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ABSTRACT

In this work, we consider a non-Abeliar Jauge theory
involving scalar fields with non-tachyonic mass te s in the
Lagrangian and we wish to construct a finite energy density trial
vacuum for this theory. The usual scalar potential arguments
suggest that the vacuum of such a theory would be in the perturba-
tive phase. However, the obvious choices for a vacuum in this
phase, the Axial gauge and the Coulomb gauge bare vacua, do not
have finite energy densities even with an ultraviolet cutoff.
Indeed it is a non-trivial problem to construct finite energy
density vacua for non-Abelian gauge theories and this is intimately
connected with the gauge fixing degeneracies of these theories.
Since the gauge fixing is achieved in the Unitary gauge, this
suggests that the Unitary gauge bare vacuum might be a finite
energy trial vacuum and, despite the form of the scalar potential,
the vacuum of this theory might be in a Higgs phase rather than
the perturbative phase.

In the first Chapter, we give a general discussion

of the phases of a gauge theory and its gauge fixing degeneracies.
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In the second Chapter, starting from an Axial
gauge canonical formulation, we construct the Unitary gauge
bare vacuum expressed in terms of Axial gauge variables,
within the context of Abelian Scalar Q.E.D.. This state
which has the form of a coherent plasma of charge, is shown
to have infrared finite energy density and invariant under
the residual group of the Axial gauge. Due to ultraviolet
reasons, we then consider a slight modification of this
state.

In the third Chapter, these considerations are
generalized to an 5U(2) gauge theory with fundamental
representation scalars. Within the same aAxial gauge formu-
lation, we thus have two trial states for the vacuum ; the
Axial gauge bare vacuum for the perturbative phase and a
coherent plasma of color for the Higgs phase. Since the
latter has a finite energy density, this indicates that the
vacuum of this non-Abelian gauge theory is more likely to
be in the Higgs phase, rather than the perturbative phase

with real massless gluons.
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CHAPTER 1

INTRODUCTION

A) Phases of a Gauge Theory

At the present time, it is generally believed
that the fundamental interactions in Nature are describable
in terms of non-Bbelian Gauge Field Theories. We now have
the Weinberg-Salam Model, incorporating successfully the
phenomenology of the electroweak interactions, and we have
the Quantum Chromodynamics which is an asymptotically free
gauge field theory for the strong interactions. The prin-
ciple of local gauge invariance under a non-Abelian gauge
group is therefore an important symmetry principle in high
energy physics.

The realization of this type of a symmetry in a
gauge theory is however much more subtle than the usual way
of realizing the Wigner-type symmetries of a guantum theory.
In a gauge theory, the local gauge invariance is not iin ge-
neral implemented in terms of multiplets in the space of
physical states. In the Weinberg-Salam type theories, one
has the spontaneous breakdown of the gauge synmetry via a
Higgs mechanism and the symmetry is hidden from the physi-
cal states, whereas in Q.C.D., only the singlet states are
considered physical, in accordance with the color confine-
ment hypothesis. We thus have various possibilities for
tho realization of a gauge symmetry and in general, every

distinct way of realizing such a symmetry corresponds to a



distinct phase of a gauge theory.

In this work, we shall primarily be concerned
with the Higgs phase of non-Abelian Gauge Theories. In or-
der to put our considerations into a more general context,
we would like to begin by giving a brief description of the
possible phases of a gauge theory.(l)

In a confinement phase, the fundamental represen-
tation particles -which will be called quarks, reqardless
of their spin- are confined. The standart picture of con-
finement is the binding of a quark-antiquark pair by a thin
tube of electric flux which cannot b« spread out in the
transverse directions.(z) This picture is gualitatively
consistent with the dual string picture of hadrons. It can
also be obtained in the strong coupling limit of lattice
gauge theories. Whatever the mechanism for its justifica-
tion might be, it is believed that the ability to support
thin electric flux tube is an essential feature of the
confinement phase.

This picture is meant to apply to a pure gauge
theory with static external quarks, since in the presence
of dynamical guarks, the flux tubes could be broken by the
creation of quark-antiquark pairs from the vacuum. On the
other hand, hadron phenomenology suggests that the quark-
gluon couplings are small inside the hadrons; the latter do
not contain too many quark-~antiquark pairs. As a leading

approximation to Q.C.D., one can therefore ignore the dyna-

mical guarks altogether in which case the electric flux tu-



bes will be stable objects. We therefore conclude that, a
large ring of electric flux cannot diffuse into a confining
vacuum and , so long as it does not shrink to zero size,
such an object will be stable. The overlap of such a loop
state with the confining vacuum should then vanish as the
loop size,and hence the loop stability, increases and con-
sidering a linear potential between a quark-antiquark pair,
it is possible to show that, such an overlap should vanish
as the exponential of the area defined by the loop. This is
Wilson's criterion for confinement.la’ Since a loop of elec-
tric flux is a gauge invariant object, an operator which
creates such a loop will be a gauge invariant order parame-
ter, its surface clustering indicating that we are in a
confinement phase.

It is remarkable that in a Higgs phase, one ob-
tains the electric-magnetic dual of the above picture.
Nielsen and Olesen showed that, in a Higg- phase comple-
tely broken by the adjoint scalars, there was a stringlike
solution to the Yang-Mills equations which was stable by
topological reasons.(4) The string was in the form of a
thin magnetic flux tube, and in the Abelian case of the

(5) showed that these quantized

Nielsen-Olesen Model, Nambu
vortices led to the confinement of mcnopole-antimonopole
pairs. Mandelstam extended these considerations to non-

(6) and he suggested *that a coherent plasma

Abelian models
of monopoles could confine color in the same way as an or-

dinary Higgs vacuum, which is a coherent superconducting
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(7)

plasma of color, confines the magnetic charges. 't Hooft

(8) 't Hooft then

had also advanced a similar suggestion.
showed that an operator which creates a loop of magnetic
flux is a gauge invariant order parameter for the Higgs pha-
se and that in a phase without massless excitations, either
this operator or the Wilson loop operator should exhibit a

9) These developments have shed consi-

surface clustering.
derable light into the meaning of Higgs and Confinement
phases in non-Abelian Gauge Theories.

One may ask whether, in addition to the Higgs and
Confinement phases, there exists a phase where the gauge
symmetry is realized with a multiplet structu-~ in the spa-
ce of physical states. Such a phase would contain physical
massless gluons and it would correspond to the usual per-
turbative phase of an Abelian gauge theory. The fundamental
distinction of a non-Abelian gauge theory however, is the
fact that the gauge field guanta carry color, and any ob-
ject with a definite color spin may end up being an arbit-
rary superpcsition of different color spin states, by emit-
ting any number of soft gluons. It is then not clear what
the physical interpretation of such states should be and it
would be difficult to determine the color spin of any co-

(10) The existence of such a phase is there-

lored obiject.
fore doubtful, and in fact, the main purpose of this work
is to provide an argument to the effect that the vacuum of

a nori-Abelian gauge theory is more likely to be in a Higgs

vhagz rather than a perturbative phase with physical mass-



less gluons.

We have thus covered some of the phenomenological
and kinematical characteristics of the various possible
phases of a gauge theory. Which of these phases is actually
realized in a given gauge theory is a fundamental dynamical
guestion, requiring to identify the phase described by the
lowest energy eigensitate of the theory. We have seen that
we do have gauge invariant order parameters for the various
phases so that, once we have a trial state for the vacuum
of the theory, it should not be difficult to identify the
phase in question.

It is however a aontrivial problem to construct
physically acceptable states in non-Abelian gauge theories.
In order to have finite energy densities, the physical sta-
tes have to be chosen with special care, due to the gauge
fixing degeneracies of the guantum theory of gauge fields,
and it is to these issues that we now address ourselves in
the following Section.We should like to point out that we
consider all the time, a gauge theory defined with some
kind of an ultraviolet regulation so that, any infinity
that we may encounter here, is not related to the usual

short distance problems of quantum field theories.



B) Residual Gauge Freedom in a Gauge Theory

It is well-known that, & quantal description of a
gauge theory in terms of local fields necessitates the impo-
sition of a gauge condition on the theory. Such a condition
is needed to eliminate the redundant degrees of freedom
frem the theory so that the dynamical degrees of freedom
could be uniquely defined. If however, the gauge condition
itself is invariant under a residual subgroup of gauge
transformations, then the gauge fixing is not complete and
it is in general not clear how the residual degrees of free-
dom should be eliminated from the theory.

A case in point is the Coulomb gauge condition in
a non-Abelian gauge theory. Gribov(ll) has shown that, such
a gauge condition does not fix the gauge completely. 21-
though this gauge condition could be used for quantizing
small oscillations around a classical configuration, it is
not clear how the theory should be defined from a nonper-
turbative point of view. Moreover, Mandelstam(7) has poin-
ted out that the trial states with finice energy density
would have to satisfy certain nontrivial requirements, and
in view of the complicated nature of this gauge in a non-
Abelian theory, it 1s not known how to obtain a finite
energy density, translational invariant trial state for the
vacuum of such a theory. In particular, the bare vacuum
does not have a finite energy density. This is in sharp

contrast with the case cof an Abelian gauge theory where the

Coulomb gauge condition is an especially convenient way of



identifying the physical degrees of freedom.

In view of these difficulties with the Coulomb
gauge, we shall now examine another commonly used gauge
condition, namely the Axial gauge. This gauge has the ad-
vantage of being a ghost free gauge so that the Hilbert
space structure of a theory is simpler in this gauge than

in any other one. The gauge condition is
AT =0 (1-1)

where the subscript denotes a group index. The canonical

variables in this gauge are :

We note that F;O is here a dependent variable which can be
expressed in terms of the canonical va:riables via tho cons-
traint equation of Gauss' law. We iow consider the quantity:
G, (%, 0%,) ~ j dz & ¥ 200 %y 02) (1-2)
It can now be shown that, as a result of canonical commuta-
tion relations, Ga(xl'x2) has nontrivial commutators with

the canonical variables. As an example, we have

i _ L
[Ga(xl’XZ) v ALY iYyeys) = TE e ‘i{“xl yidelx, >2ﬂ



This egquation can easily be verified by expressing (1-2) in
terms of the canonical variables, as we will do in the
following Chapters. We now obserwve that, according to this

egquation, the expression ,
_ 30 30 -
G {x),x,) = F (% s Xg,H=) = F_7 (X %y ,=)

cannot be taken as zero, and conseguently, associated with
any color fluctuation, there will be a non-vanishing field
strength, infinitely far away from the fluctuation. The
appearance of any net color on the system will result in
an infinite energy. These remarks cculd be made more guan-
titative, by observing that the Hamiltonian of this gene-

ral gauge theory will be of the form

#=2 [ax 3% F%x) + positive definite terms

It can now be shown that, because of the first term of this
expr*ssion, the energy density of a trial state will be in-
finite, unless the quantity Ga(xl,xz) vanishes on that

(7}

state. In other words, for finite energy density, the

physical states must sactisfy
Ga(xl,le | state > = 0 (1-4)

This condition is related to the residual gauge

freedom of the Axial gauge. The gauge condition (1-1) is



invariant under the subgroup of gauge transformations local
in (xl,xz) and for each such point in space, we have a re-
sidual yroup which is not fixed by the gauge condition. It
can easily be seen from (1-3) that the quantities Ga(xl,xz)
are the generators of this residual gauge group and, in
view of this, the condition (1-4) implies the invariance of
the physical states under the residual gauge group, the
gauge fixing of the residual degrees of freedom being thus
achieved on the space of physical states.

Another way to arrive at the same condition is to
analyze the Poincare invariance of a gauge theory gquantized
in the Axial gauge. It can then be shown that(lz), the
Poincare algebra contains anomalies proportional to the
generator of the residual group, and the Poincare invarian-
ce can only be achieved in a subspace satisfying (1-4).

The bare vacua of Abelian and non-Abelian gauge
theories in the Axial gaugé}3&o not satisfy this condition.
This means that the usual perturbative vacua will not have
finite energy densities, and as such, they will not be good
trial states for the grcund states of thes. theories. Qur
aim in this work will be to modify the Axial gauge bare va-
cuum to obtain a lowering of the energy density in the
infrared, thereby presenting a better trial state for the
vacuum of a non-Abelian gauge theory. It is clear that, the
key to such a procedure wi.l be to construct a state wl.ich
does satisfy the condition (1-4).

In the case of an Abelian theory, we can always
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go to the Coulomb gauge where there is no gauge fixing de-
generacies. In fact, it can explicitly be shown that(7),

the Coulomb gauge bare vacuum expressed in the Axial gauge
satisfies the condition (1-4) so that, it is a better trial
state than the Axial gauge bare vacuum. A similar procedu-
re does not work in non-Abelian gauge theories, because of
the above-mentioned difficulties with the Coulomb gauge.

The foregoing arguments suggest that a formula-
tion of a gauge theory where there 1s no gauge fixing dege-
neracies, should be preferalle to other formulations.It is
well-known that the choice of the Unitary gauge does pro-
vide such a formulation and we therefore expect thatthe ha-
re vacuum in the Unitary gauge should be a finite energy
density trial state. That such a gauge is especially conve-
nient for displaying thec physical degrees of freedom in a
gauge theory, has also been suggested recently by 't Hooft.
(Ref. 14)

In this work, we consider gauge theories invol-
ving scalar fields for which, the meaning of the unitary
gauge is clear. These theories will be quantized in the Axi-
al yauge. The scalar fields are not tachyonic in the Lagran-
gian and the usual scalar potential arguments suggest that
we take a symmetric trial state for the vacuum. The obvious
candidate for such a state, the Axial gauge bare vacuum, is
not a satisfactory trial state as we have seen above. In
view of this, we will suppose that the scalar fields deve-~

lop an expectation value, which will enable us to go to a
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Unitary gauge formulation of the theory. We will consider
the theory at a fixed time and we shall express the Unitary
gauge bare vacuum in terms of the Axial gauge variables,
which expression will turn out to be in the form of a cohe-
rent plasma of color. We wish to show that, such a plasma
satisfies the finite energy condition (1-4) and provides
a lowering of the energy density compared to the Axial
gauge bare vacuum. This will then indicate that, a state in
the Higgs phase is a better trial state for the vacuum of
the theory than the bare vacuum in the perturbative phase.
Before dealing with a ncn-Abelian gauge theory,
it will be instructive to display our argumenct, firstly,
within the context of an Abelian gauge thensry. We therefore
take the theory of Scalar Q.E.D. in the Second Chapter and
we give a detailed presentation of the Unitary gauge bare
vacuum in terms of the Axial gauge variables. Several tech-
nical details will be discussed along the way, and in par-
ticular, the ultraviolet difficulties of the Unitary gauge
will reguire a slight modification in our approach.Never-
theless, a relatively simple expression will be obtained
for a trial state in the Higgs phase and we shall then com-
plete our argument to the effect that such a state is a
better trial vacuum than the Axial gauge bare vacuum. The
Second Chapter is a preparation for the discussion of the
non-Abelian theory, and it should not be concluded that we
are advocating a Higgs phase for this non-tacyonic Abelian

theory. We have already remarked that the Coulomb gauge
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formulation was satisfactory for such a theory, and there-
fore this Chapter should be considered just an introduc-
tion to our considerations of the non-Abelian theory.

The issues related to the non-Abelian nature of
the gauge group will be discussed in the Third Chapter,
where we take the scalar field in the fundamental represen-
tation of the gauge group SU{2). The generalization of the
argument of the previous Chapter will then indicate that, a
non-Abelian gauge theory is more likely to have its vacuum
in the Higgs phase, rather than a perturbative phase with

real massless gluons.
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CHAPTER 2

UNITARY GAUGE IN AN ABELIAN THEORY

A) The Scalar Q.E.D. in the Axial Gauge

In order to separate out the issues related to
the Unitary gauge formulation of a gauge theory, from the
problems having to do specifica.ly with the non-Abelian na-
ture of the gauge group, we would like to expose our consi-
derations firstly within the context of an Abelian gauge
theory in this Chapter. The theory that we are interested
in is the Scalar Q.E.D. quantized in the Axial gauge. Being
Abelian, this theory can be quantized in the Coulomb gauae
without any associated Gribov difficulties. We are however
interested in the Axial gauge, since this is the convenient
gauge choice for the non-Abelian theory where a consistent
Coulomb gauge formulatior is not available. This Chapter is
then a preparation for the discussion of the non-Abelian
theory of the next Chapter.

We begin by establishing our notation for the
Scalar Q.E.D. . In an SO(2) notation, the scalar field will
be represented by

*

¢ = (2-1)
¢

where ¢a are Hemiti.n. The covariant derivative is
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The Lagrang. an density is given by ,

-1 po 1 H _
& = 2 Fqu + 2(DU¢)a(D ¢)a V(o)
where,
1 2 1 .2 2 2
VIO) = 5 uSle,t,) + g Ao 00" ¢ WS >0 (2-2)

A note about our Convention : In this Chapter, all the
Latin indices will run from 1 to 2, unless otherwise noted.

In such a convention, the canonical variables are as fol-

lows

The canonical coordinates are : Ai , ¢a

The conjugate momenta are : Foi B Ei R (DO¢)a = ﬂa

We note that, E3 = F30 is not an independent variable but

depends on the canonical variables via the Gauss' law

or,
@(x) = 33E7(x) = - 3;ETZ) + g e T ¢ (2-3)
The Hamiltonian density of the theory, expressed in terms

of the canonical variables of the Axial gauge, is
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1 id o 1 oea-lg 42 01 12012 , 1. i i
=1 Bt + 5 133017 + 3 PRI 4 Lo at) (agah)
(2-4)
+inn s Goercae + 1 ) o)y + v
2 "a‘a 2 37a 37a 2 ia'vi"'a
where we d=zfine :
3 e (x, ,xq) = [Caz ¢ x,-2) £(xs.0) (2-5)
3 Elxexg) = ] 3 i
with,
ex) A elx - 00x ) (2-6)

It turns out that such a definition
tive will presert an advantage over
that , certain manipulations of the
the Third Chapter will simplify due

character of e(x).

of the inverse deriva-
other definitions, in
non-Abelian theory in

to the odd function

The guantization is achieved by the equal-time

commutation relations

[Beer W] =1 ™ ey

(2-7)

[n 000 oy ty)] = i sixey)

As a resvlt of these relations and

(2-3), the quantity,

G(xl,xz) H . j dz 9(x1.x2,2) {2-8)
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has nontrivial commutation relations with the canonical va-
riables. We have already considered this quantity in (1-2)
of the First Chapter ; the commutation re.ation of that
Chapter , (1-3), can now be verified by using the canonical
commutation relations {2-7). We also recall that, in order
that the physical states have a finite energy density, we

have as a necessary condition :
G(xl,xz) | physical state » = 0 (2-9)

It can now be shown that the bare vacuum of the Hamiltonian

(2-4) does not satisfy this ~<ondition. The operator [8;1 ]2

is potentially singular around the low fregquency modes

"

(k 0 ), and special care is needed to construct states

3
for which this operator has a finite expectation value.The
diagonalization of the quadratic part of the above Hamilto-
nian does not encompass such a care, since the above men-
tioned operator has a guartic piece, as can easily be seen
from (2-3).Consequently, the Axial gauge bare vacuum does
not have a finite energy density.

Since u2 is positive in (2~2), the above Hamil-
tonian does not contain any tachyonic scalar field at the
guadratic level, and one may expect that the usual pertur-
bative analysis might apply, leading to a vacuum in the per-
turbative phase. The failure of the Axial gauge bare vacuum
to be a satisfactcry state constitutes a serious impasse

for such an expectation. For the present Abelian theory,
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this is actually of no consequence, since one can always go
to a Coulomb gauge formulation and the bare vacuum of that
gauge will be a satisfactory trial state for the perturba-
tive phase of the theory. Since however we cannot repeat
the csame procedure for the non-Abelian theory, we expect
that the vacuum of such a theory will be in a phase other
than the perturbative phase.

Our aim in this Chapter will be to construct the
Unitary gauge bare vacuum in terms of the Axial gauge cano-
nical variables and to show that , inter alia, it does sa-
tisfy the finite energy condition (2-9). To this end, w=
now introduce the Unitary Gauge Transformation which is =<he
mapping necessary to transform the present theory, from <hs

Axial gauge to the Unitary gauge.

B) The Unitary Gauge Transformation

We begin by parametrizing the scalar field ¢ in

terms of the polar variables viz ,
¢ = 2(c,0) = exp(-6¢) = exp(-6¢c) ¢(r,08=0) (2-10)

The covariaht derivative can also be paramatrized in the

same fashion

D% = (3 -geA )¥(n,8) = exp(-9¢) [3 -geB J¥(p,8=0)  (2-11)

where we have defined :
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TR VO P
BY = a¥ + 1 3V
g
i.e.,
gl = ad - 140 (2-12)
g %5
3 1
B> = -5 350 (2-13)

We thus have two equivalent sets (¢a,Aj) and (p,Bj,B3) for
the canonical coordinates at a fixed time and che standart
formulation of the Unitary gauge amounts to expressing the
Lagrangian of the previous Section in terms of the second
set, and to showing that after the symmetry breaking, one
obtains the Lagrangian of massive vector bosons in the usu-
al way. We will not follow such a Lagrangian procedure here.
We will rather consider the above theory as a Hamiltonian
field theory and seek a formulation of the Unitary Gaug
Transformation as a canonical transformation on the canoni-
cal variables of the theory.

To this end, we introduce a parameter v ~which
will later be interpreted as a variational parameter- and
we map the polar variables (p,B3,Bj) into the canonical va-
riables (¢a,Aj) following the actions of the maopings M1 &

M2 that we now describe. Firstly, we define Ml

o

1
3 1
M, B P 340, (2-14)
gl — Al o1,
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The second equation of this set, together with the defini-

tion (2-13) implies that :

M, 0 —_ 1y, (2-15)

The defining equations (2-10) and (2-12} can now be used to

express the action of M, on the canonical variables

1
¢ v o+ ¢
¢ = 1 ——= exp(- l¢ €) ( !
¢ V2 0
2 A\
D
My (2-16)
Al — o Al
We next define M2
vy ————=— %,
M, (2-17)
Al — - Al Ly
gv j'2
The product map M : M, .My then satisfies ,
. Vo gy
Mo: BY ———— a' {2-18)
82—~ Ll
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In view of the second line of this set, M is a gauge trans-
formation from the Unitary gauge to the Axial gauge ; it is
thus the required Unitary Gauge Transformation.

o far, we have displayed the actions of M1 & M2
on the canc-ical coordinates ; since we are working in a
Hamiltonian formalism, we need to determine the actions of
these mappings on the conjugate momenia as well.This, we
shall now do, by demanding that M be a canonical transfor-
mation. In view of the simple action of M, in (2-17), it is

easy to see that the following rules,

|

N
L ]
xﬂ|»—'
<
-

M, : i —_— ] {2-19)

will render M2 a canonical transformation. In the case of

Ml' the situation is considerably more complicated, since
the action of this mapping on the canonical coordinates T

is highly nonlinear. Indeed this is transperent when we

reexpress the equation (2-16} as .,

. s 1
e (v+e ) cos (5,)
My s Gy — (v+o,)sin (31 ,) (2-20)

Al — A’
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We are now faced with the determination of the action of My
on the conjugate momenta so as to make Ml a canonical trans-
formation. Withkin the context of a classical field theory,
this issue is resolved in the Appendix and a simple genera-

lization of that analysis suggests tha we consider :

1 1,1, -1 .1
By —= MeosiGey) - 3(1456)) iy, sinigey)d,
My E* ol (2-21)
1 S DU U U
n, H151n(;¢2) + §(1+V¢1) {ﬂz,uOb(vwz);+

Since the right-hand sides of these equations are linear in
the momenta ﬂa, it is not difficult to verify that the ca-
nonical commutation relations are preserved under the acti-

on of Ml' Hence, Ml is canonical. Since we now have the ac-

tions of Ml & M2 on both the coordinates and momenta, we

are now in a position to compute explicitly the action of M

on any quantity of interest.We find, for example, that

2. 7 .o 1 L l -2 ;6
My DT LT e DT (Lee ) TR R ,m gvTR (nﬂ (2-22)

1 1772 1M1 1

M, Eabﬁa¢b —- =V Hz (2-23)

These equations illustrate two important points

about Ml' The first one is that, from an ultraviolet point

of view, Ml is a singular operation. This 1s apparent in
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(2-22) where there is an explicit 56(0) singularity as a
esult of the action of Ml.The second aspect i3 illustrated
in (2-23) where we observe that, ar operator which is a
guadratic functional of the canonical fields, namely the
charge density operator, reduces to a linear functional
under the action of Ml’ This shows that the generator of
the residual group,G(xl,xz), as given by (2-8), is mapped
under Ml to a linear functional cof the fields and consequ-
ently, it should now be easy to construct states annihila-
ted by such an operator, thus satisfying the finite energy
condition (2-9). Later on in this Chapter we shall have
more to say about these points.

It is now easy to evaluate the action of M on the
Hamiltonian density (2-4). We find,
(1)

FVISTATY (2-24-a)

where we have,

(1) _ 1 1 12 2, 1,2 4, _
* = 5 MM+ 5 30730, + Zulvee )T+ AT (v ) (2-27-b)
R 2 3 T,
»'2 - % et +% S stwi-adwh) (atwd-swh
i=1i i,3=1
1 1 2 > i
+ 5 [ gvil+ge,) ] (> ww) (2-24-c)
i1
“2 [, 42 1 2.
v 3 tgvaston 17 [o0? - 3 6% 6%
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and where we have defined,

i i _ 3. _ -1
£ = E i=1,2 ; £7 = gv 33 ﬂz
(2-25)
A - a1 _ w3 = _ _1
Wwo oz A i=1,2 H Wo = v 33¢2

Except perhaps for the term proportional to 66(0),
the expressi.ns in (2-24) will be recognized as the usual
Hamiltonian of massive vector bosons in the Unitary gauge.
The equations in (2-25) express the field operators of such
a theory in terms of the canonicel variables of the previ-
ous Section, and these expressions, together with the cano-

nical commutation relations (2-7), now imply that :
[El(g,t) . Wj(y,t)] =i ¢Me(x-y) 5 i,3=1,2,3 (2-26)

These are the usual commutation relations of a theory of
massive vector bosons.

The expression (2-24) for the Hamiltonian in the
Unitary gauge can also be obtaired starting from a temporal

gauge formulation of the theory. Such a result was reached

(15)

in a paper by Creutz ard Tudron where an identical ex-

‘2)was found, including the singular 66(0)

(2)

pression for ¥
term. This is reassuring,since ¥ expresses the gauge
invariart degrees of freedom of the theory, and any formu-

lation should lead to the same expression for such a quan-

tity. Reference 15 also 'xplains the reason for the term
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proportional to 66(0), as well as its perturbative cancel-

(16)

lation by tadpole diagrams. From a nonperturbative po-~

int of view, such a term points out to the singular ultra-

(2) and in fact, all the terms pro-

violet behaviour of ¥
portional to the inverse powers of the dimensionful para-
meter v may be expected to show a similar ultraviolet be~

! is a small quan-

haviour. Later on we will assume that v~

ity in which limit these terms will be unimportant and we
shall be careful not to base our arguments on such terms.
It is however clear that, what is resvonsible for such a
behaviour, is the above-mentioned singular nature of the
mapping Ml.

We have so far displayed the Unitary Gauge Trans-
formation as a canonical mapping on the algebra ~f canconi-
cal operators of the theory.In a gquantum theory, such a
mapping should be implemented in the Hilbert space of sta-
tes. Our theory is defined in terms of the canonical opera-
tors in the Axial gauge together with a Hilbert space which
carries a representation of the canonical commutation rela-
tions (2-7), and by a mapping on the theory, we really mean
a representation of such a mapping on the Hilbert space of
states. It is clear that such an implementation for M will
be difficult ; M1 is a nonlinear mapping on the algebra of
canonical operators, and as such, there is no natural way
of implementing this transformation on the space of states.
To simplify this task of implementation, we will now pre-

sent an approximation to the Unitary Gauge Transformation.
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In principle, to implement M1 as given by (2-20),

we would need a unitary operator U1 such that ,

(v + ¢) cos( 3o,

<
—

o]
—
1

{2-27)

v + ¢) sin( 1o

b=
[¥)
a
—
]

The right-hand sides of these equations are rather compli-
cated functionals and in general, the existence of such a
unitary operator U1 is doubtful. We observe however that
these expressions simplify considerably as v tends to infi-

nity ; in that limit @2 is invariant under U1 . whereas ¢1

is just shifted by the gquantity v

(v + ¢,) cosl %¢2) = v + ¢, + order(3)

: 1 1
(v + ¢;) sin( ;¢2) byt order ()
It is easily seen that, in this limit, U1 is given by the
operator exp{—iv]-d3§ ﬂl(g)}. Ir the general case, we
shall represent U1 by

u, = exp{-iv fd3§ ﬂl(g)] exp{iF} {2-28)

. ; ; -1 .
where F 1s a formal power series in v with operator coef-

ficients
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[~
-n
F = > v 'F (2-29)
n=1 (n)
The generators F(n) can now be determined by expanding the
right-hand side of the equation (2-27) in inverse powers of
v and generating these terms by using the Baker-Hausdorff

formulae. The first few terms in this expansion are

Fay= 3 & [”1¢2¢2 - ¢1{n2,¢2}]

= - 1 (43 -5 -
= - 3 {”2'®2(¢’2¢2 "4’14’1)} (2-30)

1.3 s  (ote 2800 ]
Fi3)= - ﬂfd 5[{”1'4’1“’1}‘*2‘*‘2 207 {M5, ¢, (450, 2“’1“1”]

The expression (2-29) is fcrmal ; indeed it is
not clear in what sense the series for F converges, if at
all, and the operator U1 which is obtained by exponentia-
ting such a formal series will probably be too formal to
exist. We therefore approximate F by a first few terms of
(2-29) by considering the limit in which v tends to infini-
y. We have already seen that, such a limit was also neces-
sary from an ultraviolet point of view, the cenonical map-
ping My being singular otherwise.

We will now display the details of this approxi-
mation by considering the computation of the quantity ,
UIJ( Ul , where ,# is the Hamiltonian density in (2-4j.

& is gquartic in the canonical fields and consequently,
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it isn't difficult to check that,

exp{iv.[d3§ ﬂl} J?exp{—iv.[d35 ﬂl}
(2-31)
= av4 + bv3¢1 + v20 + vO, + XN

2 3

where O2 and 03 are quadratic and cubic functicnals of the
canonical fields and a & b are constants independent of v.
This is the first step in the computation of U; JfUl and
we now need to conjugate this expression by the operator
exp{iF} which is a coherent sum of small operators in the
large v limit. These small operators are to be multiplied
by the large operators proportional to powers of v in the
above expression (2-31) and the final result for UiJY El

will then be a sum of terms with positive, zero or negat.wv

m

net powers of v . The large v approximation consists of
neglecting terms with net negative powers of v.

Apart from a constant term, the leading term in
(2-31) is third order in v . In the computation of U;Jf U1
we therefore need to retain only the first three terms in
the expansion of F in (2-29) ; the remaining terms are pro-
portional to v_4 or even smaller in the large v limit and
they will not contribute to the conjugation of (2-31) |
the operator exp{iF!. These three terms were displayed in
(2-3C!. We therefore take

3
_ . 3 , vl ,-n \ _
Ul = exp{-iv fd X L1| cxpii gg]\ F(n)‘ (2-32)
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as the approximate implementation of Ml in the Hilbert spa-
ce, the approximation being sensible for large values of v.
A comment is now in order. We have arrived at
this explicit form for Ul' starting from the assumed action
of M1 on the canonical fields ¢a in (2-27), but without
ever having to assume the form of the action of Ml on the
conjugate momenta Ha. We can now app.iy to Ha the explicit
form of Uy in (2-32), and since U, is a representation of

M, in the large v limit, we can in this way determine how

1
the conjugate momenta transform under the Unitavy Gauge

Transformation, without going through an analvsis that led

to the expressions in {2-21). In fact, we obtain,
Ul n, U, = P, - = {1,,4.) + order(v %)
1 71 "1 1 2v 2'72
(2-33)
U ML UL = T. o+ :oeom ¢ + order(v_z)
1 72 71 ‘2 v "ab"a’b

It can be checked that the right-hand sides of these egua-
tions agree with the large v expansion of the right-hand
sides of (2-21}. So long as we are interested only in a few
leading terms in the large v expansion, the knowledge of
the exact action of Ml is not necessary.

Now that the meaning of U1 has been clarified by
the formula in (2-32), we can evaluate the conjugation of
any gquantity with U,. We have, for example

!

3 3
. _ s -n_ _— Lo : -n
1 'abHaQb U= expl 1gglv F(n))( Vil + abLa¢b)exp{12;Y Fn}
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- - -1 - 1
= VH2 + [ v F(l)' VHZ] + Cabna¢b + order(v)
From (2-30), we have

1 [F(1)' “2] = " caplla®
and we finally obtain,

U, = -vi, + order(%) (2-34-a)

.
Uy ¢ 1 2

1 “apa®
In fact, with the form of Uy given by (2-32), this result
is valid to order(v_3) and this then constitutes an expli-
cit way of obtaining the formal result of (2-23}, in the

large v limit. For future use, we also note that this re-

sult immediately implies
U, € U = -3,E —guli, + order (v 3) (2-34-b)

where we have also used the definition (2-3). We have gone
through the details of this derivation to illustrate vavi-
ous manipulations that were necessary in the evaluation of

the action of U, on the quantities of interest and from now

1
on such details will usually be suppressed. By similar
manipulations, one can now obtain the action of U1 on the

Hamiltonian density & . With 1) given by (2-24-b),

we find
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UI >, = % glgl 4 % [a;l(gvﬂz+aiEi)]2 + % FL2r12 N
v 3ty gl + Tgn, v 2eage,) (950,)
+ Liguad-a e, guad-a ey + o () f (2-35)
+ g%y AjAjcb1 -2g Aj4’19j¢2 + % 92AjAj¢1¢1
+ order (%) J

The unitary implementation of M2 poses no prob-
lem, since this mapbping is linear in the canonical varia-

bles. In fact, the equations,

. B 1. i
Uy By Uy = Ty = gy 34E
(2-36)
v, atu, = at 4 2
2 2 gv “iv2
are satisfied by
_ iof 30 i, - )
v, = expl g [z Bl 30,00 ) (3-37)

This then concludes the implementation of the
Unitary Gauge Transformation M by the unitary operator
S Ul.U2 in a Hilbert space cariying a representation of
the canonical commutation relations (2-7).We now turn to an

explicit construction of such a representation.
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C) The Unitary Gauge Bare Vacuum

In this Section, we wish to construct a Hilbert
space on which to represent the canonical commuiation rela-
tions (2-7) and we shall take this to be the Fock space
associated with the Unitary gauge bare vacuum.

To begin with, it is important to be clear about
the approximation scheme which obtains the Unitary gauge
bare vacuum as the leading approximation to the ground sta-
te of the theory. Such an aporoximation scheme is the loop
expansion in the perturbation theory of the Higgs phenome-
non.(17) In the notation of the previous Section, the stan-
dart assumption of such a scheme is to consider the coupl-
ings g and X as small quantities, the parameter v as a
large quantity, in such a way that the products gv and ‘v
are kept finite. Under this assumption and for the case
where the scalar fields have tachyonic mass terms in the
Lagrangian, the Unitary gauge bare vacuum becomes the lead-
ing approximation to the vacuum of the theory. Our cons-
truction will make this point quite clear.

In this Section, we therefore adopt this standart
assumption for the loop expansion of the Higgs phenomenon
and we consider the quantity Uix“u in such an approxima-
tion. We recall that the expression (2-35) for U;a(Ul was
evaluated in a large v approximation so that it is appro-
priate for our present purpose as well. We now need to con-
jugate this expression by the operator U, in (2-37) and we

observe that the generator of this operator depends on v
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through the combination gv, which we are now considering as
a finite quantity. We cannct therefore consider the genera-
tor in guestion as a small guantity and we need to evaluate
the actiocn of U2 without any approximation. As a matter of
fact, in view of the particularly simple form of this oper-
ator, its action given by (2-36) does not involve any ap-
proximation and we can easily evaluate the conjugation of

+
the quantity UlJ(Ul by this operator. We thus obtain ;

+ ot ot _
U'a¢ U = U, (U U U, =
= % k2v4 + % p2v2 + v(u2+k2v2)¢l + JfQ
(2-38-a)
+g?vadatye, + 2 g?2mladys e, + 2%vie?
172 1%1 1
1.2 4 1
+ T X (@l) + order(v) J
where,
1 i i 12.2,.-1_ .2 1 .12.12 h
JVQ = 3 E"E” + 297V (g3 Py t o3 F™“F
s 1Aty L2 4 L1 g%,2,53,0
{2-39)
+ oo Ly 12 + L oeae
22 7 gvls 2 93%293%;
1. . 1 : 1,2 .,22
+ 711‘1 + 5 ar, dy o+ 2(u +31%v )¢111 J
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According to our perturbative assumption, the
terms in U+Jr U can now be classified as follows : There is

the constant term

2,2 (2-40)

[ 1=
=
<

Av +

T

which is the leading term,going like v2 in the above limit.

The next-to-leading term is the tadpole term
v uT + 3T ) ¢ (2-41)

Then, there are terms which form the expression (2-39) <-o:
X 0’ these terms are all quadratic in the fielAs ar-<
their dependence on the parametcr v is clways through th
combination gv so that these terms are to be considered
finite. Finally, there are cubic and quartic interaction
terms in (2-38), and they should be considered as small
quantities since they are proportional tc the coupling
constants. Note that these terms are of the same order as
some of the terms that we have neglected ; our approxima-
tion scheme considers a term proportional to g as of the
same order as a term of order(%). In a leading order ap-

proximation, all these terms should be neglected and we

obtain

+ non-leading teorms (2-38-b)
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In a theory with negative u2, one proceeds by mi-
nimizinag the leading term (2-40) and this results in the
tadpole condition ( u2+A2v2=0 ), thus eliminating the line-
ar term (2-41). In that case, the leading order approxima-
tion to U+.X‘U is the gquadratic Hamiltonian .xb. The Unita-
ry gauge bare vacuum is, by definition. the ground state of
JrQ and we shall denote this state by fQ°>. We therefore sec
that, in the above perturbative limit and for the case where
uz is negative, the state U!?o* becomes the leading approxi-
mation to the vacuum of ¥

Our case however is different. Since we do assume
that uz is positive, the above analysis does not awply and
the taapole termr’will be preseni 1n the expression for
U;Jf U. The state UI&OJ will not be ecigenstate of our Hamil-
tonian in any kind of approximation. Nevertheless, we shall

still choose our Fock space following the diagonalization

of -Xb and the vacuum of this Fock space will be the Unita-

L]
ry gauge bare vacuum |0 >,

By expressing .Xb in terms of the gquantities

(+ ,wl; i=1,2,3) as given by (2-25), we obtain ;

3 L. 3 L A . Lo
1 1.1 1 1 . 1 1.3 3.1
J3=§Z" +Z_Z:(»w3-<3w)(nw—»W)
i=1 i,3=1
3 2 3 L
1 -2 . 1 2 i
+ Sigv) (Z » 1) S CITRD D i (2-42)
i= i=1
1 1 1,2 .22,
+ 5 ;111 oy styelip 7 2(w +3' %y );}.1
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The first part of this expression will be recognized as the
standart free field Hamiltonian density for vector bosons
of mass gv, whereas the last line describes a free scalar
field of mass=(u2+3l2v2)%. We also note that the guantities
(5i,wj; i,j=1,2,3) satisfy the standart commutation rela-
tions of massive vector bosons as explained in (2-26). By
representing these relations in the usual Fock space asso-

ciated with ., we may therefore obtain a representation

QI
of the original commutation relations (2-7), and we shall
now display the specific form of such a representation. To

this end, the Fourier decomposition of the various fields

are as follows

. . 2
i _ i 3 . s , i, a1
ET{x}) = - 3/—2[d k exp(~ik.x) Zer(g)pr(p (2-43-a)
{27) r=1
i i 3 2
atix) = 77 j; k exp( ik.x) erig)qv(k) (2-43-b)
~ (zr)"'" ~ D == B B
T (x) = —2 &%k exp(-ik.x) T_ (k) (2-43-c)
“a'X (2372 T oexplmit.x a't < <
k) o= —2Hadk exp( ik.x) ¢ k) (2-43-d)
X [2“]3/2 k P k.x Calk t
where we have
L . i
el {1]_5__ el k ; 1=1,2
1 2 o
‘kT !ka
(2-43)
. 2 2 2
K (kp) o+ (ky)



The Hermiticity condition is

The canonical commutation

notation

The diagonalization of ¥

relations

Q

£k-1)

£ f(k-1)
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(2-45)

(2-7) become ,in this

(2-46)

amounts to a Bogoliu-

bov transformation into a new set of variables Pi(E),QiiE):

py (k)

with

P (k)
0, (k)
3.
fei [kl
- k) ¢ T b (k)
k1 k|
K7 . Iyl
— o, (k) + = Q, (k)
ih | 2~ m !E | 3
3 2
ik k! (k)
i ¢ '
— T - —3
‘ Ik | Ik |
lk! m
—L — 0, - —o
koiok7 kT
Cxk%m®)T o gy

(2-47-a)

(2-47-b)

(2-47-¢)

(2-47-d)

(2-47-¢)

(2-47-1)

(2-47-q)
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P00 L Q] = -ie ekl s oi09e1,2,3 (2-4s)

1]

Using these quantities, the expression (2-.9) becomes

3
w12 _ lf3 ‘ 2 2 21
Hy = fa7x wy = 5 fak 3 [ PR+ S0 ) T
i=1 d
+ lfd3k S0 2 w02 2
2 £ 1 1 1
whoere (»1)2 = 52 + “2 + 3~7v2 , and the reuvrusentar:
P.(X) -tz [a (-k) - ai(}i):l . i=1,2,3  (0-49- .
= — 5 a - = 30 R B
Q k) = (3 [a_l})+ai()§):| cou=1,2,3 0 4z
- _ _ 2,-_ _ ) -] N
LK = migh) L_.O« k)= ag (e | (-3
i ) [aof}g - ab(—}g):l IEERE

diagonalizes ,xb. The usual algebra of creationsannih:’l.

tren operators now implies (2-48) and the Hermiticit:

guirement (2-45) 1s also satisfied. The Fock space vacuns

znnihilated by the destruction oweraters o: (2-39) :s
o

the Uniltary gauge bare vacuum

We have thus obtained that, the express.on
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° i f43 . a3, i .
uln >= exp(-iv[d~x ﬂl) exp (iF) exp(gv}a X E ai¢2)|9 >(2-50)

in the above perturbative limit, is the Unitary gauge bare
vacuum expressed in terms of the Axial gauge variables. It
is in the form of a coherent plasma of color and we shall
now examine some important properties of such a state.

We begin by gauge invariance considerations and
we wish to show explicitly that the Unitary gauge bare va-
cuum, expressed in terms of the Axial gauge variables, is
invariant under the residual group of the Axial gauge. Tou
this end, we need to conjugate the generator G(xl,xz) by
the operator U. The first step of this procedure was alrea-
dy evaluated in (2-34-b) which we now conjugate by U2.Us:ﬂg

the action of U2 given by {2-36), we obtain,

v €ix) U = -gv I (x} + )rder(v_3)

U Glx),x,) U= —gv_rf dz I, (%) .%,,2) + order(v-3). (2-51)

2

We now observe from our Fock space representation (2-47-e)
that
0y =0 (2-7"-aj)

which immediately implies,

_’/” dz lz(x],xz,z) =0 (2-52-Db}
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a
We therefore conclude that the state U[Q > satisfies:

\ o 2 o -L 2 -]
xIG<x1'x2)UID > [“=<0 | (U Glx, ,%,)U) |6 >=

6) + 0 (2-53)

= order (v~
Thus the finite energy condition is satisfied and this
state is invariant under the residual group, in the large v
limit.We note that this result depended on two important
facts about ocur trial state. The first point is that,
G(xl,xz) which is a gquadratic functional of the canonical
fields, is mapped under vy to a linear functional. This was
previously noted in (2-23) & {2-34) as an important prcper-

ty of U Our second point is that, once we have transformc.

I
the generator into a linear functional, any representation
which satisfies :the condition (2-52-a) will be satisfactory
since it will lead tc the vanishing of \YG(xl,x2)U1 2
in the large v limit, where i” - is the Fock space vacuun
of the representation in guestion. This remark will be
useful in the next Section.

o
The energy density & of the state U can now

be evaluated to leading order, by taking the expectation

value of (2-38-b). We first note that, by construction,
S —1’“3 /~d3k [3(}52+g_\,2)5+(52+“2+3_2\,2)@
Q 2(2-)° 0
(2-54)

(In this and the following expressions, we shall use the

ultraviolet cutoff " to confine the range of integrations
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into a region |k|<A). We therefore obtain,

It

Lot o o 2 .
<¢ |u A uUln > € (v°) + nonleading terms

{2-55)
&2 = % oty % v + <QD|XQ[Q°>
This expression is obviously infrared finite.

The next step in the variational argument should
be to minimize the energy density do(vz) with respect to
the variational parameter v2 and to find the optimum value
for this parameter. It is easy to see that the derivative
of €°(v2) with respect to v2 is positive definite for po-
sitive ”2, so that ﬁn(vz) is an increasing function of v2.
Hence the minimum of such a function is at v=0.

This result present a serious problem to the con-
sistency of our approximation. We have been assuming all
the time that v was a large quantity, but the leading order
expression of such an approximation predicts that v is in
fact zero and that the terms proportional to the inverse
powers of v that we have been neglecting, are in fact much
more important than what we have been calling the leading
terms. The only way out of this difficulty is to consider
not sn large a value for the parameter v , 1.e., to start
considering the case where the terms of order (%) make an
appreciable contribution to the energy density of U]”o‘

Before considering these higher order terms, we

would like to stress once more that our approximation scheme
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considers the products gv and \v as finite quantities. This
is also apparent in the Fock space representation of our
canonical operators given by Eqns. (2-47) & (2-49). These
quantities have a quite complicated denendence on the pro-
ducts gv and Av, so that, if we were to worry about such
dependences, the evaluation of the expression (2-50) tor
the Unitary gauge bare vacuum would ke uncontreollably dif-
ficult. If the canonical operators cannot be considered as
finite guantities, the generators F(n) in (2-30) would now
contain both small and large expressions in the large v
limit, so that, it would practically be impossible to re-
present the Unitary Gauge Transformation of Section B in a
se! 5ible way. Therefore, if we wish to use the abkove Fock
sr :e representation and consider the Unitary gauge bare
v. uum, we should organize our considerations accordinc .o
t! assumption of the loop expansion and treat gv and -v
a4 finite quantities.

We now examine the non-leading terms of the ex-
pression (2-38-a) for UiX”U. The terms which give a non-

vanishina expectation vaiue are

N} —
Q
o4

[
>
[}
.
.
t
s

as well as the % ‘2(:1)4 term. These are second order

gquantities in our approximation and we shonld therefore
consider order(v—z) terms that we have neglected, in egual

footing with thes¢ terms., Now, it can easily be shown that
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order(v_z) terms give a positive definite expectation value
in the state |Q°> and, this is obviously sufficient to est-
ablish that the minimizing value of the parameter v2 is no
longer zero. Therefore, the inclusion of the first non-va-
nishing contribution to the energy density from the nonlea-
ding terms, resolved our problem of consistency. We should
consider values for the variational parameter v, large
enough to justify the neglect of higher order terms than
order(v_z), but not terribly large, so that order(v_z)
terms still make an appreciable contribution.

We now recall that the terms which were propor-
tional to the inverse powers of v, were ultravioletwise
ricre divergent han the energy densities of the usual vacua
of four dimensionful field theories. This means that, in
order to resolve the problem of consistency, we have had to
consider ultravioletwise too singular terms as important
ones in the evaluation of the energy density of the Unitary
gauge bare vacuum. Our conclusion is that, although the
Unitary gauge bare vacuum has an infrared finite energy
density, this density is more ultravioclet-divergent than
the energy density of the Axial gauge bare vacuum, and as
such, it is not clear whether this is a better trial state
~han the Axial gauge bare vacuum.

We therefore have to modify our considerations.
We would like to arrive at an expression for the energy
density of a trial state which finite in the infrared and

not too singular in the ultraviolet. We now claim that,
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the four point coupling given by (2-56) is just such a term.
Needless to say, we cannot consider this term as an impor-
tant one without at the same time considering order(v_z)
terms as equally important,within our approximation scheme,
so that, any lesson that we might derive from the four -
point coupling % ngjAj¢1¢1 will not alter our conclusion
of the previous paragraph about the Unitary gauge bare
vacuum. Nevertheless, this consideration will be relevant
in the next Section, where the approximation scheme of this
Section will be modified so as to enable us to consider
terms like the Higgs-gluon coupling , without having to
consider at the same time, ultravioletwise too singular an
expression.

We now consider the vacuum expectation value of

the above term. We have,

1 1

Meaadm ]’ = 20 @t —2 5 Tlgv), (2-57)
2(27) (gv)
- (k) 2
where, I(gv) = d 5"?7‘3‘3‘?
0 (k“+g vy ?
and wherc we define , for s nonnegative
1 I d3
‘(5) = B) ——E—E—r (2-58)
2(27) 0 (x“+s)°

We also note that,

) :l(x!:](x)f' '(h2+3'2v2)



44

The second term in (2-57) is an order(v_z) term which we
will not consider here. We then have :
<« %ngjAj¢l¢llQo> = g% a(g%v?) 224325 ?) 4 order (v )
(2-59)
Now,the function A(s) is a positive definite quantity which
has a finite limit as s tends to zero from the positive s
axis.We observe however that its derivative becomes singu-
lar in the same limit. This can be seen by differentiating
the integral representation (2-58) with respect to s, and
observing that the resulting expression becomes an infrared
divergent integral as s tends to zero.Wa may also arrive at

the same result by an explicit evaluation of #4(s)

L2 5 1 s
L(s) = —% A(A“+s)? + = s log(———————————) (2-60)
2 2 [+ (1 2+s) 1) 2

Due to the presence of the s.log(s) term , the derivative

of 4{s) contains a log(s) term and therefore,
lim 8208 o o (2-61)
s+0 ds

Thus % (s) is a sharply decreasing function of s around s=0.

Let us now come back to the expression (2-59).If

o
we now include (2-59) to the leading order expression & (v)
for the energy density in (2-55-b), we will get an expres-

sion (with s v2)
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8(s) = 92A(925) sw+3r%s) + 87 (s) (2-62)

We now observe that, due to the first term of this expres-
sion and the result (2-61), (s} is a sharply decreasing
function of s near s=0, and its minimum cannot be at s=0.
Since the remaining terms coming from 60(5) are increasing
functions of s, we conclude that & (s) does have a minimum
corresponding to a finite value of s. This situation is
depicted in Figure 1. On the other hand, this expression is
infrared finite and it goes like the fourth power of of the
ultraviolet cutoff A, in the high /i limit, and this 1is the
typical ultraviolet divergence of the energy densit:es of
the usual bare vacua in four dimensional field thecries. we
therefore conclude that, if we can concoct a scheme whers
we can consider the Higgs-gluon coupling (2-56) without
having to consider at the same time, ultraviolc ~ise tooc
singular expressions, we would obtain a desirable trial
state. An example of such a procedure is now provided in

the following Section.

D) A Modified Bare Vacuum

In oraer to include the Higgs-gluon coupling of
(2-56) among the leading terms of an approximation scheme,
it is clear that we must consider nonperturbative values of
the coupling constant g. On the other hand, the analysis of
the Section B on the unitary implementation of the mapping

My by the cperator Uy assumed 1n an essential way that the
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parameter v was a large quantity; otherwise the expression
(2-32) would not be a sensible approximation to the opera-

tor U, as defined in (2-27). Furthermore, even if one were

1
able to construct an operator Ul which would satisfy(2-27)
without any approximation, the discussion of the Section B
showed that, due to the ultraviolet singularities, such an
expression could be satisfactory only for large values of
the parameter v. In this Section, we will therefore con-
tinue to assume that v is a large gquantity, but the coupl-
ing constants g and % will be considered as finite, nonper-
turbative quantities. Since our considerations in Section B
nowhere made any assumption on the coupling constants, we
shall continue our analysis from where we left at the end
of Section B, but incorporating in it the various lessons
that we have learned from the construction of the Unitary
gauge bare vacuum in Section C.

Now that we are not keeping the products gv and
‘v as fixed quantities, the Fock space representation given
in the previous Section will have to be modified. We shall
assume that the scalar fields %a(k) and their momenta ?3(5)

do not have any dependence on v. As a convenient example,

we take :

co\ M &
Ttk) = —i<5—) [ao(—b) - aO(E)J (2-63-a)

Y ) = < 1 )5 [ao(g) . ag(-)g)] (2-63-b)
1~
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[k,]
Yo(k) = -i —3— Ja.(-k) - al(k) (2-63-c)
2k (2m°)5[3 X 3~]
we X N
e [a3(5> + a3(--5)] {2-63-d)
eyl 2

where m°=(&2+u2)%. We can now use the large v approximation

"
of Section B to evaluate for example the quantity UiJ(Ul
and we arrive at the formula (2-35) of that Section. This

should now be conjugated by the operator U2 and the genera-

tor of this operator can now be written as
3. .
—= [d"x ¢,ET{x} o, (x) (2-64)

Although we can evaluate the action of this operator
without any approximation, for the sake of further simpli-
city, we shall assume that the gquantity 9iEl(x) is also in-
derendent of v in its Fock space representation. We note
that, according to (2-43),
i B 1 3 .

G = s [6%k expi-ik.x) Ky py (k)

so that, it involves only one helicity degree of freedom.

Consequently, we choose,
[k b - .
p (k) = —1(——2— a, -0 - ay 0] (2-65-a)

(2-65-b)

a
)
=
!
.
S
¥
—_
js7]
N
o
+
v
Nl
|
s
oL
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In this connection, we note that the guantity,

: i. .
LR P2 B = al
32
T
2 IoiLioy . . .
{ +here aT = igla 3~ ), 1s easily seen to be invariant un-

de  the residual group of the Axial gauge. From the Fourier

re 'resentation (2-43-b) we see that,

i_ i 3 ; i
AT = Wj fd ]i exp(l}f_.g) el(}i) ql (E)

+  that d; corresponds to a degree of freedom for which the
gz ge fixing is complete. The generator (2~64) thus invol-
ve only those degrees of freedom which are not fixed by

tF  Axial gauge condition. For (Pl'ql) we shall choose 2

r« resentation corresponding to a mass m=gv, viz,

k) = -7 [a, (k) - a) (k) (2-65-c)
ppteh =714y [al £ a N] ¢
a &) = 507 [ag o)+ ag (k)] (2-65-d)
91 2n 1 X
2_,.2 22 : .
wt re ."=k"+g”v”. Although in the non-Abelian theory, the

ar logous operator to A% will not be invariant under the
LeSlUlas Jroup - wniilll Wasaa DO Vn-savellan —, a lepirescinta-
tion like (2-65) will still be a simple and useful choice.
Denoting the Fock vacuum of the present representa-
tion by |-, we are therefore interested in a trial state

P

which is the same as (2-50), except for the different



choice of Fock space, namely,

Ulga>= exp(—iv}h3§ﬂl) exp (iF) exp(aéjé35 El~1

It is now obvious that the residual gauge i

siderations will still lead to the expression

since we have chosen ﬁz(g) in (2-63-c) with

~

ﬂz(kl,k 0) 0

2 L4
in mind, we can still conclude that this tri
annihilated by the generator G(xl,xz] of the

by following the identical steps that led to

(¢5) |02
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" (2-€6)

nvariance con-
(2-51) and,
the condition,

(2-32-

=3

al state is

residual groug

(2-53) .

The energy density of U.” > can now be explicitly

evaluated. We now have the generator (2-64)

tity in the large v limit and in the conjuga

by U we neglect all the inverse powers of

2

we now obtain

UL = Ué(u}xﬁuljuﬂ = % ezt %(qv)z(f;
222 0 Lol coaty + Do,
+ 3050, Caiy + Siavi?adal + g%y oya
+ % qz gl;lAjAj + .le) + ordor(%)

as a small guar-
tion of Ui e L'1
From

v, (2-35),

(L=0/

Il




50

Note that the guadratic part of this expression is differ-
ent from the free field Hamiltonian of massive vector bo-
sons lxb as given in (2-39) and it can be obtained from er
by neglecting the terms proportional to the inverse powers
of gv.

It i: now trivial to evaluate the expectation va-
lue of (2-67).vith s = v2, m2=k2+925 B mg=k2+u2 , we obtain

explicitly that

<§c[U*‘Y ula> = &(s) + order(%)
. 2
&is) = 1 xzsz + % s + % gzs [a(u“)+A(0)+A(gzsﬂ
2 2
3 (k) (k)
1 d”k w 3 3
S| —;|u, + |k + 35+ + —
2 f (2_)3 [ 2 2w Wo
« 3% a0h o+ 2% e’
v 2g? i) a0+ aigs)

We recall that the :unction &4(s) was defined in (2-58).
Similar to our consiirrations at the end of the last Sec-
tion, we have thus a:rived at an expression for & (s)
which is an infrared inite quantity and which is not too

singular in the ultra: ‘olet. Because of the last term’

(uz) A9 s)

N =
a
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which comes from the Higgs-gluon interaction term (2-56),
as well as the property (2-61) of the function A(s), we ob-
serve that &(s) is a sharply decreasing function of s near
s=0. It is furthermore a positive definite expression which
increases indefinitely as s gets very large,and as we have
already concluded in (2-62) and in Fiqure 1, such an expres-
sion must necessarily have a minimum at a point where s is
non-zero.

The situation can now be summarized as follows :
In this Section, we have seen that a simple modification of
the expression (2-50) for the Unitary gauge bare vacuum led
to a trial state with a finite energy density and with an
ultraviolet divergence which was typical for the bare vacua
of four dimensional field thecories. This was achieved in the
large v limit and for the nonperturbative values of the
coupling constants. We have assumed that some helicity com~
ponent of the gauge field was represented with a mass gv,
as in (2-65-d), and consequently the four point Higgs-
gluon coupling term led to the conclusion that the parame-
ter was nonzero. We conclude that such a state is a better
trial state than the Axial gauge bare vacuum, for the
ground state of the theory. In the absence of a Coulomb
gauge bare vacuum, this result indicates that the vacuum of
a gauge theory with scalar fields is more likely to be in a
broken symmetry-Higge phase, rather than the perturbative

phase with an unbroken symmctry.
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CHAPTER 3

UNITARY GAUGE 1IN A NON-ABELIAN THEORY

A) Description of the Theory

In this Chapter, we would like to generalize the
arqgqument of the previous Chapter into a non-Abelian gauge
theory. Specificalliy, we are interested in an SU{2) gauge
theory with scalar fields in the fundamental representation.
Our conventions are as follows : In this Chapter, the indi-
ces i,j,k will be ordinary space indices running from 1 to
2 whereas the letters a,b,c,d,e,f will denote the group in-
dices running from 1 to 3. The vector notation A will only
be employed for the group space and the dot and cross pro-
ducts of vectors will be interpreted accordingly.

The isospinor scalar field ! is represented in

terms of the canounical fields {0 and t, as follows

1,41 0
- ( 27 . e+ iy (3-1)
. o TR

The notation :.7 will be very handy thrnughout but we of
course do ..:t want to suggest that the quantities £
transform according to the adjoint representation.

The covariant derivative is defined as
D' "~ igA] 5 (3-2)

and the ficld strenath tensor as



U,V TPRY]
] Aa AR

UV
abc’b''c

Val
a Aa + g €
The Lagrangian of the theory is

L4

- -1 puv 1o, ) - )
- 2 Fa Fuv,a + 2(D ’)a(Du¢)a vis

where,

N =

53

(3-3)

$d)

(3-4)

We now describe the canonical formalism of such a theory in

the Axial gauge.

The canonical ccordinates are 30 Pl
The conjugate momenta are iO , :a
0 0 i
with D (T, + 17.7) and E
[0} BN a
1

30

can

The dependent variable Fa

terms of the canonical variables via the

tion of Gauss' law, leading to the definit-
density ga(x)
%, (x) '3F§O = _‘iE; tag,

whiere the charge density is given by

be expressed in
constraint equa-

:n of the

(3-5)
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s}
n
1
i
»
[
+
N

(D ég - Mpe + 0 x ¢ (3-5)

The Hamiltonian density of the theory is

D+ Slageg) (Bg¢0) + (338) (338)) ) (3-7)

where,
~
(D.1) (D = it it 4 ai.est
) j’e 3o BRI B
-g al.1 Grite = fgRst £ x i1 ) {3-8)
s (@2 A a0 .
IR SO S CIS TR )
The equal time canonical commutation relations are
[ (x,t} , ¢ (Z’t)] = -id, eyl
(3-9)
i J ] N T
[Ea(ﬁ,t] ; Ab(Z't) ity é ¢ (x X) J

where, as a further convention, the isospinor indices m & n

run from 0 to 3
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As usual, the generators of the residual gauge

transformations within the Axial gauge are

o

Ga(xl,xz) B [ dz ga(xl,xz,z) (3-10)

—co

and the finite energy condition that the physical states

must satisfy is given by ,
Ga(xl,xz) | state > = 0 (1-4}

In order to obtain such a state by the methods of the cre-

h

vious Chapter, we shall now describe the definition and
implementation of the Unitary Gauge Transformation, w:i.ch
will map the present non-Abelian theory from the Axiesl-gauzs

canonical variables into the gauge invariant polar vari-

ables.

B) The Unitary Gauge Transformation

We first express the isospinor field | in terms
of the polar variables ., “a
- 0 :
= ‘("”a) exp(l;.j) ) = exP(li'i) o, u=0) (3-11
b

We then introduce the variables Eé by .,

P N O exp(i;.%) [+“-igB 53] S, =0) (3-12)
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The expression of the polar quantities B; in
terms of the canonical variables A; is considerably more
difficult in the present non-Abelian theory than the formu-
lae (2-12) and (2-13) of the previous Chapter. Indeed, the
main purpose of this Chapter is to show that such complica-
tions can be overcome and the analysis of the previous

Chapter can be generalized to a non-Abelian gauge theory.

Now, it can easily be shown that(la), the equation
b L= L b ul N
3 -3 Yoz - -3 = Ak 3 = i =
[a igB .2] exp ( 1@.2) [3 igA .2] exp(lg.z)
leads to the expression
B = [exp(2.7)]_, AY - % [(s(8)],__ a¥e (3-13-a)
a <'~""ab 'b g ba b
where we define,
b -
(T )aC = Eabc (3-13-Db)
1 l-exp(~8.T)
st - [ du expl-ug. 1) = ——— (3-13-c)
0 - g.T
In other words we have ,
B - [exp(n.T)), A ¢+ 2 [s(a)]_ a0 (3-14)
a ~'~""ab 'b g ba jb
3 1 .
= 3 -
B 3 [S(U)]ba 3“b (3-15)
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The last equation shows that §3 and g are related to each
other in a highly nonlinear wey, due to the non-Abelian na-
ture of the gauge group. For ‘he same reason, the gauge
fiela Qj is now rotated in isospace by the action of the
adjoint representation as shown in (3-14).

By analogy with (2-18), we wish to define a map-

ping M such that,

[ —— 2v 4+ ch
M : B] = Al (3-14)
a a
B3 —— —l s
a gv 37a

This will then be the Unitary Gauge Transformation of the
present Chapter. Following the analysis of the previnus

Chapter, we are going to describe this mapping, step bv

step. We first define a mapping M1 such that,
i —— 2v + ‘0
My s (3-17)
- 1 .
& —— U o)
< v o<

The last equation is clearly analogous tc (2~15) and for
the purpose of making some future expressions simpler

looking, we have introduced the parameter &. The action of

M., on thec canonical variables is as fol.uws

1
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The definitions {(3-14) and (3-15) imply that,

~—
w
[NRr
0]
“
v
o
13

=
—
e
w
)
(o]
]
W

‘
[~

where i the fivst linge, we have made use 0f the ¥acco thas,
e
TN TV Sy = 2T

w? NE oe ed by using the definicion 13-13)
a

1ind orthe anzisyTinetrv 07 10

nowW Ir, the Higgs freld oL owill one
itToar s T TITULTIS T ZITw. WD Tow IlTime Th
soood Tl N~
[ b —— by - = T3y

P3-20)

th
i

Using t3-134), ~e see that w2 have sc

'y
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3 j
Ba — [exp(é.z)]ab Ab
MZ'Ml : (3-21)
3 1 -
B - [S(L)]ab 33mb
It is then clear that, by defining
3 _ J
Aa —— [exp( ;.I‘) ]ab Ab
M3 : (3-22)
< — 3
a a
and,
(S ay 3% - 3'b
M, (3-221
l Al —_— ald
a a
we shall have the required action M M4.M3.M,,.M1 as des-

cribed by the eqguation (3-16) which was in fact the start-
ing point of this discussion. M is thus the Unitar:. Gauge
Transformation.

Qur plan is row as follows : We shall first in
troduce a Fock space rezresentation for the canonical va-
riables, in a completely analogous way to the ana’ysis of
the Section D of the last Chapter. We shall covsider larae
values of the parameter v and nonperturbati- ¢ values of
the coupling constants. In such a scttir., we shall examine

the unitary implementations of the al wve pings. These
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considerations will lead us to a trial state which will be
a better one compared to the Axial! gauge bare vacuum.
We begin by introducing the Fourier decomposition

of the canonical fields

. 2 .
i i 3 . i
E_(x}) = —=—= Jd k expl(-ik.x} 3 e (k)p_(k,r)
a ~ (27_[)3/2 f ~ ~ o~ r=1 r ~ a
i i 3 2 i
At = o J&k exeik.x) égﬁer<i’qa‘5rrl
. _ 1 3 s %y
”m(il = 7;:7375 J.d k exp(-ik.x) “m(&)
¢ = u—iBﬁ [ &k expt ik.x) ¥ (k)

The canonical commutation relations become in this notation,

[Patkor) o ayem] = e o f0el)
[* (k) I (1) ] = i 4 &{k-1)
“mt= 'on s mn ~ =

and they will be represented by the usual algebra of crea-

tion-annihilation operators as ,

Sk o= - 59 [ a (oK) - an (k) ] (3-24
Tgtky o= -1 (57 ag -k aglk -a)
Yo = )t La (k) 4 oa,(-k) ) (3-24-b)
0L 2”0 0 0 ’

, kg /
ITC(K) = -1 m)% { ac(‘E) - ac()i) } (3-24-¢c)
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¥ - 1 ,%,% +

¢C(E) = T;~T(7— [ aC(E) + aC(-E) ] (3-24-4)
3

Pk, = =i )% fa_(-k,1) - al (k. 1)1  (3-24-e)

a (k1) = (527 fa_(k,1) + al(-k,1)] (3-24-)
okl

J(K02) = -i > la_(-k,2) - al(k,2)] (3-24-g)

a.(k,2) = —= % [a_(k,2) + a_(-k,2)] (3-24-h)
21k|

where wg = (E2+u2)% and . = (§2+g2v2)%, in complete ara-

logy with (2-63) & (2-65). The Fock space ' acuum of this
representation will be denoted by !i->.

We now describr the unitary implementation ¢f <9z
var: us factor mappings of the Un.tary Gauge Transformaticr
M. We begin by M,. From (3-18), what we require is an ap-

1
proximation to the operator formally defined by

<o> ~.< 0 )
U, (:. + 1 :.:0) v = expli ='3)
10 L 1 2\, o

1
a~.d a sensiblc approxiiation @ the larae v limit is pro-

<o

vided by
! = exp(-1i2v fd3§ KO) exp (i 2: (2v N ) ( -295)

where,
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1 f.3 )
Fy = 2 fd X [”0“1'3 .ﬁof_nama}]
13- .
Foy = 74‘.{‘1 X ['a v 05 (60504- ‘3";’]
_ -1 f(.3 o s - ' _
Fray = 5000 [ Gortorglig + 20000,00, (2000070911

These formulae are the obvious generalizations of (2-30).
We also observc that these generators do not have any de-
pendence con the parameter v through the Fock space repre-
sentation (3-24) so that the large v approximation is

straightforward., The action of Ul on the various guanti-

ties of interest will now be computed. We have :

- Y -2 el
v, €, t; = @a + order{v 7} (3~26-a)
(1) . _ . pl i,i c o
€, I a iFa 9 "abc b 3 “abcble
(3-26-b}
. 9 i : _ . oA
24w ad bc ab cd b’ ¢c'd

Evidently, U1 does ot reduce this operator into a linear
functional of the canonical operators. The cancellation of
the infrared divergencies will thus be less transparent in
the present non-Abelian theory. We shall also retain

order(%) tecrms for the transforms of @“(x, since this ope-

rator enters guadratically into our Hamiltonian and order(%]

terms may interfere with the g 4 term of 13-26-b), to
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give a non-vanishing result in tne large v limit. We can

similarly transform the Hamiltonian density of (3-7):

U*J([J = J((l) + X + order(l) (3-27-a)
1 1 (0) v
(1y _ 1 i ;i 1,.-1_4(1),2 1 7N
where, » = 3 E".E + 2[93 4 ] + 3 .7
+
(3-27-b)
_ 9 ] 3.4 o j R
A (E X “j'] + g(vﬂo)lg Sy
s .
19,2 43 A7 pe )2
+5 (37 AT.A0 (2vir)) )
and,
1 1 3 . - 2
“"70) = 570570, * 3 ,-gfifofizo + VI(2vHig) 7] (3-28)

The transformations that we will describe in what follows,

will alil lecave the (70,70) Higgs degrees of freedom in

peace.

We now consider the implementation of the map -
ping MZ defined in (3-20). Since {ais simply adds a guan-
tity to the operator Ag , we clearly have,

U. = expl ifd3;; EY [s(- ) (3-29)

2 gv ~ Ta )]ab b

. i .
where . = .. This operator leaves E invariant and 1ts
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action on the conjugate momen a Ha can be obtained by some

algebra,

(3-30-a)

R _ 39S {B) i
2 [fad”ce 6ae ca’ “i% BBd ]eb Ep

We can therefore evaluate the action of U2, without approx-
imationron any quantity of interest; however, we are only
interested in the large v limit of this action. We there-

fore approximate the above action by,

+ orzer (v 3) (3-30-b)

and the original transformation (3-20) by,

Iy, = A 1. 1
U, A- U, = A° - — ~.7 +
2 ~ 2 ~ gv  J< 2gv2

3

E X 'jf + order (v 7) (3-30-c)
At this point, one aspect of our approximation scheme has
to be clarified ; (3-24-e) shows that the Fourier component
pa(k,l) of the electric field E; does have a v dependence,
and since the generator of U, depends on E;, one might
wonder how such a dependence should be taken into account
in evaluating the large v limit. We ncw observe that, E; in

the generator as well as in the expression (3-30-b) is



65

always accompanied by a factor of (gv)_l. Now the Fourier

transform pa(E,l) depends on v through (m)5 = (E2+g2V2)%
and since the quantity (qv)_l(m);i goes to zero as v tends
to infinity, it is easy to see that any expression whose
only dependence on v and Ei is through the combination % E;
will have a negligible vacuum expectation value in the
large v limit. Therefore, using the formula {(3-30-b), we

can effectively treat E; as a gquantity independent of v.

We are now interested in the action of U2 on

#{! of (3-26-b) ana'!) of (3-27-b). wWe obtain,
* (1) _ @2 -2 a1
U2 Qa U2 =9, + order (v 7) (3-31-a)
(2) . B i i g
ga s v r‘a qeabchAc t o3 Eabc]—‘b@c
(3-31-b)
_9 1=z - & ] a
+ 24v [“adébc Gabécd]{Jb'¢c¢d}
and
T well) _ yol2) 1 .
U, u, =X + order () (3-32-a)
2) _ 1 i _i ~1,(2),2 1 ¢
4 sz ELEY + 20 g 14 o+ 2 Y prIpY?
2 2= 3 ¥ g &« £ 7L
i,3=1
B i N S 1 2.2 .3 43 oo
+ 5 ek + 7 932 «3i + 5 g"v™ A .Q (3-32-b)

| =
4
¢
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We shall now implement the mapping M3. The equa-
tion,
T a3 = - b -
Uy A Uy = [exp( g.z)]abAb (3-33)
is easily seen to be satisfied by the operator,
U, = expl I [adx o. ' x at)) (3-34)

and we have,

- _ 1 o 1 i
Uy g Uy = T, + g [8(2)] ,(E” x A )y
,“ b = _" 1 i
Uy B, U, [exo( L'I)’abEb

These equations do not involve any approximation and in a

large v limit, they reduce to,

u, at u At e Lty w sy (sox ah
3 < 3 ~ [ s 2 L < -2
2v
u, BV U RPN L S S P T
3 <~ 3 ~ v~ b 2 L L ~
2v
U, T U L2t o Ly x5t xaY
3 3 < v < -~ vl ~ < ~

It is now easy to evaluate that,

2y - g3y order (v ?)

U3 ga 3 a
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where,

(3) . g
4 =av 1-[a 3 Eabcnb¢c

'

(3-35)

2 - 5
24v [6ad6bc Oabécd]{nb’¢c¢d}

We finally consider the mapping M. In view of

(3-23), what we need is a unitary operator Uy such that,

ab?3% Y4 T 3%

“

Uy [S(E}]
This is of course a formal expression and a meaning can
orly be given by expanding the expression for S{:)in in-
varse powers of v and generating these terms by the action

of U In a large v limit, we then require U4 such that,

4
Uy “q2 Uy @ 542 + wo(3 x 350) + —bs 2 x (2 x 1) (3-36)
PRI PR K A 1 P K
We shall represent,
u, = exp’i(v—lk + vk )
4 ‘ (1) (2)

To construct the generators K is in principle straight-

(n)
forward but in practice it requires an extremely messy

algebra. In this ccnnection, the particular definition of

the inverse derivative H;l, involving the odd function : (x)

as in (2-5) & (2-6) leads to notable simplifications.
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This is especially advantageous in evaluating the commuta-
tors of K(n) with the conjugate momenta. The generators

K are found to be

IS PR 3
K2)7 78 €aa pe ‘aeébd]fd i{aa ar (804733004 335637 (06,0

We have thus implemented all the factor mappings

of the Unitary Gauge Transformation, and by defining

and using (3-37), it is now possible to show that,

+ order(v_z) (3-37)

U Qa(x) u =
where,

a(x) = vyl F 'abc(HB Lb):"c

1. H _ . : ’ -1 ‘ 471, 471, S ]
vl ac’pa” "as be! ["3 Rortpog 370 37 0 gt g) o

Now, we have chosen the Fock space representation (3-24-c)

for ﬁa(k), with the condition



69

in mind, In other words, we have
0o
_m[ dz T (xq,%x,,2) = 0

According to the definition (2-5) of the inverse derivative
this means that,

. -1 _ . © - _
lim B3 (x),x,,2) = = -wf dz I_(x;,%,,2) = 0.(3-38)

X >io

3

We now observe from (3-37) that, all the terms of the guan-

tity Qg(x] contain a factor Bglﬂa. Therefore when the

latter vanishes, so must Qﬂx). {3=38) therefore establishes,
111:1 ya(xl,xz,x3) = 0
x3+‘ac

which in turn implies that,
[ oo ~
- = <
Ga(xl'x2) z _x_[ dz ga(xl,xz,z) = g -m‘[ dzaz Jz(xl,xz,z)
-2
= 0 + order(v 7) (3-39)

A second noteworthy feature of the expression
(3-37) for §g(x) is that, the term proportional to v is
orthogonal in group space to the term independent of v,
which in turn is ortogonal to the terms proportional to
(%). A similar feature is much more transparent in the

expression (3-36). As a result of this fact, we have
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noo+ order(%) (3-40)

Using now (3-23-b) and (3-40}, we can arrive at the result,

N
+ _1 ioi1, 02 -1 -1 1
U xU = 5 ELE + 5(gv) {3, I).(3370) + 5 1.1
1 9 _ij iy L 1 1, 2.5 5
+ 3 .}:_ FlF + 5 338.359 + 3(gv)“al.a
i,3=1
(3-41)
1 2 1 2
+ Egv%gj Al o+ 5 9 9gtn’.2
* ®o) )

This expression is now to be compared with expression
(2-67) that we derived at the end of the last Chapter. In
these expressions, all the terms are in one to one corres-
pondence with each other, with the exception of the gluon-
self coupling terms
2 & i i3

g i'ijzl (o apcPpBd) (£ 3085R2) (3-42)
as well as the triple gluon vertices which come from the
magnetic field term of (3-41). Our choice of the Fock space
was also an obvious generalization from the Section D of
the last Chapter. Therefore, except possibly for the four-

gluon term (3-42), the vacuum expectation value of the ex-

pression (3-41) must have the same characteristics as the
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energy density &(s) of that Section as depicted in Figure 1.
Let us now analyze the vacuum expectation value of the four

gluon term. We have

«@lalad oo = 1 6t s a0 + aigds) 12

where the function A(s) was defined in (2-58} and s=v2

We then find,

2 i j i ) 2 2 2
<2 Y atxal.@t xal) 1o = 6g%12(0) + 2(g%s)]
G xR

We now observe that the behaviour of this expression as a
function of s, is extremely similar to that cf the expecta-
tion value of the Higgs-gluon coupling term

2

2 92 2.4 (2 (g%s)+ 1 (0)]

<1 []

<l —é—g’ ¢0oOAj.Aj [e> =
Both these terms are ultravioletwise not too singular and
infrared finite;they both are sharply decreasing around

s=0. We can now adapt the conclusions of the previous
Chapter to the present non-Abelian theory and we then con-
clude that the expectation value of LfJVU on [fP> is an
infrared finite expression which is not too singu.lar in the
ultraviolet and for which the variational parameter v is
nonzcro. The presence of the four gluon term does not change
any of these conclusions and in fact, we have seen that this

term, by itself can drive v to a nonzero value.
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C) Conclusions
In this Chapter, we have shown that the trial

state U'l> = U..U0,.U,.U,{Q> in the large v limit, is a

1°72°73"7°4

finite energy trial state and due %o the result (23-39), it
does satisfy the residual gauge invariance condition (1-4).
As such, it is a better trial state for the vacuum of our
non-Abelian gauge theory than the Axial gauge bare vacuum.
The latter is in the perturbative phase. In our trial
state, the scalar field develops a vacuum expectation value
and the gauge symmetry is broken. Based on these results,
we conclude that the vacuum of our non-abelian gauge theory
is more likely to be in a Higgs phase than the perurbative
phase.

In this analysis, we have assumed that the scalar
fiela was in the fundamental representation. This led to a
case where the symmetry breakdown was complete.We think
that the construction of a finite energy trial state would
be more difficult for the case of a partial symmetry break-
ing, due to the gauge fixing degeneracies associated with
the surviving subgroup. On the other hand, considerations
similar to ours, might be applied to the case of the

4) and it

Nielsen-Olesen Model in its non-Abelian form
would be interesting to see whether one can explicitly ve-
rify the area law associated with the magnetic 't Hooft
loop, in such a coherent plasma.

Our main purpose in this work was to construct a

trial state for the Higgs phase, starting from an Axial
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gauge formulation of the non-Abelian gauge theory and to
show that such a state was a better trial state for the
vacuum of the theory, compared to the Axial gauge bare va-
cuum., We have explicitly shown how this could be done. On
the other hand, our trial state is not as such a realistic
one. One problem is of course the rotational invariance,
but in this connection we note that the Axial gauge bhare
vacuum is also not rotationally invariant. On the other
hand, for the present type of a theory with scalar fields
in the fundamental representation, a realistic Higgs phase
vacuum has been argued to be a color singlet.(lg) It is

far from obvious whether our trial state can lead to such a
result. Nevertheless, the arguments that have been presen-
ted in this work do indicate that the vacuum of a non-Abel-

ian gauge theory is likely to be in a phase other than the

perturbative phase with physical massless gluons.
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APPENDIX

Our purpose in this Appendix is to determine
within the context of a classical field theory, the action

of the mapping M, of Equation (2-20) on the conjugate mo-

1
menta Hl & i2' so as to render this mapping a canonical

transformation. We have :

Ql = (v + 3 ) cos( % ¢2)
- A 1 14
Q, = (v + 1 ) sm(;Yz)

We wish to find two functionals Pl & P2 of the canonical

fields such that their Poisson brackets with Qa satisfy

Po(x) , O {y) o= f ) (A-1)

a '~ ~ &

We note that the Poisson bracket of two functionals F and

G is defined as

AL ot ly) b= d{x-y) (A-2)

In view of (A-1) and (A-2), the mapping M ,
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will be a canonical transformation.
Since the new coordinates Qa(g) < not involve

the old momenta T ) can easily be

Fa(g), the new momenta Pa(

determined following the standart textbor s on Classical

(20)

Mechanics We then have,

and a simple calculation then gives

-1 “1
= expl( = =, 1) s (A-3)
P Vo2 T,0 s 41
v

Writing this e:ipression in termr of components and replac-
ing the factors which do not mmute in the guantum theory,
by their anticommutators, we an arrive at the fo mulae

(2-21).
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