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Abstract
An exact formula is given. It separates the complete
electro-magnetic correction to a given coordinate-space
-Feynman function into a product of two factors. Tﬁe-first
“factor is_a unitary operator that ié’expressed in closed
form. It contains all contributions corresponding to the
classical electro-magnetic ra&iation field. The second factor
is expressed in terﬁs of Feypman—like contributions with a
modified coupling, and is ffee of infra-red divergences: it
can be transformed into momentum space, and enjoys there
the normal analytic properties. This formula provides a
simple solution to the infra-red problem that maintains
the physically and mathematically correct asymptotic pro-

perties in coordinate space.

*This work was supported by the Director, Office of Energy
Research, Office of High Energy and Nuclear Physics,
Division of High Energy and Nuclear Physics, Division of
High Energy Physics of the U“S .Department of Energy under
Contract DE-ACD3-76SF00098. : v
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- The well-known "infra-red catastrophe" in quantum field theory'
conéists of the following fact: the electromagnetic corrections
to the S-matrix are represented by integrals whose contributions
from very soft photons often diverge. A way around this diffi-
culty was indicated bf Block and Nordsieckl, who showed, in some
simple cases, that these infra-red-divergent contributions cancel
out of the expressions for the observable probabilities, provided
the nonobservability of very.soft photons is taken into account.
The Block~Nordsieck observation has been generalized in a series of
works that have culminated in the central work in this field, the
paper of Yennie, Frautschi, and Suuraz. _This YFS paper gave
lengthy arguments to support their contention that all of the
infra-red-divergent contributions to the S-matrix can be collected
into exponential factors that cancel out of the expressions for ob-
servable probabilities. However, at the end of a technical ap-
pendix to their paper YFS listed some of the difficulties with
their arguments, and concluded that a rigorous proof of their con-
jecture would probably be prohibitively complicated. The dif;
ficulties with the YFS arguments are particularly serious when
the S—matri¥ is evaluated at a sinqularity.

The fFS infra-red sepafation was used by Chung3 to defiﬁe an
infra-red~finite S matrix: infra-red finiteness was (presumably)-
achieved by inéorporéting the YFS infra-red factor into coherent

initial or final states. This infra-red-finite S-matrix was

: 4 , 5 .
- examined by Storrow , Kibble and_Zwanzlger6, who found that the

pole singularity normally associated with a stable particle was

converted by the effects of soft photons to a non pole form.



Such a ch;nge in the chéracter of the S-matrix singularities
could be as éatastrophic as the infra-red—diveréence itself. For
the physical interbretation of the theory depends on the fact that
stable particles propagate over macroscopic distances in an essen-
tially classical way, and on tbe fact that any process involving
an intermediate stable particle behaves essentially like a com-
bination of two separate processes. These properties depend nor-

7,8
mally '

on the pole character of the one-particle exchange singu-
larity, and on the factorization of the residue of.that pole. Any
change of these analyticity propérties would jeopardize the
ability of the theory to accomodate stable (or nearly stable)
charged particies. . .

These difficulties can be overcome by a new approach to the infra-
red-diveréence problem that separates out the classical electromagnetic
effects already in coordinate space. For terminologicél convenience,
and greater generality, we consider not QED itself but rather the
electromagnetic corrections to a given (perhaps non-electromagnetic)
process represented by a Feynman diagram D. Let FD(x) be the co-
ordinate-space Feynman function corresponding to D. Here
x=(x1,...,¥n) specifies the spacetime-locations of the n vertices of
the spacetime diégram D(x) that.is topologicaliy equivalent to D.

Suppose, first, that the diagram D has no charged external lines.
Then FD(x) is transformed by the iﬁclusion of all electromagnetic
interactions with D to the operator-function

Fo, (X) = VEENEY (. : @
VHere U(L(x)) is a unitary operator in photon space that depends on the

set L(x) of spacetime polygons formed by the charged lines of D(x).

The explicit form of U(L(x)) is

T

V(L) = e @ TLE)> @It (L x))>

% ei¢(L(x))-’:<J*(L(X))"J(L(x))>

’ : (2}

where a*(k) and a(k) are photon creation and annihilation operétoré,

4
ax
<9 = [ 218 (£, 00 (-6 (), C®
3,L(x) %) = -ief axre kx| (a)
L{x) :
and
(-ie)? : 2 '
P(Lx) = = [ [ axteax" S((x'-x")7). : (5)
L{x)L(x) -

The (Coulomb) phase $(L(x)) is the classical action associated
with the motion of a charged particle around the closed loops L(x).
The remaining part of U(L(x)) acting on the photon vacuum creates the
coherent photon state that corresponds to the classical electro-
magnetic field radiated by the motion of a chargéd‘particle around the .
closed loops L(x).

The quantity ngr(x) is likewise an operator in photon space
that depends on x. It gives no infra-red difficulties: it can be
Fourier transformed into momentum space (x * pj, and the dominant
singularities of all (multi-) photon momentum-space matrix elements
<k'|F2Pr(p)|k“> of ngr(p) have the same character as the corresponding
singularities in a theory with no massless particles. Moreover, the ‘
discontinuities around these singularities are infra—red finite.

Formula kl) is derived by separating the photon coupling into
its "classical” and "quantuﬁ" parts: the éoupling of a photbn of
momentum-energy k into a charged line i of D is expressed in the form

—ieYu = Cu(k'zi) + Qu(k'zi)’ (6)

where z; is the spacetime difference Eetween the two end points of
the line segment i of D(x), and

. -1
= -3 . . 7
C (k,z ) lez k(k z ) v (7)



The operator U(L(x)) is the full contribution from all classical
photons, which are those that couple into L(x) only via the classical
S =D . : . o
couplings. The operator Fopr(x) is the full contribution from all

quantum photons, which are those that couple into L(x) with a quantum’

. X ~D .
coupling on at least one end. The function Fopr(x) is constructed as

the sum of Feynman-like cbntributions from all the different ways that

photoh lines can be connected to D. The rules for computing ?gpr(x)

are the same as the Feynman rules, ekcept that one must use the

coubling Qu(k,zi) -- and sometimes Cu(k,zi) -- in place of -ieYu, and
must use for the propagator of a photon with energy-momentum k emitted

by a quantum coupling Q and_absorbed by a classical coupling C the

" retarded propagator defined by replacing Feynman's denominator K2+ie

-
by (k°+ie)2—k2.- This modification of the propagator, together with
the fact that the quantum coupling into a mass-shell line is linear in

k, renders infra-red finite the functions <k'|?opr(p)|k"> and their

'

" discontinuities.

The phyéical observables are the transition probabilities
associated with spatially localized free-particle wave functions
¢i(xi) of the initial and final particles of D. Folding these wave

. P D .. N e .
functions into Pop(x)‘glves the transition operator-amplitude

,Tgp [w). o : ~

" If there were no difficulties arising from massless particles
then one could define the transition amplitudes for pfocesseé having
chargéé;particle external lines by consideiing these processés to be
subp?océsses of a largei process D having no charged-particle exterhal
lines. The extraction could be effected in either one of two ways:
(1), take the residues of the pole singularities associéted with those
intérndl lines of D that are external lines of the subprocesses, or

) ' D
(2) shift the wave packets of the external particles of,Top[w] to

infinity in a way such that tﬁe full process represented by D is de-
composed into subprocesses that occur in separate”spacetime regions
that are shifted to infinity in a way compatible with the idea that

the interme?iate charged particles travel like classical particles
between these separated spacetime regions. The latter procedure is the
physical one, but its equivalence to the pole-residue method is

assured by‘the normai connection mentioned earlier between momentum-
energy singularities and space—time asymptotic behavior.7’8l

These two ways of deriving the transition amplitudes for processes

with charged-particle external lines can be used also in the presence

of massless photons. In the spacetime approach the external-particle

‘wave functions WEwA are shifted to infinity as A*oco in a way such that

: . cas . A
the main contributions to the transition amplitude sz[w ]

come only from points x=(x1,...,xn) near the. point AX=(AX Axn).

5

That is, the localization of the wave packets wi render negligible (in

an appropriate mathematical sense) the contributions to the amplitude

- from points x not close to AX.

This effective confinement of x to a neighborhood of AX entails
that the contributions to the observable probabilities of classical
photons with keQ become negligible as the size of § tends to zero. 1In
particular, let Q be a small neighborhood of k=0 and iet UQ(L(x)) and
UQ(L(x)) represent the operators obtained from U(L(x)) by restricting
the k integration to 1, and to the complement of {), respectively.

(The 6-function in (5) must be Fourier analyzed to effect this separa-

tion.) Then

UL(x) = UQ(L(x))UQ(L(X)) j 8
= UQ(L(AX))UQ(L(x))
x UQ(L(AX))'[U'$<L'(Ax))UQ(L(x) 1-1]o%w ). 9)



\Suppose Q2 is confined to the space corresponding to undetectable
photons. Observable probabilities involve sums over all final states
of the'undetectable'phbtons. Thus in’ the calculation of observable
probabilities the un%tary operator UQ(L(AX)) in (9) dropé out. Hence in
the contribution to observable probabilities coming from the first
term in (9), and the corresponding contribution from UT(L(x))) the
classical photons with ke have no effect at all. On the otheér hand,
for sufficiently small { the contributions from the ;econd texrm in (9)
_ can be shown to be negligible dﬁe to the near equality of ﬁ (L(AX)) and

Q

UQ(L(x)). The very soft classical photons have, therefore, essentially
no effect on probabilities and the infra—re? contributions arise oénly
from szr(p). The normal analytic structure and infra-red finite?ess
of the functions <k‘|§gpr(p)|k"> and their discontinuities thus ensure
that the oBservable probabilities-enjoy the asymptotic behavior that
corresponds to stable charged particles.

' The same arguments show that if the initial ke photon states
are Fock states then the main kefl contiibution to the asymptotic pro-
babilities come from final states that are UQ(L(AX)) times Fock states.
Thus to define amplitudés that contribute significantly to the
asymptotic behavior of probabilities one should use these coherent
final states. But then the operator UQ(L(AX)) in (9) is gancelled, and
the earlier argumeﬁts now show that the very soft classical photons
have negligible contribution to the amplitudes. Then the normal
analytic structure of the functions <k'lFopr(p)|k"> ensure that infra-
red-finite amplitudes for processes with charged-particle externél
lines can be equivalently defined by the factorization of residues of
charged-particle poles or by thg(factorization of gsfmptotic ampli-

tudes. Details are given in references 9 and 10. -
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