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Abstract

We present the Hamiltonian structure of two-fluid electrodynamics,
with the Hamiltonian functional equaling the energy. The Poisson
bracket on functionals of the fluid variables and the electric and

magnetit'fie1ds is bilinear, antisymmetric, and satisfies the Jacobi

identity.

* This work was supported by the Director, Office of Energy Research,
Office of Fusion Energy, Applied Plasma Physics Division, of the U. S.
Department of Energy under Contract No. W-7405-ENG-48.



Of the three standard non-dissipative models fok plasma dynamics,

the Hamiltonian structure has previously been presented for two. Morrison and

Greene1 2

have treated ideal MHD, while Marsden and Weinstein™ have
derived the Poisson bracket appropriate for the Maxwell-Vlasov system.

For the third model, two-fluid dynamics, we héye followed the approach {]

'_”"\

- of Marsden and Weinstein to determine the Poisson structure for
functionals on the phase space consisting of the fluid variables and the
Maxwell field variables. The bracket {,.} so constructed
automatica11y-satisfies‘the requisite properties of a Poisson structure;
letting E, F, and G be functionals on phase space and 1etting a be a
scalar, these properties are

i) antisymmetry: { E, F} = - {F, E}

ii)  bilinearity:  {of *+F, G} = of E,G} + {F, G}

i11)  the Jacobi identity: |

{{E, F}, G+ {{F, G}, E} + ({6, E}, F} = 0

We now define the physfcal syétem of charged fluids under-
consideration. Label fluid species With the subscript s; each is
composed of structureless particles bf mass m and charge 9 - Let
a, = qS/ms; qg = 0 is allowed. Our»treatmeht ho]dsvfok_an
arbitraryvnumber'of species, but two (oppositely charged) species fs the
situation most commonly discussed.A Then, in terms of the fluid

velocities Ug, mass densities p_, specific entropies Ies electric

S’
field E, and magnetic fie]d;g, the equations of ideal multi-fluid X

dynamics, in rationalized units, are
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65 + V. (ps Es) =0 . (23)
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s ds Ug - T)Yg = ageg (E*+ug x B)-vPg (2¢)
where the specific.internal energy Us(ps, os), expressed as an
equation of étate,‘yie]ds the (partial) pressure PS according to

v , | | |

PS = o BUS/BQS . - (3)
Egs. (1) are the Maxwell equations, and egs. (2) and (3) are the laws of
compressible ideal f]uid.dynamics. We neglect heat flow, and therefore
express entropy convection by the adiabatic eguation (2b).

- It is natural in our construction to replace the velocity field

variable.gs‘with_the momentum density Msfg Then phase

Ps ds-
space consists of the set of quintuples of dynamical variables (Mé,
Pes cs,_E,'E), while the energy of the system is

Ho(M

i -1 2
s 0 06 E5 B) = T U (5 o0 M+ 0 Ug gy 0 Nd%k )
+r(%]E12+ % 181%) &,
where the integrals are over the region in space occupied by the

fluids. (We will sometimes use the notation of writing, e.qg.,

Ms z (M],.f.., Mk) for k species. Whether this is the case or

‘whether Ms refers to the single species s will always be clear from

the cbntext.)

The phrpose of this paper is to express eﬁs.‘(]b), (1c), and (2) in
the form of Hamiltonian evd]ution equations
I ={2,H) o (5)
where ' Z repreéents one of the dynamical variables, and the Hamiltonian H
is‘given by the energy (4). Because we are abandoning canonical

coordinates in favor of these physical]y.appea]ing variables, the’



bracket in (5) i§ not expegted to haVe the form of a standard Poisson
bracket. We do require, howevér, that it satisfies the essential
properties of the usual Poisson bkgcket mentioned above.

We regard the system defihed Ey (1), (2), (3), and (4) as the

- coupling of the vacuum Maxwell_equations to ordinaky fluid dynamfcs;

~

Therefore, we will briefly review the Hami]tonian structures of these RS
theories. - | o |
;The equatidns of motion for a single fluid species composed of
uncharged particles are egs. (2) and (3), With s=1 and as=0. The
Hamiltonian is‘thevfjrst integral in (4).' The Poisson bracket for this
has béen given by Morrison and Greenel, and rederived by Marsden and
Weinstein (private communitation) in such a way that the Jacobi identity
is automatica]iy satfsfied. Suppressing the specfes label and using a
dynamical variable as a.subscript to denote the functional derivative

with respect to that dynamical variable, Morrison and Greene's result is
. = - . . - .V '
.63 (M o, o) fﬂ (Fy -+ 0) Gy - (Gy - ) FM] d°x | (6)
.y FF ..v G - . VF a3x
M =% ﬁﬂ -~ p
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The equations of motion now fo]iow from (5); ' (.,
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The structure of the vacuum Maxwell equations as a Hamiltonian
systemvis also knownz. The Hamiltonian is the'second-integral in (4),
and the Poisson bracket, for functionals of the electric and magnetic

fields, is

{F, G} (E, B) /[ -VxG) GE'(Y-XFB)d_3X' v(7) 

One then obtains the vacuum Maxwell equations for.E and.E in the form of
(5). o o

We now state our résu]ts for the Hamiltonian structure of the
combined system of chargéd fluids plus the Maxwell equatibhs.. with'the
Hamiltonian given by (4), we require egs. (1b), (1c), and (2) to be of

the form (5). This is accomplished with the Poisson bracket

E, B) = 3 {F,G}(M, o, o) *({F,6}(E, B) (8)

{F G}(MS, Pes os,_ B

3
. - . d
*L fasps (Fy = G = 6y * Fg) &

where the first and second terms are defined in (6) and (7), and species

subscripts have been suppressed in the functional derivatives.



We observe that the first term of (8) involves only the fluid
variables and that the second is purely electromagnetic, while the third
and fourth provide the coupling of the fluids to the electric and

magnetic fields, respectively. Bilinearity, skew symmetry, and the

[

Jacobi identity all follow for (8) by the methods used in its

derivation. In addition it is readily verified that the correct

o

evolution equations for ‘the phase space variables, in the form (5),
follow from (8) aﬁd (4). Additional bodyvforces, such as gravity, can
easily be incorporated info eq. (2c) by the inclusion of an appropriate
term in the Hamiltonian. Fiha]ly, eqs. (la)and (1d), rather than being
postulated sebarate]y as initial conditions, follow from the gauge
invariance of electromagnetism. |

The»restricfion of multi-species electrodynémics to the Coulomb
case, in Which B =0, can also be treated. The scalar potential 4 is

expressed in terms of the mass densities P by

10 = 2w | Tx o x o

and £ = - V ¢, Eqs. {1) are then replaced by the Poisson'equatioﬁ

vz p = - g agn¢s and the Lorentz force term in (2c) is replaced by

a.e, E. The Hamiltonian structure is obtained by taking the

Hamiltonian onfthe phase'space of sets df trip]es (Ms’ p;, os) to

be the total energy )

H(M, Pgrog) = g[(%";] IM-s|2 tog Uglogs o)) @ A ' .. '

Y . .<.')>d3 -
.+§ S (S ag P X) S’as,os,ﬁ X b3

and letting the Poisson bracket on phaée functionals bevgiven by the

first term of (8); The correct equations of motion for the dynamical



g

variables (M

Mgy pgs os) now follow in the form (5).

The mathematical details of the derivation of (8) will appear

elsewhere.3
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