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Abstract:

In a field theory model of two scalar fields and two massless fermion
fields with internal cyclic symmetry Z(3) there exists an algebraic relation
between the fermion fields that makes them inseparable in both 3 + 1 and 1 + 1
dimensions.

Solutions of the field equations in 1 + 1 dimensions show bound states

for the fermions in interaction with the solitons generated by the scalar

fields.
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1. DEFINITION OF THE MODEL

The variables of the model considered are two classical scalar fields
¢] and ¢2 and two fermion fields ¢] and wz defined on the space-time
manifold.
. s
We construct the matrix fields
1%,
¢ = = 0301- 0160 (1)
=054

4

where 91, Oy, O3 are the Pauli matrices and

L
v = T = ([@0,)s Uy = Ypvge (k= 1,2) . (2)

The Lagrangian density of our model is a trace of 2 x 2 matrices

4 3 .2
5ZZ,= %—Tr(au¢)2 - %—Tr[k¢ - u(03¢) - Bo° - 8]
+ iy S v - miu + ghow | (3)

with the partial derivatives au = a/axu, ?L =-%(3ﬁ - 3?) and the anticommuting
gamma matrices {Yuﬂv}= Z%N.

The coupling constants A > 0, o < 0O, B > 0 determine the strength of ﬁhe
self-interaction of the scalar fields, and the constant & is defined to set .
the potential density in the vacuum state to zero V(vacuum) = 0. m is the mass .
of the fermion fields, and g is the coupling constant of the Yukawa
interaction.between scalar and fermion fields.

In 3 +‘1 dimensions py,v = 0,1,2,3:Yu are the Dirac-gamma matrices and
the metric tensor is guv = diag(1.~1,-1,41)T In 1 + 1 dimensions u.v = 0,1

and yg = -0p, vy = ioy (Ref. 1), g, = diag (1,-1).
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The Lagrangian (3) is invariant under the transformations of the Poincaré

group and has the internal symmetry 2(3), the cyclic group of order three:
o ~RY®R, v ~RO,T > T(RY)? ()
with the representation

R = exp(--% 8,). 6 = %ﬂn. n=01,2 . | (5)

R3 is the unit matrix which guarantees the invariance of the interaction

term Yoy.

The field equations are coupled differential equations-

320y = -a0(8] + 65)6; + 3u(6f - 62) + 280, - 9(Tyyy - Tpv,) (6)
9%9, = -0M(4] + 6)0, - 6ab 18, + 286, - 9Ty, - Tply)  (7)
Y300 - My = sg(iey = Uye,) (8)
Y300 = My = =g(-Uyy = Ug6,) . (9)

2.  INSEPARABILITY OF FERMIONS

From the linear structure of the equations (8) and (9) and the symmetry
of the problem, we find as a main result a connection between the fermion
fields independent of the form of the fields ¢] and ¢2.

Theorem: For massless m = 0 fermion fields, any pair of solutions w] and
¥, of the system of equations (8) and (9) are related algebraically:

bo(t,x) = A¥y(t,x) (10)
with A = iy, | |
Remark: We choose the Yy matrix to be Yg = iVo¥;Y,¥g. Y& = +1,
{YS.Yu }=0: 1=0,1,2.3 in 3 + 1 dimensions: and Yg = YoY7 = -%.

Yg = 41, { Y57, } = O, u=0,114n 1 + 1 dimensions.
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Proof: Substitute wz from (10) into Eqs. (8) and (9). Set m = 0. Then:

1Yu9uw] = -9(w1¢] - Aw]¢2) (11)

iYUaqu] = -9(-Aw]¢1 - w]¢2) . : (]2)

Equation (12) multiplied from the left by A is identical to (11) because AYDA
= +Yu and A2 = =1 on both four and two dimensional space-time manifolds.
This makes the fermions inseparable.

If one compéhent becomes zero the other vanishes too or the presence of
one component implies the presence of the second component.

3. SOLUTIONS IN 1 + 1 DIMENSIONS

Apprqximate solutions of the field equations are found in 1 + 1
dimensions in an iterative way:
(i) First we solve exactly the system Eqs. (6), (7) without any fermions
present ¥, =Y, = 0,
(ii) then we solve exactly the equation of motion (8) and (9) of the fermions
in the scalar field, and
(i11) calculate in a linear apprbximation the correction of the scalar fields
due to the presence of fermions. Ahd last we
(iv) check that the new scalar inserted into the field fermionic equations (8)
~and (9) does not change the fermionic currents but only adds a complex phase
to the fermionic fields.

(i) Solutions of the scalar field equations ¢; = ¢, = 0

Because of the cyclic symmetry the potential

V(6148,) = A(62 + 62)% - a(0d - 36,62) - Ble% + 02 -6 (13)
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has three minima or vacuum states located at ) ='(¢v,0), 2 = (-%¢v, Z%§v)
and 93 = (-%¢v, -%3$V) such that the potential and its first derivatives
vanish in all 's. V(®;) = V(R,) = V(R3) = 0, (3V/36;)(%) = O (defines ¢,).
Using the trajectory method of Rajaraman2 for coupled nonlinear -
differential equations in one dimension we find time-independent soliton

—§A¢3, a linear trajectory

so]utions.3’4 When o = %%¢v, B = A¢€, and ¢

connecting the minima Qi and 92 -- ¢] + /§¢2 ¢V -- decouples the
equations and leads to the solutions:

1

¢](x) =7 ¢V[1 + 3tanh(ax)] , _ (14)
65(x) = 53 6,01 - tann(ax)] | (15)

with a = ¢, V3X/2

The fields are combinations of constants and kinks of the single field
4 . 5 ; ; = . -
g -theory.” The asymptotic values are ;lmm (¢],¢2) = 91 and lle (¢1_¢2) - QZ‘

The choice of the coupling constants a and 3 implies a linear trajectory
in the sense that the saddle points of the potential surface V(¢1,¢2) 1ie on
the straight lines connecting the minima & pairwise. The tunneling of the
solutions occurs along these lines through the saddle points.

Two more pairs of solutions are obtained from‘(14) and (15) by rotations
of 120° in ¢ space.

The energy density of the soliton configurations is

T = %A¢3 [cosh(ax)]'a (16)

OO(X)
and the total energy or mass is

[= o}

M°=f Too(X)dX = ¢)\3I Y3>\;2 . (]7)

-Q0



-6-

(ii) The motion of fermions in the scalar soliton field

Due to the theorem Eq. (10) it is sufficient to solve Eq. (11) for y,.

i d 3 .
1(Y0 3t " Yla—;)w,(t,x) = -9[y, (t,x)9 (x) + dog, (t,x)e,(x)]  (18)
Because the variables t and x separate, we assume a stationary time dependence

for 1 _
Py(x) = N exp [-iEt - H(X)] (19)

where E is the energy..N the normalization factor, U a two compenent spinor,
6
and H(x) a positive definite function.
Equation (18) splits into two parts: the time dependent but x-independent

part
. ] ‘-l

and the x-dependent part of the equation

-iy]a]w] = -g.ﬁg dy tanh(ax)(/3 - 103)w] . (21)

Equation (20) determines the energy:

E = (sign E)-% g9y : (22)

(sign-E = #1) and the spinor U (by choice the upper component is one Uy = 1):
o
v = ) - (23)
-(sign E) exp (-ig)

Equation (21) determines H(x):

-1/2

H(x) = - (sign E)(2)\) g n [cosh(ax)] . (28)

For the normalizability of the fermionic fields H(x) must be a positive

definite function, i.e. sign E = -1.
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Then by = -io3w] and the fermionic currents are
310x) = wuy - b, = N sin(Z) expl-2H(x)] , (25)

and

jz(x) ‘ﬁﬂpz - E.Zw] = 4N2 COS(%) exp[-2H(x)] . (26)

The normalization constant N is defined by:

f w;w]dx = 1 , which also implies f Jyx)dx = 1 (27)

We obtain an exact expression7 for N2:

N2 - (31/8)1/2 [2 (20)" -1/2 ] -](])F-][(Zk) 1/2g]

(3v/8)/ 2,87 Latan) /]

where B is the beta function.

(28)

The kinetic energy of the fermion fields is zero because U§]U = 0.
The energy contribution comes from their interaction with the scalar

soliton field. The energy density is

68t(x) = - 29N2¢v [cosh(ax)]’g'zzx (29)
and the total energy
fTagt(x)dx = -gd, (30)

is twice the energy E of Eq. (22).

- (i11) Feedback of the fermions onto the scalar fields

We expand the scalar fields Eq. (14) and Eq. (15) by 2 and vy The

new fields are



¢](x) ¢1(X) + ¢1(X) d

Fo(x) = 6,(x) + 0,(x)

The equations for the corrective fields are:

d2 =d +d 2 b ded+de. +d é ")
- =5 ey T4y T hoey T A9y T S T Te®)

dx2 _ ,
2 2
+dgep + dpeqey - gi(x)

¢’ = ¥ el + eps + + e + el
';7“’2‘31*"2 Epo T 0 T &7 57192 7 %%

2 .
+ e7‘02¢'| - ng(X) s

with the expansion coefficients d and e:

and

- 2 2
d] = -12x¢1 - 4k¢2 + 6a¢] + 28
d2 = -12A¢] + 3o
d3 = -4

d4 = -8X¢]¢2 - 6a¢2
d = -8k¢2
d6 = —4}¢] - 3o

d, = -4x

2 2
e] = ‘4k¢] - ]21¢2 '6&¢1 + 28

-12)¢,

(31)

(32)

(33)

(34)

(35a)
(35b)
(35¢)
(35d)
(35e)
(35f)

(359)

(36a)

(36b)



ey = -4 (36¢)
e, = -8>\¢]¢2 - 6a¢2 . (36d)
&g = -8A¢] - 6a | (36€)
e = -4, (36)
e, = -4 f (369)

Because the currents are proportional to each other j, = /331 [Egs.
(25) and (26)]. we make the ansatz:
¥y = /3:0]5/3:/3 (37)
and reduce the problem (33) and (34) to a single corrective field 24 that we
henceforth denote by .

The equations for ¢ and ©s become:

= (dy + /3dy)0 + (d, + /3dg + 3dg)e? + (dy + 3d;)0° - giy (38)

]
Q,\J a
* o

S
|

2 e e ‘
- %;E-w (%1 + ;%)w + </3e2 teg ¥ ;§>p2 + (3e3 + e7)¢3 - 93, (39)

The coefficients of the odd powers of ¢ on the righthand side are equal;

&

2
dy + V/3dy = ey + — = -82° (40)
U T A=
‘and
dy +3d, = 3eg + ey = 161, (41)

but the coefficients of the quadratic terms differ:

d2 + /3d5 + 3d

g = -16M¢y - 1209, tanh(ax) , (42)

e
6
/3e2 +eg +-;§ = -16A¢V + 4y tanh(ax) . (43)
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We solve for v in a linear approximation when we can use the Greens function

of the hyperbolic differential equation in one dimension:
d2 2 .
- E—g + 4A¢V e(x) = 'QJ](X) s (44) .
X

which has the solution:

o(x) = -g(arn /g, fdx'exp[-zx‘/2¢\,|x-x'ﬂjﬁx') , (45)

that has negative values for all x and vanishes at infinity.
1/2

%)

The trajectory in ¢-space is no longer a straight line as in the absence

Because./. j](x)dx =1, ¢ 1is bounded from below by -g/(4)

of the fermions but is tilted toward the center of the cpordinate system ¢]

=0.¢2=0:$]+/§$2=¢V+4«p(x) (¢ < 0).

(iv) Reevaluation of the fermion fields

As the correction ¢ of the scalar fields is a function of space
coordinate, it will not affect the energy E or spinor part U but adds to the
Eq. (21). |

The correction h(x) to H(x): H(x) » H(x) + h(x) satisfies the linear

differential equation:

- 52 h(x) = -2ige(x) . . | (46)

h(x) is therefore imaginary (h* = -h), which adds only a complex phase to the
fields ¢ and leaves the currents and the normalization constant N unchanged.
The linear approximation is thus consistent with the fermion equatibns.

4.  THE MASS SPECTRUM

The total energy of the composite system of scalar and fermion particles
determined from the fields 61, @2, Eq. (31),(32) and the currents j],jz,
Eqs. (25),(26) is exact up to orders of 0(¢2).

Y
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To illustrate the mass spectrum we calculate the masses for the
particular values of the parameters in the model A = 1, ¢v = 2.6717, g =5
when the mass‘of a system made only of scalar fields Eq. (17) is 22.31 and the
mass- of the composite system of scalar and fermion particles is 17.03 in units
of A.

We have a two level spectrum. The gfound-state with two fermions present
has always a smaller mass M than the state without fermions M°: M <M° when g

= 0. The equality of M and M° is obtained in the limit g - 0.

CONCLUSIONS

In a classical field theory model of two scalar fields and two fermion
fields with an internal cyclic symmetry Z(3) induced by the.cubic
self-interaction of the scalar fields we observe that the massless fermions
are inseparable, i.e., the solutions of the field equations in 3 + ] and‘l + 1
dimensions are related algebraically. |

We illustrate the structure ofithe model in 1 + 1 dimensions, where we
obtain a two level mass-spectrum of bound states, the mass of the composite
system of bosons and fermions being lower than the mass of the system made of
bosons alone.
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