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INTRODUCTION 

A p a r t i c u l a r l y i n t e r e s t i n g consequence of the Di rac e q u a t i o n 
and h o l e t heo ry i s the phenomenon of spon taneous e + e ~ p a i r 
c r e a t i o n in s t r o n g s ta t ic e l e c t r i c f i e l d s 1 - - ^ . Normal ly , p a i r 
c r e a t i o n in a s t a t i c f i e l d c o s t s e n e r g y , .'.E = 2me - B, where B 
i s t h e b i n d i n g ene rgy of the e l e c t r o n . C o n s e q u e n t l y , spon taneous 
p a i r c r e a t i o n is no rma l ly a v i r t u a l p r o c e s s l a s t i n g on lv a s h o r t 
t ime , 1/ ,'.E (2mG - B) ~ . This v i r t u a l p r o c e s s is 
c a l l e d vacuum p o l a r i z a t i o n in Quantum E l e c t r o d y n a m i c s (QED). 
However, i f the e x t e r n a l f i e l d s become so s t r o n g t h a t B - 2m e , 
then \- -* ™, and the v i r t u a l p a i r can " m a t e r i a l i z e " . In terms of 
QED t h i s would be c a l l e d r e a l or o n - s h e l l vacuum p o l a r i z a t i o n . 

The n e c e s s a r y c o n d i t i o n (B •• 2m e) for r e a l vacuum 
p o l a r i z a t i o n has been e s t i m a t e d 1 - - * to occur for verv high 
n u c l e a r cha rges Z > Z c ^ 175. This range of Z i s f o r t u n a t e l y 
a c c e s s i b l e v i a heavy ion c o l l i s i o n s . In such high f i e l d s Z\ - 1 
and r e l a t i v i s c i c n o n - l i n e a r e f f e c t s a re i m p o r t a n t . 

VJh i le in the Di rac e q u a t i o n i t is fo rmal ly p o s s i b l e to 
i n c r e a s e Z i n d e f i n i t e l y ( f o r f i n i t e s i z e n u c l e i ) , i t is not c l e a r 
a pr ior i whether a f u l l QED c a l c u l a t i o n a l lows a r b i t r a r y l a r g e 
f i e l d s and b i n d i n g s . In p a r t i c u l a r , i t could be t h a t r a d i a t i v e 
c o r r e c t i o n s such as s e l f - e n e r g y and vacuum p o l a r i z a t i o n e f f e c t s 
could i n c r e a s e so r a p i d l y with Z t h a t the d i v i n g c o n d i t i o n , 
8 = / m p , i s s i g n i f i c a n t l y de layed or even p r e v e n t e d . 
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Even c l a s s i c a l l y i t could be t h a t n o n - l i n e a r e i f e c t s , 
unobserved in low f i e l d (Z < 100) e x p e r i m e n t s , could become 
i m p o r t a n t in the s t r o n g f i e l d l i m i t Z •+ Z c . As an example of 
n o n - l i n e a r e l e c t r o d y n a m i c s R a f e l s k i , e t a l . ^ a p p l i e d the 
B o r n - I n f e l d ^ Lagrang ian to c a l c u l a t e B(Z) . In t h a t t heo ry t h e r e 
i s an upper bound of EgT = 1.2 x 10*° V/cm on the e l e c t r i c 
fielc^ s t r e n g t h . While the n o n - l i n e a r i t i e s do not p reven t B from 
r e a c h i n g 2m e , t h e c r i t i c a l charge was s h i f t e d to Z c > 200 , 
beyond the r ange a c c e s s i b l e v i a heavy ion c o l l i s i o n s . L a t e r , Soff 
e t a l . showed t h a t h igh p r e c i s i o n e x p e r i m e n t s on muonic atoms 
r e q u i r e a lower bound on the maximum f i e l d s t r e n g t h E* > 100 E g j . 
In t h a t c a s e , c l a s s i c a l n o n - l i n e a r e f f e c t s cou ld change Z c by a t 
most a few u n i t s . T h e r e f o r e , t h i s type of c l a s s i c a l n o n - l i n e a r 
e l e c t r o d y n a m i c s cannot p r e v e n t d i v i n g . 

On the o t h e r h a n d , t h e QED c a l c u l a t i o n s of Wichmann and 
K r o l l ' showed t h a t n o n - l i n e a r vacuum p o l a r i z a t i o n s c r e e n i n g has 
a s i n g u l a r d e r i v a t i v e w i th r e s p e c t to Z a t Z = 137. Th i s s i n g u 
l a r i t y was due to the assumed p o i n t n u c l e a r charge d i s t r i b u t i o n . 
N e v e r t h e l e s s , i t i n d i c a t e d t h a t vacuum p o l a r i z a t i o n s c r e e n i n g 
cou ld be expec ted to grow r a p i d l y with Z beyond L37 when f i n i t e 
n u c l e a r s i z e e f f e c t s a r e t aken i n t o a c c o u n t . In th i s rev iew, I 
focus on t h i s a s p e c t of n o n - l i n e a r vacuum p o l a r i z a t i o n in s t r o n g 
f i e l d s . The b a s i c q u e s t i o n a d d r e s s e d i s whether v i r t u a l p a i r 
c r e a t i o n (vacuum p o l a r i z a t i o n ) can sc reen the n u c l e a r charge 
s u t i i c i e n t l y to p r e v e n t r e a l vacuum p o l a r i z a t i o n ( spon taneous 
e + e ~ p r o d u c t i o n ) . As I show below, the answer in no. 

The r ema inde r of t h i s r ev iew i s o r g a n i z e d as f o l l o w s : The 
W ichmann-Krol 1 formalism for c a l c u l a t i n g t h e vacuum p o l a r i z a t i o n 
d e n s i t y to f i r s t o r d e r in "t but to a l l o r d e r s in Z-t i s d e r i v e d . 
The most e s s e n t i a l q u a n t i t y i s shown to be the e l e c t r o n s G r e e n ' s 
f u n c t i o n in t h e s e c a l c u l a t i o n s . The method of c o n s t r u c t i n g t h a t 
Green s f u n c t i o n in the f i e l d of f i n i t e r a d i u s n u c l e i is then 
pres<"Mi ted . 

Comparing the c a l c u l a t i o n s wi th da t a on muonic atoms shows 
good agreement wi th d a t a and g i v e s us c o n f i d e n c e in e x t e n d i n g the 
c a l c u l a t i o n s beyond Z - 137. The lS^ /2 s h i f t i s then c a l c u l a t e d 
as Z -*• Z c . The main r e s u l t i s t h a t the s c r e e n i n g due to non
l i n e a r vacuum p o l a r i z a t i o n r ema ins small a l l t he way up to Z c . 
In terms of an e f f e c t i v e s c r e e n i n g c h a r g e , Q e f f , the vacuum 
s c r e e n s the n u c l e a r cha rge by on ly Q e f f ^ e /20 a t Z c = 175. 
T h e r e f o r e , vacuum p o l a r i z a t i o n canno t p r e v e n t d i c i n g and i s 
n o n s i n g u l a r in the s t r o n g f i e l d l i m i t . F i n a l l y , i c i s shown t h a t 
the charge d e n s i t y of the o v e r c r i t i c a l vacuum (Z • Z c ) i s 
h i g h l y l o c a l i z e d and r e p r e s e n t s the smooth c o n t i n u a t i o n of the 
H e - l i k e charge d e n s i t y for Z < Zc, 



WICHMANN-KROLL FORMALISM 

The f i r s t s t e p i s to w r i t e the vacuum p o l a r i z a t i o n cha rge 
d e n s i t y as 

\ ,„<*) - - -^r <o|[- j - + (x),^x)i lo> Uj 

where j ' i-s the e l e c t r o n f i e l d o p e r a t o r and [0> i s the vacuum 
s t a t e . I t i s n e c e s s a r y to w r i t e the commutator of ;<+ and ; to 
i n s u r e c o r r e c t c h a r g e c o n j u g a t i o n p r o p e r t i e s . In g e n e r a l , j ' (x) 
and the photon f i e l d A . ( x ) s a t i s f y coupled Di rac and Maxwell 
f i e l d e q u a t i o n s . However, in o r d e r to c a l c u l a t e the vacuum 
p o l a r i z a t i o n d e n s i t y to lowes t o r d e r a but to aLL o r d e r s in Zct, 
i t i s p o s s i b l e to decoup le t h e s e e q u a t i o n s . To Lowest o r d e r in 
a , - Cx) s a t i s f i e s the D i r ac e q u a t i o n 

(if - Za V(r)Y m ) , ( x ) 0 ( 2 ) 

wi th the e x t e r n a l c-number f i e l d A^ x = : L O Ze Vfr) s a t i s f y i n g 
the c l a s s i c a l Maxwell e q u a t i o n s V^v = - ~ e x . To s o l v e eq. 
( 2 ) , ' - (x) can be expanded in terms of the comple te s e t of 
p o s i t i v e and n e g a t i v e energy e i g e n f u n c t i o n s , . jrCx), of the 
Di rac e q u a t i o n 

( 3 ) 

with bfr and dg be ing the an t icommut ing d e s t r u c t i o n o p e r a t o r s 
of e L e c t r o n s and p o s i t r o n s . The sum over sp in p r o j e c t i o n s i s 
i m p l i c i t in eq . ( 3 ) . Also Ep i s the Ferr i e n e r g y , -m e • Ep 
< m e - B(lS]_/2^* Equa t ion (3) d e f i n e s the Fur ry bound 
i n t e r a c t i o n p ic t u r e . We can now e v a l u a t e eq . Cl) g i v i n g 

, ( x ) hi 
2 £ _(x ) £• . ( x ) ' 

As 3 * 0 , • yp •* 0 due Co the symmetry between p o s i t i v e and 
n e g a t i v e energy p l ane wave s o l u t i o n s . 

The main t r i c k in the Wichmann-Krol 1 approach is to 
c a l c u l a t e j ' : ( x ) | 2 from the r e s i d u e s of th-> e l e c t r o n G r e e n ' s 
f u n c t i o n . Observe thac 

( 4 ) 

E : ( x ) •:• ( y ) 

E t • 
( 5 ) 

i s a s o l u t i o n to the e q u a t i o n 



(H ••.')G(x .y;' . ') = (5 (x - y) 

wi th H x = - i . i - 7 + Bme + V ( r ) , because J i g( x) I forro a comple te 
sec of s o l u t i o n s of the Di rac e q u a t i o n , (H - E)l]r - 0. For an 
i s o l a t e d pole of G, i t i s obv ious from eq. ( 5 ) t h a t 

; . (x ) I " = - Res TrG(x,x ; ..) 

= / ^-r T r G ( x , x ; , ) , 

where Cp is a clockwise contour around E. Therefore, we can 
express the vacuum polarization density from eq. (4) as 

w w • "r / • / I * T r C ( x , x ; . ) 

where the c o n t o u r C+ goes c lockwise around a l l the p o s i t i v e 
energy s i n g u l a r i t i e s of G and where C_ gors c o u n t e r - c l o c k w i s e 
ar<>und aLl the n e g a t i v e ene rgy s i n g u l a r i t i e s . Not ing t h a t G h 
no s i n g u l a r i t i e s away from the r e a l a x i s , t h e s e c o n t o u r s can 
r o t a t e d for conven i ence so t h a t 1/2(C + + C_) = Cp, where the 
Feynman con t o u r Cp i s i l l u s t r a t e d in F i g . 1. 

We o b t a i n f i n a l l y the c o n t o u r i n t e g r a l r e p r e s e n t a t i o n of 

zZ 

C H e 

2P| /z +r 

F i g . 1. S i n g u l a r i t i e s of G r e e n ' s f u n c t i o n in complex energy 
pLane. Contour C 0 = C F in eq . (9) i nd C H e is for 
eq . ( 3 1 ) . 



3 ,„,<*> = lei 1 dli) TrG(x ,x ; - ' ) 

i | e | T r ( S F ( x , x ' ) Y ) ( 9 ) 

where i S F ( x , x ' ) = <0 | TO| '(x)l ' (x ' ) | 0> i s the f a m i l i a r Feyrunan 
p r o p a g a t o r " . What has been accompl ished by r o t a t i n g the c o n t o u r s 
i n t o Cp i s a r e l a t i o n between Pyp and the equal t ime-equa l 
space p o i n t v a l u e of the Feynm an p r o p a g a t o r . Th is i s u s e f u l 
because we know how to draw Feynman diagrams for Sp( x ,x ' ) and 
c o n s e q u e n t l y we o b t a i n a d i ag rammat ic e x p a n s i o n of - y p ( x ) : 

, ( x ) -o o+ :D f + • * • do) 

where ^ i s the diagram c o r r e s p o n d i n g to the ampl icude tc 
p r o p a g a t e an e l e c t r o n from x ' to x in the absence of i n t e r a c t i o n s . 
T h u s , Oyp(x) can be p i c t u r e d as a " b e s o f f e n e s " e l e c t r o n t h a t 
s t a g g e r s from p o i n t x back to x o c c a s i o n a l l y d r i n k i n g (&***•) "e in en 
Schluck e d l e n R h e i n w e i n s " . 

Because the t r a c e of an odd nomoer of \ . m a t r i c e s v a n i s h e s , 
only terms wi th an odd number of e x t e r n a l i n t e r a c t i o n s (or 
Sch luck ) s u r v i v e [no te the e x t r a <0 a t the po in t x from eq. ( 9 ) 1 . 
Th i s i s F u r r y ' s theorem, which g u a r a n t e e s t h a t on ly odd powers of 
Z^ occur in the expans ion of -vp* 

" 'VF 
( x ) = 1 ( Z . ) (11) 

Having a d i ag rammat ic e x p a n s i o n of , yp we can see t h a t not 
a l l d iagrams a re free from a m b i g u i t y . In p a r t i c u l a r , the f i r s t 
o r d e r diagram d i v e r g e s q u a d r a t i c a l l y s i n c e the i n t e r n a l loo ;: 
i n t e g r a t i o n , " jd^p Tr [ Y 0 S p( p )", 0 S p ( p + q) ] , behaves in 
the u l t r a v i o l e t l i m i t as j d ^ p / p ^ - *>*•. A c t u a l l y , i f we 
look in more d e t a i l ( s ee fijorken and D r e l l , for example) 
imposing gauge i n v a r i a n c e r educes the degree of d i v e r g e n c e such 
t h a t .- i -+ "n w . This r ema in ing d i v e r g e n c e can be removed 
because i t mereLy r e n o r m a l i z e s the bare n u c l e a r c h a r g e , 
Z.t . - e x r e - ^° s e e c ^ is i-t is c o n v e n i e n t to r e g u l a t e the 
e x p r e s s i o n for .[ a c c o r d i n g to the P a u i i - V i l L a r s method" 

: " g = lim [. yU 
S ) - . V M ) ] (12) 

In eq . (12) ,.^(M) c o r r e s p o n d s to 
the e l e c t r o n mass r e p l a c e d by M. 

the f i r s t o r d e r diagram wi th 
The r e g u l a t e d f i r s t o r d e r 

densiLy in momen turn space is then found to be 



Zao[ e g (q> = Za, bar = ( q ) 

3 ^ l 0 g — + - | d x x( l - x) log L + 1- c ( l - x ) 

The c o t a l charge d e n s i t y to o r d e r J ( Z , I ) LS then 

Z.-lC (q) = Zac ba re (q) + Z^cp^Cq) 

. (13) 

(14) 

We now see t h a t the log M̂  term in e q . (13) s imply r e s c a l e s the 
b a r e n u c l e a r charge d e n s i t y . The s i gn of t h i s e f f e c t i s in 
accord wi th our i n t u i t i o n t h a t vacuum p o l a r i z a t i o n shouLd s c r e e n 
the n u c l e a r c h a r g e . The second term v a n i s h e s in the q -*- 0 l i m i t , 
which i m p l i e s t h a t i t c o n t a i n s no net c h a r g e . This second term i s 
the f i n i t e p h y s i c a l p a r t o r the f i r s t o r d e r (Ueh l i ng ) VP d e n s i t y . 
-1 is i n t e r e s t i n g to no te the famous " a s y m p t o t i c s l a v e r y " 
p r o p e r t y of QED in eq . ( 1 4 ) . As q 2 •*• °°, 

, , b a r e , . I (q ) • • (q) 1 -ex ex 1 loe log (15) 

There f o r e , wi th i n c r e a s i n g momentum t r a n s f e r s , c o r r e s p o n d i n g to 
s m a l l e r r , t he s t r e n g t h of t h e n u c l e a r charge i n c r e a s e s . 
Expressed in c o o r d i n a t e space , B l o m q v i s t ^ found the sma) 1 r 
b e h a v i o r of the s c r e e n e d n u c l e a r p o t e n t i a l to be 

Z<V(r) = f^l-f[lo8 
i OCm r ) fr (16) 

Equa t ion (L6) shows e x p l i c i t l y t h a t the s t r e n g t h of the not 
i n c r e a s e s i r the sma l l r < < ; ^ e l i m i t . (For l a r g e r , the 
Uehl ing p o t e n t i a l f a l l s o f f e x p o n e n t i a l l j , ) 

Having rev iewed the f i r s t o r d e r J.(Z-.I) p a r t of the VP d e n s i t y , 
I t u r n next to the non- l i n e a r p a r t s of o r d e r i ( Z O n J . From the 
d i ag rams in eq . ( 1 0 ) , the u l t r a v i o l e t b e h a v i o r . o f the n C n o r d e r 
d e n s i t y goes as "^ l d 4 p / p n + l . For o r d e r i ( z O n - ^ t h i s is m a n i f e s t l y 
f i n i t e . For o r d e r i (Z ~>) i t shows an ap pa r e n t l o g a r i t h m i c diver--
g e n c e . However, gauge i n v a r i a n c e e l i m i n a t e s t h i s d i v e r g e n c e and a l l 
h i g h e r o r d e r d iagrams i(Z.i) n—^ a r e f i n i t e and wel l behaved for 
bounded e x t e r n a l p o t e n t i a l s . T h u s , on ly the f i r s t o rde r diagram 
r e q u i r e s s p e c i a l c a r e . S ince we now know the a n a l y t i c form of f i r s t 
o r d e r d e n s i t y , the h i g h e r o r d e r d e n s i t y can be c a l c u l a t e d from eq . 
(9) s imply by s u b t r a c t i n g the f i r s t o r d e r G r e e n ' s f u n c t i o n . 



In o r d e r to c a r r y out t h i s s u b t r a c t i o n , i t i s c o n v e n i e n t for 
s p h e r i c a l l y symmetr ic sys tems to expand the G r e e n ' s f u n c t i o n in 
e i g e n f u n c t i o n s of the Hi rac a n g u l a r momentum K = Y Q ( T L + 1 ) . The 
e i g e n v a l u e s a r e k = jK j + 1/2) in terms of the t o t a l a n g u l a r 
momentum j . D e t a i l s of t h i s expans ion can be found in Ref. 1 1 . For 
the t r a c e needed in eq. ( 9 ) , the e x p a n s i o n i s p a r t i c u l a r l y s i m p l e 

Tr G ( X , X ; O J ) = 

j = l / 2 , 3 / 2 , . . . 
1/2 ( r , r ; . 0 < W j - 1 / 2 < ' . r ; - J ) 

(17) 

where G j ^ r ^ ' j j ) i s the r a d i a l G r e e n ' s f u n c t i o n , t h a t s a t i s f i e s 

+ V ( r ) - j 
1 d k — — r + -r d r r 

I d k - — r + -r d r r V(r ) - • 

G , ( r , r ' k 
t f r - r ' ) (18) 

With eq . (17) we can now d e f i n e the vacuum p o l a r i z a t i o n d e n s i t y 
due t o a p a r t i c u l a r a n g u l a r momentum j as 

, : j ( r ) ill! ̂~- \ Tzr Tr[G. , , , ( r , r ; .) + G . ..AT, ' J 2 - i j + 1/2 - j - 1 / 2 • ) ] • 

(19) 

Lt i s s t r a i g h t f o r w a r d to show° c t h a t - j ( r ) i^ an odd funccion 
of Z -L as r e q u i r e d by F u r r y ' s theorem. 

C o n v e r t i n g eq . (18) i n t o an i n t e g r a l e q u a t i o n , the f i r s t 
o r d e r c o n t r i b u t i o n for a g iven k i s 

• / ' • 
Tr Z ; G^C r . r ; -•) = Z <. J dr ' r ' 2V( r ' )Tr f G £ ( r . ) G ^ ( r ' , r ; .11 

( 2 0 ) 

where G£ i s the f r ee space rad Lai p r o p a g a t o r i n v o l v i n g 
s p h e r i c a l Bessel functions"**-*-. 

F i n a l l y , the e x p r e s s ion for the n o n - l i n e a r \(Z ; ) n -
p o l a r i z a t i o n d e n s i t y for a g iven j can be w r i t t e n as 

•3+, x _ I [ 2j-t-1 d . 

vacuum 

- j ( r ) 2- i 

x T t G . , , , ( r , r ; , ) + G . . ( r , r ; . 0 - 2Z , G l . , , ( r , r , .) . 
| _ j + l / 2 - j - 1 / 2 j + 1/2 J ( 2 1 ) 



This e x p r e s s i o n i s now f i n i t e and wel l behaved. In p r a c t i c a l 
c a l c u l a t i o n s , i t i s most c o n v e n i e n t co r o t a t e the Cp c o n t o u r to 
the imag ina ry ui a x i s . 

The r e a l power of the Wichmann-Krol1 method l i e s in the e a s e 
w i th which the r a d i a l G r e e n ' s f u n c t i o n s can be c o n s t r u c t e d . The 
f o l l o w i n g chec rem ' i s a l l we need: Let v ^ ( r ) and ' i ' j ( r ) be 
Che r e g u l a r and i r r e g u l a r s o l u t i o n s of che r a d i a l Di rac e q u a c i o n , 
(H - ..o)':1 - 0 , where (H - ui) i s Che m a t r i x in eq . ( 1 8 ) . The 
r e g u l a r s o l u t i o n i s t h a t one which is i n t e g r a b l e n e a r r -* 0 , 
wh i l e che i r r e g u l a r s o l u t i o n i s the one which i s i n t e g r a b l e a t 
r -*• ™. The G r e e n ' s f u n c t i o n i s then 

V r - r ' ^ -w. 
(22) 

where the W(M) i s the Wronskian g iven by 

W( , ) = r 2 { , R 2 ( r ) . u ( r ) - - . R 1 ( r ) , „ ( . : > } . (23) 

I t is easy co v e r i f y chac eq . (22 ) does s a c i s f y eq . ( 1 8 ) . For 
the t r a c e needed in eq . ( 2 1 ) , 

T r G , ( r , r ; i o ) = <*( r ) •• ( r ) /W ( ») . (24) 
k I R 

An i m p o r t a n t example of the above c o n s t r u c t i o n is for the 
ca^e of a pure Coulomb p o t e n t i a l Z^V(r) = -Z L / r . The 
s o l u t i o n s ^ »H a r e . R ( I " ) = M(r) and ; j ( r ) - W ( r ) , where M 
i n v o l v e s l i n e a r c o m b i n a t i o n s of r e g u l a r W h i t t a c k e r f u n c t i o n s 
M.._]/2 c ( 2 c r ) and W i n v o l v e s l i n e a r c o m b i n a t i o n s of the 
i r r e g u l a r w h i t t a c k e r f u n c t i o n s ^-j+y/o g ( 2 c r ) . 

The p a r a m e t e r s on which M and W depend a r e S = /k (Z 0 ^ , 
c = imi|- P- y and v = Z.^.^/c. W h i t t a c k e r f u n c t i o n s a r e r e l a c e d to 
c o n f l u e n t h y p e r g e o m e t r i e f u n c t i o n s for which ' a i i d , h igh p r e c i s i o n 
n u m e r i c a l t e c h n i q u e s a r e r e a d i l y a v a i l a b l e . The most im por Cant 
p a r a m e t e r in the c a s e of s t r o n g f i e l d s (Za>l ) i s S = A- C Z :i)2 for 
k = + 1 , j = 1/2, s t a t e s . Ac Z a = l , S and c o n s e q u e n t l y M have a 
branch p o i n t as a funet ion of Za for j = l / 2 . AIthough ic seems 
t h a t W would a l s o have a branch p o i n t a t Z.t=l , W t g i s an even 
f u n c t i o n of 3 and t h e r e f o r e n o n s i n g u l a r a t Z-i=l. I t i s the 
n o n a n a l y c i c b e h a v i o r of the M f u n c t i o n t h a t causes a s i n g u l a r i t y 
of TrG^s+i for t h i s p o i n t n u c l e a r charge c a s e ac Zi=L. Higher 
a n g u l a r Momentum s t a t e s ( j ^ 3 / 2 ) a r e , on che ocher hand , we l l 
heihaved nea r Z a = l . T h e r e f o r e , co extend Za beyond 1, ic is 
n e c e s s a r y co i n c l u d e f i n i t e s i z e c o r r e c t i o n s Jor the j = L/2 
c o n t r i b u t i o n to the VP d e n s i t y . As we s h a l l s . j e , ic i s a l s o 
s u f f i c i e n t Co modify only che j = 1/2 c a s e . 
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In o r d e r to i nc lude f i n i t e n u c l e a r s i z e , a d e f i n i t e n u c l e a r 
model must be a d o p t e d . The s i m p l e s t f i n i t e s i z e n u c l e a r d e n s i t y 
i s a s h e l l d i s t r i b u t i o n , for which V ( r ) = -1/R for r<R and V ( r ) = 
- l / r for r>R, R b e i n g t h e n u c l e a r r a d i u s . With t h i s model i t i s 
p o s s i b l e to s o l v e the problem a n a l y t i c a l l y ° . For r-:R, the 
s o l u t i o n s a r e j ( r ) and h ( r ) , s imply r e l a t e d to s p h e r i c a l Besse l 
f u n c t i o n s . For r>R, t h e Coulomb M and W s o l u t i o n s app ly . 
C o n t i n u i t y a t r=R d e t e r m i n e s the p a r t i c u l a r l i n e a r combina t ion of 
M and W cha t j o i n s the i n t e r i o r j C r ) s o l u t i o n g i v i n g the r e g u l a r 
s o l u t i o n . C o n t i n u i t y a t r=R a l s o d e t e r m i n e s t h a t l i n e a r 
combina t ion of t h e j and h s o l u t i o n s t h a t j o i n the e x t e r i o r W 
f u n c t i o n t h a t g i v e s Che i r r e g u l a r s o l u t i o n . With t he se s o l u t i o n s 
fo r f i n i t e n u c l e a r systems , e q . (24) y i e l d s " 

[ T r G J \ r , r ; . + | ^ ) + TrlG^ 

TrG, ( r , r ; - ) k 
| T r G ^ ° u l ( r , r ; , ) + Tr.\G* , r ' R , (25) 

where Gg is the f ree r a d i a l G r e e n ' s f u n c t i o n , G £ O U *• i s 
the p o i n t n u c l e u s Coulomb G r e e n ' s f u n c t i o n , and . Ĝ . a re 
f i n i t e s i z e c o r r e c t i o n f u n c t i o n s . E x p l i c i t formulas are g iven in 
Re t . ( 8 c ) . I t i s s t r a i g h t f o r w a r d to show t h a t TrGv. - TrGj/ i f 
R _* „ t wh i l e TrG k -* T r G ^ o u I i f R -•- 0 Fur thermore ' , for 
Z<137 , a u s e f u l a n a l y t i c e x p r e s s i o n for .IG^ can be der ived bv 
s e t t i n g the e l e c t r o n mass to z e r o . With t h i s a p p r o x i m a t i o n , 
the con t o u r i n t e g r a t i o n in eq . (19) for the Tr G^ pa r t can bn 
per formed a n a l y t i c a l l y . In t h i s way, the f i n i t e s ize c o r r e c t i o n 
to the vacuum p o l a r i z a t i o n p o t e n t i a l i s found t.-1 bcL ~ 

, Vl-(Z-02 

W(r) = j ^ 1 ( 7 ) f l (Z .)*] (26) 

v a l i d for r -'-'R and Z-V-'l. Eq. (26) i s p a r t i c u l a r l y use fu 1 in 
cumputing f i n i t e s i z e VP c o r r e c t i o n s for muonic a L o r s , 

MUONIC ATOMS 

High Z muonic atoms p r o v i d e a good t e s t of vacuum 
p o l a r i z a t i o n s i n c e t y p i c a l 4 f , 5g muonic r a d i i a ''• 50 mi, which 
s a t i s f y R ' r < a •'•-' - ^ . Hence, t he se o r b i t s a re i n s e n s i t i v e to 
n u c l e a r d e t a i l s but probe the s t r u c t u r e of the vacuum p o l a r i z a t i o n 
c l o u d . F u r t h e r m o r e , s i n c e mu '•*"•' me s e l f - e n e r g y c o r r e c t i o n s a r e 
smaL" . The example of muonic Pb is L i s t ed in t a b l e 1. The 
c o n t i i b u t i o n s to the energy l e v e l s were taken from the compil i t ion 
in Ref. 13. The l a t e s t e x p e r i m e n t a l r e s u l t s j r e in agreement wi th 
t h e o r y . Comparing the c o n t r i b u t i o n .'£ = -'45 eV, due to 
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Table 1. C o n t r i b u t i o n s 1 - ^ to Energy Leve l s in Muonic Pb CeV) 

Diagram Order 4 f 7 / 2 5 g 9 / 2 

Az,)^ 1 
-1188318 -758970 

e. 
2. l®w{~\^sAu 

4 *~~h 

^ ( Z a ) 1 

a t Z a ; — 

-3664 

+ 104 

+ 10 

-1565 

+ 59 

+ 3 

5. KXH 

7. ®^~/" ^ T ^ ^ 

, 2 ( z , ) 2 

2 2 
•-t ( Z - - i ) 

-25 

-9 

- 1 

- 1 1 

- 3 

0 

8. Nuc lea r + Atomic Eft e c t -97 -173 

* £ ( 5 g 9 / „ - ^f / 2 ) = 431 ,332 + 5 eV theo ry 

4 3 1 , 3 3 1 + 8 eV DubLer, e t a l . 1 4 

431,360 + 11 eV T a u s c h e r , e t a l . 1 5 

n o n - l i n e a r vacuum p o l a r i z a t i o n ( l i n e 3) wi th the e x p e r i m e n t a l 
u n c e r t a i n t i e s (_^10 eV) , we can say t h a t the c u r r e n t e x p e r i m e n t s 
t e s t and confirm n o n - l i n e a r vacuum p o l a r i z a c i o n e f f e c t s a t the 
l e v e l of ^20%. Encouraged by t h i s s u c c e s s , we now push the 
t neo ry beyond Z=13 7 up to Zc. 
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NON-LINEAR SCREENING AS Z •* Z c 

For a p o i n t c h a r g e , Wichmann and KroLl showed t h a t the 
n o n - l i n e a r vacuum p o l a r i z a t i o n d e n s i t y has the form 

P ™ ( r ) =• Q 3 * o ( r ) / 4 T . r 2 + P , ( r ) , (27) 
VP ^wk wk ' 

where Q w^ i s a p o i n t s c r e e n i n g charge a t the o r i g i n and PPJ'<_ 
i s a f i n i t e compensa t ing VP charge d e n s i t y e x t e n d i n g to r 1 1 *Q. 
The net charge of Pyp i s , of c o u r s e , z e r o . As a func t ion of 
Zo, they found cha t 

1+ 
^ k 

- ! e | | ( Z a ) 3 C 0 . 0 2 l ) + (Z ,) 3 ( 0 . 0 0 7 ) F [ (Z -,) 2 ] i , (28) 

where F i s c l o s e to 1 excep t nea r Z\ = I . In the l i m i t Z -t -=- i , 
Qwk ** e / 2 0 , a p p r o x i m a t e l y . However, due to the n o n a n a l y t i c 
b e h a v i o r of the j = 1 /2 G r e e n ' s f u n c t i o n a t Z/t = 1, they ^ound t h a t 
dQ w ^/dZ -*- -oo a t Za=L. Th? c o n t r i b u t i o n of h i g h e r p a r t i a l waves 
( j > 3 / 2 ) to q 3 j was f o u n d 8 > I 2 b to be l e s s than [0% over the 
e n t i r e r ange Z <_ 137. Almost a l l the s c r e e n i n g c h a r g e , 
t h e r e f o r e , i s due to j = l / 2 p a i r s . 

Th is l a s t o b s e r v a t i o n g v e a t l y s i m p l i f i e s the c a l c u l a t i o n s of 
o for Z --• 137, To high a c c u r a c y , we need on ly i nc lude f i n i t e 
s i z e e f f e c t s in the j = 1 /2 term, whi le c o n t i n u i n g to use the p o i n t 
cha rge form of : -i for j l . 3 /2 ( v a l i d up to Zj = 2). \r t a b l e 2 , 
t h e energy sh i f t " ° of the i - l / 2 s i_a te due to n o n - l i n e a r vacuum 
p o l a r i z a t i o n is g iven for Z - Z c . The nuclea*- charge d e n s i t y was 
t aken to be a s h e l l of r a d i u s R = 10 £m. While the energy s h i f t 
i n c r e a s e s ve ry r a p i d l y for Z -• 137, iE-^C Z) " Z ^ , we see t h a t i t 
n e v e r t h e l e s s rem a ins smal l (,<l keV) and n o n s i n g u l a r as Z -• Z c • 
A l s o , i t can be seen t h a t the t h i r d o r d e r , .(Z ( ) , c o n t r i b u t i o n 
a c c o u n t s for about o n e - h a l f the r e p u l s i o n . 

I t is impor t an t to com pare t he se numbers to the f i r s t o r d e r 
Ueh l ing s h i f t , which i s a t t r a c t i v e and hence of o p p o s i t e s i gn to 
£E-*+. From eq . (16) a s imple e s t i m a t e of 'E*- can be m a o c ^ JV 
r e p l a c i n g 1/r by < l / r - i s as l i s t e d in t a b l e 2- For Z -* Z c , we ge t 
in t h i s way /.E* °- -10 keV. D e t a i l e d c a l c u l a t i o n s 1 ^ g ive in fact 
i E l ( Z c ) = - 1 1 . 8 keV. T h e r e f o r e , ^ E 3 + ( Z C ) ^ - i E 1 ( Z c ) / 1 0 , 
and the n e t e f f e c t of vacuum p o l a r i z a t i o n LO a l l o r d e r s in Z ; is 
a t t r a c t i v e a t the c r i t i c a l charge '. D iv ing , B '• 2m e , i s t h e r e fore 
enhanced by vacuum p o l a r i z a t i o n . 

An i n t e r e s t i n g way to c h a r a c t e r i z e the e f f e c t or n o n - l i n e a r 
vacuum p o l a r i z a t i o n is to d e f i n e an e f f e c t i v e p o i n t s c r e e n i n g 
charge Qj*£ such t h a t 
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Table 2 . Energy S h i f t (eV) Due to N o n - l i n e a r Vacuum P o l a r i z a t i o n 
for R = 10 fm Nuc lea r S h e l l Dens i ty 

z E ( l S 1 / , ) V / m <*. / r -e e IS , E 3 + , E 3 £e 9, 3„ 

82 0 .79 0 . 8 2 2 6 x l 0 " 4 6 x l 0 _ A 

130 0 .362 2 .1 63 47 8 x l 0 " 3 6 x i n ~ 3 

153 - 0 . 1 3 7 4 . 2 307 197 2 . 0 x l O ~ 2 1 . 3 x l 0 " 2 

165 - 0 . 5 50 5 .9 641 368 2 . 9 x l 0 ~ 2 1 . 7 x l 0 " 2 

175 - 0 . 9 9 0 7 6 1140 566 4 . 1 x l 0 ~ 2 2. . O x l O " 2 

175 - 0 . 9 9 9 7.6 1150 570 4 . 1 x l 0 ~ 2 2. , 0 x l 0 " 2 

S ince ' " " ' r ' l S = ' - d E l s / d Z _. d B l s / d Z , we can d e t e r m i n e Q,,f t 
from 

Q 3 + . . - -- .E 3 -e t t 
f / ( d E /dZ) (30) 

c h a r g e u s i n g IE-*. The r e s u l t m g s c r e e n i n g cha rges a re 
i l l u s t r a t e d as a f u n c t i o n of Z in F i g . 2. 

The r a p i d i n c r e a s e o t s c r e e n i n g as I — Z c i s o b v i o u s . 
However, the magn i tude of Q e f f ^0.0**e remains much s m a l l e r than 
the n u c l e a r charge "ven a t Z c . FUL t h e ' - r o r e , d Q e f f / d Z remains 
f i n i t e ai Z c . Also shown for compar ison is the Wichmann-Krol1 
c h a r g e , eq. ( 2 8 ) , o b t a i n e d for a p o i n t n u c l e a r d e n s i t y . The smal l 
c o n t r i b u t i o n of h i g h e r a n g u l a r momenta ( j ^ 3 / 2 ) a t Z = 137 i s 
i n d i c a t e d by Q ; k ! : -2* Q u a l i t a t i v e l y , i i is s u g g p s t i v e to say 
t h a t f i n i t e n u c l e a r s i z e s imply s h i f t s the QW\^(Z) cu rve to 
h i g h e r Z: Q e f t ( z > ^ Q w k ^ 2 " zc + - 3 7 ) . Note a l s o t h a t for 
Z •' 137 , Q e f f ( Z ) •'•" Q w k^ 2 ^ because for lower Z, the lS^ /? 
r a d i u s l i e s o u t s i d e the vacuum p o l a r i z a t i o n c l o u d , and the 
compensa t i ng d e n s i t y ?v^ in eq . (27) j h i e l d s the VP p o i n t 
c h a r g e , Q w k . 

In c o n c l u s i o n , n o n - l i n e a r vacuum p o l a r i z a t i o n is n o n s i n g u l a r 
and small compared to the l i n e a r (Ueh l i ng ) e f f e c t in 7. - Z„. 



UJ 

en 
< 
x 
o 

z 
UJ 
LLI 

o 

0.06 

0.05 -

0.04 

0.03 

0.02 

0.01 

g(za) n* 3 VACUUM POLARIZATION 
1 1 1 1 1 i 

i 

-
1 

I 
QWK | 

RMOfrn, 
1 
1 
i 

/ : 
/ • 

/ i 

r-
! 
1 

- / i 
3 7 1 

3 + / Q e f f : 
- / * 

/ . 
> -

•' 1 
3 

- l 
! 

•*** . , . - - " * Q kl a 2 ' 
, —==-- ' — i 1 

60 80 100 120 137 (60 Z r l 6 0 

Fig . 2. E f f e c t i v e n o n - l i / i e a r s c r e e n i n g c h j r g e for o r d e . s 
t C Z . ) 1 1 - 3 l a b e l e d 3 + and o r d e r •AZ-.)'1 l a b e l e d 3. 

T h e r e f o r e , v i r t u a l p a i r c r e a t i o n does not p r even t r^a l p a i r 
c r ea t inn for Z "* Zr . 

CHARGED VACUUM FOR I 

For Z • Z c , t he IS ]_/2 P° I e x a F i-£- ^ moves •• f: the p h y s i c a l 
s h e e t through the branch p ^ i n t a t . = -mo* The o r i g i n a l c o n t o u r 
i n t e g r a t i o n over Cp i s "hen no longer wel l de f ined beyond Z c • 
T h e r e f o r e , > -<p i s n o n a n a l y t i c a t Z - c > a l t h o u g h the l i m i t Z - Z c 

frcrr below , yp remains small and nons i n g u l a r . The n o n a n a l v t i c 
behav io r s i g n a l s a breakdown in the assumpt ion t h a t the c h a r g e l e s s 
vacuum s t a t e LS the one of lowest e n e r g y . beyond Zc , S • 2me and 
Che s t a t e wi th two e L e c t r o n s bmi.id around t^p nuc l eus and two free 
t ron 5 has lower ener«i and w i l l the re fore , m e the new v j c u A-i 



We e x p e c t t h e r e f o r e t h a t t h e vacuum c h a r g e d e n s i t y •"" y p s h o u l d 
be a s m o o t h c o n t i n u a t i o n o f t h e h e l i u m - l i k e d e n s i t y 2e i <J'j_g . / ? ( x ) ! ^ . 
H o w e v e r , t h e l S ^ / 2 s c a C e n o l o n g e r e x i s t s a s p a r t o f t h e D i r a c 
s p e c t r u m f o r Z > ZQ . T h i s p o s e s no d i f f i c u l t y , h o w e v e r , i f we 
r e a l i z e t h a t t h e p h y s i c a l h e l i u m - l i k e d e n s i t y i n c l ' e s t h e v a c u u m 
p o l a i i z a t i o n c l o u d : 

. H e ( x ) = 2 e : , 1 S i / 2 ( ? ) : 2 ^ v p ( x ) 

p y T r G ( x , x ; . ; , ( 3 1 ) 

C He 

w h e r e C ^ e i s t h e c o n t o u r Cp s h i f t e d t o t h e r i g h t o f t h e l S ^ / o 
p o l e in F i g . 1 . F o r Z '_ Zc t h e f i r s t l i n e i s welL d e f i n e d . 
H o w e v e r , t h e c o n t o u r i n t e g r a l i s p e r f e c t l y w e l l d e f i n e d b o t h b e l o w 
a n d a b o v e Z c . I t i s m a n i f e s t l y a n a l y t i c i n Z i n t h e n e i g h b o r h o o d 
o f Zc. T h e r e f o r e , t h e c o n t o u r i n t e g r a l r e p r e s e n t a t i o n a l l o w s 
u s t o c o m p u t e t h e c o n t i n u a t i o n o f t h e h e l i u m - l i k e d e n s i t y znd 
h e n c e t h e o v e r c r i t i c a l v a c u u m d e n s i t y f o r Z : ' Z c . ( T h e C r e e n ' -
f u n c t i o n m u s t , o f c o u r s e , be r e g u l a t e d a s in e q . ( 1 2 ) f o r a l l Z.) 
T h e h i g h l y l o c a l i s e d c h a r a c t e r o f t h e o v e r c r i t i c a l c h a r g e d v a c u u m 
d e n s i t y i s shown in F i g . 3 . I n t h i s exam p i e , t h e IS [ / 2 s t a t e 
d i v e s a t Z c i ^ 1 . 2 7 4 . H o w e v e r , we c a n s e e t h a t t h e vacuum 
d e n s i t y d e f i n e d by e q . ( 3 1 ) f o r Z ^ Z c i s a s m o o t h a n a l y t i c 
c o n t i n u a t i o n o f t h e H p - L i k e d e n s i t y from Z '' Z c a l l t h e wav up 
t o t h e d i v i n g p a i n t o f t h e 2P ^ / 2 s t a t e . F i n a l l y , t h e s m o o t h 
i n c r e a s e in t h e l o c a l i z a t i o n o f t h e v a c u u m d e n s i t y b e y o n d Z c 

c a n be s e e n from t h e a v e r a g e i n v e r s e r a d i u s i n F i g . 3 b . 

S UMMARY 

I n t h i s r e v i e w , I h a v e shown how t h e W i c h m a n n - K r o l l f o r m a l i s m 
c a n b- a p p l i e d t o f i n i t e r a d i u s n u c l e i w i t h v e r y l a r g e Z. T h e 
n u n - l i n e a r vacuum p o l a r i z a t i o n was shown t o r e m a i n t o o s m a l l t o 
p r e v e n t s p o n t a n e o u s p a i r p r o d u c t i o n f o r Z *- 1 7 5 . F i n a l l y , t h e 
d e n s i t y o f t h e o v e r c r i t i c a l c h a r g e d vacuum was shown t o be h i g h l y 
l o c a l i z e d a n d c o n t i n u o u s up t o t h e 2P]_/2 d i v i n g p o i n t . 

T h i s work was s u p p o r t e d by t h e D i r e c t o r , O f f i c e o f F ,nergv 
R e s e a r c h , D i v i s i o n o f N u c l e a r P h y s i c s o f t h e O f f i c e o f High 
E n e r g y and N u c l e a r P h y s i c s o f t h e U . S . D e p a r t m e n t o f E n e r g y u n d e r 
C o n t r a c r W - 7 4 0 5 - E N C - 4 8 . 

. ; . : / 
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4 -I 

f\' ( a 

J \ 
) 

. 3 8 , E 2 P | / ? = -0.972) 

fv" 1 2 9 5 , E 2 P | / 2 = 

i.27445,E 

-0 .268) -

, = -0.999) -

2 9 5 , E 2 P | / 2 = 

i.27445,E 

-0 .268) -

, = -0.999) -
\ < r = 

2 9 5 , E 2 P | / 2 = 

i.27445,E 

-0 .268) -

, = -0.999) -

/ 

<r-(r =I.205,E„ = -0.55) 

l~ (R= 0.026) 

i 
^ = 5 3 

.20 1.30 
Z a 

1.35 1.38 

F i £ . 3 . a ) C h a r g e d e n s i t y o f H e - l i k e s t a t e w h i c h c o r r e s p o n d s 
Co t h e vacuum d e n s i t y t o r Z •• '• 1 .2 7 5 . 
b ) A v e r a g e i n v e r s e r a d i u s o f H e - l i k e s t a e . 
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