] " ° ( 2 a - 7 ) 

t o r some vec tor f i e l d v . E x p l i c i t l y excluded froo cons ide ra t ion here 

are fixed po in t s " a t co," the analogues of T - 0, x - co in ( 2 . 1 . 5 ) . 

(But see the example in sec t ion 3 .3 below.) A fixed point a t CD i s one 

which l i e s on the boundary of the T * 0 m e t r i c s . 

A so lu t i on of the fixed point equation (2 .1 .7 ) which has <R> j* 0 

can be seen to survive as a fixed point whatever the higher order 

c o r r e c t i o n s to the 3 - funct ion- But i f <R> - 0 then — - 0(T ) * dt 

and the ex i s tence of a fixed point depends on the p o s s i b i l i t y of e l im­

ina t ing the 0(T ) con t r ibu t ion to -r- g . . in (2*1<4) by per turb ing 

the so lu t ion of ( 2 .1 .7 ) by an amount o ( l ) , so t ha t the 0(T) term in 

2 
(2 .1-4) cancels the 0(T ) term. This w i l l be poss ib le unless the 

<R> - 0 so lu t i on of the fixed point equat ion l i e s in a manifold of 



solutions, so that perturbing along the manifold has no effect on the 
2 0(T) term in (2*1.4). lr this case, the 0(T ) contribution in 

(2.1.4) projects onto the manifold of <R> - 0 solutions to (2.1.7) . 

The vanishing of the projection is an auxiliary nonlinear equation which 

must be satisfied by th<* fixed point metric* 

A certain amount la to be learned about this problem by exanining 

the linearization of the p- function at an <R> - 0 solution. In 

particular, i t Is learned that -he manifold of solutions i s finite 

dimensional, so that the auxiliary fixed point equation is f in i te . The 

linearization for <R> • 0 solutions Is discussed in section 2.4 and 

again in 5.2-3. 

The <R> - 0 solutions face no more conditions beyond the auxil i ­

ary fixed point equations. If — were 0(T ) then < R

k v

> would van­

ish, implying flatness: R

i l k l " 0. Flat metrics are uninteresting from 

the point of view of perturbative renormalization and are henceforth 

Ignored. 

The topological properties of the renormalization group flow near a 

fixed point are examined in sections 2.4 and 5 using the linearization 

of the p- function. The behavior in the T- direction, however, can 

be seen Immediately in (2*i.3)» Near a solution of the fixed point 

equation (2.1.7) the behave, of the temperature is described qualita­

tively by 

fe* - < 
* T + < - R > T 2 <R> ^ 0 

1 - 2 _ 3 . „ . „ < 2 - 1 - 8 > 
2n \k 
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When «• - 0 , — vanishes at T « 0 to f i r s t or second order. This dt 

i s ca l led aysraptotic freedom. It i s u l t r a v i o l e t asymptotic freedom when 

<R> j> 0 because at short distances ( t—» - a> ) the e f f e c t i v e tem­

perature (slowly) approaches zero* The T - 0 models are free (gaus-

sian) f i e ld theor ies . When <R> * 0 the approach to freedom i s espe­

c i a l l y slow. The fixed points with <R> < 0 are asymptotically free in 

the Infrared, the e f f e c t i v e temperature approaching zero at long d i s ­

tances* 

The *- 7* 0 fixed points are exhibited also in ( 2 . 1 . 8 ) . Besides 

the T * 0 fixed points (whose infrared s t a b i l i t y or I n s t a b i l i t y i s 

determined by the sign of *-) there are fixed points: (1) at 

T - 0 ( « 0 , unstable in the T- d i rec t ion , when <R> and «• are pos i ­

t i v e ; (2) at T - 0 ( | « J ) , s table in the T- d irec t ion , when <R> and 

1/2 

*• are negative; and (3) at T - 0(<- ) , unstable in the T- direc­

t i o n , when *• i s pos i t ive and <R> - 0 . For a l l three types of fixed 

point , the existence of a nontrivial manifold of so lut ions of the fixed 

point equation (2»1.7) gives r i se to auxi l iary fixed point equations, 

because the projection onto the solut ion set of the higher order contr i -

k k 

butions to the p- function are now 0(<- ) instead of 0(T ) , T 

asymptotically small , and have nontrivial e f f ec t as long as any degen­

eracy in the solution set remains. 
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ĵ .ĵ . Solutions of the fixed point equation 

In t h i s subsection are co l lected some general resu l t s on properties 

of the solut ions of the fixed point equation (2 .1 .7 ) and general 

descript ions of the known examples* F i r s t , the fixed point equation i s 

rewritten so that the solut ions are normalized by curvature instead of 

volume: 

R i j ~ a 811 " V l + V j V i * * " - 1 ' ° r ° * (2 .2 .1 ) 

When a i l O , tht resul t ing normalization i s < — R > - a. When a - 0, 

<R> - 0 provides no normalisation, so the additional assumption 

1 2 < y- R, . > - 1 i s made to normalize the metric . 

The so lut ions to 

R i j " a 8 i j " ° (2 .2 .2 ) 

are called Einstein metrics . They have long been of in teres t in 

geometry and general r e l a t i v i t y . (See, for example, [4 -10] . ) The so lu­

t ions to 

R u - a ^n • v j + V i * ° ( 2 - 2 - 3 ) 

might be cal led quasi-Elnstein metr ics . v i s determined only up to 

addition of infinitesmal isometries , or Kil l ing f i e l d s , which are the 
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w satisfying T J W » + "*xwi • 0. v can be fixed by requiring 

r i i i 

\ v v - 0 for a l l Killing f i e lds w . It then follows immediately 

that v Is invariant under th.. isometry group of S 1 4

a 

A vector f i e ld w i s a Kil l ing f i e ld i f and only i f , for a l l vec ­

tor f i e l d s u , including w I t s e l f , 

0 " 1 S <Vj + Vi> (Vj + 'jV 

$" U 1 ( - T ^ - R ^ - V j W i ) 

But T . W J " 0i s o the Killing f i e l d s are exactly the so lut ions to 

- ' j ' ^ i " R

i ; ) "̂  ( 2 .2 .4 ) 

which also sa t i s fy 0 - v v . 

The next f ive propositions are concerned with the properties of a 

quasi-Einsteln metric, i . e . a metric g together with a vector f ie ld 

v sat i s fy ing ( 2 . 2 . 3 ) . 

Proposition Z'2.ml' 

v l satisfies (2.2.*) but T ^ V 1 - j (R - n) + 0. 

Propositlc.i ̂ .2_.2. 

The scalar curvature R is not constant. 

Proposition 2-2.^. 
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M is not homogeneous. 

Proposition 2»2»^» 

T^e constant a can only be +1 and the s c a l a r curva ture 

s a t i s f i e s R _> 0. [10] 

Proposition 2̂ .2-Jl-

If R >_ n - 2 then the f i r s t b e t t i number vanishes 

(HL(M) - 0 ) . 

A theorem of Myers[11] gives the fundamental r e s u l t on Eins te in 

met r ics with a • 1: 

Theorem .2..2._&. 

If R - g - 0 then M i s compact. 

Since the un iversa l covering space of M has the same loca l geometry as 

M, i t a l so i s compact* Therefore the fundamental group n.(M) I s f i n ­

i t e . 

Eins te in met r ics with a - 0 ( R i c c i - f l a t met r ics ) which have 

b . i* 0 a re l o c a l l y the product of a b dimensional f l a t manifold and 

an n - b dimensional R l c c i - f l a t manifold. [12] The me t r i c s on the 

f ac to r s can be scaled independently without l o s s of R i c c i - f l a t n e s s . so 

there i s always a degenerate so lu t ion se t of the fixed point equa t ion . 

Wien the two loop term in the p-funct ion i s taken in to cons ide ra t i on , 

the r a t i o of the s ca l e s of the two f ac to r s i s seen to d iverge under the 

renormal iza t lon group. This i s an example In which the a u x i l i a r y fixed 
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poin t equation has no so lu t ion* Therefore only the R i c c i - f l a t met r ics 

with b - 0 a r e of i n t e r e s t * From equation (2 .2 .4 ) i t i s apparent 

tha t on such manifolds a l l Ki l l ing f i e l d s a r e covar tant c o n s t a n t , so 

g ive alBo harmonic one forms, s o , s i nce b - 0, must be i d e n t i c a l l y 

z e r o . 

The theorem of Cheeger-Gromell[13) implies t h a t , for a - 0 Ein­

s t e i n manifolds , IT (H) i s f i n i t e . Aleksevski i and Kiroel-FeldUM have 

shown tha t the only homogeneous a - 0 E ins te in manifolds a re the f l a t 

ones . 

E ins te in me t r i c s with a - -1 have no in f in i t esmal i s o m e t r i e s , 

because (2 .2 .4 ) cannot be solved. (Note that for M - G/H noncoapact 

homogeneous t h i s i s the statement t h a t t he re a re no G- inva r i an t K i l ­

l ing f i e l d s . ) 

In summary, the types of fixed point metric a r e , with references to 

the known examples: 

The (-) type E ins te in m e t r i c s : R + g - 0. 

These are noncompact homogeneous spaces or compact manifolds 

without Ki l l ing f i e l d s . The corresponding fixed po in t s a re s t ab l e in 

the T- d i r e c t i o n (asymptot ica l ly f r ee a t long d i s t a n c e s ) . 

The known noncompact homogeneous examples are the symmetric spaces 

of noncompact type (see 115])- The known compact examples a r e : (1) the 

compact l o c a l l y symmetric spaces of noncompact type (which a re noncom­

pact symmetric spaces modulo d i s c r e t e groups of i somet r ies ) , and (2) the 



Kahler-Elnstein metrics of Yau[16,17]. The la t te r exist on a l l Kahler 

manifolds with negative f i r s t Chern c lass . 

The (£) type Einstein (Riccl-flat) metrics: R - 0. 

The constraint b. - 0 is Imposed. M is compact without Killing 

fields and is not homogeneous. The corresponding fixed points are 

unstable in the T- direction (asymptotically free at short distances, 

with an especially slow approach to the gaussian l imi t ) . If there is a 

degenerate solution set , an auxiliary fixed point equation on the solu­

tion set must be solved. 

The only known examples are the Kahler-Einstein metrics of 

Yau[16,17] on Kahler manifolds with vanishing f i r s t Chern class. 

The (+) type Einstein metrics: \ J ~ 8 - * * °« 

These are compact, with n.(M) f in i t e . The corresponding fixed 

points are unstable in the T- direction (asymptotically free at short 

distances). 

Any compact homogeneous space G/H for which the lsotropy action 

of H i s irreducible has, up to a scale, only one G- invariant sym­

metric tensor field, so is necessarily an Einstein manifold. These 

spaces have been classified by Wolf[18]. All but the noncompact sym­

metric spaces are of (+) type* 

Many other homogeneous examples are known[19-22]* The f i rs t nonho-

mogeneous example was t'ound by Fage[23]* A number of others are now 

file:///j~8-*


known [2 4] • 
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The guas l -E ins te in m e t r i c s : R - g . « v v + v v + 0 

These are not homogeneous. R j> 0 and i s not constant* The 

corresponding fixed po in t s a re uns tab le In the T- d i r e c t i o n (asymptot i ­

c a l l y f ree a t shor t - i is tances) • 

No examples are known. (But see sec t ion 5.5 below.) 

_2._3. L inea r i za t i on of the p - function a t _a fixed p.qint 

The aim here i s to c a l c u l a t e enough d e r i v a t i v e s of the p - func­

t ion to e s t a b l i s h , in the gener ic c a se , the ex i s tence of a t rue fixed 

point and the topologica l charac te r of the renormal izat ion group ac t ion 

nearby. In l e s s favorable c a s e s , the aim i s to iden t i fy t h r e a t s to the 

ex i s tence of the fixed point and the add i t iona l information needed to 

complete the p o r t r a i t of the renormal iza t ion group a c t i o n . 

For the Eins te in m e t r i c s , the renormal izat ion group equat ions 

(2 .1 .3 -4 ) a re a s u i t a b l e s t a r t i n g p o i n t . The metric coupling i s wr i t t en 

T~ (g + k ) where g i s an Eins te in metric (R - a g - 0) 

and k . , i s a small pe r tu rba t ion ( leaving the volume f i x e d ) . The s t an ­

dard formula for the d e r i v a t i v e of the Ricci tensor with respec t to the 

metr ic gives[25-27j 

^ - - * T + a T 2 + b T 3 + O ( T \ T \ , l \ 2 ) ( 2 , 4 ,1 ) 
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i r k u - - T [ i V ° u " 2Dg 6* ( k )u " V d V k ) ) I 

T 2 [ { ^ - b g y - D g ( v l ) t ] ] 

3 2 2) 
+ 0(T , I T i , T k ' ( 2 . 4 .2 ) 

V k > « - - V k V , - ^ W J J ( 2- 4- 3> 

L ( k ) i j " » i k J i k u < 2 - 4 - 4 ) 

, 8 * k ) i . - ^ ( k i J - i k k k 8 l . ) 

D g i v ) 1 ; j - [v, g ] ^ - V j + , J v 1 

, i d i , 
> — v ( 

B / s -0 ° 

( 2 . 4 . 5 ) 

(2 .4 .6 ) 

d V o ( k ) " fe/-..- V « t , k ) * "•*•" 

dv should be chosen to be a convenient f i r s t order d i f f e r e n t i a l opera­

to r from symmetric tensor f i e l d s to vec tor f i e l d s , na tu ra l In g . v 

I s a vec tor f i e ld on M, also na tu ra l In g . The obvious choice for 

dv Q (k) i s - j S * ( k ) , giving 

d T k i j " - 7 T A p < k > - T 2 S I J + O < T 3 ' " " > «•*•«> 
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sij " 1*1 - b*ij ' W u • < 2 - A > 9 ) 

A f t i s an e l l i p t i c operator with p o s i t i v e symbol. Therefore i t s 

spectrum i s d i s c r e t e and, of i t s e igenva lues , only a f i n i t e number have 

r e a l pa r t n o n p o s l t i v e . By c o n s t r u c t i o n , i f k i s of the form D (w), 

then 

\ (ZLjCk) - D g 6*(k)] - fw, R i j - a g ] - 0 . (2 .4 .10) 

Therefore fa maps Range(D ) to Range(D ) . The k- d i r e c t i o n s in 

Range(D ) a re tangent to the o r b i t of D, so a re immater ia l . (See 

11].) Also , k . . - g i s an eigenvalue of fa- which i s discarded 

because i t r e p r e s e n t s a change of volume; i t i s a v a r i a t i o n of g in 

the T- d i r e c t i o n . 

The space of symmetric two tensors k has a n a t u r a l inner pro-

(k, k) - S k ^ k 4^ (2 .4 .11) k ) - S\i 

with respec t to which fa- i s e s s e n t i a l l y s e l f - a d j o i n t . Therefore a l l 

of i t s e igenvalues a r e rea l* Also, the orthogonal complement 

Range(D )-i- to Range(D ) i s taken to i t s e l f by fa , The space of 

s i g n i f i c a n t k- d i r e c t i o n s i s the complement to g . , in RangeCD^-*-. 

If fa* n a B n o zero eigenvalues on the space of s i g n i f i c a n t k-
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directions, then, by the inverse function theorem, the Einstein metric 

corresponds to a true fixed point, which at most changes position 

slightly In response to higher order corrections. A neighborhood of the 

fixed point can be represented as the product of a stable manifold and a 

finite dimensional unstable manifold. 

It An does annihilate some significant ^ » then a more com­

plicated situation is possible. The nature of the complications depends 
2 

on the terms of order Tk in the p- function. The k. on which 
A Is zero might be tangents to a nontrivial manifold of solutions to \* 

2 the fixed point equation, in which case the OCT ) corrections are 

capable of eliminating the fixed point entirely (or of sending i t to 

oo). when <- * 0, this is possible only for a • 0, but when v i* 0, 

i t is possible for any of the values of a. (Although, when 

<r + 0, a ^ 0, the fixed point i s only eliminated by effects at ()(<•)•) 

It is also possible that the null k- directions are not tangents to 

curves of actual solutions of the fixed point equations. The terms in 

(2.A.8) of higher than f i rs t order in k might not be eliminable by a 

perturbation of the metric. 

Answers to the following questions are to be sought in the l inear i ­

zation of the 6- function. 

(1) Are there significant null vectors for fa 1 

(2) How many significant negative eigenvalues does fa have? That 

i s , how many additional directions of instabil i ty are there, 

beyond possibly the T- direction? 
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(3) Uhat a re the va lues of the topologica l i n v a r i a n t s of the fixed 

p o i n t : the s i g n i f i c a n t e igenvalues of A. a n d c t l e i n v a r i a n t s 

of (2 .4 .1 )? 

The r e s t of t h i s s ec t ion lays groundwork for studying these ques t i ons . 

Some more d e t a i l e d Information i s assembled in s ec t i on 6. 

The following gives a standard decomposition of the space of sym­

metr ic tensor f i e l d s . 

P ropos i t ion .2/.4-J&* 

2 The space S of symmetric two t epsor f i e l d s s p l i t s i n to 

S 2 - { RangeCD ) + H c ) • H ^ . (2 .4 .12) 

H r " ( £ g „ : f a function on M } (2 .4 .13) 
L i j 

«TT " < k l j = " i t " 0 - V * j * ° } * ( 2 " 4 - U ) 

HTT i s c l e a r l y orthogonal to both Range(D ) and H . Use of ^he Ein­

s t e i n condi t ion y i e l d s 

A„(f g l j ) - [ ( - 7 k T k - 2a )f ] By • (2 .4 .15) 
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Therefore /V takes each of RangeO ) , H and H t i i t s e l f , and 
t> g C TT. 

can be studied independently on each of them. 

I t remains to check whether Ran^etD ) and H„ can i n t e r s e c t . 
E C 

Propos i t ion J2^4.]_* 

Given the Ein?te in c o n d i t i o n , the i n t e r s e c t i o n of Range(D ) 

and H c o n s i s t s of the v a r i a t i o n s of the metr ic by i n f i n i -

tesraal conformal t ransformat ions 

< V j £ ' ^ f Hi •• <- V k - t i a ) f - ° > - ( 2 - 4 - 1 6 ) 

In p a r t i c u l a r , when a _< 0, the i n t e r s e c t i o n i s always 

t r i v i a l . 

Proposition .2 .ji._8. 

For M a compact Eins te in manifold, - v^v - j . a , ac t ing on 

funct ions modulo c o n s t a n t s , i s nonnegat ive . 

Propos i t ion _2._4._9* 

Zero eigenvalues of - •, T, -a., which correspond to con-
k k n-1 ' 

formal vec tor f i e l d s on M, are poss ib l e only when M i s the 

sphere S n vi£h the standard me t r i c . [28 ] 

The s i g n i f i c a n t spectrum of ^ . can now be described a s : 

http://_2._4._9*
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(1) the jpectrum of (- ».»v - 2a) on functions, not including the 

eigenvalue - 2a, which corresponds to the T- direction, or 

the eigenvalue -^r which corresponds to conformal transfor­

mations; and 

(2) the spectrum of A on IL-- The unstable directions, besides 

possibly T, correspond to negative eigenvalues of {\ on 

H_,_ and to eigenvalues of the Laplacian on functions in the 

range 

^ j - < - V k < 2 . (2.4.17) 

The one loop marginal directions correspond to zero eigenvalues 

of /\_ on H-- and to the eigenvalue 2 of the Laplacian on 

functions. Some more detailed information on these spectra is 

given in section 5. 

The foregoing discussion treated only the Einstein solutions to the 

fixei point equation. The quasi-Einstein fixed points have, by 

appropriate choice of v (g) in (2.1.4), the linearization 

"dt k i i " " 1 T A ( k ) i j + 0 ( T 2 » T k 2 ) ( 2 . 4 . 1 8 ) 

A C k>ij - v k ) « + 2 v k ( T i k j k + T j k ik"Vi j ) ( 2 . 4 . 1 9 ) 
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+ ' V v ) i k k w + V v ) j k k k i 1 • 

The opera tor A. I s e l l i p t i c with p o s i t i v e symbol, so has d i s - r e t e 

s r :ctrura and only a f i n i t e number of f i n i t e dimensional eigenspaces on 

which i t s r e a l pa r t i s n o n p o s i t i v e . By c o n s t r u c t i o n , i t preserves 

RangefD ) . The e igenspaces in Range(D () and the eigenspace propor­

t i o n a l to g . . a r e d i s ca rded . Again, only a f i n i t e number of uns table 

or one-loop marginal d i r e c t i o n s are p o s s i b l e . Note tha t A i s not 

necessa r i ly a symmetric ope ra to r , so complex eigenvalues a re p o s s i b l e . 

Because no examples of quas i -E lns te in manifolds a re known, and because 

the opera tor A i s t e c h n i c a l l y more complicated than A - , t n e l i n e a r ­

i z a t i o n problem for quas i -E lns te in fixed po in t s I s not discussed 

fu r the r • 
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3* Homogeneous Spaces 

.2*i.' In t roduc t ion 

The p - function (1 .2) i s a n a t u r a l vec tor f i e ld on the space of 

m e t r i c s , so the renonua l iza t lon group which I t genera tes preserves 

i so rae t r i e s . In p a r t i c u l a r , i t c a r r i e s G- invar ian t me t r i c s on the 

homogeneous space M - G/H to C- inva r i an t m e t r i c s . In the f i r s t par t 

of t h i s s ec t ion i t i s shown that the fl- function ( 1 . 2 ) , r e s t r i c t e d to 

the space jl of G- invar ian t met r ics on the unimodular homogeneous 

2 
space G/H, i s a g rad ien t vec tor f i e l d , up to 0(T ) c o r r e c t i o n s . As 

a consequence, the p o s s i b i l i t y of i n t e r e s t i n g global topologica l s t r u c ­

tu r e in the renormal iza t ion group i s severe ly l i m i t e d . The second sub­

sec t ion presents p e x p l i c i t l y for a simple example in which jL, i s a 

two dimensional space. 

Reca l l , from sec t ion 2.3 of Part I , t h a t H i s compact, t ha t the 

E;."gebra £ of G s p l i t s in to the Lie algebra h of H and a com-

:i :rentary aubspace n>, t h a t H a c t s l i n e a r l y on IL by conjugat ion, 

-I tha t the G- i nva r i an t tensor f i e l d s on M a re in one to one 

correspondence with the H- inva r i an t t ensors on in. The r ep resen ta t ion 

c : H on in reduces to a sum of k i r r e d u c i b l e r ep re sen t a t i ons of 

r u . ' . t i p l l c i t i eB a. ••• n, . The space of G- inva r i an t met r ics on M i s 

"'on product 

- 1 - k 
R . R* X . . . X R*" ( 3 . 1 . 1 ) 



where K_ i s the noncompact manifold of p o s i t i v e ayrametric forms on a 

vector space of dimension n . jL, i s the re fo re a r ea l a lgebra ic mani­

fold of dimension 

* ! 
dimC_R ) - 2 - n (n + 1) - ( 3 . 1 . 2 ) 

8 1 - l 

2.'2." T,* i e P" function as ji g radient 

The vec tor f ie ld |3 i s expressed as the g rad ien t v£ of a poten­

t i a l function j> on K,. with respect to a c e r t a i n Rlemannlan s t r u c t u r e 

on R_^. The Q- function i s meaningful only as a vec tor f i e ld on the 

space ^ , of equivalence c l a s se s of G- inva r i an t met r ics under d i f -

feamorphisins of M, so both po t en t i a l function and Rieraannian s t r u c t u r e 

should be inva r i an t under the ac t ion of the diffeooorphisms on IT,. 

Recall from sec t ion 1 tha t* in t h i s con tex t , diffeomorphisras of M 

means dlffeomorphisms which commute with G-

(k,k) - k , , k , , (3 .2 .1 ) 
8 i j iJ 

where k. , i s a tangent vec tor to JL,, I . e . an H- inva r i an t symmetric 

tensor on m. Contract ions a re taken with g . Clear ly t h i s Rieman-
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The z e r o l o o p t e r m - * g - i t he e x p a n s i o n ( 1 . 2 ) of 0 ( g ) I s t h e 

g r a d i e n t , w i t h r e s p e c t t o t h e m e t r i c ( 3 . 2 . 1 ) , of 

E (g) - - 2 * l o g (d ro/d m) ( 3 - 2 . 2 ) 
o g o 

where d m i s t h e m e t r i c vo lume e l e m e n t f o r e , and d m i s any f i x e d 
g o 

G- i n v a r i a n t vo lume e l e m e n t on M. The r a t i o i s a c o n s t a n t . f i s 
•"o 

i n v a r i a n t o n l y u n d e r d i f f e o m o r p h i s r a s of M w h i c h p r e s e r v e d m- For 

• •n imodula r s p a c e s , t h l a i s a l l of D^. 

The o n e l o o p t e rm R i n ( 1 . 2 ) i s t he g r a d i e n t of 

5 j ( g ) - - R ( 3 . 2 . 3 ) 

(See ( 2 1 ) . ) The s c a l a r c u r v a t u r e R i s G- i n v a r i a n t , t h e r e f o r e c o n ­

s t a n t , so ( 3 . 2 . 3 ) makes s e n s e . The d e r i v a t i v e of t h e s c a l a r c u r v a t u r e 

R w i t h r e s p e c t t o t h e m e t r i c i s 

H,R(k> - - * 1 3 k i 3 - V k k l t + V A k • « - 2 - * > 

stant. The term •,T Jk J, vanishes because of the unimodularity of M. 
k i ik J 

Therefore , R i s the gradient of - R with respec t to the metric 

( 3 . 2 . 1 ) . 

The f u l l two loop approximation to the p - func t ion , ( 1 . 2 ) , i s the 
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gradient of a potential § » { + J + J , where 

*2<s> - - i R i j P q

R i j P q • < 3 - 2 - 5 ' 

with respec t to a modified metr ic on R_ 

(k,10 - T 2 k k (3.2.6) 
T g J J 

+ T 3 (k. k 4 R - k . . k R. . + v k „ T . k , , ) + 0 ( T 4 ) ip iq pq i j pq ip jq 1 j k i Jk 

E x p l i c i t l y , 

<• T _ 1 g + R + - T R 2 j - v j ( T _ 1 B ) • (3 .2 .7 ) 

This follows from a d i r e c t c a l c u l a t i o n using standard formulas for the 

d e r i v a t i v e of the curvature tensor with respect to the m e t r i c . 

I t Is a t r i v i a l observat ion tha t 

uT*<s> " <-5t - .**> g 

fa i<6> - " ( »S. * I ) . . (3.2.8) 
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implying tha t j ; must decrease along the o r b i t a of the renormal iza t ion 

group. I t follows t h a t the only subse t s of JL l e f t fixed by che 

renormal iza t ion group a re the c r i t i c a l s e t s , where vji « p - 0 . 

This observa t ion i s s t r i c t l y useful only when T can be taken 

2 
small enough tha t the 0(T ) co r rec t ions are of no consequence. This 

w i l l be poss ib l e when the c r i t i c a l s e t s a r e I so la ted p o i n t s ; more p r e ­

c i s e l y , where the zeros of the two loop approximation to p a r e i s o ­

l a t e d . If the two loop fixed po in t s a re degenera te , then the renormal i ­

za t ion group shows g r a d i e n t - l i k e behavior except in an aysmptot ica l ly 

small neighborhood of e n o n t r i v i a l c r i t i c a l s e t . Then higher order 

terms in B come Into p lay . When <- « 0, the q u a l i t a t i v e topologica l 

p r o p e r t i e s of the renormal iza t ion group a re not a f fec ted by the c o r r e c ­

t i o n s beyond two loops , so only g r a d i e n t - l i k e behavior i s p o s s i b l e . 

_3>.3. An example 

The famil iar nonlinear models a l l have M • C/H an i.sotropy 

i r r e d u c i b l e space . That i s , H a c t s i r r e d u c i b l y on m, so that the 

space jL of G- invar ian t met r ics i s one dimensional , described com­

p l e t e l y by the tempera ture . To obta in some idea of the p o s s i b l l t i e s 

a v a i l a b l e in more complicated homogeneous models an example i s examined 

here in which JL i s two dimensional . 

M i s taken to be the group manifold S0(N), but the s;,ainietry 

group i s not assumed to be the f u l l SO<N)xSO(N) of l e f t and r i g h t mul­

t i p l i c a t i o n . G i s taken to be S0(N)*S0(N-1) and H the diagonal 
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SO(N-l) subgroup. m I s the Lie algebra so(N) , on which H a c t s by 

conjugation* The r ep re sen t a t i on of H on in decomposes i n to the s t a n ­

dard r ep re sen t a t i on on R and the ad jo in t r ep r e sen t a t i on on so(N-

1) . A vec tor in m i s presented as a pa i r (v,W) vhere v i s in 

R N - 1 and W i s in s o ( N - l ) . 

R„ c o n s i s t s of the H- inva r i an t inner products on JL, which a r e 

of the form 

g((v > W), (v,W)) - -=r- | v | 2 + -±- t r ^ V ) - (3 .2 .1 ) 

The met r ics with T • T_ a r e the b i - i n v a r i a n t met r ics on SO(N). 

SO(N) should be seen here as a bundle over £he quot ien t 

S N _ 1 - S0(N)/S0(N-1) with f ibe r s the SO(N-l) c o s e t s . The metr ic g 

on SO(N) i s a mul t ip le T~ of the standard metr ic on the S 

cose t s combined in the n a t u r a l way with a mul t ip l e T~ of the standard 

metr ic on SO(N-l). T. i s the temperature governing f l u c t u a t i o n s from 

each c o s e t . 

The metr ic (3 .2 .1 ) on R^ i s , in t h i s c a se , 

( ( k , . k 2 ) . C 1 . " 2 » ( T l , T 2 ) ( 3 .3 .2 ) 

- (N-l) [ T~ 2 1t\ + j (N-2) T~ 2 k 2 ] 
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(k ,k ) Is an inllnitesmal variation of (T ,T ). The scalar curvature 

is 

R - j (N-l) (N-2) [ Tj + J (N-3) T 2 - j T~2 l \ ] (3.3.3) 

and 

log (d m/d m) 

j (N-l) [ log Tj + \ (N-2) log T 2 ] . (3.3.4) 

The one loop renormalization group equations are 

l^-Tj - -*Tl + \ (N-2) Tj (1 - j T"1 T,) (3.3.5) 

^T2 - - « T 2 + \ r2

2 ( «-3 + r'2

z r] ) . (3.3.6) 

To exhibit the topological structure i t i s convenient to change vari­

ables to 

( 3 . 3 . 7 ) 

^ 2 < T

t + V °-< s • (3.3.8) 
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The renormal izat ion group equat ions become 

£ - - s F j C r ) (3 .3 .9 ) 

| f - - *• s + s 2 F 2 ( r ) (3 .3 .10) 

F ^ r ) - { r ( l - t ) ( ^ - r ) (3 .3 .11) 

F 2 U ) " I ^ + r ) ~ ; i " l i <i + 3r) + •=• r ( r - j — ) . (3.3.1Z) 

The cases N > 3 and N • 3 a r e q u a l i t a t i v e l y d i f f e r e n t . The 

flow in ( r , s ) space i s p i c tu r ed , fo r N > 3 , *• > 0 f in f igure 1; 

for N > 3, <• - 0, in f igure 2; for N - : \ «- > 0, in f igure 3; 

and, for N • 3 , <• » 0, in f igure 4 . The l i n e s r • 0 descr ibe the 

S0(N)*S0(N) inva r i an t models. 

F i r s t consider the case N > 3 , <• > 0. There are two low tem­

p e r a t u r e phases , governed by the s t a b l e gaussian fixed points a t 

r - 0, s - 0 and r - 1, s - 0, separa ted by a c r i t i c a l su r f ace , which 

i s governed by the once unstable gaussian fixed point a t 

r - ZT^j* s « 0. There are a l so c r i t i c a l surfaces governed by the 

N-2 nongaussian fixed po in t s a t r - 1 , 6 - 4 rr^r * and r » 0, s - 8 *„ 

separated by the m u l t i - c r i t i c a l fixed point a t 
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- J - 8 - 8 (M-l)<M-2) ^ 
N-2* (H-3)(N+1) 

above the c r i t i c a l su r face . One phase i s dr iven to the l i n e r «0 at 

long d i s t a n c e s , the o ther to the l i n e r « 1. The nongausslan fixed 

point a t r - TT-T- i s therefore a q u a d r i - c r i t l c a l po in t . 

The three low temperature phases a r e a l l charac te r ized by a mani­

fold of pure equi l ibr ium s t a t e s equal to M i t s e l f . They d i f f e r in the 

symmetry p r o p e r t i e s of the free energy governing the f l uc tua t i ons about 

these s t a t e s . The l i n e r - 0 i s the SO(N)xso(N)/SO(N) model. The 

l i n e r - 1 i s the SO(N-l)xso(N-l)/SO(H-l) model, because the l i m i t 

temperature i s increased along the l i n e r - 0 i t i s expected tha t the 

system d i so rde r s completely a t the c r i t i c a l point s - 8«> the space 

of e q u i l i b r i a becoming a s ing le p o i n t . On the other hand, a t the c r i t i ­

cal point on the l i n e r - 1 the system should d i so rde r only within one 

c o s e t , because the temperature T. governing f l u c t u a t i o n s among the 

cose t s remains ze ro . The space o£ equi l ib i ; i a above the c r i t i c a l point 

should be the space of cosets, S • Between t h i s p a r t i a l l y disordered 

phase a t r • 1 and the completely d isordered phase at r • 0 the re 

should be a phase boundary ending a t the q u a d r i - c r i t i c a l p o i n t . 

Note tha t no analogous p a r t i a l d i sorder ing takes place a t T - 0 

(i. " - 1 ) . The curva ture of the n a t u r a l connection in the bundle 

SO(N) -* S does not permit the system to d i so rde r among cose ts while 

remaining ordered within each c o s e t . Sending T„ -> 0, s t a r t i n g on the 
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high temperature s ide of the c r i t i c a l surface in f igure 1, in an attempt 

to bring order within the cose t s on ly , a c t u a l l y r e s u l t s In order ing the 

system completely. There i s no way for the system to spontaneously 

choose, In a continuous fash ion , ons point in each c o s e t . 

In the case N > 3 , V • 0 f p i c tu red in f igure 2, the c r i t i c a l 

sur faces have col lapsed to T - 0, only the high temperature phases 

su rv iv ing . 

The continuum l i m i t s of the model are descr ibed by the unstable 

manifolds: the region 0 < r < 1, 0 < s in f igures 1 and 2 . The boun­

dary r - 0 i s the one parameter space of S0(N)xS0<N)/S0(N) models. 

The L'Ouiiti;;ry ;~ - I i s th*s one paiaiucter space of 

S0(N-1)XS0(N-1)/S0(N-1) models, the r e s t of the degrees of freedom hav­

ing been frozen. In two dimensions (*• • 0 ) , the l i m i t r —> 0 pro­

duces two length s c a l e s , one for the f l uc tua t i ons within cose t s and 

another much l a r g e r one for the f l u c t u a t i o n s between c o s e t s . 

Vftien N - 3 the phase s t r u c t u r e I s s impler ; t he re are only the 

completely ordered and completely d isordered phases . Note t h a t , in two 

dimensions, the l i n e r - 1 i s the l i n e of fixed po in t s of the 

S0(2)/{e> or XY- model. They a re a l l renormal izat ion group unstable 

aga ins t unfreezing of the f l u c t u a t i o n s among the S0(2) cose t s in 

S0<3). 

The ex i s tence of r « I fixed po in t s in f igures 1, 2 and 4 i s sug­

g e s t i v e . These a re " a t co" in the language of s ec t ion 2 . 1 . They a re on 

a pa r t of the boundary of the space of me t r i c s which i s not in the 
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interior of the T - 0 surface- Here the interior of the T - 0 sur­

face is the region s • 0, -1 < r < 1. The boundary of the space of 

metrics on a manifold M i s a complicated object. It Is not clear bow 

to investigate in general the behavior of the renormaiization group in 

the neighborhood of the boundary. 
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4 . Two Dimensional Manifolds 

H i s assumed in t h i s sec t ion to be a conpact two dimensional mani­

f o l d . The one loop fl- function for K i s shown to be a gradient . 

Two properties of two dimensional Rieaannlan oanifolds are used. 

F i r s t , the symmetries of the curvature tensor imply ehac i t i s e n t i r e l y 

made up of the scalar curvature: 

R i J p o " I * ( < V j q " B i , 8 JP > < * " 1 ) 

R i j " I R 8 « • < 4 ' 2 ) 

Second, every metric i s confonnal to a oe tr ic g , . of constant scalar 

- f - C (4 .3 ) 

where £ i s some real valued function on H; and R the scalar cur­

vature of g i s constant*. The scalar curvature of g Is 

R - e" f ( R c i-A C f ) , (*•*> 

where 
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A° - - *l*l (4-5) 

i s the laplacian for g . 

The renormalization group equation* up to two loops . I s 

JZ tf'^ij - < * - i T R - i T 2 R 2 > T ' ^ i j + ° < T 3 > > <*•*> 

Therefore the tvo loop approximation to the 8- function i s tangent to 

the conformal c l a s s . There Is no reason to suppose that t h i s remains 

true at higher order; terms l ike T R T.R might well appear. However, 

to exhibit the topological properties of the renormalization group, i t 

w i l l only be necessary exanine the one loop approximation. Then i t does 

make sense to discuss the action of the renormalization group on the 

functions f, holding g f ixed: 

i f - - p«> <*•« 

p(£) - - « + | R (4.8) 

* + y e~ f ( RC + A C t ) • ( t - 9 ) 

The natural metric (2>3*11) on £ Induces a metric on the space 

R of functions f: 
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(k,k) f - £ d n k 2 (ft. 10) 

where k i s a function on M, an infinltesmal var iat ion of f t and 

dm i s the metric volume element for g . 

The zero loop term - «• in p i s the gradient of 

I 0(f) - - * £d m (4.11) 

- - • U c « e £ (4.12) s 
where dcm la the metric volume element for g . The derivat ive of $_ 

d £ J Q (k ) - - « $"dgm k , (4 .13) 

s o , in the metric ( 4 . 1 0 ) , 

T £ 0 - - * . (4.14) 

The two loop term -j R in p(f) i s the gradient of 

Ej(f) - 7 ^ d C m f ( R c + j A ° ' ) • (4 .15) 

The der ivat ive of J, i s 
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djJjOO - -J$"«i C" ( R C + A° t ) k <*•!&> 

so the gradient with respect to (4 .11) i s 

f i t - i e" £ ( Ec + AC t ) 

•jR . (4.17) 

The one loop renornalizatlon group equation i s , writing { - j + J , 

4f - - v | . (4.18) 

It remains to show that the potential § i s invariant under the 

conformal group £ of diffeomorphisms ^ of M preserving the confor­

mal c las t of g , These dlffeomorphisms s a t i s f y 

** « i j " « P < V g^j (4-19) 

where, for each i in £ , h. i s a real valued function on M. C 

acta on the functions f by 

** ( e £ 8 i j ) " « P ( * * « *^gy - exp( * 4 f + h + ) g ^ (4.20) 
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* £ - *„ £ + h + . (4.21) 

Clearly $. is G- invariant, so the problem is to calculate 

£j(* f) for * in C. 

Proposition **.•!,• 

$!<* f) - I2(f) + ^(hj). 

Proposition ,4*.2» 

p: *fr -» g-(h.> is a representation of £ in the additive 

group of real numbers* 

Proposition A"2* 

p vanishes on C . the connected component of the identity 

in C. 

Theorem £.j*» 

J i s O- invariant . 

Proposicions 4.1-2 are d irect ca lcu la t ions . Proposition 4 .3 follows 

from the fact that the derivat ive of p a t the Identity i s zero, by 

direct ca lcu la t ion . Theorem 4.4 follows fttom proposition 4 .3 and the 

fact that , for compact two dimensional manifolds, jC/C i s f i n i t e 

dimensional• 

I t has now been shown that the one loop p- function as a vector 

f i e ld on each conforaal clflss of metrics (aodulo conforaal transforma­

t ions) i s a gradient. This i s not exactly to say that p i s a 
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gradient on Che space of metric? (modulo dlffeomorphisas). because the 

gradient cf £ on the larger space of a l l metrics has a component which 

changes the conformal class> Since the one loop B- function preserves 

the conformal c la s s I t s topological properties can be at tidied c la s s by 

c l a s s , so the resul t obtained Is suf f i c i ent* I t i s not c lear that an 

improved r e s u l t , giving p as a gradient on the space of a l l metr ics , 

i s poss ib l e . This point and the n o n t r l v i a l l t y of the potent ia l function 

£ suggest that the j3- function on n e t r i c s (modulo dlffeomorphisms) 

for the general manifold M might well not be a gradient . 

Attention i s now directed towards the c r i t i c a l points of the poten­

t i a l £. These are the constant functions f, corresponding to the 

constant curvature metrics themselves. The hesslan of £ at a c r i t i c a l 

point i s e a s i l y seen to be pos i t ive def in i te except In the f- d irec­

t ions produced by infinltesmal conformal transformations. In the s i g n i ­

f icant f- d i rec t ions , therefore, the fixed points are infrared s t a b l e . 

The remaining questions are: i s the space of inequivalent constant cur­

vature metrics nontr iv ia l ; and, i f s o , how do higher order corrections 

to p project onto i t * 

2 The two dimensional compact manifolds are: the sphere J , the 

2 real project ive space RP consist ing of the sphere with antipodal 

2 points i d e n t i f i e d , the torus T , the Klein b o t t l e , and the surfaces of 

genus greater than one. The sphere and the real project ive space each 

has exact ly one constant (pos i t ive) curvature metric (up to overal l 

s c a l e ) . The constant curvature metrics on the torus and Klein b o t t l e 



188 

are a l l f l a t n e t t l e s . The manifolds of genu* greater than one a l l pos­

sess manifolds of lnequlvalent constant (negative) curvature a e t r i c s . 

These manifolds of Metrics have dimension 6 g + 3 c - 6, where g i s 

the genus (the number of handles) and c 1* the nunber of crosscaps in 

M. 

The perturbative expansion of the p- function i s formed ent ire ly 

from the curvature and i t s covariant der iva t ive s . But for a constant 

curvature metric g there are no covariant d e r i v a t i v e s . Therefore, to 

a l l orders in T t 

P l j ( T " I g C ) - f(T) g ^ (4.22) 

It follows that no perturbative corrections can remove the degeneracy of 

the fixed points for the manifolds of genus greater than one. 

The metrics of constant negative curvature on a given manifold H 

are a l l l o c a l l y , but not g lobal ly equivalent . They a l l have i n f i n i t e , 

nonabellan fundamental groups. As discussed in sect ion 6.5 of Part I , 

perturbative renormallzation cannot re l iab ly dis t inguish among such 

metr ics . I t Is to be expected that nonperturbative e f f e c t s enter s i g n i ­

f i cant ly into the renormalizatlon. 
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5. Fixed Points ( I I ) 

J[«i.» Introduction 

This sect ion Is a miscellany of r e s u l t s on the fixed points 

described in 3ection 2, based on study of the l inear iza t ion (2 .4 .8 ) of 

the p- function* Except in sect ion 5*6, only Einstein fixed points 

are discussed. Sone of the the r e s u l t s are to be found in [29,301, but 

those on Kahler-Einstein a e t r ' c s do not seea to be in the l i t e r a t u r e . 

Two resul tB are most notable* The f i r s t i s that the l inearized one 

loop 6- function at every known ( - ) type Einstein netr lc metric has 

only nonnegatlve e igenvalues . This l n p l l e s infrared s t a b i l i t y except 

poss ibly in the f i n i t e number of one loop marginal d i r e c t i o n s . The 

second i s that for every known (0) type Elns.eln metric there i s , to one 

loop, except for the Infrared i n s t a b i l i t y in the T- d irect ion , only 

infrared s t a b l i t y and marginality. 

Section 5.2 presents basic estimates cf the Bochner type for the 

Lap lac Ian - v.v. on functions and for A» o n Hp- f ° r Einstein and 

Kahler-Einstein metrics* The general strategy i s to bound the d i f feren­

t i a l operator A_ from below by a manifestly nonnegative d i f f eren t ia l 

operator plus a zeroth order, algebraic operator formed from the curva­

ture tensor of the metric . Bounds for this algebraic operator are then 

obtained point by point on M, for the known (0) and (-) type Einstein 

metr ics . Section 5.3 discusses the one loop marginal d irect ions (zero 

modes of /V.) for these metr ics . Section 5.4 presents a number of 



190 

general f a c t s and sample ca lculat ions for (+) type Einstein n e t r i c s . 

Section 5.5 conta ins a number of consents on quas i -E ins t e in m e t r i c s , 

concent ra t ing on the Kahler ones . 

^•2" Bochner estimates 

The f i r s t p ropos i t ion of t h i s secMon est imates the Laplaclan on 

funct ions (modulo constants) for Elnsteln-Kahler metric*. It improves 

the Bochner es t imate for Eins te in metrics given in Propositions 2 . 4 . 8 - 9 . 

A Kahie I—Einstein metr ic i s one s a t i s fy ing 

R _ . - a g . - - 0 f i . 2 . 1 ) 

R . - R- , - 0 . ( 5 . 2 .2 ) 
ab ao 

Propos i t ion .5..2..1,. 

For g a Kahler-Elnste in manifold. 

v,v, - 2 a > 0 , ( 5 . 2 .3 ) 
k k — 

on funct ions modulo c o n s t a n t s . Equal i ty i s achieved only on 

functions, s a t i s fy ing T v, f * 0. 

The next four p ropos i t ions es t imate ^ on H , the f i r s t for 

Eins te in n e t r i c s In g e n e r a l , the r e s t for Eins te in-Kahler m e t r i c s . fc 

http://R_.-ag.--0
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Is defined In ( 2 . 4 . 3 - 4 ) , K^ in ( 2 . 4 . U ) , L In ( 2 . 4 . 4 ) . 

Proposition .S..2..2. 

For g , , an Einstein metric, ^ f l on H— s a t i s f i e s 

A > - a - L (5 .2 .4 ) 

with equal i ty only for k., sa t i s fy ing T k . - T k • and i j p ql q pi" 

i > ! i - 4 L (5 .2 .5 ) 

with equal i ty only for k sa t i s fy ing 

T k + T k + T k - D . p qr q rp r pq 

In the next three propositions g i s a Kahler-Einsteln metric 

g . . . The space of r e a l , t race less synnetric two tensors on M s p l i t s 

into the real herait ion trace less tensors 

aB- "ft - Kk' "ab " hB " ° • kaa " ° ( 5 - 2 ' 6 > 

and the real anti-hermltian tensors 

kab " "ha " * i i ' \S ' "ab " ° " < 5" 2- 7> 

AB preserves these subspaces. Therefore, i f k i s an eigenvector of 
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/ \„ in H^,, then so are k— sad k . The vanishing, of the d iver­

gence of k i s 

T b k . S + ' B k , b " ° - ( 5 - 2 ' 8 ) 

Proposition _5..2.,3-

If k i s r e a l , an t i -hemic lan and symmetric, but not neces­

sar i l y divergence free , then 

with equality only for the k . sa t i s fy ing T k. • v k 

The object i s to find under what conditions A . has nonpositive 
P 

eigenvalues , so attent ion i s now res tr ic ted to the subspace HZ2 of 

H__ on which £̂ _ l a nonpositive*. By the previous proposit ion, the 

anti-herraitlan part of a tensor f ie ld in H__ mist be divergence f ree . 

Therefore so aust be the hermitIan part. HL_, s p l i t s into Ĥ  • H, 

where H„ cons i s t s of the herttitian,, t r a c e l e s s divergence free tensor 

f i e l d s in H__ and H cons i s t s of the ant i -herai t ian divergence free 

tensor f^' lds in IL • £ . respects the s p l i t t i n g . 

Proposition .5..2-A* 

On trace less divergence free hermitian tensor f i e l d s , includ­

ing those in l i , , 
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A , £ - 2 a (5 .2 .10) 

with equal i ty only for k — sa t i s fy ing T k. - - ». k _; ana 

A . > 2 i - U (5 .2 .11) 

with equal i ty only for k - sa t i s fy ing T , k

D - " " * _ k — 

Proposition .5..2_.,5. 

On divergence free ant l -herai t ian tensor f i e l d s . Including 

A„ i 0 (5 .2 .12) 

with equality only for T k. - v,k , 

A„ > - 2 ( a + L) (5 .2 .13) 

with equal i ty only for T-* . - 0, and c ab 

A,_ >. 6 < a - L> . (5 .2 .14) 

The Jochner estimates are nGW used to eliminate the p o s s i b i l i t y of 
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"ne loop infrared I n s t a b i l i t y for the known ( - ) and (0) type L'nstein 

metr ics . Propositions 2 .4 .S-9 imply that for these metrics the only 

s ign i f i cant nonposltlve eigenvalues of / \ „ , i f any, occur in i t s 

action on H- T-

Recall that , given the r e s t r i c t i o n to compact or homogeneous 

spaces , the only known ( - ) type Einstein aevr lc s are the l o c a l l y sym­

metric aanlfolds of noncoapact type (vhlch can be coapact aanlfolds) and 

the Kahler-Einetein metrics of Yau. The next two r e s u l t s , on the 

l o : a l l y symmetric manifolds, can be found in 129]» The fl- function 

for Riemannian manifolds which are l o c a l l y the product of Rlemannfan 

manifolds i s Lriv la l ly determined froa the ft- functions for the fac­

t o r s , so i t i s assumed here that the Rleaanalan manifold M i s l o c a l l y 

i rreduc ib le . 

Proposition _i..2.£. 

For M a l o c a l l y i rreducib le , l o c a l l y syametric manifold (and 

therefore necessari ly Einstein with a •* ± 1 ) , 

a < L .< - a i f a - - l (S .2 .15) 

- a £ L < a i f a - 1 . (5 .2 .16) 

Theorem ^•2,]_-

If H Is a compact manifold which is locally irreducible. 
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l o c a l l y symmetric of ..oncorapact type (a - - 1 ) , and of dimen­

s ion g r e a t e r than two, then fa on H_T I s p o s i t i v e . 

A metr ic which I s l o c a l l y equ iva len t to an Eins te in metric Is obv i ­

ously E i n s t e i n , so theorem 5.2*7 implies t h a t the me t r i c s to which i t 

r e f e r s have no l o c a l l y equivalent me t r i c s i n f i n l t e s m a l l y c l o s e . There­

fore the obs t ruc t i on to renormal izab i l l cy of equivalence r e l a t i o n s d i s ­

cussed In sec t ion 6.5 of Part I cannot occur , even though ir (M) Is not 

n e c e s s a r i l y f i n i t e . 

The remaining known (-) or (0) type Eins te in me t r i c s a r e Kahler . 

The following r e s u l t i s an immediate consequence of (5 .2 .10) and 

( 5 . 2 . r ) . 

Theorem JS..2.J*. 

For M an Einste in-Kahler manl fdd of ( - ) or (0) type , 

A p 1 0 on Hn-

I t w i l l be shown below t h a t , in the Eins te ln-Kahler c a s e s , A . 

does in general have zero modes In H__. For a complete p o r t r a i t of the 

renormaliza ' . ion group ac t ion near a fixed point with one loop raarginal-

i t y (zero modes), a b e t t e r than l i n e a r approximation to the one loop 

p - function i s needed, in add i t ion to higher order c o r r e c t i o n s . The 

next sec t ion w i l l iden t i fy the zero modes, but the d i scuss ion w i l l not 

be ca r r i ed f u r t h e r . 

I t i s suggest ive t ha t the ( - ) type fixed p o i n t s , which occur in 

dimensions 2 + *• _< 2 and which a re the only known fixed po in t s for 



which perturbatlve reaoraaLlzatlott cannot be r e l i e d on to renoraalize 

equivalent models equlvalent ly , show no Infrared I n s t a b i l i t y a t a l l in 

the one loop approximation. 

J>'.2* i l e r £ ^odes for known ( - ) and (0.) type Einste in metrics 

By theorem 5 . 2 . 7 , only the Kahler-Ein^tein n e t r i e s of Yau among 

known (-) and (0) type Einstein metrics can have zero modes- By pro­

pos i t ions 5 .2 .4 -5 , the zero modes consis t of: (1) the symmetric ant?-

hermitian tensor f i e l d s k . s&tlsfylng 

r-k . » 0 , T k. - T.k ; ( 5 . 3 . 1 ) 
a ab • a DC b ac * 

and, for (0) type Einstein metrics only , (2) the hermitian tensor 

f i e l d s k ,- sa t i s fy ing 

k - - 0, Twk c - 0 , and T k - « » k - . (5 -3 .2) aa b ao * a DC b ac 

Proposition ,5.3-J.. 

The number of independent hermitian zero modes for (0) type 

Einstein metrics i s p * , the primitive Hodge nunber of 

degree ( 1 , 1 ) . 

The antl-hermitian zero nodes for both types of metric are related 

to the deformations of complex structure* Inequivalent infinitesmal 
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changes In complex s t r u c t u r e on M a r e represented by harmonic ( 0 , 1 ) -

forniB with values in the complex tangent bund le , i . e . the k- s a t i s f y ­

ing 

T-k£ - * c k - " ° . T k i - 0 - (5.3.3) 
a o o a a a 

These can be regarded as an t i -he rmi t l an two tensors* not n e c e s s a r i l y 

symmetric. 

Proposition .5*jJ«,2« 

For Eins te in-Kahler metr ics* the space of inequlva len t defor ­

mations of complex s t r u c t u r e s p l i t In to two subspaces: (1) 

the symmetric a n t i - h e n o t t i a n t ensors k s a t i s f y i n g ( 5 . 3 * 1 ) , 

and (2) the harmonic ( 0 , 2 ) - forms. The l a t t e r ex i s t only for 

(0) type m e t r i c s , and then a re a c t u a l l y covar ian t cons tan t 

( 0 , 2 ) - forms. 

Let T be the na tu ra l map from H ( T ) t the deformations of complex 

2 
s t r u c t u r e , to H (0), the second cohomology of the sheaf of holomorphic 

func t ions . (See [31] for d e f i n i t i o n s . ) 

Propos i t ion .5•_3\3• 

For ( - ) type m e t r i c s , T * 0 . For (0) type m e t r i c s , T i s 

2 
s u r j e c t i v e ( o n t o ) , and H (0) i s represented by the covar ian t 

constant ( 0 , 2 ) - forms. The number of a n t i - h e r m i t i a n zero 

modes for (-) and (0) type Eins te in met r ics i s twice the 
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complex dimension of the kernel of T. 

In the case of the ( - ) type u e t r i e s , the to ta l number of zero 

modes 

2 dirac(Ker % - 2 dim c (H ! (T)) ( 5 .3 .4 ) 

i s a loca l constant. The space of complex structures or. H i s a mani­

f o l d . [31] Yau's theorem[16,17} guarantees exact ly one Kahler-Elnstein 

metric for ;ach complex s tructure . Therefore the zero modes are tangent 

to a true manifold of one loop fixed po in t s . 

In the case of the (0) type, or R i c c i - f l a t , metr ics , the zero 

modes are counted by 

d i m c ( H 1 ' 1 ) - 1 + 2 ( dini^H^T)) - di» c <H°» 2 ) ) . ( 5 . 3 .5 ) 

They include infinitesmal rnges in the cohomology c las s of t e funda­

mental form and infinitesmal changes in the complex structure . Small 

perturbations of the complex structure remain Kahlerizable.[31] Yiu's 

theorem guarantees exis tence of a unique R i c c i - f l a t Kahler metric for 

each cohomology c las s of the fundamental form and for each Kahlerizable 

complex structure . But I t i s not known, in general , i f a l l infinitesmal 

changes of complex structure can be extended to f i n i t e changes, i . e . 

whether the zero modes are actual ly tangent to a manifold of one loop 

fixed points* If there i s a nontrivial space of one loop (0) type 
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fixed po ints , then to find the true fixed points i t i s necessary to 

so lve the auxi l iary fixed point equations which ar i se from projecting 

the two loop term in the p- function onto the space of one loop fixed 

po int s . (See section 2 .1 . ) 

_5»jt' ( + ) rype Einstein metrics 

The general r e su l t s on i n s t a b i l i t i e s and zero nodes for (+) type 

Einstein metrics are meager* In t h i s sect ion only the simplest examples 

*re discussed* 

The one loop unstable and marginal d irect ions are: (1) the func­

t ions on which —"•=- < -T.T, <^ 2 , and (2) the symmetric tensors in 

1L, "n which 0 <̂ / \ . The marginal d irec t ions are those for which 

equality occurs. By proposition ( 5 . 2 . 1 ) , there are no I n s t a b i l i t i e s of 

the f i r s t kind for Kahler-Einstein metr ics . 

Proposition .5*.4\L" 

For Kahler-Einstein manifolds of (+) type, the dimension of 

the eigenspace of real valued functions on which 

- T.T » 2 i s the complex dimension of the space of holo­

morphic vector f i e l d s on M.[323 

Of Kahleir-Einstein fixed point metrics , only the (+) type can have non-

t r i v i a l holomorphic vector fields-. Those that do automatically have the 

one loop marginal direct ions described in proposition 5.4*1* When 

* • 0, as discussed In section 2 . 1 , these are true marginal ! t ies . 
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Proposition .5-.A..2. 

For l oca l l y symmetric (+) type Kahler Einstein manifolds with 

nonzero holotnorphic vector f i e l d s , the two loop contribution 

to the p- funct ion, projected onto the space of zero modes 

described in the previous proposit ion, g ives infrared s t a b i l ­

i t y when <- > 0 . 

This i s a d irect calculat ion* 

A manifold of constant sect ional curvature i s a Rieaannian manifold 

with curvature tensor 

R i j p , " ^ T i T ( 8 l p g j q - g^gjp) • <S.*-1) 

The sect ional curvature i s pos i t ive i f R > 0, in which case tl i s the 

sphere S divided by a d iscrete group of i sometr ies . M i s automati­

ca l ly (+) type Einste in . 

A Kahler manifold of constant holomorphic sect ional curvature i s a 

Kahler manifold for which the non-vanishing part of the curvature tensor 

i s 

Racbo- - n l f e l l <Sab8co- + « i c g b J } " < 5 ' 4 * 2 ) 

The holomorphic sect ional curvature i s pos i t ive i f R > 0 , in which 

case H i s the complex project ive space CP divided by a d iscrete 

group of i sometr ies . M i s automatically (+) type Einstein. 
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Proposition ,5.,4..3. 

For manifolds of constant positive sectional curvature, 

Ap > 0 on H^. 

Proposition .5«̂ «£* 

For Kahler manifolds of constant positive holomorphic sec­

tional curvature, £ . > 0 on H„.. 

Proposition ̂ .-̂ •̂ ,-

For M - S , the laplacian on functions has eigenvalues 

r ^ n ~ l ) r - 0,1.2, • - • . (5.4.3) 

There are no eigenvalues in the the rangi! — - < -7. T , < 2 
n—1 l i ~ 

which would provide unstable or marginal directions. 

Therefore the S fixed point is unstable in the T- direction and 

stable in the rest.[27) 

Proposition _5«.4.j>' 

For M - CF , the laplacian on functions has eigenvalues 

^ P V 0 . 1 , 2 , . . . . (5.4.4) 

In particular, 2 is an eigenvalue. (See proposition 5.'*. 1.) 

The CPn/ fixed point is therefore unstable in the T- direction, 



marginal in the d irect ions of the font f g , for f an eigenvector of 

the laplacian with eigenvalue 2, and s tab le in a l l other d i r e c t i o n s . 

By proposition 5 . 4 . 2 , the marglnality la present only when <• - 0 . The 

functions f giving the marginal direct ions are of the form 

f ( z ) - f^ z" z* ( 5 . 4 . 5 ) 

* e u J f c J c „(n+2)/2 for f-, some hemitian form on C ab 

Final ly , some information i s given on the spectrun of the laplacian 

for the homogeneous (+) type Einstein manifold 

M - S0(N) *< S0(N)XS0(N)/S0(N). The functions on M decompose into 

irreducible S0(N) representations on which the laplacian i s propor­

t ional to the quadratic Casirair operator. Each representation occurs 

with mul t ip l i c i ty equal to i t s dimension. Direct calculat ion gives 

- T . T . - , / « " 2 ( o n t n e s P l n o r representation, ( 5 .4 .6 ) 

fN-21 o n t n e s t a n d a r d representation, ( 5 .4 .7 ) 

and larger eigenvalues on the rest of the representat ions. Since, in 

t h i s case , the dimension of M i s n - N(N- l ) /2 , the spinors represent 

d irec t ions of i n s t a b i l i t y when N » 5 and 6. 
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The quas i -E ins te ln met r ics are the so lut ions of 

" i j - g u • v j * v i ' ° - ( 5 - 5 , u 

By p ropos i t ions 2 . 2 . 1 - 4 , 

( 5 . 5 . 2 ) 

- ^ • j V 1 - R^ir* - 0 . ^ v 1 * 0 . (5 .5 .3} 

Vftiether there e x i s t any quas l -E ins te in manifolds I s unknown. Equations 

(2 .3 .2 ) and (2 .4 .15) show t h a t in f ln i t e smal v a r i a t i o n s of a {+} type 

Eins te in metr ic of the form f g with ( - • . • , - 2)f • 0 a re q u a s i -

E ina t e in . Propos i t ion 5 .4 .1 and the comments on th<* group manifolds 

S0(5) , S0(6) a t the end of sec t ion 6.4 i n d i c a t e tha t such in f in l t e sma l 

deformations do e x i s t . There i s no reason to suppose, however, t ha t 

the re are f i n i t e quas i -E ins te in deformations corresponding to the i n f i n ­

l tesmal ones; the quas l -E ins te in equation might not be so lvable a t sone 

order beyond the f i r s t * In any c a s e , these i n f i n i t e s c a l deformations 

a l l have v a g r a d i e n t , while the p r i n c i p a l i n t e r e s t i s in the cases 

in which v i s not a g r a d i e n t . 
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The f i na l p ropos i t i ons g ive elementary general information on 

Kahler quas i -E ins te in manifolds* 

Proposition 5_._5._jU 

v i s Lite r e a l part of a holooorphic vector f i e l d . [32] 

Proposition J5._5._2. 

The f i r s t Chern c l a s s i s pos i t ive and the fundanental form 

belongs to i t * 

Propos i t ion _>\5*3," 

The f i r s t b e t t i number i s zero* 

Propos i t ion _5 •__,•__,• 

There e x i s t s a complex valued function F on M such t h a t 

T T. F - 0 (5 .5 -4) 
a D 

v - - | r F, v - - | T . F (5 .5 .5 ) 
a i a a 2 a 

RSb " *ib " T 5 T b ( R e F ) • ( 5 - 5 - 6 > 

http://5_._5._jU
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