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Abstract 

LBL-1274 

The correlation between the partial wave scattering amplitudes in 
• 

~-space and the reaction cross section angular distributions are derived in 

the limits of classical and diffracti ve scattering. Several a.mbigui ties are 

noted and illustrated with DWBA calculat.ions for "qu~;~.si-elastic" heavy-ion 

reactions. 

I. Introduction 

Most direct heavy-ion reactions are characterized by a simple angular 

distribution which is peaked about an angle e [1]. The observed dependence. gr 

of e on the energy and charge of the incident ion leads to the interpretation gr 

of these reactions as 'grazing reactions'~ in which the projectile and target 

move on classical trajectories such that the iqps' surfaces just touch [2]. The 

reaction is limited to such trajectories by two effects: if the ions pass 

i· 
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farther from each other, the interactions between them are weaker and less 

likely to induce the reaction, while if the ions approach each other too 

closely, competition from other processes such as compound-nucleus formation, 

reduces the direct cross section. Alternatively, the 'grazing reactions' may 

be thought of as being limited to a narrow range of angular momentum of the 

projectile and target [3]. 

One finds, however, that the parameters obtained using various models 

often differ substantially and cannot be simply related. This makes the 

physical meaninr; of such parameters very uncertain. In this paper we present 

:Ln explanation for ::;()me of these apparent ambie;ui ties ail.o p;ive n.n iJ lustration 

using DWBA. 

II. Theory 

For simplicity we shall consider a "quasi-elastic" reaction, i.e., one 

in which the arigular momentum-, energy~, and mass-transfers are negligible. 

'I'he DWBA reaction amplitudes [ 4] may then be conveniently represented by a 

decomposition into partial-wave amplitudes f~, which represent the overlap of 

(-) (+) 
r]istorted waves X~ (r), X~ (r) with a form factor 

f9, = /dr xi-)*(r) ~ (r) xi+) ( r) ( 1) 

2ic~ 
F( ( ~ - ~ ) /{').) (la) = e gr 

In eq. (la), a separation has been made between the rapidly-varying phase of 

f S/,, and an amplitude factor F which is peaked smoothly within a width t:-, of an 

.Q.-value, 9. 
gr 

The amplitude f(8) is given by 

.. 

~; 
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f(e) = 2ik ~ (2! + 1) fR. PR.(cos e) 

R. 

(2) 

The largest contributions to f(e) for heavy ion reactions come from 

partial-wave amplitudes R. >> 1. Therefore, we can approximate the sum over R. 

in eq. (2) by an integral and use the asymptotic expression for PR.(cos e) to 

obtain 

f(e) = (-2ni):t
2
sin 8)-112./ di(R. + ~)F((R.- R.gr)/1::.) 

e
2

i
8

R.(ei(R. + l/2)e + ie-i(R. + 1/2)8) (2a) 

The integral in (2a) can be evaluated in two simple limiting cases. 

One is the classical limit, in which F varies sufficiently slowly that the 

integr~·is dominated by angular momenta near the classical value R. cl ( 8) 
:""· 

corre~ponding to· scattering through an angle 8, 

This limit is obtained when !::. is large: 

where· 

1::.2 » 2/8 . 2 
m1n 

d8 
= - dR. 

cl 

( 3) 

( 4) 
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The cross section is then given by the classical formula, 

= [ .!l.cl + 1/2 
. 2 
k sin 8 

d.!l. J d~l IF((.!/. .1(8) - .!/, )/t.) 12 
. c gr 

(5) 

The expression in square brackets is just the classical cross section determined 

by the relation (3) between .!l.cl and 8, so that IFI
2 

can be interpreted as the 

prol1ahi li ty of the reaction occuring when the ions collide on a classical path 

leading to the angle e. 'l'he width of the peak in the angular distribution is 

directly proportional to t.. 

The other limit in which the cross section takes a simple form is the 

diffraction limit, where t. is small: 

(6) 

The contributions to the integral in (2) then come from the peak in F and the 

cross section is 

( 7) 

where F is the fourier transform of F. This is the result obtained by Frahn and 

Ventner [3]. The width of the peak in the angular distribution is inversely 

proportional to t.. 

Furthermore, one may show that the width of cr(8) is a minimum fort. 

tH.:tween the lirrlits e;iven by (4) and (6). The parameter t. is therefore model 

dependent and not uniquely determined by the shape of cr(8) since both the 

.. 
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diffraction and classical models can give s~milar shapes for cr(8), but for very 

different parameters. In DWBA one cansatis:f'y either limit (4) or (6) by 

suitable adjustment of the form factor, ~(r), or the distorted waves x(±)(r), 

the latter by adjustment of the optical potentials. 
. I 

III. Calculations 

We illustrate the ambiguities noted above in figs. 1 and 2. 

In fig.·l we show the results of DWBA calculations for 208Pb( 16o,16
o). 

We have used a purely absorptive optical potential of Woods-Saxon shape with 

W = -15 MeV, RI = 11 fm, and ai = 0 .·5 fm. The absence of a real potential 

allows one to use the classical relations between 1, 8, r for Coulomb 

trajectories, but otherwise does not alter the qualitative results deduced from 

calculations. The form factor was taken to be a derivative of a Woods-Saxon 

shape (see fig. 2) with a variable width and peak radius (=R). Plotted in fig. 1 

is the FWHM of the calculated cr( a) ~· the FWHM of the form factor for two 

values of R. One finds two solutions which give the same width for cr( a): 

FWHM .7(r) ~A (classical limit), and FWHM ~(r) » A (diffraction limit), 

where A is the wave length of the projectile. 

In fig. 2 we show DWBA calculations obtained with two very different 

form factors which, however, give similar shapes for a( a). Also shown is the 

I Ml2 * * quantity SL af~ f~ = F~ 
(L = M = 0). The decrease 

F~ ~· ~, where L is the angular momentum transfer 

in IS~I 2 for small ~ values is due to the decrease 

1
M2 

of SLI arising from the absorptive potential, W(r), r ""RI (~r=R 
I 

= 30). 

Similarly, the shape o:(' o(e) at large angles is sensitive to the optical 

potential (which was not adjusted). At forward angles the calculations are 

nearly identical, even though the asymptotic parts of the form factors are 

quite different. 

;!';···, 
.•.·i 
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Results similar to those shOwn in figs.l and 2 were-obtained for 

angular momentum (L), energy (Q), and mass transfers typical of many heavy 

ion reactions. 

IV. Conclusions 

We conclude from this study that 

(i) Classical and diffractiop. models can give similar shapes for 

heavy ion reaction angular distributions but often this will 

require very different parameters. 

(ii) DWBA calculations exhibit similar ambiguities in that the 

shape of o(8) does not uniquely determine the shape of the 

form factor even in the asymptotic region r + ®. 

Of course, if one calculates the form factor from some nuclear model 

and obtains the distorting potentials from other sources (e.g. an optical 

model analysis of elastic scattering) then one apriori determines which 

behaviour, classical or diffractive (particle or wave), will dominate (if 

either). Lacking such a prescription, however, can result in an ambiguous ~d 

unphysical determination of parameters. 

• 
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Figure Captions 

Fig. 1. The variation of the width (FWHM) of the DWBA angular distribution 

vs. the width (FWHM) and peak (r = R) of the form factor (see ·fig. 2). A. 

is the projectile wavelength (r = ~). 

Fig. 2. DWBA calculations for a "quasi-elastic" reaction for two !iifferent 

form factors (a, b). A Woods-Saxon optical potential was used with V = 0, 

W = -15 MeV, RI = 11 fm, and ai = 0.5 fm. The quantity IB~I 2 is proportional 

* to f~ f~ (see text). 



-9-

l 2oaPb cso,'sO) 
t). E0 = 104 MeV 

.. Q = 0 MeV -0\ L=O 
<l> 
"0 - \ 

·q 
40 ' "0 

\~ ' b 
30 

~ ~ ,rz, 
"0 

~ 
I 20 
~ 
L1.. 

10 

I 2 3 4 5 6 

i, 
F W H M form factor (fm) 

J 
XBL729-4033 

Fig. l 



N 

en -c 
c:~ 

'O>o 

...... ~ 

b ·-= '0 .0 .. 
0 -

en -·c: 
~ 

>-... 
::::E..J 0 ... en. .~ 

.0 - ... 
0 -

... -· 
0 en --u·-
0 c - ~ 

>-e .. 
... ~ 
o-
~ ·-.0 ... 

0 -

0 

0 

-10-

2os Pb <'so, as0 ) 
Eo • 104 MeV 

~ 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

RI 

~ 

Q • 0 MeV 
\ '""'b L • 0 

\ 
\ 

a\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 

\ 
\ 
\ 
\ b 
.~ 

\ 
\ 
\ 
\ 
\ 
\ 
\ 

80 ,I 120 

r (fm) 

X BL 729-4034 

Fig. 2 

LBL-1274 

,) 

. ' 
~' l 



' ·' 

r------------------LEGALNOTICE---------------------. 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 



TECHNICAL INFORMATION DIVISION 

LAWRENCE BERKELEY LABORATORY 

UNIVERSITY OF CALIFORNIA 

BERKELEY, CALIFORNIA 94720 

,. 


