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ABSTRACT
The flavor cﬁanging neutral current decay of the Zo

boson into charge.2/3 quérks in the standard three generation
SU(2)LX U() theo;y of eleétroweak ipééractions‘has been
studied. Tpis process occurs first at one~loop order, where
it has been calculated without approximation. The possibility
_of producing the as yet undiscovered top quark by this decay
has been considerea. Tﬁe'branching raﬁios are extremely small
independeqt of the top quark’mass and plausible quark mixing
matrices if there are three generations, making it unlikely

thaﬁ the top quark will be produced by this mechanism. How-

ever, a massive fourth bottom quark could increase the rates.

This work was supported by the Director, Office of
Energy Research, Office of High Energy and Nuclear
Physics, Division of High Energy.Physics of the U.S.

. Department of Energy under Contract DE-AC03-76SF00098.
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I. INTRODUCTION

The standard SU(2)L x U(1l) theory of electroweak 1nteractionsl
appears thus far to have passedﬂits experimental tests. One of its
crucial untested ﬁredictions is that of the existence of a massive
neutral‘vector particle, the ZO, whose mass and couplings are con-
strained by the theory';ogether with experimental data at current
energies"._2 It is expected to have a mass of nearly 100 CeV, and
therefore to be within the range of the next generation ofvaccelefators.

In the theory, charge +2/3 quarks.appéar in lefthanded doubléts
witﬁ'their'charge -1/3 partners. However, the charge +2/3 partner
of the b quark, called the top quark, has not been seen. PETRA data
indicaﬁes that its mass must:bé greater than about 20.GeV-3 Other

\

considerations indicate that the top shouid not weigh moré than a
few hundred GeV.4 Analysis éf the Ko system indicaéés that a mass
of iess than 160 GeV is 1ike1y.5 Thereforé, it is ﬁot unreasonable
to assume .that the top quark lies somewhere between about 20 GeV
and the z° mass. If MT <:MZ/2, the Zo'één decay into a tE'Qair via
the usuéi tree graph. If-however MT >'MZ/2,'this decay is energetically
disallowed. 1In this case the decay Z -+ tc or tu can occur as a weak
radiative effect and could lead to the discovery of the top quark.
The process Z ~+ tc (and the related te, tﬁ,izu, cG? and cu) is
an example of a flavor changing neutral current interaction. These
procesées are generally highly suppressed and provide strong constrgints

on models.6 They have also led to accurate predictions for new

particles{7



In the SU(Z)L x U(1) theory;:the supéression of these processes
occurs through the GIM‘mechanism;8 Not only are neutral current
couplings connecting quarks of differént generations absent in the
tree Lagrangian, but they are suppressed eveﬁ beyond the 0(g3) one
would expect from their appearance at one—léop order. This may be
qualitativeiy understood as follows, using the Z - tc one-loop

amplitude (Figure 1) as a prototype. Its general form will be

KM, KM, T . .
=2z
Ampl ] UTJ(U )ch(masses)J, (1.1)
. KM A a . . : .
where (U ) is the (top quark, jth = bottom quark) matrix element

TJ

of the unitary quark mixing mafrix,9 and f(masses)J is some function

of the masses, including M

e and external momenta and spins. Now

suppose all the M

J d s b

Then f(masses)i becomes independent of J, so we may'remove its

's were equal, eg. M, =M =M

subscript and write

5 <MK t

Ampl = f(masses) UTJ(U )Jc
£ . J .

= f(massgs)ﬂ;Tc = 0}

(1.2)
since any off—diagonai element of the identity matrix is O.. The
amplitude will be nonvaniéhing onl& if there are nonzero quark mass
differences, and so is naively prdportional to A(Mi). .As it is
natural for the scale to ﬁe otherwise set by Mo, this will reéult
in a huge suppression for ordinary quark‘maés differences.

‘ I adopt the convention that (Z - top) means (Z > t or t + X),

-

- 2,
where X is not a t or t. Since for three generations AMJ is

dominated by Mi,'wé are ‘led to the estimate for the branching

\

for three generations.

=]

ratio of 2
Mb 2
i g3 b 10—1/2
B.R. = T'(Z » top) . MW. 1
Ut T(Z » all) 8 10
o 10 2e2b o 1=9
10. GgM, ~ 107, . (1.3)
=12 1 :
where 10 is from KM angles, and the extra - takes rough account

: 10

¢

of the number of open channels for Z decay.

This branching ratio'would.bé very small and pfobably not

' measurable, even with 108 Z's per'yearAat LEP. However, it is only

an estimate; an exact calculation is requiréd to see if the rate lies
in a measurable range. This is what has been performed. Unfortunately,
the results reported here are even a bit smaller than the above estimate.

The plan of this paper is aé follows. Section 2 contains a

" description of the caléﬁlationallscheme. Section 3 discusses the

pl

major checks on the calculation. Section 4 presents the results.

In Section 5 I conclude and point out how the small rates; might be
increased. . Appendices A through C contain some integration formulas,
a seriés expansion for the Spence function, and some symmetries and

Ward identities, respectively.



]
\\2/

II. CALCULATIONAL SCHEME

-. . 1 choose to work in the.uqitary gauge. The vector béson
ﬁrépagator is more complicatedithan in~t'Hooft-Feyﬁman gauée,

but there are fewer diagfams; The four diagréms that need fo

be calcula;ed for Z + tc are in Figure 1; the ones‘for Ec, tﬁ, Eu,
c;, and cu follow fromrthese by trivial subs;itution. Dimensional
regularization is used to regulate the ulf;aﬁiole: loop integral.
divergences that exist before all internal quarks and diagfams are
summed over. It is sometimes said that the divefgences in unitary
gauge are more severe than.in‘t'Hooff-Feynﬁan ortandaugauge. Al-
though true by naive power couqting,‘this is somewhat irrelevant
in the dimensional scheme whén one performs Laurent expénsion in

N about phyéicai 4 dimensions, since any divergence then appears
as a pele in N—4'irre3péétive of its (evén) degree.

As allude& to above, the sum over all internal quarks and
diag;ams is ultraviolet finite. In the dimensional scheme this
means that the geSult for the aﬁpiitude is free of E%Z pole te?ms.
This is expected in analogy;with previous. work on KL - uu.lo

An immediate obstacle is the choice of what to use for Ys‘in~
N dimensions. There is still controversy in the literature on this
point.ll We adopt thé definition of Ref.[12] of

9 .
Y5 = 1; {Ys,yu} = 0. : | (Zfl)
The éutho;s in Ref. [12] found that this definition preser?ed thé

Ward identities, at least for one-loop graphs. Here, I rely on

the checks described in Séction 3, in particular the Ward identities
described in Section 3B and Appendix C, to verify that I am nqt_iﬂ
error.

The questibn arises of whether there is a legifimate approximation

- 'scheme. Previous calculations of flavor changing neutral current

" processes have often neglected: internal masses, or external masses

or momenta either completely or with respect to some largé scale

such as wa This cannot be justified for the large masses aﬁd nomenta
involved in Z » tc, as comp;red to the low energjvprocesses that
were‘studied grevioﬁsly{ The on-shell decay rate, ;ummgd over

fermion spins and averaged over:boson polafizations, is a fﬁngtion
of'MZ, ¥, M ’,MB’ and MJ; where A and B are the exterpal quarks

and J are the internal quarks. M, and Mw set the lérge scale, and

Z
if, say, MA = MT then it is of the same order and cannot be neglected.

If MJ is ignoréd completely, the deéay rate is exactly zero by the

GIM mechanism. It is possible to argue to meglect MBé Mé; Mu and/or

high powers of MJ.

of computing Z ~» tc and te independently, and therefore loses the .

If one ignores Mnlone also 1oses the possibility

check of Section 3C that these should be‘equal. I chose the safest
route and kept all masses and momenta without approximation.

For the integrations, a modified version of the technique of
Ref. [13] was used. I have put the details in Appendix A. It was
desired.to do as much of the workralgebraically as possiblef By .
using Appendix A, one can reduce all relevantintegrals to algebraic
sums of integrals with loop momenta in the denominators only. These
can then be-writteh analytically as sums of constants, logarithms,

and Spence functions,14 combined together, and numerically
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evaluated;15 -A.convenient expansion for the Spence function is
’1isted in Appendix B. 1In this regard it is worth pointing out that
it is important to keep track of the ie's in the propagator denomi-
nators, as these specify which side of the cut of the complex
logarithm or Spence function one is on.

Keeping all five masses variable and without approximation
produces an algebraic erplosion. A computer algebraic manipulator,
MACSYMA, was essential in handling the algebra. The following
guidelines were found useful in the calculation:

(i) Expand in (N-4), keeping only pole and finite parts,
wherever convenientl -

(ii) Always throw out My

—'independent”pieces. These con-
tribute 0 due to GIM. ‘ -
(iii) Use Dirac equation repeatedly to eliminate 4-momenta in

favor of masses.

(iv) Utilize e-pA = - g pB for Z polarization vector € and
. external quark momenta PA’ Py- v

‘(v) 1In general, if a symmetry or constraining:eduationlexists,
it should be used to simplify or check. For example, if Mw M cos 6,

then one of these should be eliminated in favor of the other two.

III. CHECKS ON CALCULATION

The calculation is very lengthy so that checks are indispensable
to guard against errors. They are also useful in verifying the
validity ot certain calculational procedures.

Many checks suggest themselves at different stages of the work.
These are too numerous to be discussed here. The checks listed
below are the most global checks in the sense that they verify
large amounts of work and/or important assumptions.‘ Unfortunately,
the algebraic derivations are far too long to be presented here.

A. Pole Cancellation

As noted earlier, the calculation is expected to be finite;
all —lz-terms are expected to cancel. Vanishing of the poles with
M (1nterna1 quark mass)-independent coefficients is rather trivial
due to GlM. It is less trivial that the MJ—dependent pole coeffi—
cients.sum to 0. These can come about_from Dirac algebra as well
as integrals such as16

N1 M o .
Jd k (2—2— ) ~ﬂ.+ O(N - 4) - (3.1)
kD = M_+1 : :
Exact pole cancellation was verified algebraically.

It is interesting to note that certain pole parts require the
tree relation Mw = M cosfy, in order to vanish. Any O(g )
correction to this relation is only relevant for the O(gs), i.e.
two loop, Z > tc amplitude and therefore irrelevant here. This pro—
portionality is probably 1ndicative of the dangers of calculating

in unitary gauge off the mass shell, since M; appears as the square



of the 4-momentum of the Z external leg.

B. Ward Identities

The'rélevant Z couplings fo the order of interesf are given in
unitary gauge by the sum of a conserved vector curreat, and a partially
conserved aXiél vector current. This leads to Ward identities that
should-bbé satisfied by the Z + tc, etc., decay amplitudes. These
can be representeadiégrammaﬁcally by Figure 2. Notice that checking
the axial vector Ward identity requires computing an additional set
of diagrams giving the "decay of a fictitious pseudoscalar” into tc.
Details are presented in Appendix C.

This is»an important check, in particular forIQerifying the
choice of Ys5* Both the vector and axial vector Ward identities were
found to be exactly satisfied algebraically.

C. CP Invariance

As noted in Section 4, the KM matrix is chosen to be real.
Therefore, the calculation is performe& in a CP-invariant theory,
which ré&uires that T(Z + t¢) = I'(Z + te), ete. Since Z + tc and
Z ; tc are computed independen;ly from each other, this provides a
numerical check that was verified. 7

D. Imaginary Part

B

The reality chosen for the KM matrix also insures that the
theory is invariant under time-reversal. This means ‘that the -
imaginary part of the z + tc decay amplitudé is related to the
absorptive part via

2m<cc|T|z>= I<aft]ee> <)z, .2)
n

Ly
y

10

where § = 1 + iT. o \

Tﬁis check was confined to the simplest case of MT~< Mw + MJ,‘
where the only“cut that contributes is shown in Figure 3A. For
MT abbve the W-J threshold, sevéral othér cuts such as the one in .-
Figure 3C will contribute, and I have not attempted to compute them.
What haé beén calculated is the sum éver the intétmediéte phase
space of the product'of‘the two diagrams shown in Fiéure 3B. As this
obviousiy requires no'regulari;ation, it is another good check on
our dimensional scheme, as well as on the algebra and nuﬁerics.

Even here the algebra is long, due to so many independeﬁt and
variéﬁie masses; The methods of Appendix A are used to do the angular

i

integrals, oniy using 0(3) tensors and §
of Lorentz tensors éﬁd guv' Aifhough the integrals occurring here

jasa projectof; instead
are trivial, I expect that this method is useful in computing very
complicated phase space ihtegréls.

The result is reduced to a similar form to that given for the
amplitude iT in (4.1):

Lo KM KMt -
InT = ? Uag (U 1pUa(Py-5,) {Gpeepy + Gyé

+ G3e-pAY5 + G4é'y5} vB(pB,sB), . (3.3)

where Z(momentum pA.+ Pys polarization g) +ZA(pA, spin SA) + B(pB,sB),
and the Gi are functions of the masses. Their form is quite long
and will not be reproduced here. However it should be noted that
the phase sbace integrals produce logarithms whose arguments approach

1 in certain kinematic regions. In these cases, to retain
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numerical preéisioﬂ these logarithms should be expanded by hand, as
the high ogder terms in the expansions tend to cancel strongly with
other similar terms.

Having now computed'the'right-héﬁd side of (3.2),.it can be
coﬁparedvto.the left-hand side which is computed usiné the final
expression for the total amplitude (4.1). This ﬁfovides a last

T

" threshold, the'agreément disintegrates as expected.

numerical check which was verified. When M rises above the W-J

s

12
Iv. RESULTS

The full algebraic result for the decay amplitude (sum of

. ) *
- diagrams in-Figure 1) is far too long to be reproduced here.

Its general form.is

+

, KM, KM, ' = ‘
iT-’= f Uas(U D pta(Pys8y) (Frewpy + Fyf

4 Faeep,vs + Faéys}vB(PB,SB), . (4.1)

where Z(momentum Py + pB,,pqlarization €) » A(pA, spin SA) + E(pB,éB)._

The Fi are functions of the five masses MJ(internal quarks), M ’ MB’

MZ’ and Mw (cosew. was replaced by Mwlyz). They are in turn expressed

as linear combinations of constants, logarithms, and Sbence functions.
‘_ The total decay width, averaged‘over Z polarizations and summed

over A, B épins and momenta, is

r(z » AB) = (2B o (4.2)
: 5
- \16mM, ; o : :
Z
where P(A,B) is a phase space suppression factor and t is proportional

to the trace. A factor of 3 fqr color haé béen included. Let

- t -
FKR’FkI = Re, Im of (§I£JUJBFR)’ k = 1,4. (46.3)

*# 1 will send a copy to anyone interested.

S

3
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Then ) . ] .
P(A,B) = /x lx2x3x4 . . (4.4)
1 2 2 2
=3 {P (A,B) [x1x4(FlR + Fu) + x, (F 3I)
4”1(1"111 or FF11fop) + 49, (FapFup + Farfup)]

+ x2x3(8M§' + 4":? (F%R + FgI) + xlxa(SMg + 4y§) (_FiR + FZI)}.F .
: (4.5)
Numerical results are presented in Figures 4 thru 7* and discussed
below. Parameter choice is as follows:
(i) Quark masses - The (unknown) top quark mass is varied from

20 up to Mz— 1 GeV. For the other quarks, current17 internal

masses and constituent external ones were taken: - M, = 7.5 Mev, M = 150 MeV,

d
Mb 4.75 GeV, M = 330 MeV M = 1.5 Gev. Varying Mb by + 0.25 Gev

causes the rates to change by +~20-25%. Small variations in the
others make negligible difference. One could even take current
external masses with the same effect, and constituent.d and s quark
. masses tend to decrease the widthslhy only < 2Z. These statements
are true except when the KM couplings to b are too small or one is
right at a Z > AB decag threshold, in which cases the rates are
completely insignificant anyway. , - . 7

(1i) MZ’ Mw e : The central values of Ref. [18] are used:
Mw = 83.0‘GeV, MZ = 93.8 GeV, sinzew = 0.217 in the scheme where
cose MW/M Varying theserin the + 26 region of [18], i.e.

89.8 <M, < 98.7, 0.245 > sin’6 > 0.189, produces little

More detailed numerical results are available to those interested.

—
£
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(£ 30% through MT = 80 GeV) change, except near the endpoints since
Mz controls the position of the thresholds and of the zero in the
phase space cutoff factor P(A,B). But in this region the rates
are dropping anyway and my conclusions are unaffected.

(iii) Z decay width: This varies with the top quark mass. For
20 <'MT <:E§£‘ the Born amplitude into tt is phase space suppressed
relative to the other fermions, and for MT >-Mz/2 it drons Out al_
together. The formulas used were taken from Ref. [19]. For the
current parametersir(z »> all) = 2.7 QeV for MTA= 20 Gev, and ~ 2.5
GeV for MT >M /2.

(iv) KM matrix: The conventlons used for UKM are as in [20].
In order to observe the effects ofAvarying the mixing angles, a set
of matrices consistent with the physics of u, d, and s quarks was

generated by utilizing the analyses of Refs. [21 22]. I chose to

ignore the small CP-v1olation by taking the KM matrix to be real, 1. e.

cos§ = 1. Next, cose1 (91 is often called the’ Cabibbo angle) was

fixed at 0 9737 and sine3 was varied between 0 and O. 5. Finally,

sine2 was generated using the constraining Equation (12) of Ref. [21]:
cosa(sinzez—az)

tamg, = - — ) (4.6)
(sing,) (cose,) (cos )

where the allowed values of a.depend on MT. For fixed MT, a was

varied by reading values off figure 2 of [21] that agree with the

K - u+u— data (upper band) and/or - &0 mixing for 0.2 < B < 0.6
(B is a bag parameter). Widths were computed for all the matrices

generated in this manner.
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In Figuré 4 I have plotted the high, low, and average

(E(high + low)/2) values varied over the KM matrices, of ’

r(z *top) =TI(Z +rcC+ te + ta + tu) and the corresponding branching -

ratios BR(Z ~ top) as functions of the top quark mass. In Figure 4,
it was demanded that high or low values be generated by KM matrices

satisfying, in addition to the above requirements from u, d, and s

23
quark physics, the following constraints from b and ¢ quark physics %

_Uub
cb

<0.3 from B > K'.s, leptons;

)

b) Iucb] = 0.04 from B lifetime24;

c) 0.192 <Iucdl<o.34 fromv +d > ¢ + u;

d) IUC;|>0-.6 from D > Kev. ‘ “.7)

These constraints were not applied in (iv) because tﬁey are
somewhat crude and model-dependent at this time. For example, a
and b were derived using the spectator model for B decays; which
is in some douﬁt, However, theyvseemvreasonable and contain
important information about the KM matrix. 1In any case, for the
parameter set used in Figure 4 the value of I'(Z > top, high) was
found, for all values of MT chécked, to be independent of whether
Aﬁhe constraints (4.7) were applied or not, provided only that
Z > tc was energeticaliyAéliowed (i.e., for MT < MZ - Mc)' For MT

larger than this the rate is vanishingly small anyway, (4.7) does

16

tend to exclude extremely low values, but the average values are

also relatively unaffected since there is usually about an order

of magnitude's disparity between high and low values, implying

~

that average = high/Z.

The main feature of Figure 4 is how small the branching ratios
are. The maximum over all top quark masses and KM matrices used is
~7 x 10-11, almost certainly unmeasurable with projected luminosities.

The average value for potentially interesting values of-MT( Z 50 GeV) is
1 -

<3 x 10_; . The?e is, for fhe most part, a steady drop in éll
curves as MT iﬁcreases, and a sharp drop near»the kinematic boundary
(especially afte; the tc threshold isvcrossed,'although this is not
obvious froﬁ the graﬁh). .The exceptions to this steady drop are a
shoulder at around 85 GeV that will be explained later, and a dip
in T(Z » fop, loﬁ) at aBout 30 GeV which is due to flucéuat;ons in
which KM mat;ices agr;e.with experimental cénétraints as MT varieg
in tﬁéé region. |

‘ Thé‘simﬁle ﬁhysics estimate of (1.3) was not too far off, and
even a bit higﬂ. Thgt éstiméte assumed that the coupling to the b
quark dominated the amplitude;. Now, Z » tc is generally‘Cabibbo

enhanced relative to Z » tu. Therefore, it is expected that
r(z - top) ~T(Z + tc + tc)

22 2 ' 2
. UTbUcb —‘(clszs3 +.c6c2c3) (91c283/‘ c&szc3

= ,sinz(zezh- 2c663) + 0(1 - cl) (4.8)

&

(recall c +1 here).
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To check thig I'(Z -+ top) is plotted in Figure 5 for all the KM matrices Variation of I'(Z + top, high) with MT can be traced to three
used (ignoring the constraints (4.7)), for four values of M. The factors, two of which can be inferred from Figure 5. Note that the
solid lines represent what was actually computed, but the dashed lines high endpoihts'of the solid lines (the highest computed points for
are only their extension into the origin. In the neighborhood of the each mass) get lower with increasing My Pdth because the slopes of
dashed lines, the computation produced a splatter of 5oints with values the linee décrease, and the allowed maximum value of (UTb b) tends
generally higher than the line. As a further check, note that if b to decrease. The former can be attributed to the drop in the phase
quark dominance holds, . o , ) space fectot P(t,c) of (4.4) as HT increases.

. To verify this, I have plotted L > top, high) vs. M, in
2 2 , U ) P(t c)
= U s.s ) .. Tb cb
L(z *‘tg) o ub = 173 ~ Figure 6. Notice that this quantity drops by only a factor of 4
T'(z +tg) .UZ €1CyS3 = €4SyCq :
_ cb ) from MT 20 to 91 8 GeV while r(z » top, high) falls by about two
Sls§ orders of magnitude in the same range. - Aside from this, Figure 6 is
= —— T 4 0 1-¢). )
sin2(62 5 3) ( 9 dominated by an.enhancement peaked at around 86 GeV, that corresponds

4.9 L o
( ) to the shoulder seen in Figure 4. This is due to the onset of the

I'(Z »tu)/T(Z -+ tc) was plotted vs. (U b/U_b)2 for all the same values - i
. ub T t <> W-J thresholds; i.e., the‘land J quark can propagate closer’ and

as Figure 5 (not shown here), and all points were observed to lie on o
closer tomass shell as MT grows.

a straight line intersecting the origin, with slope 1. Thus, in the
: " The remaining small variation with MT not attributable to these

dashed line region of Figure 5, the coupling to b 1s still dominant
‘ three factors is then burled in the formula for the width.

but tu has become important relative to tc. : ) :
. I do not‘be11eve that the conclusions about unmeasurability are

Therefore, the KM couplihgs to b are the ones probed by the decay
. testricted by the choice of KM matrlx. For example, if one takes

rates. The only exceptions to this noticed were the unusual cases
: . the KM matrix giv1ng the largest branch1ng ratio into top (~ 7 x 10 )

when one of the KM matrix elements needed was ~ 0. For example, if

and for the sake of argument sets Ucb = UTb = 1 (the unitarity bound),
sin6, =0 then U , = 0, and Z » tu must go through the s or d quark. o T ' :
3 ub the width would increase by only a factor of 4, raising the branching
But in these cases the widths were seen to be negligibly small - ~10 ' ’ ) )
. ratio to only 3 x 10
anyway . '

T(Z ~» uc + uc) was also calculated; its average values, defined

- As an additional check on the physics of(1.3),Mbwas varled in : . 1 -
as for r(Z -+ top), are plotted in Figure 7. These are very close to 3
the region around the physical b quark mass. As expected, the rates : : :
4-"vN - the high values because the low values are down by five orders of
were observed to be roughly proportional to Mb, with the above-mentioned ) ) )
) ’ magnitude. The variation seem with MT is due to the variation of the

exceptions. JERTSS
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allowed KM matrices with M.. The couplings through S are strongly V. CONCLUSION
Cabibbo suppressed, and so the high value for the branching ratio . o 7 _
is never more than 2 x 10-12, making this experimentaliy irrelevant. The flavor changing neutral current decay processes Z>tc, Ec, tu,
’ Eu, uc, and ﬁé have been calculated. The exact expression for the
decay rate wég 5Stained as a function of. the five independent masses,
to one-loop order in the SU(Z)L x U(1) theory. Ward identities for
the uﬁitary gauge were derived to help check the result. The numerical
results wete‘theﬁ computed in thévthree generation model for‘realistic
values of the paramefers inQleed. The branching ratios such as
'.BR(Z + top) are at ﬁéét ~ 10-10, and fot many of the a;lowed values
of Mf aﬁd the quark mixing matrix ére much worse. If LEP produces
108 Zfs per year, tﬁen the prospects are for at mostvonevtqp quark
evéry 100 years by this process, makiﬁg.it a dismal experimental
proposition:

‘Therefofe,';t‘is very unlikely that a massi?e top quark will be
discovéred fy tﬂis mechanism. ﬁowever, since the branching ratios
a;e;so small, thef can p?ovide an important theoretical flavor cﬂanging
;eutfal current éonstraint on any.élternative to the model s;udied
here. Therefore, it will still be important to search for such events-
and set ‘upper ‘bounds on the rates.

One way these processes might be enhanced is by alteration of
the Higgs seétor.l Additionai ﬁiggs doublets can induce larger flavor
changing neutral currents because of off—flavor: diagonal couplings
in the tree Lagrangiaxl'l.25 Aléo, technicolor models are known to have
difficulgiés suppressing flavor chaﬁging neutrél current tates.26

Another possibility for enhancement would be the existehce of

a massive fourth generation bottom quark, b'. It was noted earlier

o~ —

O
A

-,
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that thé widths wérerproportional to M: fér bottom quark masses
small cqmpared-to-Mﬁ. It is not obvious that this behavior continues
for M, 2 M, or for M > M. However, it is suggested by earlier
calculations of similar proéésses,?7 ;nd prelimingry numerical
investigations I have made do show a stroﬁg increase.with Mb' I
will assume .it he;é"to get .an idea of the possible effect of a b'.

It is natura1 to suppoéé that the b' contribution is doubly
Cabibbo suppressed relative to the b. Then one estimates

4.
. e~ 4 Mb', :; . . .
BR(Z + top, with'b') (sinec) %— ] BR(Z > top, no b')

%

< 10'16Mé;' (in GeV).

For M, = 100 GeV, the right hand side is 1078, For i, = 1'Tev,

it is 10_6. So a massive b' could mage a significént'differenpe.ﬂ*l_
hope to éxaﬁine this issue in more detail in future work.

I would like to-thank Ian Hinch}iffe for suggesting this topic,
for many hélpful suggestions and comménts; and fof reading fhe
manuscript. T am‘also grateful to MIT gathlab'Groqp;for their
support and the use of MACSYMA. This Qork wés suéﬁorted by the
Director, Office pf Energy Research, Office of High Energy and

Nuclear Physics, Divisién of High Energy Physics of the U.S.

Department of Energy under Contract DE-AC03-76SF00098.
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APPENDIX A - INTEGRATION SCHEME

This appep@ix-is somewhat similar in content to Appendices D
and E of Ref. {13]. However, it is presented here since
. (i) the formulas are valid for arbitrary N (éssuming N is
such that the integrals converge), allowing algebraic reduction of
all integrals to linear combinations of scalar loop integrals only;
(ii) the metric of Ref. [16] is used; and
(1i1) some extra fotmqlﬁs'are given, including some useful in
unitary gauge.

The scheme is as follows. ‘Let the integration "measure" be

. o |
& - 36M/2 4k - (a.1)
' (21)

(4-N) /2

where gu is the dimensionful coupling constant in N

dimensions. Let
1= 0 nd); 1= (k+ - nd); III= ((k+ 2+ %~ ud)
(A.2)
where £ and s are some externgl momenta.and-m1 are masses.
It is desired to express. all relevant loop integrals as algebraic
linear combinations of . . - |

‘ = N 1, = Ng _l_ .
Agm) = [ak ()5 By(t, mp, my) = [ (G

. N 1 .
Co(l, S, My, My, m3) = Id 13 (i—ii—iii). (A.3)
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1

For the current calculation, the only scalar integrals that
o ) : ) bottom.
appear are (pA, py are quark A and B external momenta, respectively,

and J stands for internal quarks)
INCHRYWCSY

Bo(PyoMypety) s By, Mo,Mp), Bo_(PA + PgoMysMy) s Bo(p, + ppsMysM )

(A.4)

CO(PA’PB’MW”J’MW)’ CQ(PA: = + PB) Mw M M )

These are then written in terms of constants, logarithms, and Spence

functions,la combined together algebraically with coefficients from

) 15 where -
Dirac algebra, and evaluated numerically:

By maximizing the amount
of work done algebraically, it was hoped that problems of nasty
cancellations between terms would be reduced.

The following formulas are derived using Lorentz invariance and
index symmetry, and utilizing vector momenta gnd g™ (g"Vg v N)
"projecgors" until enough equations are derived to solve for all

scalar factors. For later use define

2 2
$;= 4" +m -m
_ 2 2
szv- s” + 298 + m, - @y . (A.5)
Then, for example, "projecting'" B  below with 2 ~ and using

Lk = %{IIV— I- 51) gives the .result for B The formulas below then

1

‘define an iterative ladder in which the ones on top are defined in

.

™

terms of the onés on

24

the rung below, etc., with Ay, By, and C, at the
, kz';ku;k' kK K
- ~ N M1 1 MW
l?o?_Bpl; Bul; a2 mpumy) Jdk e
' (A.6)
B.=2% B (2,1, 2)
Y1
B =% B
™ w1
B =% L B, +g R (A.7)
uluz. Ji uz 21 ulu2 22
3 = A (m) + n’B
0 = “o'™2’ T 1%
B, =L (4 (@) - A () - s8]
17 5,2 o™ o™ 1%0
% =n’B, - A (m,)
1= ™% T St
B,, = 1 [(8-2)A (m.) - 2u°B -NsB]
217 5700, 0™ = 180
B, = ———%— [A (m,) + 2n°B. + 5.B,].
22 = T2(n-1) 0™’ 1%0 T 515
C385C 3¢ ic, e _
07707 "uy uyT Tuguy “1“2 ulu u3(£,s,ml.,m2.m3)
TR kK k2k_ ko kKK
M P R T ey (A.8)
' I 11 111 -€
b4 o
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25 ) ' ) 26
C, =1 c (2,s5,1,2,3) + s, C (%s,1,2,3) R ' Co =t { - 2s [B.(2+s,1,3) - B.(s,2,3) - s,C.,]
U 11 12 3dsly .. - . ; [ ] ERak
1 u _ 227 527 7 1 1 12
€=, Gy su €12 '
1 1 1 2,
» ’ . +27[-B (2 +5,1,3) - 8,Cy5 - 2c241}
cu v = zu 0.Coy * Cy, + {25} Cyy + 8 Cy,
'1M2 1% "u “2 Y1¥2 L 1o Bt
& - & . . Coq = Tqzy [Bo(8:2:3) + 2m4Cy + 5,y + 5C,]
c, 8,k G ts, C,, + {ls} 23 24
M2 w24t 1 ¥ g 1"2 By
c =0 % s 8 + {M.s} ’ = W, 2
HyHgHg "1 Uy u3 31 "1 By g 32 P LR 33 - c21 = Bo(s,2,3) + “‘1C21
+ + . ' :
{£88}u1u2u3c34 ag}uluzusc:is * (sg}u1u2u3c36’ 4.9 . - o
C22 = -BZI(S »2,3) + mlC22
where { }u " means the product of all tensors inside, totally N
17" Hp v o o
symmetrized over all indices shown. P €, =-B (8,2,3) + mZC
P’ Y g 23" 1 1723
Let X-l =(R. R,S) = -Tl—z ( s ‘2;) . Then
s g2 £58%~ (18)” \-gs o/ - 2
' Caq = Byp(s52,3) + myCy,
- 2 . _ : N a
Cy = B,(s,2,3) + m1C . . . . . _
0 0 i 170 . : 31\ . 21(2"‘5:1:3) - 30(59293) - slc21 4c35
' ' ’ =1y A
. ) 2, ]2 i )
[ B (s 2,3) 2(£s)B (s 2,3) + 2 B (s 2,3) + ml o €33 v 21(2 1,2) - By,(¥+s,1,3) - s,Cy
c (145,1,3) - By(s,2,3) - s : [C3 21® +8:1,3) - B(s,2,3) - 5,Cy
(1) _ 1,1 By 1% 1 . : , :
172 ] : L1 - - :
(o B,(2,1,2) = B_(2+s,1,3) - s.C 2 -
»12 0 0 2 0 C32 - ; \51(1‘?5,1,3) - s2(:22 _ [GC36
G = - By(s:2,3) +mic); ' (L +s,1,3) - ;/~( 2,3) - s,C
- ‘ i : _ 33\ - P22t TSt 22°8:%» $1%24
, . = % g . : :
t 2 . : o . 2 2) - B +s,1,3) - C
Gy, = B,(s,2,3) +nlcy, : : | - €3 22(4,1,2) - By, o1 ) - 80y,
Other equations were derived, but these were always found to be
<C21>.= 1 % -1 (B (JL+S 1,3) + B (s,2,3) - - 1 11 ‘20'24) equivalent to one of _t_he above when both were e.xpre‘ssievd in terms, of
C23 : B (2.,1 2) - B, @+ s,1,3) - s2C11 AO’ Bo, and C0 functions.



27

A kqu ﬁumerator-facgor ié more difficult to work ggt than if
its indices are known to be contracted into k2, bécéﬁse the number
6f‘évailable Lorentz tensors increases'rapidly with the ﬁumber,of
tensor indices. If one 1§oks at the unitary gauge expressions
appearing in this calculation naively, it appears that one needs to

compute objects as bad as

R kokokokok
Co s, B JdNR : i Ii 121 =,
HiHak3HeHste , -

(A.10)

which would be very tedious due to the large number of avéilabler
tensors;_.Howéver, if one first multiplies terms out and.does Dirac
algebra,.simplifica;ions occur and onlf the integrals evaluated
above are seen to be needed. As no bQX'diagraﬁs appear here,
intégrals with four.deﬁominator'factorsvare not necessary..
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APPENDIX B - SPENCE FUNCTION SERIES

Recall the definition of the Spence function, or dilogarithm

o ) Z o
. Sp(a) = - J Lo él £ ge . . (8.1)
0 :
Reference [14) gave the following algorithm for numerical

computation: use Spence function identities to map the argument

into“théfun;t diSﬁ*with'real_part.léséIthan-%; and then use -

. : . a+l
Sp(z) = T B f- log(1-2)]

h (a+D) ! » (8.2)

n=0
where B are the Bernoulli numbers.
Here a modified Qeréion of the series (B.2) was utilized,
obtained by rewriting the Bernoulli numbers in terms of the Riemann

zeta function:

e teo(iosy L 2 3 17 g(2m) [103(1—z>]
Sp(z) = - log(l-z) % [log(1-2)]" + 4n ﬁzl ntl) o
. B (B.3)
where the Rieménn zeta function is given.by
t(n) = I 5 ] ) (B.4)
k=1 k )

The advantages of series (B.3) are that
(1) z(2m) are easyfto compute. Additionally, beyond a certain

m, a computerwill not be able to distihguish it from 1, whereupon it

can be set equal to 1 for the remainder of the series. These properties
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are useful for iterative high precision computation.
(ii) It is obvious what the expansion parameter for the

"series is, since the 2r denominator has been madeAexpliéit

(i(Zm)/(Zm + 1) is monotonic decreasing as m 1ncreases). In fact;

in the regioﬁvof_interest
|Re log(1<z)| < log 2.

fIm log(1l-z)| < 1;';

= !10%#1—z)l< / (log 2)2" +a7/9 & 0.2.

(B.5)
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APPENDIX C - WARD IDENTITIES

. The Lagrangian for unitary gauge is not long and is included

to clarify the 1a§ei discussion:

_ m ,
- 1 - 1
L -,§ {ti(id - mti - H)t1.+ bi(id - mbi - H)bi
2z .0, _lzow
teAlFEyty -3 byyby]
8 g [EM-l + 8 g2 Bt -4 62 -
* 2o Bl CL g sy ey + by (-5 ey - vebylh

s & % w':'.” j e w' t
+ 2 ij{ Lty _‘I”S)Uijbj W by (=g (U )ji e
- l[é A -3 A -ieWw -»wﬂf)lz
4 uy v uv v
-Y5z sz o+ age W - w‘w"')lz‘
K ARSTINY vV H Wuv o e

: o 2
1 + -, + + + +

- = - + - - - .
2|auwv AW ie(quv WvAu) ;gcw(wu;v wvzu)l

, _
) P T T 2 2 4 2, SM e
v Fo gt -l e’ -3 wemt oz s o

2 _
+ Lo+ @Dz 2" + 22T . (c.1)
8 CZ M u
" <

The notation is:

Wu,_Zu = weak bosons; Ah = photon; H = physical Higgs;

ty = charge +2/3 quarks; bi = charge -1/3 quarks;
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g=SU(2)L coupling, e=U(l)QED coupling;

Sys Oy T sin and cos of Weinberg angle; U = KM quark mixing matrix;

us A = quadratic and quartic couplings.of Higgs potential; and
= Higgs vacuum expectation value.

Leptons and the question of gauge fixing in the QED sector do
not concern us here so we ignore them.

0f course, this theory is invariant under the local U(1l) gauge
symmetry of QED, and therefore under global U(1l) QED. Only the
global U(l) is required to show electric charge conservation. Now
although the local SU(2)L x U(i)Y gauge symmetry of the original
Lagrangian has been destroyed by fixing the unitary gauge, there are
residual continuous symmetries left associated with the Z couplings.

Consider the global U(l) transformations, with real parameters ¢

and g, given by

@ e
“dar, .. o dBuy,
ti —rety .e .uSti
ias ‘ : —-iBuy
bi —r e bi - e S‘bi
w+ _— eiu(r—s)w+ e_ZiBuw+ N (Cc.2)
Hu u u
where r = (- 1+ —~s ) —5— (i - ﬁ-sz) and u = - -5,
4cw 3 ’ ’ 4c

£ is invariant under U (1); UA(l) is broken only by quatk masses and
Yukawa couplings to Higgs. The associated currents are conserved in
the case of U (1) and partially conserved in the case of U (1), and

are given by Noether's theorem.

32

2({;)[(— 1+8 3 )c o a2 sé)l_)iy“bi]

.

R - g WINPT - 3N 1eGMAY - WY AY)
W

+ ige, (W72 - W7ZM)1} + (herm. conj. of vector term} (C.3)

2y =0 - : : (c.4)
3= BB T Myt v Ysb ]
A cw i 54 i
L e B oovcene (B - _ -8
+ {same vector term + h.c. as Jy except (ch gcw) = ( 3¢ )}
- s o - (C.5)
T L 5
3Jp = 2, ey (@, + 5= Wygt, - bom + —=—H)ygb,} = 1P .
i’ i i-
(C.6)

The sum of these two currents gives almost the full current
coupling to the Z, but not quite. For one thing, it misses the
triple vector ‘term ~'BZ(WW WW) However, integration by parts

gives terms “ﬂZa(WW - W), 1eading_one to define

U- = TS R e : ’

Jderiv » 1gcd (W W _.w W) . . (c.])
5 JH =0 (c.8)
Wderiv. ’ I :

where (C.8) follows from index symmetry. Now one can define

M - g _ 1 U
JV JV +a 2 ) Jderlv
2¢
W
“u_ U 1 u
Jo =90 ¥ T3 Yderiv
2(‘;w

-

W



FgaN
L

-
{

33

J—Z =, J“; + J“, : (€.9)

then

J¥ao; Vs’ . . (C.10)

,Jg is now the entire source current for the Z except for the

ZZH and ZZHH couplings. ‘The equation of motion for the Z field is
@+ wd)z¥ - "( 2) = - 3% - Love + #?) 53—-2“ = s%. (c.1n)
MZ 37 (32 2 4 ‘ : 3 B . .

‘w

- The above equations imply Ward idenfities obeyed by the Z » tE,v
etc., decay amplitudes, generically Z(p,e) > A(pA; sA) + E(pB, SB)
with notécion as in the text. The decay amplitude is
. " " -1(px-p,¥,~Pp¥p
-z a1 g 1/2)J 4 4 b AV PEYE)

sfi d xd Y, dy_ e

 ——

TalRyoy) (14, - M) <0|T(e (PS* (T lypdu, (v)) [0 >

18, - My v (pB,s ), - " (€-12)

where the Zj s are the wave function renormalizations.

Now ignore the Higgs term inS to one loop order it is
irrelevant. IWard identities then can be derived by replacing e by
‘p in (c.12), integrating by parts, noting the vanishing of the equal
time commgtator terms since on-shell A + B propagation is energetically

not allowed and using (C.9) and (C.10):

Vectbr Ward Identity

{5, with eus“ +p, (- 3“;)} =0 _ (€.13)

34

Axial Ward Identity

{Sg, with e S¥>p (-J))} = (S, with c'us”ﬂ»(-x's)}, - (c.14)

where PS has been defined in (C.6). These identities are represented
diagrammatically in Figure 2.

The above considerations are'sufficienf to one-loop order for
Ehe decay amplitude, the subject of this paper. All orders merits
a brief comment. Ome should keep separate track of the Higgs term
in sH,- Also, eﬁentually the lgptonsshould be included. Their charges

are deduced from their couplings to Z:

Uv(lzcharge ‘ UA(I)charge

2 1 . v
[N CRTR)] ol G ) £

1 o W% ey
\):L(\)e,\)'ll ’\."l') ) zE;, . '. ' - Z% N (C.15)

and the fermion sectors of the currents expand to include the leptons.
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FIGURE CAPTIONS

Diagrams giving the one-loop Z tc amplitude in unitary
gauge.

Diagrammatic représentation of the Ward identities of
Appendix C. (A) Vector Ward identity; (B) Axial Ward
identity.

(A) Cut giving the absorptive part of the -one-loop Z + tc
amplitude for M, <:Mw + M. (B) Product of>aiagrams v
coﬁputed fof the‘imaginary part check. (C) An additional
cut contributing for MT'>'Mw + M

High, low, and average values of '(Z + top) and BR(Z -+ top),
as defined in the text, vs. top .quark mass.

I'(z > top) vs. KM matrix elements (UTbUcb)z’ for four

top quaik masses. Computed points follow the solid lines,
but deviate from\the dashed lines which are only the
extensions of the solid lines to the origin. The high
endpoint of each solid line gives the largest computed T
for that MT. o

High value of T(Z » top) (as in Fig. 4), divided by

" product of KM matrix elements (UTbUcb)2 and phase space fac-

Ctor P(t,c) (sée Eq. (4.4)).

Average values of T'(Z » uc + uc) and BR(Z + uc + uc), as

defined 1in the text.
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