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Abstract 
The prediction of the need for an extra push 

over the interact ion barr ier 1n order to mike the 
heavier nuclei fuse 1s made the basis of a simple 
algebraic theory for the energy-dependence of the 
fusion cross-section. A comparison with recent 
experiments promises to provide a quant i tat ive test 
of the "New Dynamics" (the theory of macroscopic 
nuclear shape evolutions based on the one-body 
dissipation concept). 

I. Introduction 

( Z 2 / A ) e f f = 4Z I Z 2 /AJ / 3 A^ / 3 (AJ / 3 • A , / 3 ) (2) 

and (z2/A)ef? 1s a pure number, specifying the 
threshold value of the e f fec t ive f i s s i l i t y , beyond 
which an extra push 1s needed. The quantity 
( L / L c n ) i s the angular momentum of the syst n, L, 
in uni ts of a character is t ic angular momentL-i, 
given by 

e/nr, A 2 / 3

A f 3 ( A ^ 3 ) 
2f 

(3) 

For re la t i ve l y l i gh t nuclear systems one 
would expect the interact ion-barr ier configuration 
of two tangent nuclei to he driven automatically 
toward fusion by the cohesive nuclear forces. For 
su f f i c i en t l y heavy systems, or for systems with 
suf f ic ient angular momentum, however, the e lec t r i c 
repulsion as well as the centr i fugal force woild 
be expected to prevent automatic fusion. An extra 
bombarding energy over the interaction £>arrier--an 
extra push—would then he required to overcome the 
relevant saddle point in configuration space and 
achieve fusion. 

2. Nuclear Fusion according to the 
New DynamTcT 

These qua l i ta t i ve expectations were 
analyzed'»2,4) using a schematic model based on 
the "Hew Dynamics" obtained by combining the 
e lec t rosta t ic and surface tension forces with the 
"one-body** nuclear dissipation (a type of v iscos i ty 
appropriate, under certain assumptions, for an 
assembly of part ic les whose mean free paths are 
long, rather than short, compared to the size of 
the sys tem 1 ! ?^ ) ) . i n the schematic model the 
nuclear shapes were parametrized as two spheres 
connected by a portion of a cone. 

A resul t o f those studies, which fol lows 
largely on dimensional grounds {given the structure 
o f the New Dynamics together with an approximation 
explo i t ing the re la t i ve smallness of the neck 
between the two nuc le i ) , is that the k ine t i c energy 
in the radial (or approach) degree of freedom, 
i . e . , the radial in ject ion energy E r over the 
interact ion bar r ie r , necessary to overcome the 
saddle point for fusion, should have the fol lowing 
approximate appearance: 

\ for U 2 / A ) e f f + ( L / L c h ) 2 < ( Z 2 / A ) ^ 

K [ a 2 / A ) e f f + ( U L c h ) 2 - ( Z 2 / A ) ^ ] 2 

higher powers of the square bracket, 

(I) 

fo r ( Z ' / A ) ^ ( L / L c h ) 2 > ( Z 2 / A ) t £ 

In the above equations, l \ t Z?. A| , A2 are the 
atonic and mass numbers of the two co l l i d i ng 
nuc le i , m is the nuclear mass uni t (taken as 
931 rteV/c2), r 0 is the nuclear radius constant 
(taken as 1.2249 fm), e is the proton charge, and 
f is the e f fec t ive "angular momentum f rac t i on " , 
i . e . , that f ract ion of the to ta l angular momentum 
which is responsible for the centr i fugal force in 
the separation degree of f reedom' i^ ' 4 t5 ) This 
force, as represented by the term ( L / L c n ) , 
along with the e lec t r i c repuls ion, proportional to 
( Z v A ) e f f , opposes capture inside the fusion 
saddle point and ca l ls for an increased in ject ion 
energy according to eq. (1 ) . {For approaching 
nuclei f - 1; far two spheres r o l l i n g on each 
other without s l id ing f = 5/7. The use of a f ixed 
e f fec t ive value of f represents a rough attempt to 
handle the actual ly i n t r i ca te problems associated 
with the presence of angular momentum.) 

The constant K, which specif ies how rapid ly 
the extra push increases with excess over the 
threshold condi t ion, fol lows from the model in ••) 
as 

A I W A ' / W 2 

325 W W 
mc 2 -a 2 , (4) 

In the above, tfZ/AUff 1s the ef fec t ive f i s s i H t y 
o f the co l l id ing nuclear system, defined by 

where a is a pure number (equal to about 5 in the 
schematic model of H j . tie w i l l refer to K as 
the "thud wall s t i f fness coe f f i c i en t " . The reason 
for *he name is that , because of the large absolute 
magnitude of the one-body d iss ipa t ion , most of the 
extra push is dissipated soon after contact in a 
"thud" and a "c lu tch" . Hence the fusion of systems 
wi th e f fec t ive f i s s i l i t i e s exceeding appreciably 
the threshold value is opposed by a large "thud 
wall"—see Fig. 13 in ' ) . The pure number a_, 
independent of A j , A?, w i l l be cal led the "thud 
wall slope coe f f i c ien t " . 

Even without describing the workings of the 
schematic model used to derive the above 
expressions, I hope that the general idea is c lear: 
when the e lec t r i c and centr i fugal forces exceed a 
certa in threshold value, an extra push is obviously 
necessary ,'or fus ion. This simple physical idea 
was Incorporated in a schematic model based on the 
New Dynamics, and the structure of the extra push 
expression, derived to lowest order in the excess 
over the threshold condi t ion, came out as eq. ( I ) . 
Since the one-body diss ipat ion theory has no 



adjustable parameters (there is no adjustable 
v iscosi ty coe f f i c ien t ) , there are only natural 
constants and pure numbers in the resul t ing t i . 
equations. However, the pure numbers ( Z 2 / A ) e f f 
and a_ do depend on the approximations of the 
schematic model, in part icular on the parametriza-
t ion of the nuclear shapes by spheres connected by 
a conical neck. Also, the factor f is an ef fect ive 
angular momentum f rac t ion , expected to be somewhat 
less than uni ty , but not known precisely. So, in 
addition to talcing these numbers from some 
schematic model, one may also want to t reat them 
as adjustable parameters when comparing the 
general structure of the theory with experiment. 

3. The Extra Push Theorem 

- 2 -
*[( Z 2/A) 

. ^ 

ef f 

8 f 

(Z 2 /A) t h r l 
effj 

^W 

(10} 

(11) 

Oenoting by Z the energy-weighted reduced 
cross-sect ion, i . e . , the cross-section in units of 
i r r c 2 , mul t ip l ied by the energy E, and ca l l i ng the 
deviation of a £ / * r c 2 from the. standard r e s u l t , 
E - Eg, the "cross-section defect" &, where 

& « E - ED - at 
(12) 

In a co l l i s ion between two spheres the 
cross-section for just barely making contact (the 
reaction cross-section) is given by the standard 
formula 

m-' t l - - * ) . 
c E 

which can also be wr i t ten as 

oE 

^ c 
E - E„ 

(5) 

(6) 

where E[j is the potential energy at contact {the 
" interact ion ba r r i e r " } , and r c is the center 
separation at contact. (For sharp spheres i t is 
j us t the sum of the r a d i i ) . 

Equations (5,6) fol low simply from 
conservation of energy (and angular momentum). 
Thus the right-hand side of eq. (6) is the energy 
excess over the interaction bar r ie r , equal, by 
conservation of energy, to the tangential ( o r b i t a l , 
or rotat ional ) energy at contact (the left-hand 
s ide). To ve r i f y t h i s , wr i te 

L 2 • [(mass)(velocity)(moment arm)] 2 = [ M ^ f / M b l 2 

- 2MEb2 * 2MEo/n (7) 

where M is the reduced mass and b the impact 
parameter, so that cE/irr^equals L 2 / 2Mr c

2 , 
the rotat ional energy at contact-

Now when one asks for making contact not 
" jus t barely", but with a f i n i t e radial energy 
E r —just su f f i c ien t to ensure fusion--the 
energy-conservation equation (6J is replaced by 

oE 

=7 
+ E = E (8) 

Using for Ec eq. (1) (together with eq. (7) to 
eliminate L 2) one readi ly ver i f ies that eq. (8) 
my be rewrit ten as 

: r * *< ci •'*:??> (9) 

where 

we may state the content of the (energy-
conservation) equation (9) in the form of the 
fol lowing compact Extra Push Theorem: 

"tfhen an extra radial in ject ion energy is 
neededTor fus ion, the square root o f the 
cross-section defect should be approximately 
l inear when plotted against the energy-weighted 
reduced cross-section, v i 2 . : 

/S = c, + c , i + . . ." . (13) 

Thus, by p lo t t ing the square root of the 
experimental values of E - Eg - EO/TTI-C2 versus 
Ea/iTr c2> one should f i n d , approximately, a 
s t ra ight t i ne , with intercept c] and slope c j -
Plot t ing the rat ios c,/c_, mul t ip l ied by 

2 1/3 1/3 Br /e A, A, , for a series of systems versus 
the systems' e f fec t ive f i s s i l i t i e s (Z /A) f f should 
give, according to eqs. (10,11), a s t ra igh t l ine 
wi th slope 1/f and intercept ( Z 2 / A ) * J r / f 2 . Hence 
fol low the three parameters of the theory: the 
thud wall slope coef f ic ient a. the threshold value 
of the e f fec t ive f i s s i l i t y ( F / A j j p f and the 
angular momentum f ract ion f . 

4. Comparison with Experiment 

The above analysis was applied to the recent 
measurements in * ) , where a beam of 208pb was 
made to interact with seven targets: 2 6 Mg, 2 7 A 1 , 
4 8 C a f

 5 0 T i , 52cr, 5 8 F e a n d 6 4 N 1 . (Fusion in th is 
context means reactions resul t ing in f i n a l f rag­
ments with a mass d is t r ibu t ion centered around 
symmetry.) 

Figure T shows a comparison o f the measured 
fusion cross-sections with theory. The so l id 
curves refer to the standard formula (5) and the 
dashed curves to the extra push pred ic t ion , 
obtained by solving the quadratic eq. (9) for o: 

in-c! friy/2\2 f f y v . Aiv i / 2 \ .Hi) 

In constructing the dashed curves in F ig . 1 
we took r c to be the sum of the central r ad i i of 
the two nuc le i , augmented by 1.14 fm to take 
approximate account of the diffuseness of the 
nuclear surfaces ( th i s choice reproduces the 
I n i t i a l slopes of the reaction cross-sections for 

z 6 Mg and 2 7 A I in F ig . 1) . Thus: 
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Fig. 1 . Comparison of experimental fusion cross-sections (associated with outgoing fragment masses centered 
around symmetry) with theory. The solid curves are conventional reaction cross-section predic­
tions, and the dashed curves Incorporate the requirement of an extra push 1n the approach degree 
of freedom. ( I deduced the data points from Ref. (4) and added purely nominal 10% error bars.) 



r c » C, + Cj + 1.14 fm , 
-*,_ 
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C - R - 1 fm2/R , 

R ' 1.23 A , / 3 - 0.76 + 0.8 A " ' / 3 fm . 

For the interaction barrier Eg we used the 
barrier following from the proximity interaction 
in «), reduced by 4* 7 ) . 

The three parameters of the theory were found 
to have the following approximate values: 

( Z 2 / A ) * £ « 3 3 ± I . (15a) 

a * 12 ± 2 , (15b) 

f *=(3/4) ± 10* . (15c) 

The deviation of the 33 ± 1 in eq. (15a) from 
the value 26-27 suggested by the schematic model 
in ' ) correlates quantitatively with the 
deviations of the schematic model's saddle-point 
shapes from the accurately known macroscopic 
shapes8'. The same is true qualitatively of the 
deviation of a «< 12 ± 2 in eq. (15b) from a = 5, 
suggested in ' J . The value of f suggested by 
eq. (15c) is intermediate between the value 
appropriate to approaching spheres and to spheres 
roll ing on each other without sliding. (The 
clutching stage is being investigated within the 
framework of the one-body dissipation theory by G. 
Fai, private communication). 

5. Conclusions 

The degree of correspondence between theory 
and experiment in Fig. 1 leaves a lot to be 
desired, and the significance of the correspondence 
is by no means clear. More work wi l l have to be 
done on f i l l i ng in, extending and rechecking the 
measurements, and on making more nearly quantita­
t ive calculations along the lines of , 0 ) . But 
i t seems that, by measuring the fusion cross-
sections, one has available another method cf 
testing quantitatively the predictions of the 
one-body dissipation theory. When combined with 
other tests (in particular on evaporation-residue 
cross-sections, where the theory predicts the need 
of an "extra-extra push"'* 9)) a n j D y extending 
existing tests in the context of deep-inelastic 
collisions and f iss ion 2 " ' " ' " ) , a confrontation 
of theory and experiment msy be achieved which wi l l 
be sufficiently broad to delineate quantitatively 
the degree of val idity of the New Oynamics. 
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