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Numerical Simulation of Transient, Incongruent Vaporization
Induced by High Power Laser

C. H. Tsai

U C Berkeley - Lawrence Berkeley Lab

1. INTRODUCTION

When laser radiation is incident on an absorbing material, all the
effects such as phase changes (melting or vaporization), thermal stress,
thermal radiation and shock waves from the surface and mass transport in
the bulk are associated with the surface temperatures, temperature gra-
dient3 and composition gradients during the irradiation trarsient. The
laser energy absorption and conduction is considered as a heat transfer
process because the laser pulsing time and the characteristic heating
time are far longer than the time for electronic relaxatior and “ransfer

=13 see). In additlon to the heat

of energy to the lattice phonos (~10
conduction problem, the compositiorn redistribution during the transient
due to the incongruent evaperation has to be conaidered when the target

material is a compound,

Although laser surface heating (LSH) technique has been developed

for years(1-u) for ‘thermal physical property investigation of liquid

phase urania, there has been no any attempt to calculate the ~msec ther-
mal evolution of a seclid urania subject to intensive laser impingement,
(2}

Ohse et al relied mainly on the pyrometric measurement of surface

temperature and no surface oxygen depletion has beer considered. The

only effort they did(s) for temperature profile calculation was the
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adoptior of Dabby and Paekw) model assuming a prior known steady state

sur face temperature, called "evaporation temperature" for the purpose of
investigating the 1irfluence of the sub-surface temperature profile on
the pyrometric measurement of 3surface temperatures (i.e. the difference
in emitted thermal radiation intensity betveen a uniformly haated sample
and the one with non-unifsrm temperature profile), Bober et al relied

on firstly the gasdynamic model 1nterpretation(3). then the pyrometric

7

measurement The surface oxygen depletior and oxygen-to-uranium

ratio profile was calculated based on the "forced congruent evaporation"
model by Breitung(s) assuming a prior known steady state, uniform tem-
perature and eventually an asymtotic steady state oxygen-to-uranium
ratio profile, The basic requirement for the forced congruent evapora-
tion model is the ateady state temperature, and it is not applicable to
msec transient heating condition because the characteristic time for
oxygen diffusion process is in the same order as the temperature evolu-

f.ion and the asymtotic stationary "congruent" evaporatior is not obtain-

able.

In thi; study, 2 mathematical model and numerical calculations
developed to solve the heat and mass transfer problems specifically for
uranum oxide subject to laser irradiaton., It can easly be modified for
other heat sources or/and other materials. Ir the uranium-oxygen sys-
tem, oxyger is the preferentially vaporizing comporent, and as a result
of the finite mobility of oxygen in the solid, an oxygen deficiency is
set up near the surface. Because of the bivariant behavior of wuranium
oxide, the heat transfer problem and the oxygen diffusion problem are
coupled and a numerical method of simultaneously solving the two boun-

dary value problems 1s studied. The temperature dependence of the
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thermal properties and oxygen diffusivity, as well as the highly abla-
tive effect on the surface, leads to considerable non-lirearities in
both the governing differential equations and the boundary conditions.
Based on the earlier work done in this laboratory by Olstad and Olander
on Iron(g) and on Zirconium hydride(w). the generality of the problem
is expanded and the efficiency of the numerical scheme i3 improved, The

finite difference method, along with some advanced numerical techniques,

is found to be an efficient way to solve this problem,
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2. MATHEMATICAL MODEL

Consider a semi-infinite slab occupying the region 2>0, and the
slab is irradiated by a pulse of laser beam propagating in z-direction.
One-dimensional heat conduction, one~dimensional ablation (no radial
liquid novement) with phase change and one-dimensional oxygen diffusion
ure assumed. The phase change, or fusion, is considered implicitly in
the heat capacity term and heat of vaporization term (see Appendix C).
Alzhough the laser focal spot size is usually very small, it is still
orders of magnitude larger than the characteristic lengths of hea. con-
dution and diffusion in most materials, especially refractory materials
like uranium oxide. Thermodynamic equilibrium during transient vapori-
zation due to laser heating is assumed because the decrease in surface
stoichiometry can only be gquantified based on this assumption. FEither
penetration of laser radiation (volumetric heating) or the absorbing
surrace (surface heating) is allowed. This option is desipgned not only
for the different optical properties of the materials subject to laser
ragiation, but also for 1tne upplication to other volumetric heating
techniques, such as exploding wires, electron beam bombardrment heeting
and neutron pulse heating, which are also proposed for the acquisition
of thermochemical data measrements. The vapor plume created by wvapori-

zation is ussumed to be t.oansgparent to the incident laser radgiation.

2.1 Mass Balance Equation

Due to the low diffusion coefficient ¢f uranium ions in UO2
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compared with the diffusion coefficient of oxygen ions, the uranium ions

are considered to form an immobile lattice through which oxygen can

migrate.

The mass balance equation of oxygen in the solid phase is:

o, -2 ()
It C "%z o

where Co = mass concentration of oxygen atom in the solid, g/ un3
J: = oxygen diffusive flux in the solid, g/mz-uc.

To account for the possibility of significant ablation from the

interphase boundary, we make the following coordinate transformation:

o=t
{ X = 2 - vt (2)
where z is the coordinate from the original surface, v is the ablatior

(surface recession) velocity.

After the coordinate transformation, the balance equatior of oxygen

becomes:
Bco_bco__b.d (3
3t B 5" % Jo 3
Neglecting the prime on t' and rearranrging the equation, we have:
Bcn:; . 3 Jd . bCn:.~ (u
Tt 7% ot S )

2.2 Energy Balance Equation
The general energy balance equatiorn for the solid, assuming that

oxvgen is the only mobile component is:

30 3 Y d—
P = - B‘g - gtigh) + q, (5)



where o = mass density, g/an3

0 = specific internal energy, J/g
q = heat flux, N/t.m2
h = partial specific enthalpy of oxygen, J/g

Q, = volumetric heat source, H/ung.

For the heat conduction through a condensed, lncompressible medium
with mobile oxygen and immobile uranium, the specific internal erergy O

is a function of temperature T and concentration Co only. Therefore,

by [
¥, () g2 + (%%)c (-}{) 6)
[ ©

Assuming no mechanical work is done,

0=1= (h°c°+hucu)/|o (7)
where EU = partial specific enthalpy of uranium, J/g

CU = mass concentration of uranium atom in the solid,

g/an3

Sirce EU and CU are assumed indepandent of Co (based on the assump-

tion that uranium atoms are immobile),

¥

(57 = hse (8)
°
Similarly,
3, _ %, .
(B—T)Co = (E)CO 2 Cp 9)

where C_ 13 the constant pressure specific heat 1in J/g-K. Therefore,

equativn (5) beccmes:

n ¥
30 o o 3T )

Tl TR
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Sobstituting eq. (10) into eq, (5) and using the zoordinate transforma-

tion of eq. (2), we have:

% =% ¥y oy o4
POYE ~ o5 V8 * BBt ~ PNt "Sg"'ﬁ“oho) +Q, an

Multiplying eq. (4) by Ho and substituting the result into eq. (11)

yields:

3T 3T Y d d—
Pcpﬁ' - Pcp"&' - ﬁ - % * 9y a2

2.3 Oxygen Diffusive Flux and Heat Flux

la~ing into account the Soret and Dufour effects, the mass and heat

fluxes are given by:

*
Qe -DO;%-EO—Q,,—%% (13)
RT®
]
q = - D_::__!:To - k%% (1)
where Do = diffusion ¢uefficient of oxvgen in uranim oxide,
cmz/sec
Q. = heat of transport of oxygen In uranium oxide,
J/mole
R = gas cornstant = 8.314 J/K-mole
HO = atomic Weight of oxygen = 16 g/g-atom
k = thermal conductivity, W/oe-K

2.4 Initial and Boundary Corditions

The two palance equations (4) and (12) are coupled through the two
fiuzes j: and q. In order to solve those two partial differential equa-

tions, we need two initial conditions and four boundary condiciorns,



The initial conditions are:

?(x,0) = T_ and C(x,0) = C0 @ t=0 (15)
[} ° [}
where To is the initial temperature before laser impingemen% .

and Cg is the initial mass concentration of oxygen.

The boundary conditions are: i

(i) at the moving interphase boundary, x = O:

As a result of preferential vaporization¥ and finite supply rate
from the bnlk, oxygen 1is depleted at the surface and a concentration
gradient is set up across the inside of the oxide which drives a stream
of oxygen atoms towards the surface. Thu diffusion flux st the surface

is given in eq. (13) except all the quantities are evaluated at x=0.

*

The mass balance for oxygen atoms at the interphase boundary gives:

1

4. 8 S 2 x=
Jo = g * ve, 8 x=0 (16)
v &
where Cz is the mass concentration of oxygen atom of the solid at the
»

surface, jg is the total mass flux of oxygen in the gas phase,

.

8 = -

o (Byg 280 *20* %*2% )N, am
3 2 2

and v is the surface recession velocity, which is the ratio of the eva-

poration mass flux of uranium-bearing species jﬁ and ihe mass concentra-

tion of uranium atom in the solid CU'

= - ;8 -
v= - 0y/Gy (“’uo;"uoz"’uo“’u)”u/cu .. (18)
Th sign convention is that a flux (mass or heat) is positive if it is
in the positive x direction. (Remember that the fluxes are reclative to

the moving boundary.)
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The Langmiur vaporization rate of species 1, ¢i is:

Pi 2

B, = cmpr———— mole/cn“-sec (19)

ler-

2nRT | | M

TR\ L
where Ts is the surface temperature and Pi is the equilibrium pressure
of species i over the solid at the surface composition and temperature.
The vacuum vaporization formuia of eq. (19) is strictly valid only if
the vapor plume in front of the solid is collisionless. However, many

(11-13)

theoretical investigations have shown that even in a collision-
dominated vapor plume, the net vaporization rate is at least 82% of that
given by eq. (19) (i.e. the fraction of the forward vaporization flux

backscattered to the surface is <18%).
Combining eqs. (13) and (16), we have:

*
o bcol ) D, coBT= - &+ vt " (20)
00x 'x=0 A2 Bx ' x=0 o o
The heat flux in the solid at the interphase boundary is balanced
by the heat loss carried by the vaporizing species (ablatiorn), the radi-

ation heat loss and the heat flux input from the leser (for surface

absorption only), i.e.,

CUNS Emi‘bim{;.' SRR NI (21)
where AHZ = heat of vaorization of species i, J/g
T, = the ambient temperature (usually room temperature), ¥
41: = total hemispherical cptical emissivity
¢ = Stefan-Boltzmann constant
= 5,6686 x10712 J/cmz—sec-K4

2
and Qs = gurface heat source, W/cm“.
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If the laser radiation is considered to penetrate into the solid,
the volumetric heat source term Qv in the energy equation 1s ronzero and
the surface heat source term Qs in the boundary condition is zero. If
the laser irradiation is considered as a surface source, Qa i3 nonzero
and Q, is zero.

Combining eqs. (14) and (21), we have:

E ]
D Q¥ 3
0" %o T, v PR
"M, % Tx=0 = ¥Bxix=0 * f"i“’ﬂ*i - 4ol - T + q, (22)

The boundary condition eqs. {(20) and (22) can be separated to solve

for BCO/BX and dT/bx explicitly:

*
¥ 4 4 Q,.8 ]
EMi "’{—”1*‘6’”5'%”“3*(‘ Jg*vey)

¥
[4 =
‘%% x=0 ¥Z2s @3
L (Q )%
o [
k - —'2
M RT
o '8
{i= U03.U02.U0.U,0.02)
L]
. -Ewcs)-e—fzw o Y es attithoq )
» B (Jo* vl 7 12M & ¥, +4, ol T -T )=y
C o RT_ i
[ s
(Sx)uo = * 2.8 (aw)
) DO(Q ) Co_
M_RT®
o '3
(ii) at the far end of the solid, x = oo:
- (o]
T(o0,t) = To and Co(oo,t) = Co (25}

2.5 Oxygen Diffusion and Heat Conduction Equation

Substituting the fluxes, eqs, (13) and (14), into the partial dif-
ferential equations {(4) and (12), we obtain the two boundary value proib-

lems to be solved for T and CO:
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;
¥ 3, Coap bc

0

>
LI L ey e (26)

#*,
3T _ 1 B(Doq &, . kBT) R (_B_o' ¥, .
Bt pC 3 M Bx T Ox pc'ﬁ?

D Q [ Q
o oBT v ’
FC RT3 )T‘ o ¥, (2n)
I.C.: T(x,0) = T, and ¢°(x,0) = c° @ t=0 (28)
*
v 4 o4 Q (.8, 8
o E"iq’iﬂ*i*‘t"(%"’b)'%“ﬁ;(Jo*"co) -
B.U.: Youn = - 29
Fx’ x=0 b (Q )ZC:
p——
o 8
*
_k( '8+vc5)_.q_c_‘s’{zn MY +< G’(T4-T4)—Q ]
- D, Jo ol Tz LT T TN R
(52 = — s * (30)
Jx /x=0 D (Q*)Ecs
k-2 __9°
M RT
0o 8
T(oo,t) = T and C (o0,t) = cg @ x=or (31)

’2_.'5 Approximate Conservation Eguations

In this study, an approxima 2 svlution is treated by assuming that
* _
X and Bho/Bx are zero; in other words, the thermal diffusion (SoAret and
Dufour effects) of oxygen is neglected and the oxygen diffusion does not

transport any encrgy. Also, the =zblation heat term EMid’iA}{: is approxi-
i
; R i - s : ‘ &
mated by ‘]totulvap’ where Jtoy 1 the total vaporization flux '.=§Mi—i)

and : is = i ; _ . .
m-vap is vhe heat of vapcrization from Ptot T relation (Ptot is the

total vapor pressure of UOZ)'

The boundary value problems become:

bco 3 bco bco
¥ T 50 ¢ E (32)
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. —zg(k%% NI Q" (33)
I.C.: 7(x,0) = T and co(*'o) = cg (34)
Bt B g = Mo dityap0TE-19)-0, ] (35)

(36)
(37}

The validity of these approximations has been tested and found to

be acceptahle.

In reality, it is the oxygen-to-uranium ratio, 0/U, which we are

interested in, rather than the oxygen concentration Co. Let us define

c /M
the oxygen-to-uranium ratio r = Eg7ﬁ2' Since the concentration of
u' g

uranium C is assumed constant, we can obtain equations fur r simply

)
MU
multiplying the equations involving Co by T

o U
dr _ ry
F-20 o (s8)
dr 231, 2, Y (29
- -—r KU TR 29
I.C.: T(x,0) =T  and r(x,0) = r (40)
B.C.: (%1 x-O 3 ‘ \fﬁﬂvap+‘td(T:-Tg)-Qa] (41)
8
. it
(Br = - _;_(_C_O_M_g*vrs) (a2)
U'o
[+]
T(oo,t) = T, and r(oo,t) = T, (43)

where _ and ro are the oxygen-to-uranium ratios of the so0lid at the
s

surface and in the bulk, respectively.
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2.7 Non-dimensionalization of Conservation Equations

Because of the non-linearity of the governing differential equa-
tions (38) and (39) and the boundary condition equations (41) and (42),
the analytical solutions are not possible. Before the numerical methods
are applied, eqs. (38) - (43) have to be non-dimensionalized, because
the numerical values in the computations are normally assumed dimension-
less and it is obvious that it is meaningless to carry on the operations

among the numerical values of different units.

By introducing appropriate characteristic composition ¥, charac-
teristic temperature 5, characterigstic time ¥ and characteristic length

%, we can define the dimensionless quantities:

;o re=y ox=2 (44)
X

In the problem formulated in the begining of the section, espe-

cially for UQ,, the characteristic quantities were taken us:

21
" kt Ll %
F=r ; 7= T, i % = tpul HE @jsg——)m (45)
P
where r = initial oxygen~to-uranium ratio
Po = initial temperature, K
tpul = effective laser power pulse width
- I =
\t)dt/Pmax Etot/Pmax
Etot = total laser energy, Joules
P = maximum laser power, Wattis
max

and "m" means that the quantities are evaluated at the melting tem-

perature.
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hfter the introduction of dimensionless quentities and

arrangement, eqs. (38) - (43) become:

e .03 .1} 30,2
a2 MFE T A AlED" - 4
Wy _ ¥

‘X—'Bm‘- zr'“ 33D

I.C.: 8(x,0) =1 and Y¥(x,0) =1

de
B.C.: (K)x'o = q’l‘
Y
%m0 = %
8(00,t) =1 and Y(oo,T) = !
where A, = ( k )m/(b'é )
1

)
2 T .= pul(bC m/( C o)

(=]

k
7

o

!

=l 3

A =

a

tgul:

k
Ay = ("PC )ka

B, = (—) /D,
1

B, = v =1: (—k—)E/D
2 \! Fpul IbCp n "o
dap

o

da7

c‘oa

[
qT = gimengionless surface temperature gradient
1

Al pul(pC m

= ___._Llp +4 _r|
[Jto'l.zy{vap U(T *b )- Q ]
and qr = dimensionless surface composition gradient
1
'2‘
m

ul PC J
———i—[———wr ]

Dr U

re-~
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The standard classical reference on the heat transfer analysis is
the book by Carslaw and Jaeger(14), in which & number of exact solutiorns
are given for infinite and semi-infinite solids, solid bounded by two
parallel plenes, and the heat flow in rectangular, cylindrical and
spherical geometries, tnat are subjected to a varlety of initial and
boundary conditions. In almost all of the problems for which an exact
solution is possible, the thermal properties k. p and Cp are taken to be
constants, independent of both temperature and position. And also the
initial and boundary conditions are in linear form. However, in our
case, the considersble non-linearities resulting from the temperature
dependent thermal properties, the convectivelike term from coordinate
transformation, and the nonlinear boundary conditions resulting from the
strong temperature dependent ablative and radiation heat loss terms

make exact solution impossible.

The system of egs. (46) - (51) is solved numerically by the method
described in Appendix A. The most commonly used numerical method for
solving this kind of problem is the finite difference method, which has
been developed for decades and widely usad(15_19). Although it has been
found that the finite difference method is not very efficient for highly
non-linear problems, it turns out to work quite well with smoothly-
varying heat source which drives tne transient and with the heip of
predictor-corrector scheme for constructing a good initial guess for the
iteration and the varying time and space incremert scheme. A sample
calculation for 002 is given in Appendix 5. The material properties of
002 required in the analysis are giv:n in Appendix C and they are per-

mitted to vary with temperature but not with oxygen-to-uranium ratio.

The overail effect of the vaporization process is to make the surface of
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the uranis hypostoichiometric. Although the diffusivity of oxygen in
solid UOZ_x has not yet been measured, it is almost certainly
composition-dependent and lerger than that in UOZ' However, the surface
is melted very shortly at the initiation of a high energy 1laser pulse,
and the diffusivity of oxygen in liquid UoZ-x is the important quantity.

Its value is completely unknown but it is doubtful that concentration

effects are as important as temperature effects in the liquid range.



- 17 -

APPENDIX A: NUMERICAL SOLUTION OF EQS. (48) - (51)

Reconstructing egqs. (46) - {51):

¥ b
a2 MEEC zr'” =2
¥y p A _ g 3 ae

it R R 2

8(x,0) =1 and Y¥Y{x,0) =1
Bo
(5; x=0 q'I'
(5;)x-0 = qr
8(00,t) =1 and Y(oo,T) = 1

k k
1 (pC )m/(bC )
P e

S
n

where

| k \1/2 k
= 1 K. L
2 V\ftpul(pcp m ( C )

=
[

3
w|°
m'a
=1E3

._._) _Jﬂilq

4 ka

(o ) /D

bC m o

ES
n

o
L)

1/2
B, ; ( /D,

ul 3
°

(="
Iov

=¥

T
[

dimensionless surface temperature gradient

q‘l

(E1/2
pul bC m 4 4
" [¢toﬂcrv ap ‘td(Ts_Tb)-Qs]

S

and qr = dimensionless surface composition gradient

1
i k \1/2
a6
= —‘*Co vrs]
per U

(a-1)

(A-2)

(a-3)
(A-4)
(a-5)
(a-6)
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A.1 Crank-Nicolson Finite Difference Approximation

The Crank-Nicolson finite difference method is an implicit method
in which truncated Taylor series expansions are used to approximate the
derivatives in the governing differential equations and the space and
time derivatives are then replaced by second order correct finite

difference representations.

Let wi and U.1 a denote the approximate solutions of the dimen-
’ »

n

sionless temperature ® and the dimensionless oxygen-to-uranium ratio Y
at space (dimensionless) grid x, (called "grid” hereafter) and time
(dimensionless) step T, (called "step” hereafter) respectively. Then

the Crank-Nicolson method assuuwes that(”):

»y
i'“’_;_ 1(32"'1 n+1 32"1 4 o((A?)
s . 3y L g
3w N ¥
= LW, ) ol@wP ) (a-7)
¥y
i,n% 1 sz. +1 sz‘ 2
vl l v B v A
X X X
Y200y ety )+ O v
Iw
i.n% ¥ 01 ¥in 2
5+ LD o) (a-9)
13
1'"’% Yi,net™%,n 2
e o{{x)*) (8-10)
¥
.o
i,nts
?x_z = ‘#((wi,nﬂ‘wi,n) * O(W)z) (a-11)
u
oA
i,n+
—- 1'z‘-@((”i.n+1*”i.n) - 3w (a-12)

where [ﬁ}li a s second order correct centered second
,
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difference of "i .
o o2

second order correct centered second

>

“To
=]
w

difference of ui,n

’—\"’1 n = second order correct centered first difference
o

of Hi n

u = second order correct centered first difference

of ui,n

By utilizing these finite difference operators, the differential
equations (A-1) and (A-2) can be approximated by the difference equa-

tions: (for i>2)

120w )= A H1,n«v1""1,n
A i,0e1" 1 n” - M i
2
-A [?‘(w1 et ]-A [A(H + ’n)] —Au (A-13)
12y W) =B "'1,n+1 "1,n
FAMLH el 1.n S /T
-8 [Awi n+1 1,012 [A(Hi e 1™ 0!
[A( i nu’ 1 n)] (A-14)
where the coefflicients AI'AZ'A3 A“.B B and 83 are, in general, func-
1 =1
tions of “1' t 1 E(Hi ,nol'“l,n)] and t I'Z(trwI'tn)'
™2 )

A.2 Second Order Correct Centered Firite Difference Operators

The finite difference method is an implict method in which a trun-
cAted Taylor series expansion is used to approximate the space and time
derivatives, Thes: finite difference representations are called finite
difference oper-tors; for example, 1if Fi is the finite difference
approximate solution of f(x} at '1'/—\1F1 is the first difference opera-

/\ZF is the second difference operator of F,, etc, There are

tor of F’_,___':1 3
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several ways of expressing the finite difference operators of different
degree of order of accuracy, depending on the truncated error fro. Tay-
lor series expansion. In this section, the second order correct cen-

tered finite difference operators are discussed.

For the case of constant jincrement of x, denoted /\x, the Taylor

series expansion of Fiﬂ around F:l is:

s

_ g A% 3] 3
Figp = Fy +LuF + —=F; + o)) (A-15)

The Taylor series expansion of Fi-l around F1 is:

Fq = F, -/%F + U“)—F + 00/ 3) (A-18)

Let's approximate the first derivative Fi by the finite difference

operator /_\lFi. Then Qxl-‘i can be solved from the equations:

- A
{ FiH = Fi +__/\x(/_\xFi) + -——-F2 i {A-17)
2,
. )
Fi-1 = F1 -—/“(L\xFi) + -——-F2 N (A-~18)
These two equations yields:
F, ,-F.
T S
QxFi el (A-19)

3

which 18 order of ()”/(/x) = ![_\x)z correct,

Similarly, the second dfference operator /_\il-‘i can be solved from

the two equations:

. 3.
. (/\x)
AFh-‘l -F1+/\!F1+ Q;F)*- N (A-20)
. ("x 3.
1 = - ‘_— ) -
F1-1 = Fi /\xFi + S V\Fi) - -—6—Fi {a-21)

Tnese two equations ylelds:



F, ,=2F +F
i+1 i i-1 (a-22)

2
F, =
&5F ot

which is order of ({_\x)u/([_\l()2 = (I_\:()2 correct,

Rather than using a constant /\x as is usually the case, in this

prograr \« increases geometrically into the bulk of the solid according

to the relation:

i-1
Ox = 4w o= 4T (A-23)

where & = a constant greater than 1, taken to be 1.035
/_\1:i = grid increment following ith grid plane

Qx1 = the first grid increment at the surface

Then the second order correct differences are considerably more
complicated; however, the way of deriving the finite difference opera-

tors from the truncated Taylor serics expansion is exactly the same.

From the following third order truncated expansions:

. yw e
ioq S - —_—F -
Fin Ey "L\“«“ U_}*Fi) +* 3 N (A-24)
- (<82
=z F, = ——f -25}
Fiq = Fy =% QF) » 5 . (A-25;
Solving for (/\F,}. we have:
1 2 1
NF. = ———:l-—‘I-LTfr—‘Fi 10-(4-1)F14-1—+‘-F1”] (A-26)

=x 1 -&1

which is second order correct.
From the following fourth order truncated expansions:

e, pepdteol.

= +———~—F -2

th Fic(‘-ﬂ )_QxiFi 3 (/\ F ) g (A-27)
Cogwp? o )3...

Fi,q = FyWXGF 1+——-—q¥r Y—gt—F (a-28)



P P
F z F,==—aF + UNFL ) =i {A-29)
i-1 i €71 2‘2 —x i 6<3 i
where L_\Ki = 41-1Q1.
Solving for (Athi)' we have:
N . 2 &Bewy | e
= [ F F,
=% 1 @1‘1-1)2 (1““2)(“_‘) i-1 144 i
2
£ k=1 &=1
AorsF ] (a4-30)
L{1+K) 141 ‘(1*‘)(1*‘+‘2) i+2
Applying these formulae to the variables W and U yilelds:
1 &l
AL N_‘i-1[m"1-1.n+(“”“ +——H*_‘ ie1, ol (A-31)
="
2y - 2o Sy Pe2ga1,
~"i,n " i-1,2 2 "i=1,n 1+4 "i,n
(x4 )7 (144445 (14<)
2
Sk, &=1
————ei 1 (A-32)
WiErv3l 1+1 D (144 (194 :2) i+2,n
Al p s ‘1-1[144 11,0t &Y n*TJ”M nl (A-33)
=1
e - 2 Sl <2e2é=1,,
Sn T 41—1)2"(“_"42)(“_‘)"1-1.n 144 “i,n
-1
2
k=1, 4=1
T+ Ve 1,0 Yiv2,n (A-34)

<(1+<)(1+<-r4 )

>
fw

Initial and Boundary Conditions

In the notations of the approximate solutions, the finite differ-

ence approximation to the initial conditions (A-3) are:

w =1 and U, ,=71 for every x
i1

1 at 7,(=0) (8-35)

i

The finite difference approximation to the boundary conditions (A-

4) & (A-5) are: (for i=1)
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1]
IR UYL PRI RY, (4-36)
1

Oy,ne1 = e Tne1 ¥y a1V 0e0? (4-37)

]
where W

1.ne1 = second order correct forward first differrence
.
of ¥y net
1
U‘ et = second order correct forward first difference
.
of u'I,ru-'l
(The boundary conditions do not have to be evluated at 1 1 as do the
e
2

governing equations, because time derivtives re involved in the latters

but not in the formers.)

For the case of constant /M, the second order correct forward

difference can be solved from the two truncated equations:

2.

~ (2N"x)
§F1+z = Fye@wF! (#m=5F, : (a-38)
2,
. Nx)3
Fiap = FpofeF! o™=, (4-39)

here F'i denotes the seccond order correct forward first difference

instead of exact first derivative.
Eliminating (/___\x)?'ﬂl-'1 from the above equations, we have:

(-3Fi+’-lF ~F, ) CA-30)

S
17 7w 1417 142

Similarly, for the case of varying /X according to eq. (A-23), the
second order forward first difference can be solved frum the two trun-

cated equations:

F, . = F.+(x o™ )F"ﬁ'\xﬂﬁ? ¢
TP R A JhA S TR LS ) z i A-H1).
R
= F, o/ F' 4 F (A-42)

Fior = P Flype——F,
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wnere /= <.

The solution comes out to be:

v oo ) &2, kel 1
' ATt G T @ 142 (A-43)
For i=1:
F'. = L[_f*_z.p .5 P ] (A-44)

1 N1 4+1717 4 “274(%41)° 3

Applying these results to the variables W and U yields:

L e 144 1
LI ® A L H5 ne1” < 2 ne1 720742173, 01 (a-45)
v -(2+<) 144 1
RS e P by R N W (a-36)

A.4 Solutions of Finite Difference Equations

Step-by-step method is used to take care of the time (dimension-
less) variation, At each step, egs. (4-13}, (A-14), (A-36) and (A-37)
comprise a set of nonlinear equations that are to be solved for Hi,nn
and U e for all i, Only a iterative technique can be used to solve a
set of nonlinear equations. The Newton-Raphson's method is adopted in
this study to carry on the iterations, which is found to be quite power~-
ful zad well corvergent, The adoption of the predictor-corrector scheme
in finding good starting values for iterations also helps to retain both

efficency and convergency of the program with reasonable size of time

steps.

A.4.1 Predictor-corrector Method

The idca of the predictor-corrector method is that, instead of

using the results from previous step as the first guess to start the
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iteration, the approximate solution at half of the time step is solved
by the simpler linear equations (called "predictor®) which newus only
the informations at previous step and then the "corrector" 1is used to
obtain an approximate solution for the current step as the first guess

for the following iteration of more complicated nonlinear equations.

If the differance equation has the form:

F -F
1,2 1,0+t 10
- S Il sUNEE 11y
55 pa i) - A
) 1 1
s¥lag v (LR DIACE e ) (A-47)
™3
then the predictor is: “8)
F -F
i n+l im
YEF oF, ) - a——
DF Fin T
e
2
2 ¥p(x T Fy G OF ) (a-48)
n‘PE

which becomes a linear algebraic problem, because urnkmowns only appear

in the left hand side with linear rforms.

£fter solving F 1 it follows with the corrector: (18)
i,ne—
2
1 i,n+¢1 "i,n
- X LRSIy
2% Fy prFin) - MR
=¥ (x, v ,,F F ) (A-49)
L n+l 1,n~l& i.,n+-l
2 2
which 13 also a linear problem. The solution of the corrector, dencted
by F:ol:ﬂ. ic then used as the first guess for the iteration:
'
(k)
R0 ey ST
5 i “ AT A
1, (k=1) 1 (k-1)
=¥ =
= f["i""m_t'z(Fi.n+1* 1,00 %L nar*Fy )] (a-50)
2
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where k=1,2,..., With repeated iteration, if necessary, to obtain finai

solutior.

The Crank-Nicolson method with and without predictor-corrector
scheme has been tested and compared and the result comes out that the

predictor-corrector scheme is very powerful,

A.4.2 Iteration Procedure by Mewton-Raphson's Method

Let us multiply eqs. (A-4) & (A-5) byﬁx1 and rewrite as the form:

)]/\X =0 (A-71)
(A-52)

£ (W) = [”1 et T 1%,

[
o

g1(U ) = Ul

n+1 1,041 l'|r n+1'u1,n+1)]/—\x1

Let us also multiply eqs. (A-1) & (A-2) by 2(/_\::1)2 and rewrite as

the form:
W ~W
o= f Py 1. T 1.
£ (Woa) = S0y g9y )-2A, =,
A
2 2
R W n”*’EiV—\x‘“i.nn*“i.n” 28, )% )% = 0 (a53)
Y ne1Vin
= - — e~ 0
sl(uml) V—\-x(u1 w1t n) 28, e
V—Xx(ui W4 i )]*JV—\x(Hi net” n)]
(./_\x(u1 n” )])(N )2 (A=54)
- !
where W , is a vector of [w1 nel® 2 m_].....wm m1]
Unﬂ is a vector of (u1,n+l'U2,n+1""‘um.m-‘l]'

and m is the number of grid beyord which the profiles are essentially

constant,

Therefore, we have a set of 2m nonlinear equations to be selved for

wm-‘l and Un+1
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-
f1(un+1) =0
Z(Vn+‘) 0
i'm(\'ln“1 0
- (A-55)
8, Wp,q) = 0
82(un+1) =0
gm(Un+1) =0

To do so, we have to start with an initial guess solutions

o ={q)
Wie +1 and un 1°

section for example, and then find the successive new approximate solu-

from predictor-corrector scheme described in the last

tions following the procedure:

(i) For the first iteration of W, W and U in the coefficient
1,nel 1,041
; (o) (o)
terms of eqs. (A-51) - (A-54) are approximated by wi'n” and U1 el

and we can solve the linear equation: (19)

X =(0) = -(1) o)
T ) G - n+1 F(-ﬁ( = (A-56)
- Br
where J is an m x m matrix with elements /\ -(3——] if the
N+l -—(o)
n+1

derivative can be obtained analytically; otherwise, the derivative

is approximated by the Steffenson's methed,
£ W n Tyor, (WD)

A= 373 n+1

=ij hj

(19)
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R *(u)
hj = fj( n+1
h = [h 'h2""'h ]
-—(u) ={0) o) o)
and F(H = [f (Hn+1) fz( n#I),....f ( n+1)]

The equation is then solved for 'ﬁ:‘:: by the Gaussian elimination

method.

For the first iteration of U, every W is approximated by

i.n41

(1) s . (o)
1 el and U1 e in B1.BZ.B3 and r is approximated by Ui.n¢1' ard

we can solve the linear equation:

T patgo) =0 (AST)

n+1°8 n+1 n+1

8y
>
where L is an m x m matrix with elements 'Qi -(~S———- if the
J,n+t -'-(o)
n*1

derivative can be obtalned analytically; otherwise, the derivative

is approximated by the Steffenson's method,
o) glo

C.. = ﬁ:w‘l e - 8( n+'l)
i) qj

_ o
a; = &;0p9)
>
q = [q1'q2""‘%]

-’(o) _ =(0) *{o) »{0)

ard G(U ) = [g,l(U ),gz(Und)....,g (Um1)]

The equation is again solved for D‘;l: by the Gaussian elimination
method.,

1) 1)

(iii)The approximate solutions Hi nel and u el from the first itera~
’

tion are then used to calculate solutions for the second iteration.
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(iv) The process is repeated until the successive iterations are suffi-
ciently close to each other, and then the calculations go on to the

next step after determination of the next step size.

A.4.3 Gaussian Elimination Method

Either the predictor-corrector mehtod or Newton-Raphson's method is
a kind of linearization process in order to deal with a nonlinear prob-
lem. After linearization, another numerical scheme has to be chosen to
solve the system of linear eguations, and the Gaussian elimination back-

substitution is found to be a very easy and efficient way.

In sclving eqs. (A-48), (A-49) in section A.4.1 and (A-56), (A-5T)

in section A,4.,2, we are all dealing with a set of eguations with the

format like:
b 8 *c, 8 -o-d 6 = e
a § +b282¢-c283+d26u = e2
8 =
3382*1)3 3+<:36u+d365 e3
a6y y+bybyre by jea by, =8 (4-58)
§ +b § 4o 6
am-1 m-2+bm-'l rn-1+cm-1 m = em-1
T, = e
amSm_1 *o B m
where 61 denotes either the variables W ] N
1,045  i,nes
2 2
“(k) "(k 1) k) "(k-'l)\
Hi,nn' Ui.nn in (A-49) or (W ) in (A-56), U:“ el in

(A-57), ai'bi'ci'di denote either the coefficients in (A-48), (A-49)

with eqs. (A-31) - (A-34), and (A-U5), (A-46), or the elements of Jaco-

® X
bin matrixes J, L in (A-56), (A-5T7), and ey denotes the known guantities
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from either the previous step in eqs. (A-48) and (A-49) or the previous

iteration in eqs. (A-56) and (A57).

Note that the primes in b

mated $m] and sz by a linear extrapolation of $m_1

eliminate the rumber of unknowns to m,

[ z e +d L (14<)
m-1

ap = 8y - cm< - dmé(‘ld-‘)

o
]

2
b, * cm(1+<) + dm(14<+< )

1,c 1,a and b are because we approxi-

and Sm ir order to

(a-59)

The system of equations (A-58) carn be put in the matrix form:

B
W=F

where X is a column vector 81, 62,.... 6m

T is a column vector €11 Eaeeeey €
=
and M

(A-60)

is an m x m quad-diagoral matrix sirce all elements are zera

except those on the principal diagonal, one below and ore ard two

above the principal diagonal.

1 €1
\\\\ 8, ,
\ L

(a-61)

The idea behind the Gaussian elimination methcd is to eliminate the
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unknows in a systematic way; the first equation can be used to eliminate

61 from the second equation, the new second equation used to eliminate

82 from the third equation, and so on, until €inally, the new last but
one equation can be used to eliminate 611-1 from the last equatio:n, g’lv-~
ing one equation with only one unknown Sm. The unknowns 61 can then be

found in turn by back-substitubion.“g)

Generally, after i-2 eliminations (132). we obtain the following

two equations for the next elimination:

LI LA L A
. (A-62)

3151_1 + bisi + c16101 + d16102 = e

where d,(=b1. p1=c1. 51=e1.

Eliminating 81-1 leads to:

354 31d1-1)8
d i di—'l i+1

(b,
P

)81 + (¢ + dishz

< e, - 4t (A-63)

tee. dyb, P8 v db =8 (A-64)

With the recursion relations:
_ 2P

i-1

By - when! < 1 € m-2 (A-65)

After m-3 eliminations, the last three equations are:
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* dn-zsn = Sm-z

ag18n2 * Pac1®m1 * %ne1bs T oy

dll-zsm-z * pm—2sll-'|

amsm_1 + bm8m = e,

Eliminating 5'._

2
. r
dm-'lsm-‘l * Pm-'lsm s Sm-'l
) L]
amﬁm_1 + bmsm = em
' ' .18,
where d’m-'l = bm-'l - _md'l*m-z_
m-2
' ' am-1dm-2
B St
m-2
am-1sm-2
Spe1 T Gt T T
m: 02

Eliminating Sm_ from (A-67) yields:

1

4.8 = s,
r .
a
L} 1
wnered = b - ﬁ'—]-
m m
d
m-1
.
' amsm-1
Sm H em i
m=1

Therefore, the solutionsg are:

- ) - -
81-3;(51 8,85, - 9,8,5)  1gigm

from the first two equations yields:

(A-66)

(4-67)

(A-68)

(A-69)
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A.5 Determination of the Time Increment

The step-by-step methods as described above could be either one-
step methods or multi-step methods, depending upor. whether the informa-
tions from previous steps are used in taking the next step. The multi-
step methods are more efficient in the sense that generally they require
fewer evrliuations of the difference operators to achieve a given acccu-
racy. The greater efficiency of the multi-step methous is obtalned at
the cost of requirirg special provisions for changing the step size,
Considering the fact that the general shape of the sclutiona could be
closely estimated and the powerful iterational method used here, the
multi-step step-by-step method is used in this study ard the way of

determining the step size is aeseribed as the foll>wing:

Define the ratio of the truncated second order term to the first

order term as:

-
ap = el | sl (A70)
e 11 1£)

where f is either Tor r, f and f are first and second order derivative

of f, respectively.

In the problem we are dealing with, the composition changes much
slowlier than the temperature, so the time increment is determired by

the truncated error ratio for W:

N o i Iwnﬂ_un |"n""‘nﬂ'
4 :IL\‘—.' - | 7 a1~ Gl . L & (a71)

T Y

And the criterion is that /% 12 increased when dH is less than 10%,
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while /¥ i3 decreased whern d, is larger than 10%, A maximum of three
times the previous step size is imposed. Both upper and lower bounds

for the permissible step size are get considered the convergency and

efficiency.

A t'low chart of the program is shown in Fig. A.1.
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Input H

Material Properties

'ROP — FRROR
PDE Confficients Energy Input Blank Common ’,.?.?T@T i 4
TAB.E SHAPE1 Allocation STCP
Firat Step & Grid SHAPE2 ALLOC £ MvoT
SIZE (aty,ex,) EI, QP —
Difference Operator '
LOAD (A}

Initial

— Ron-dimensional| |Condition
=0 W o= T INITAL
(n = 1.10005— #2 x x Characterintic
ax, 4 T w==t Conatants

CYLR

Predictor-Corre tor Nevton-Raphsoni Gnuasian
{o) ¢} I
for ‘x,ml 99/ for Wi 1., F annsllnn—.]
CRANK NEWTON causs
—
|
. ONVRG - -
> CRIT
—_—
3 ik-th Tteration
""“"gkr)‘ 1 "“gk;u: — (1)
e o 0T en WY
‘ L AR IS

Print & Plot
Maxir Surface Teap
Temp Frofile va x

{ Surface Temp vs t P

Fig. A.1 The Flow Diagram of the Computer Prograns
“STAR" and "SURFT"
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APPENDIX B: COMPUTER PROGRAMS AND SAMPLE ANALYSES

B.1 Computer Programs:

Three computer programs have been developed in this study. The
program "STAR" (Surface Temperature And composition Ratio calculation)
is for the materials which vaporize incongruently so that the surface
composition changes with time coupled with a temperature transient. In
this program, one-dimensional time dependent heat conduction and diffu-
sion equations are solved considering melting, ablating moving boundary,
ablation and radiation heat losses. The program "SURFT" (SURFace Tem-
perature calculation) is for the materials which vaporize congruently so
that no diffusion process is involved and only one-dimensional heat con-
duction equation with ablating moving boundary and ablation and radia-
tion heat losses is solved. The program “SURFR" (SURFace composition
Ratio calculation) is for the incongruently vaporizing materials in

-Hhich the surface and bulk temperature is kept constant. Only one-

dimensiongl diffusion equation with ablating moving boundary is solved.

All the programs have been developed based on the numerical scheme
described in Appéndix A and are coded in FORTRAN IV langusge. Variable
dimensioning is used to make optimum usage of the available storage and
flexible capacity controllable by the user. The total blank common
block storage MTOT has to be greater then

NGMAX*(NPDE*7+11 }+LSPUL*(3+NPDE ) +NPDE*15
An error message will be generated and the run will be aborted if MTOT

is set too small.
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B.2 Program Listing:



PROGRAN STAR(INEUTUUIFLT . TAPESe INPUT . TAPLA#QUTPUT ¢ TAPEDD)

THIS PRODHAN CALCULATIS thi TRANSILN) HEAT CONNUCTIOM AHD NASS
TRANSPOKT PRCLENS OF A LORPOUND SUNJLLT 10 LASER THRADIATIONS
BY 50LVIND COUPLID Onl NIn(uSI1ONAL [IHE DEPEWDERT HEAT COMGUCTION
AMD BIFFUSION LUUATINNG STRUL TARLOUGLT CORSIDERING BELTING.
ABLATING MOVING bULH ANl RAtiLat (0w,

HE INCONGRUENE Varok1ZAT 1w 15 CORSEINED, .
THIS PROGHAN ALLOMS ELINMK THE FLAETRATION OF LASEK KADIATION .
CUOLUMETRIC MEATING) Uk ABSOYHING SUKFACE (SUKPACE HEATINGY. .
THE HURCHECAL BEWKIES Uikt ART CHARN-WICOLEON § INTTE DIS FEWCHCE
METHOD WITH VARIAbL( LhT0 SFACE IHCKFMLNT AND SELF-ADJUSTAELE
FIAE INCREWEMT) HLMIUN HAFHSON AND GAUSSIAN ELIMINATION BACK
SUBSTETUTIOR ME THUDS.

TME REDICTUR-CUNKY CTUK SCHEAE 19 USED FOR FINDINO BETTER INITIAL
QUFSS AND FASTER LOnvEMULNEE .

INPUT THE RATERIAL AND LASER 1ca
-

caLL
DENERATION OF COCFFICIEWS TABLLS
CALL TADLE

STEP AND ORID STZES FOR NURERICAL STABILITY
CALL SIZE

CALL BHAPEL

OEF INL :umnn BLOCK ALLOCATION
CALL A

INPUT LASER NORMALIZED PULSL SHAPE
CALL SHAPEZ(C(NI31CiN4)LSPRL}

QFVLLOPED BY C, H, (5ATr JUWE 1980,
URIUTRSITY OF CALIFURHIA = BEHMFLEY

LOAD CONSTAMT VECTORS A’S FOR DIFFERCNCL DERATORS
CALL LOADC(N2) eHOMAX}

AnammnARRAnAAAnannann

connoM/ELaCK /MTOT CALCULATION 1o BT DUED AT TSTOP (1w ae)

CUMMON/DIA  /NPDE MDSAX/LSPUL KEAD (3493 TSTOP1ICYCL ]
¢ N3N 1eM12eM1d v Froamarccio. . W
UAMUN/CHART ZXEM  TO F (TSTOP,GT.CtHI-1) TSTOPSC(MS-1)
ommbneCASTR /€ o 0m s TPOLSAEFE DLFAULT OF 1CYCL FOR SINGLE PILSE 18 100 1
COMRUN/STEP /D73 WHITH 13 ASSUMED 13 BL INTINTTIVE,
COMNGH C0B000) 1F(TCYCL.ED.0.0) TCYCL»100,

c

- pibeut LaseR guchoy

¢ nror=aoao REaD (5987 E1

c FORRASLE10.01

3 Py comnon smnnu ALLOCATION P AR ]

3 ARHAY ot s o 1nENs| Eo A

c wow DIRENSION 1 53 SOLUTTON HGHAX3OMPDE [ i .

€ Nz A DIFFER UFLuatok COEFF NOMAXS? -1

T 5 HORMALIIED PULSE SMAPE s 1 COHSEINI=GPACINICIRINCL. KD

c sy TINE IWCKE FOR 65 (DIM)  LSPIL

c N3 FF PEAK POUTR DLNSITY AT T LEPUL LOAD INITIaL coapirioNs X

T N& WCH  CHART LUANTITY FOR B (DINI NPDE e Bt B ey ot sry TZnT10m

¢ " ow SURFACL V AT THUW NELE crCsls

3 W3 WSURF SURF 1 RS FUMC OF T DIW) LSPULENPDE CALL CHARCCIN11)rCINS) /NPDEY

¢ Ny 4 PRFLE AT VAINC OF X (DIM) NGHAXINPDY o »0.0

€ 10 X SFACE UKID POK FRFLE WX MuAAX py:ere

¢ a1 o INLTIAL VRLUL 01 8 (DIM NEEL

< H12 WOLD  SUKFACL W AT TULD (DINLSS) NPTL

E WY ULAST WS 9 1RGY STLEALION HPUE

c 2

€ IWHTIAN oW STOR T dduran

© KLAI NI DLy NGH:

Prasiiviiieig
Stkoua €
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a1R182

]
VINF« THOUSTC!

EP-BY-RTEP NUAERICAL CALCULATION

DO 111 We1p3000

TOLDaTHOW

1FIK.10,1) €070 11

NIV} beC TN 1-1 10 aNONA
E::.'Fr:uncu&(m).nmu.m.:mn.n.:m:nctnl.uru..
# IFLAG ¢ DUSCOH7D sCIN1ID sNFDENOHAX)

TSeCIHT ) ACINGD

f: TOTAL ANDHNT OF nnwln\. EURFORATED

REaCINZ11)CINGY
CALL MFLUR(TINE. H E sARES ¢ AKEZo IFLAD)
DANDT = ¢ ARE~ANTH moinraTen
ABOL s ARE
AMETT sANF ADTARFTF OTCH
TanE«rang tanE DY
FRAC2AHELT/ TARE

1
c Kl(RﬂINE NEXT TINE STEP RIZC
)

ALL TSTERTUTsLUS N

€ naxinun susrace renreRaTuRe
1Fers,

10
£
20

LT.TSRAX} GOTD 26
ToraaTs

innteinEwy 0E3

LAsHe?

TN 10 Iwi HPOE

1A=L 1-1) ennAY

00 10 JmiyLn

Jiatnia-t

deIne3sl-g
CUNTILINCIRLESIISCINART=1)

IFCTINE.LT.CINAIX-1)) GOTD 341
DO 30 [=l.HEDE

Ins(1=419LSPLL
c ImenEI200-1

HGAAX) -C(M1241~ n)/nnw-vmmu:(nﬂ—u
lru:nuu 1}.GE.TSTOP) 0OTO 4

m :n"luu(

40

KKon

€ 1Ene AND COPP PRIV TLE AT THE TINE WNEW SURF TERP 18 MAX

CALL FRFLE(TSNAXeTINAXsCONPI2EINIO) LMy NPDE L NGHAXY

PO 4 friin
CUNI041=13CINEDHE - 1)01 €A

]
CALL PLOTTX(E(NID)JCINT 3ot He IFRAD

-8

SYRM17
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B.3 User's Manual

B.3.1 Program Input Data Cards

(1) PROGRAM INITIATION AND TITLE (2(A5,5x),6A5,5x,2A5) - One card, read

in subroutine TLCIE.

Column Variable Description
1-5 MODE Problem initiation flag;

"START" for initiation and
"STOP" for termination

6-10 - Blank

11-15 MTYPE Problem type;
"SURFT" for heat conduction only and
"STAR" for conduction and diffusion

16-20 - Blank

21-50 HED Problem title for labeling ocutput
(an array of dimension 6)

51-55 -- Blank

56-65 DATE Date of the run

(2) DIMENSION SPECIFICATION (2I5) - One card, read in subroutiae TLCDE.

Column Variable Description

15 NPDE Number of partial differential equations
to solve; 1 for "SURFT" and 2 for "STAR"
6-10 NGMAX Estimated maximum number of grid points

needed for space variable (normally 300)
(3) MATERIAL PROPERTIES - read in subroutine PROP.
(i) ATOMIC WEIGHTS (2F10.0)

Column Variable Description

1-10 wa(1) Atomic weight of component 1 (g/g-atom)

11-20 WA(2) Atomic weight of component 2 (g/g-atom);
zerc or blank for single component materials
or congrueatly vaporizing materials

(ii) OTHER PROPERTIES (4F10.0,810.0)
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Column Variable Description

1-10 ™ Melting temperature (K)
11-20 HSUB Heat of sublimation of solid phase (J/g)
21-30 HFUS Heat of fusion (J/g)
31-40 EMISS Total normel optical emiesivity
41-50 A3RM Coefficient A3 (1/k dk/dT) of heat conduction

equation at room temperature

(iii)DIFFUSION COEFFICIENT (2(F10.0,E10.0)) - Blank for "SURFI" when no

diffusion process is angaged.

Column Variable Description
1-10 EH Diffusion activation energy / Gas constant
of the mobile component above some
temperature (normally melting point)

1-20 EHEX Pre-exponential factor of diffusion coefficient
of the mobile component above some temperature

21-30 EL Diffusicn activation energy / Gas constant of
the mobile component below some temperature

31-40 ELEX Pre-exponential factor below the temperature

(4) LASER PARAMETERS (F10.0,E10.0,F10.0) - One card, read in subroutine

PROP.

Column Variahle Duscription

1-10 R Reflectivity of target material to the
laser light
11-20  TPUL Effective laser pulse width (sec)
21-30 AEFF Effective surface area (em?) of lamser

exposure spot

(5) CONTROL CARDS FOR NUMERICAL STABILITY - Two cards, read in subrou-

tine SIZE.

(i) STEP AND GRID SIZES (2E10.0,F10.0)



(ii)

(6)

(1)
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(7)
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Column Variable Description
i-10 DM First time step size (dimensionless);
alao the lower limit of the following
step sizes

11-20 DX1 First space grid size {dimensionles:);
grid sizes are geometrically increasing
21-30 EFS Geometric factor for increasing grid sizes;

a constant greater than ! (normally 1.035)
ITERATION CONTROL (I10,E10.0)

Column Variable Description
1-10 ITMAX Maximum number of iterutions allowed
11-20 CRIT Error tolerance for iteration termination

TABULATED LASER PULSE

SIZE AND DIVISION OF TABULATION - One card, read in subrou

SHAPE?.

Column Variable Description

1-10 SDT Step size of tabulation

11-20 LSPUL Number of divisions of tabulation
NORMALIZED LASER PULSE SHAPE (7F10.0) - As many cards as needed
specify the tabulated normelized pulse shape (LSPUL/7
LSPUL/7+1), read in subroutine SHAPE2.

Column Variable Description
1-10 $S(1) Normalized digital pulse shape

Rt aes e

TERMINATION OF STEP DO LOOP (2E10.0) - One card, read in the

program,

tine

to

or

main
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Column Variable Description
1-10 TSTOP Time to stop the time step do loop (sec)
11..20 TCYCL Time of a cycle for repetitive pulse (sec);
Default (if zero or blank) for single pulse
source is set to 1.e10 which is supposed to
be approximetely infinitive

(8) INCIDENT TOTAL ENERGY (F10.0) - One card, read in the main program.

Column Variable Deacription
1-10 EI Incident total laser energy (J)

(9) INITIAL CONDITIONS (F10.0) - NPDE cards, read in subroutine INITAL.

Column Variable Deseription
1-10 wo(I1) Initial condition for I-th
partial differential equation;
e.g. WO(1) - initial temperature
and WO(2) - initial composition

{10) RESTART OR TERMINATION CARD (I1) -One card, read in the main pro-

gram.

Column VYariable Description
1 ICTL Control character;
O or blank: STOP
1: same material, another run
for different leser energy
2: different material, start
from the right beginning

B.3.2 Subroutines to be Supplied by the User

(1) BNDRY: The boundry condition(s) of the problem. Input the surface
value{s) of the function{s) and output the surface gracient(s) of

the function(s).

(2) ACALC: The coefficients of the partial differential equation(s) and

the form of function(s) PHAI (WT in eq. (1) or/and ¥, in eq. 2)).
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(3)

(4)

(5)

(6)

(7

with

ured
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TABLE: To tabulate the coefficients of the partial differential

equation(s).
INITAL: The initial condition(s).

CHAR: The characteristic quantities for the non-dimensionalization

of the boundary value problem.

MFLUX: The calculation of the convective term (due to moving boun-
dry) and the surface heat loss due to surface recession. Also,

some printout formats are to be provided.

A function library providing the physical properties, such as RHC
(density), SPHT (specific heat), COND (thermal conductivity), DIF

(aiffusion coefficient), etc.

Sample Analyses for UO2 Vaporization

Fig. B.t shows an example of the input deck of the program "“STAR"
total laser energy of 30 Joules and the digital pulse shape meas-

by the photodiode. The physical properties used in the program are

provided from Appendix C.

B.4.1 Program Test with Analytic Solutions

The program was tested by comparing the results with the analytic
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Fig. B.1 An Example of The Input Deck for "STAR"

start star uo2 surf temp and comp cale 12/03/80
2 300
16. 238.
3133. 2234, 275. 0.83 -.19%e-2

5033. 2.22e-02 28550,  .115e01
0.05 1.9208e-4 4.,964e-1

1.0e-03 +2e-1 1.035
5 1.0e-4
1.0e-5 51
Q.0 0.275 0.69% 0.851 0.926 0.980

1.000 0.990 0.970 0.925% 0.890 0.845
0.760 0.710 0.670 0.618 0.575 0.525
0.440 0.400 0.364 0.330 Q.298 0.27C
0.214 0.190 0.170 0.145 0.126 0.105
0.078 0.063 0.050 0.041 0.030 0.025
0.010 0.004 0.0 0.0 0.0 0.0
0.0 0.0
0.25e-3
3.el
1400.
2.00

solutions assuming no ablation of the surface (v=0, j=0), no radiation

heat loss (¢=0) and constant properties p, Cp and k (at 4000K) when ana-

lytic solutions are possible.

The heat source was assumed either rectangular shape with pulse
width equal to tpul or triangular shape with total pulse width equal to

2t and maximum at t

pul peak

The test runs assumed total energy of E = 30 Joules, tpul =
-4 - -4
1.9208x10 * sec, and tpeak 0.7x10 7 sec.

Without ablation and radiation heat loss and with constant proper-

ties, the heat conduction can be solved analytically for rectangular and

(14)

triangular surface heat sources:

(i) Rectaugular:

7(t) - T, = %?(%})'/2 o<t

pul

0.996
0.820
0.485
0.238
0.092
0.017

0.0
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. 2aKy1/2p /2 1/2
AR R LN N 0 (B-1)

(ii) Triangular:

2/3 ¢ (t~ )2/3

(%) - T, = —E(K)”z[t - t (t-t,)
2~
(t t ,2/3
-'—t——t——}{(t—t )] (B-2)
2
where H(t- g ) = oty
=0 tet;

where g is the surface heat flux (H/cmz). kX is the thermal conduc-

tivity, and K is the thermal diffusivity (k/PCp).

Figs. B,2 and B.3 show the results of the calculation. In both of
the figures, the solid lines mean the analytic solutions and the dashed
lines, which fall almost exactly on the solid lines, supposely &are the
numerical solutions., This means that the numerical solutions have very
good agreement with the analytic solutioms at least when vaporization
process and radiation are not significant and properties are not tem-

perature dependent.
B.4.2 Numerical Solutions

Figs. B.4, B.5, B.6 and B.7 show the resulis of the "STAR" computer
run in which the incident laser total energy is 30 Joules with the pulse
shape shown in Fig. B.8, and the effective laser spot area is 0.4964

sz .

In Figs. B.4 and B.6, there also show the results of the "SURFT"
computer run which assumed no composition change so that only heat con-

duction equation is solved and the laser has the same characteristics as
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the run in “STAR".
B.4.3 Discussions

The difference of the maximum surface temperature from "STAR" and
"SURFT" is about 200K, which is mainly due to the vaporization effect in

the ablation terms and the fact that the rate of vaporization is not

only a function of tempesrature but also a function of the composition.

Fig. B.9 shows the maximum surface temperature as a function ol the
total incident laser energy calculated from both "STAR" and "SURFT". At
low energy {or low temperature) range where vaporization effect is rela-
tively unimportant, the two calculations give the consistent results,
while at high energy, the discrepancy as much as 200 - 300 K attributes

to the ablation effect.

B.5 Other Applications:

The computer program has been designed to deal with (i) thermal
conduction problem only ("SURFT") or diffusion process at constant tem-
perature only ("SURFR") or both ("S?TAR"), (ii) same kind of problems
with different materials and {iii) ‘ifferent kind of problems {e.g. dif-
ferent differential equations, boundary conditions, or/and different
type of heat sources - laser or Suu beam, surface or volumetric source)

with uifferent materisls.

For instance, the possible applications might be the thermal
analysis of the first wall in CTR, the thermal analysis of laser driven
micro- explosion, the thermal analysis of electron beam heating, the

thermal and mass transport analysis of laser annealing ¢r electron beam
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annealing in semiconductor ion implantation and other applications of

pulse heating techniques in material processing, etc.

In this report, the thermal analysis of the first wall design is
presented and compared with the current design based on approximate ana-

lytic solutions.
B.5.1 Problem Formulation

Consider the first wall design of an Inertial Confinement Fusion
Reactor with proposed nuclear grade H-451 Braphite.(3a'4o) The heat
loading on the first wall has been asaumed consisting of 4000 MJ total
with 2% in x-rays, 30% ir debris and the remainder in neutrons. The
debris pulse has been taken as 500 us duration which may be treated as a
surface heat flux. The x-ray, which occurs long before the debris
pulse, is assumed to be uniformly deposited on the first wall over a
time of a few microseconds and produce initial temperature of 840K
before the debris pulse. The neutron flux which penetrates mostly into
the bulk will deposite only & small amount of energy in the first wall

(39)

and is neglected here
B.5.2 Analytic Solutions

Assuming no ablation, no radiation heat loss and ccnstant proper-
ties, the analytic solution for a rectangular shape of 500 psec duration
pulse is given in eq. (B-1) with tpul equal to 500 ps. The thermal con-
ductivity is taken as constant at temperature of 1300K (0.58 W/ em-K for
unirradiated graphite and 0.34 W/cm-X for irradiated one), the density
is 1.74 g/cmj, the heat capacity is 1.89 J/g-K for unirradiated and

irradiated graphite, and t is the time from the beginning of the debris
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pulse.

Figs. B.10 and B.11 show the surface temperatures as a function of
time for three sizes of radius (12m, 13m and 14m) for unirradiated and

irradiated graphite.

The thermal evaporation rate is approximated by
-1/2
¢q = 2.14x 10" T;/ exp(-92,000/T)  mm/sec (8-3)

where Ts is the surface temperature given by eq. (B-1).

The total erosion rate per second is obtsined by numerically
integrating eq. (B-3) assuming one second pulse repetition rate. Fig.
B.12 shows tue erasion rate per year with first wall redius for unicra-

diated and irredimted graphite.
B.5.3 HNumerical Solutions

The computer code "SURFT" has been applied ta ¢this problem with
ablation and rsdiation heat loss and vaiable properties. The properties
are given from kef. 39. Figs. B.13 and B.14 show the surface tempera-
tures as a function of time for three size of radius (12m, !3m snd 14m)

for unirradiated and irrediated graphite.

The erosion rate is calculsted along with the temperature evolution
in "SURPT", and the result is shown in Fig. B.15 for unirradiated and

irradiated graphite.
B.5.4 Discussions

To compare the numerical solutions with the analytie solutions,

Table B.1, B.2, Figs. B.16, B.17, B.18 and B.19 show the maximum surface
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temperatures and erosion rate for different reactor radius design.

Given the erosion rate of § mm/yr as the design criterion of first

(39) gives radius of 12.54

wall, the analytic calcualtion by Hopkins
meters for unirradiated H-451 graphite and 14.37 meters for irradiated
H-451 garaphite, while the numerical calculation of this work gives
radius of 13.38 meters for unirradiated one and 13.35 maters for irradi-
ated one. Figs. B.18 and B.19 show so high sensitivity of the erosion
rate to the radius that a difference of 1 meter in radius may result in
almost 2 orders of magnitude difference in erosion rate, which lea’s to
2 orders of magnitude difference in the first wall thickness with same

amouit of life time. Therefore, it is concluded that the . curate cal-

culation of thermal analysis is necessary.

It is assumed here that the vaporization is the major factor of
material erosion and the erosion rate is the design criterion for first
wall; however, it has been pointed out that the thermal stress due to
the high thermal gradient may impose another design 1imitation.(41)
After all, the purpose of this report is to show a useful application of

the computer code developed here and to compare the results with the

analytic solutions.
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TABLE B.1: Erosion Rate of Unirradiated H-451 Graphite

RADLUS ™2 (k) 4 (mo/yr)
(meters) Analytic® Numerical Anelytic Numerical
10 4289 4314 3.98x10¢ 9.15x10;
12 3223 3766 3.43x10 1.50%10

13 2865 3227 0.988 _, 24.7
14 2580 2814 2.94x107; 0.384_,
15 2351 2499 9.30%10”, 6.43x10_,
16 2163 2264 3.19x10” 1.45x10
18 1877 1911 5.15x10 ) 8.61x107,
20 1672 1661 1.35x10 6.48x10
TABLE B.2: FProsion Rate of Irradiated H-451 Graphite
RADIUS 8 (k) 4 (on/yr)
(meters) Analytic® Numerical Analytic Numerical
10 5357 4016 2.s3x1o§ 1.32x103
12 3965 3387 6.93x103 1.37x10
13 3497 3110 3.16x10 11.8
14 3125 2870 14.1 0.985
v 2825 - 0.635 , - 3
1, 2580 2466 2.94x10 5.01x10
.3 2207 2168 7.35.107 2.94x1072

20 1939 - 2.46x1077 -
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APPENDIX C: THERMODYNAMIC DATA AND MATERIAL PROPERTIES OF UO2

C.1 Density

is given by M. G. Chasanov et 31(20) as

The density of solid UO2 :

-12

= (10.98)/[1+9x1078 (7-273)+621077 (1-273) 2+ 3510 (7-273)°]
P

for T<3140 K (c-1)

The density of liquid UO2 is given by L. Leibowitz et a1(21) as:

b = 10.658 - 6.3609x107%7  for T>3140 K (c-2)

where b is in g/cm3 and T is in K.

C.2 Specific Heat

The specific heat of solid U02 is given by Kerrisk and Clifton(ZZ)
as:
K192eg/T KsEp ~Ep/RT
€= 5o 32K e for T<3140 K (¢c-3)
p T2(e9 Tm1)2 2 RT2

where § = 535,285 K
E = 1.578x105 J/mole
K, = 0.2968 J/g-K
K, = 1.217x1077 3/g-K°
K, = 8.7500107° J/g
R = B.3%14 J/mole-K
and Cp is in J/g-K and T is in K.

The specific heat of liquid UO2 is givem by Leibouitz(23) as:

oy " 0.503 J/e-K for T>3140 K (c-4)
At the melting point, the enthalpy increment exhibits a discon-

tinuity due to the phase change. This heat of phase transition is
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handled by an effectivn heat capacity term in the vicinity of the
melting temperature.(24)
The molar enthalpy of a material at temperature T can be expressed

in terms of the heat of fusion and the molar heat capacity at con-

stant pressure Cp as follows:

T
)
Hooot JC dT” :
. 298" 3o T
AT - . T i DI (c-5)
HO 4+ § C dT*
2B e P
Define an apparent molar heat capacity Ep:
-~ = - \’ -]
gim cp(T) + Qig8(T T (c-6)
90 that
o o T
- ~ ' ’ ‘oo
H(T) H298 - Zgécp(T }dT for every T {c-7)

Since discontinuities in material properties are nct desirable in
the numerical 3olution of the conduction equation, the lLeat capa-
city is approximaced by a con.inuous function or temperature; that
is, in stead of using a delta func*ion to account for the heat of
Tusion, a Gaussian function of finite width centered at the melting
point is used.

Let Cpp :_Cyfé(T-Tmp) be apprcximated by a furction of Gaussian

form:
(T'ng 2
- )
Mg %
C__ = ———exp {C-8)
PP \Ino,

where MM, = heat of fusiou of UD, = 274.4 J/g(23)

T = 3140 k'25)
mp
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q = half width of the heat of fusion peak = 50 K

and the apparent specific heat

C =C +¢C (c-9)
P P pp

C.3 Thermal Conductivity

The thermal conductivity of solid UO2 is given by Schmidt(zs) as:
k = 1/{10.80 + 0.0218(T~273)] for T<1473 K {c-10)
k = (1+F)/(10.80 + 0.0218 9) for 1473 X<T<3140 K (c-11)

0 = [7+1777-(7-273) tanh(T-2325)}/2

F = [Cp—2x10_5(T—273)—0.299]/0.299

The thermal conductivity of liquid UO2 is obtained from measured

thermal diffusivity of liquid UO2 (constant value of 2.6 x 10_2
cmz/sec) by Leihouitz(27):
K = 0,139 - 8.32x1001 for T>3140 K {€-12)

where k is in W/om-K, T is in K, and cp in eq. (C-11) is in J/g-K.

A.4 Vapor Pressure
; ; . (e8) o
A computer subroutine following Bluckburn's mouel N ROOT", is
used 10 cal:ulate the partial pressure of each vapor species as a
function of both composition and temperature.
A.5 Heat of Vaporization

The heat of vaporization is assumed constant below the melting tem-

perature:
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Aﬁvap = 2234 J/g for T¢3140 K (c-13)

given by Bogensberger et 31(29) in which the averaged vapor pres-

sure curve of Ohse(jo) and Tetenbaum and Hunt(31) wag fitted to the

Claysius-Clapeyton equation.

Given the heat of fusion, 274.4 J/g, trom L., Leibowitz, et

(32)
’

al., the heat of vaporization above the melting point is:

Aﬁvap = 2234 - 274.4 = 1959.6 J/g  for T>3140 K (c-14)

Diffusion Coefficient of Oxygen

The Aiffusion coefficient of oxygen in solid UO2 is given by J.

Ber1el33) L.

D = 1.15 exp(-28550/T) for T<3140 K (c-15)
Sirce the diffusion coefficient of oxygen in the oxide melt is not
available, estimates of upper and lower limits are made in this

calculation., An upper estimate can be arrived at with the aid of

kinetic gas theory.(34) In & ideal gas the diffusion coefficient is

D= ; 1V, where 1 is the mean free path and v is the mean velocity
4

of the gas molecules. If the interionic distance in the oxide melt

10 A is introdurced for T, then Do = 7.377(10'3 cmz/sec at 3140 K and

1.14x1072 cm2/aec at 7560 K (the estimated critical temperature by
Ohse(35)). In this case, Do is fitted to be approximately

B 1072 - b {C-
(Do)max = 1.59x10 7 exp(~2516/T)  for T>3140 K {c-16)

where (Do)max is in cmz/sec and T is in K. This sets up an upper
limit of diffusion coefficient in the temperature of interest,
since the ions in the oxide melt cannot move unimpeded between col-

lisions in the same way as gas molecules. Instead, molecules in
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the liquid migrate {rom one potential ste to an adjacent one,
remaining in each site for a certain time. A lower estimate is
based upon the fact that the diffusion coefficient in the liquid

oxide is higher than that in the solid.

! exp(-24800/T) for T>3140 K (c-17)

4

(p) = 3,03x107

o’min

This equation is fitted by taking Do a 1.1x10” cmz/sec from

Be116'7%) at 3140 K and 1.14x10"2en?/sec at 7560 K.

Optical Emissivity

The spectral emissivity at )\ = 6500 § is given by Held and

Wilder(36) as:

“\-65008 ~ 0-83 (c-18)

which is found insznsitive to the temperature over a wide tempera-
. (21)

ture range (450 - 2400 K). It is proposed that ‘A“GSOOR be

constant up to the melting point.

; ; ; (1) ..
Above the melting point ‘A=GSOOA is measured by Bober as:

4\mg5004 ™ 0+81 to 0.87  for 3140 K(PL3700 K (c-19)
No data is available for the total hemispherical emissivity of UO2
with temperature, so an average value of 0.83 is adopted, i.e.

‘t % 0.83% at all temperatures.
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