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7.1 Mass Transfer From a Fuel Canister by Diffusion

Paul L. Chambre

Consider a cylinder of finite length imbedded in a porous medium. The
cylinder matrix contains a diffusing specie such as Si(OH)X or U02 which
is set free at the surface of the cylinder at the solubility Timit Es of
this specie in water and then diffuses into the exterior unbounded space.
The diffusion coefficient is assumed constant. The governing equation for
the conservation of mass of the diffusing species outside the cylinder in

absence of any losses is

c
k & = p.v°e (7.1.1a)

‘Here D is the diffusion coefficient of the species in water and K its

fetardation coefficient.

The boundary conditions are respectively

¢ = 65 (7.1.1b)

on the surface of the cylinder and

c=0 | (7.1.7¢c)

on an infinite spherical surface enclosing the cylinder. If the concentra-
tion at infinity is non-zero, a change in the reference datum of ¢ reduces
that problem to the above formulation. Prior to the time t = 0 the diffusing
nuclide has zero concentration in the exterior (porous) medium.

For a cylinder of finite length, the Laplace operator in eq. (7.1.1a)

has the form

% lg‘ Al (7:1.2)
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where r, 6, z are cylindrical coordinates. For the exterijor diffusion
problem which we wish to solve, compact analytical solutions of eqs. (7.1.1)
and (7.1.2) are not possible because the interior bounding surface is a
cylinder and the exterior surface is a sphere. This of course does not
mean that the posed problem does not possess a solution. Indeed one can
obtain it in numerical form or by analytical approximations. Since we
wish to retain a compact ana]ytical solution to this problem, a suitable
approximation is made for the shape of the cylinder. The finite éy]inder
shape is approximated by a slender prolate spheriod which is generated by
rotating a family of confocal ellipses about their major axis. This
family generates not only the replacement for the finite cylinder, but
produces also the outer spherical boundary which is a member of this
family.

One might consider also other forms for the approximation. Suppose
the inner surface of the domain is maintained in the exact form of a
finite cylinder and the outer boundary is now a cylinder, but of infinite
extent. For simplicity, consider furthermore that a steady state prevails
so that one deals with the solution of Laplaces equation in the exterior
field. Subject to the boundary condition (7.1.1b) the solution sought is
mathematically equivalent to the problem of determining the capicitance
of a cylinder in an infinite cylindrical box. It is well known that this
problem does not possess an exact closed form solution although it can
be readily shown that such a solution exists and is unique and can be
approximated by various means. With these comments in mind, we reiterate
that the interior cylinder surface will be approximated by a slender
prolate spheroid which is described by the prolate spheroidal coordinates

(a,8,0). Since the reader may not be familiar with this coordinate system,



we review and summarize in the following its main characteristics.
The relationship between prolate spheroidal coordinates (o,B8,p) and

the common rectangular coordinates (x,y,z) are given by

x = f sinha sing cosy
y = f sinha sing siny (7.1.3)
z = f cosha cosg

where f is the focal distance of the prolate spheroid measured from the
coordinate origin, see Fig. 7.1.1. To exhibit the geometric significance
of o, take o to be constant and let

a = f cosha, b = f sinha (7.1.4)
in eq. (7.1.3). If these three equations are squared and added, there

results

(_;-)2+(-“é—)2 +.(§)2=1 (7.1.5)
Since a and hence a and b are constants, this represents a prolate spheroid
in the x,y,z coordinate system (see Fig. (7.1.1)). One observes from
(7.1.4) that as o becomes small, the prolate spheroid tends to a small diameter
"cylinder". This "cylinder" has a radius b and a length given by (7.1.5)
as 2a. In the following, we shall approximate the cylinder by small
positive values of a. On the other hand, as o becomes very large, so do
both a and b and (7.1.5) tends to the description of a sphere of large
radius. The entire o range generates a family of prolate ellipsoids.

In order to exhibit the geometric significance of g, take B to be a
constant and let

a="f cosB, b ="f sing (7.1.6)

Again square the equations in (7.1.3) and add so that
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Fig. 7.1.1.
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Prolate spheroidal coordinates (a,8,V).

Coordinate surfaces are prolate spheroids
(e = const), hyperboloids of revolution

(B = const), and half-planes (Y

const).



2 2 2
- (i_:%_x_)+ (5) = 1 (7:1:7)

Hence for B constant and thus a and b constant, this equation represents

a family of hyperboloids of two sheets with foci at + f as shown in

Fig. (7.1.1). When 8 =0, a = f and b = 0, while when g = ¢, a = -f

and b = 0. For either of these cases (7.1.7) reduces in the limit to

the collapsed hyperboloid, i.e., the positive and negative z axis from f
to « and -f to -= respectively. When g =7, a =0, b = f for which (7.1.7)
reduces in the limit to z = 0, i.e., the x-y plane. Finally, as can be
seen from Fig. (7.1.1), the family of half planes ¥ = constant with

0 <y g2 mforms the third member of orthogonal coordinate system o,g,y

which has the range
0Sag®; 0LBET; 0&YPg2m (7.3.8)

In this coordinate system the square of the element of arc length is

given with help of (7.1.3) by

(ds)2 = £2 (sinhza + sinzs) [Eda)z ¥ (ds]?] +

+ f2sinh%a sin?p(dy)2 (7.1.9)

From this one obtains the metric coefficients of this coordinate system
as
172,

ha = h8 = f (sinhza + sin2 ) =S hw = f sinha sing (7.1.10)

Now the form of the governing eq. (7.1.1a) in this curvilinear orthogonal

coordinate system is

k& | ] o [Moac), o [Mafyat) |
at f |h h8h¢ 30 ha o oR hB oR

h h n
d
= ( gbﬁ %%) :] (7.1.11)



which reduces with help of (7.1.10) to

28 1 { 1 ) ( . “)
K—=10D : — |sinha — i+

" ; %
1 ) oC ] 1 9 C

+ —_— = sinp "—) + ( + ) } (7-}-12)
sing 9B ( 3B sinh’q sin’p ay2

g, <a<®, 0< Bgm O0<YPg2m
An alternate form of this equation is useful. Let

z = cosha, p = COSB, ¥ =y (7.1.13)

then (7.1.11) transforms into

-~ D A A
aC . £ 3 2. ac KB 88 36
oy [ £] o8 o0 E] -

2 2 24
e 2 ;} (7.1.14)
(z=-1)(1-u") sy

ot

Lg <T <o -Tgugl,o<yg2n

as one can readily show. In (7.1.12) and (7.1.14) ag and ¢ describe

the cylinder (prolate spheroid) surface. Particular solutions to this

equation can be constructed by separation of variables. With

A st
c(z,u,¥st) = e ¢ (Z, wy) [(F1x15)



¢ satisfies the Helmholtz equation in prolate spheroidal coordinates

g—g[(cz_n %ﬂ & [(1-u2) %3]+ (Czt:?)ﬁpz) i% +

+ k2 (gz-uz) ¢ = 0, where k2 = LE%%E£ (%.1.16)
This equation can be separated again with

6 (Comp) = Ry (kyg) S (ko) (5 (my) (7.1.17)

Here the radial function Rmn (k,z) and the angular function Smn (k, )

satisfy the differential equations

2
& [(;2-1) % Rm (k,;)] -(Kmn - K +;"2"—1) R (kyg) = 0
bl & 5 bl 5o 408 Vs (k) =0
du Y dp e Y5 “on 7" M T2 Tm S =

(7.1.18)

The separation constants k2 and Kin ® which are eigenvalues in our problem, would

be determined by boundary conditions imposed on Rmn and Smn' This method

of solution is not pursued in the following since the determination of the

spheriodal eigenfunctions and eigenvalues for the exterior problem are

mathematically quite involved. We will instead obtain the necessary

information about the solution by application of Laplace transform teﬁhniques.
Before proceeding with this, we make the simplication that the concen-

tration of the diffusing element on the cylinder surface is independent of



the angle y and constant over the entire surface so that c(z,u,t) obeys,

see eq. (7.1.14).

_ 1 2 aC 3 2\ 3
'gT(r:‘“ l;z_uz {gz [(C -]) 5{]"' 'é; [(1'11 ) ﬁ}} s

g5<z;<w,-1.~,;p.-g'l (7:1.19)
c(gsus0) =0, g o s <, -1 gugl (7.1.20)
c(ggomet) =1, -1<usgl, 1>0 (7.1.21)
c(o,u,t) = 0 -1l gu<gl, 720 CZ. .22
a—c%—o’ﬁﬂo L < L<®, 120 (7.1.23)
where
Aol Dt
c(gopsr) = SlatsT) oo T (7.1.24)
c Kf

The initial condition is given by (7.1.20). The boundary conditions on

the surface of the cylinder and on the spherical surface at the point at

infinity are given by (7.1.21) and (7.1.22) respectively. Eq. (7.1.23) describes
the symmetry of ¢ about the midplane u = 0 of the cylinder. We now develop

the steady solution as well as the early time and large time (approach to

the equilibrium) behavior of this solution.

The Steady State Solution

For this case the governing equation for c(z) and its side conditions

reduce to

d 2 .. d |
ac [(c-l)a%]=0, Lo €L < {hd 25



clgg) =1 | | (7.1.26)
clo) =0 | (7.1.27)
If the concentration at infinity is non-zero, a change in the reference
datum (¢) reduces that problem to the above formulation. Here c has no
u dependence because the boundary conditions (7.1.21) to (7.1.23) can be
met in the indicated way. The solution to this problem is elementary

and is given by

Q.(z)
c(z) = =2 < - (7.1.28)
4 _(_QoCs) g €L <
where
Q,(z) = ;—Tog -‘é% (7.1.29)

is the Legendre function of the second kind and zero order. In view of

g+l _ cosha +1 _ 2o
- m R coth™ 3 (7.1.30)
Eq. (7.1.28) yields
log coth%
c(a)=—a, a, o< {7.1.31)
S
log coth 5
The diffusion flux is then given by
J=-D, ¢ d
J=-Dycg gradc
=D, ¢
__€e s dc
4+Ti;~— = (7.1.32)

Here De = EDf is the effective diffusion coefficient of the species in the
water saturated porous medium, and € is the porosity of the medium. Eq.(7.1.32)

with the help of (7.1.10), yields the diffusion flux from the surface of the

prolate spheroid

D. ¢
+ f 'S
7 - 1 (7.1.33)
. J 2 2 \1/2 %
' (sinh o, + sin“B) " “log(coth E—J sinh ag




One observes that although the concentration is uniformly distributed over
the surface a = g s the surface flux is a function of position g. The
flux is largest over the top and bottom caps of the cylinder where g is
close to o and m as shown in Fig. (7.1.1). The expression (7.1.33) is
typical of the surface flux from an arbitrarily shaped body, in a diffusion

field governed by Laplace's equation, subject to boundary conditions

of type (7.1.26), (7.1.27). Dimensional analysis shows that

Dg Es
35 = % function of body geometry

where £ is some characteristic body dimension, which in the present case
can be readily identified from (7.1.33). In order to obtain the total
rate of mass transport from the cylinder, one must integrate 35 over the

surface S of the prolate spheroid

m=js' 3l ds (7.1.34)
Since dS = hﬁhw dBdy one obtains with (7.1.10) and (7.1.33) the formula for
the total rate of mass transport from a prolate spheroid

. 4ﬂDecsf

m = y {7.1.35)

o
log(coth 55)

For a slender prolate spheroid which is to approximate a cylinder of

length to radius ratio %—3_10, ag << 1. Hence one can approximate

o
coth (§§J 3_%— » b f ag by using (7.1.4) and f ~

r|—

thus,
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With this (7.1.35) yields

.2, el

o= : (7.1.36)
log ()

an approximation for the total rate of mass transport from a slender
cylinder of length L and radius b.

The principal physical feature of this formula is that m diminishes
with decreasing radius b (L being held constant) but for a fixed radius
m increases with L. These formulas and the equation for the fractional
dissolution rate will be illustrated in section 7.5.

We consider next the question of the length of time required to

establish the steady state solution.

The Transient Solution

The analysis is conducted in two parts, the early time behavior and
the large time behavior of the solution to equations (7.1.19-23), since
the complete solution to these equations is difficult to obtain. The
large time behavior is of greatest interest since it gives an indication
of the time span necessary to establish the steady state. We will compute
only the dominant leading term of the solutions since it will furnish

the desired information.

The Large Time Behavior

The governing equation (7.1.19) and its side conditions are subjected
to a Laplace transform with respect to the variable Tt and a Legendre
transform with respect to the variable u. c(z,u,t) thereby changes in

succession into

cleomp) = [ ePT c(z,u,1) dr (7.1.37)
0



1l

1
c(g:2n,p) = [ clzau,p) Ppy (u)dy (7.1.38)

where the P2n (u) are the Legendre polynomials of even order. Only even
members of the set are required on account of the symmetry condition
(7.1.23). We have shown that for the leading term of the solution, only
Po(“) = 1 and thus c(z,0,p) are required. The details are omitted.

Applying (7.1.37) to (7.1.19) yields with help of (7.1.20).

%E [(‘;2'” -3%‘5-”' *El]‘f -g-,; [(1-u2) M%l‘j—a)] = p(f8)elup)  (7.1.39)

Then applying (7.1.38) gives with n = o,

1
d 2 de(z,0,p) 2 (z,usp) _ i =% @8
a‘;[(ﬁ'” 3 ]+(]"“)acau L),
0

.c(z,usp) du (7.1.40)

One observes, having first Laplace transformed equations (7.1.19) - (7.1.23),
that the second (integrated) term in (7.1.40) vanishes by (7.1.23). The

integral on the right hand side of (7.1.40) has the form

o1 1
_,{) (cz-uz) c(z,u,p)du = (cz— %) c(z,0,p) = %_{ c(zap)Py(uddy  (7.1.41)

The last integral can be shown to have no contribution to the leading term,

so there results for c(z,0,p) = c(z,p)

d 2
dT [(t; -1)%%]=p(;2-]§) Cy Bg <L qre (7.1.42)

with the boundary conditions

c(zg,p) = ;— 3 c(=,p) =0 (7.1.43)



12.

We propose a solution to (7.1.42) of the form

-q(z-z)
c(z,q) = ¢(z.q)e » q= VP (7.1.44)

where ¢(z,q) is to be determined by substitution into (7.1.42). There

results

% [(cz-l) gﬂ = R(6,0) (7.1.44)
where

R(¢,q) = Zq[(cz-l) %‘% + c¢]+% q2¢ (7.1.44b)

In view of eq. (7.1.43) we take the boundary conditions on ¢(z,q) to be

1
o(z sQ) =
s ¢ (7.1.45)
¢(=,q) = 0
We now define the Green's function G(z,£) for the differential operator

in (7.1.44a) in order to solve that equation. Let

6(zg,E) = G(=,8) = 0
b
Then with F(a,b) = dg (7.1.47)
4f (az-i)
we have
2 dG _ _
(£7-1) gz = Aor G(L,E) = AF(Lg.E) , g < g <& (7.1.48)

(22-1) gg = -B or G(g,E) =-BF(E,») , E <[ < w

The continuity of G(z,£) and the unit jump discontinuity of (qz—l) g%
at ¢ = £,



determines
A=DF(E®) , B = D"1F(cS,£) 3 D= Flgg,») (7.1.49)
so that
(
[D.-]F(Es‘”)] F(gs'sC) 3 CS-S A
G(z,&) < (7.1.50)
l[D']F(;S,iﬂ Flge) Eggcw

On evaluating D and F there results

G(z,g) = < (7.1.51)

8 {t.) [QO(E) - QO(ES)] s EZ L™

Returning now to the solution of eq. (7.1.44) we consider as our starting

point Green's theorem

f?@% DEJ)%}-¢%—D¥4)%1}@ -

°s

B 2 d dG .
= {(c -1) [Gfg— -¢d—c]} ‘c {7.].52)
S

One substitutes for the differential operators under the integral sign the

equations (7.1.44a) and (7.1.46), then one makes use of the integral

property of the delta function and applies the boundary conditions (re-stated)

6(=,E) = o(=,€) = 03 6(z,E) = 0, 8(t 4a) = & (7.1.53)

q

13;



There results

_ 2 dG(Cs'E) '|_ o
6(6,0) = (gg-1) —g— 5= [ G(z.8) R (4(x)0) d (7.1.54)
Ls
But by (7.1.48)
d6(z, »£)
(r,sz—ﬂ z—z = A (7.1.55)

where A is given-by (7.1.49). If one evaluates the integrals, substitutes
the result into (7.1.54) and interchanges the labels £ and z, there results

the Fredholm integral equation

¢(z,q) = L2 -]m G(£,2) R ( (7.1.56)
(e m) q2 4 »C ¢'(£)sQ) dE.: % S
S

The large time behavior of the solution is determined by the "small p"
behavior of its transform. For this reason, one usually expands the
transform of the solution ¢ in powers of p or q. This amounts to the
iterative solution of the integral equation in form of a Neuman series.
For our purpose (7.1.56) shows that the leading term in such a series is
the first (integrated) term on the right hand side, i.e.,

©(2.) Q,(2)
£,q) =
0,(z,)

ro] —

(7:1.57)
q

Higher approximations can be computed by substituting this into (7.1.44b)
and then evaluating the integral (7.1.56) provided that this is done to

the correct order of the dismissed yu terms. In the present, we restrict
ourselves to the zeroth, i.e., the leading approximation to c(z,q) which

is a combination of egs. (7.1.44) and (7.1.57)

0 (x) 9%

c(z,q) = ﬁgrzgj'lJQ (7.1.58)

14,
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The Laplace and Legendre inversions produce then the desired approximation
for the large time solution

0, (x) et 2 1
c(gsp,t) = G;TE;T erfc E;T7? (7.1.59)

As 1 + =,the complementary error function tends towards unity so that
this expression agrees with the steady solution given by Eq.(7.1.28).
The diffusion flux from the surface of the prolate spheroid is given in

the ¢ coordinate system by

D_C 2 2
T - g°5 aC - -
g = meEs T where hC f Eﬁ_ﬂ_
T . z" -1
L =L -
T %eCs | %(%s) - (7.1.60)
R DACRIN

The time span necessary to establish the steady state to 1% requires that

Q’(c )
1 _ -2 0'°S
= = L) (7.1.61)

With (L/b) = 20,

Q. (z.) 2 2
0% 1 20 _ - -5 cm” =
GETZ;T =7 TéﬁT%UT"33'5 Df = 5x10 sec ’ k=100

and f = 150 cm, eq (7.1.24) yields

4 " : 2
" o W0 295 5 00 oll0® oo ol e

SLeady SEate oy 5% 5 %, 10 "x (33.5)2

4000 yrs (7:1:82)

This is an appreciably Tong time period and its consequence in establishing
the steady state in laboratory experiments must be appreciated. For

increased retardation this time span increases.



It is within the context of such experiments that the early time
behavior of the solution is of interest. We turn next to the analysis of

The Early Time Behavior

In contrast to the large time behavior which is characterized by
small values of the Laplace transform parameter p, we are now interested
in the large valued parameter case as p + «.

The starting point of the analysis is eq. (7.1.42) for c(z,p)
%[(c -1) g%]=p(c2-%)c,cs<c<w (7.1.63)
with the boundary conditions (7.1.43)

clzgp) = 33 clewp) = 0 (7.1.64)

One of the most useful techniques for obtaining the asymptotic solution
f (7.1.63) for p » » is with help of the Liouville approximation. For

this introduce the new independent variable
el |12
L dc” (7.1.65)

and the new dependent variable

1/4
N = ([:;2-1] [;2- ]g]) c (7.1.66)

There results the greatly simplified equation

d_z E’ i (”)] N (7.1.67)

16.



for which

N(<,p) = 0

(7.1.68)

Since one treats p + «, the function g(n) is as usual treated as a

negligible contribution and its specific form is of no further interest

in the following except for the fact that it is a continuous and bounded

function.

The dominant solution of (7.1.67) which satisfies (7.1.68) is

L1/2,

N(n,p) = Ae

If this is substituted into (7.

is applied there results

(7.1.69)

1.66) and the boundary condition (7.1.64)

2o B
c(z.p) = (E;S 1—]— 2

On inversion there results

s e

1] B -3

({7.1.70)

1/4
3]

C(‘-Cslis'l') = (

[CZ_]] E;Z _

where n(z) is given by (7.1.65).

erfc (2 ?/2) (7.9 71
T

The early time surface diffusion flux

3]

can be determined from this equation and it exhibits, analogous to the

second term in eq. (7.1.60), a

numerical coefficient.

1'1/2 behavior, but with a different

17.



7.2 Mass Transfer From a Fuel Canister by Diffusion and Forced Convection
Paul L. Chambre

Consider a cylinder of infinite length imbedded in a porous medium
through which water is flowing steadily in accordance with Darcy's law.
The cylinder matrix contains a diffusing nucfide which is set free at the
surface of the cylinder at the solubility 1imit of the species in-water and
then diffuses into the exterior unbounded space. A1l material properties
are assumed constant. The flow is taken normal to the axis of the cylinder,
but inclined flows can also be treated by the analysis given below. The
governing equation for the conservation of mass of the diffusing species

from a cylinder of radius r_ in the presence of radioactive decay is

0
Kﬁ+u(;e)§—§+v;’e §§=D 32—8+]—3§+1—326 - aKe
at or r 06 f 8r2 * or ;2 382
Vg & F<w,0g¢0¢2m t>0 {7:2.1)
Here 2 2
o A "o
u(r,8) = -U (1- :E—) cos8; v(r,8) = U ( 1+ x-) sin® (7.2.2)
r r

are the radial and tangential pore velocity components derived from D'Arcy's
potential flow in the porous medium with U the free stream pore velocity far away
from the cylinder. r is the radial distance from the center of the

cylinder and 6 the angle measured in the tangential flow direction from

the frontal stagnation point at the cylinder surface. K is the retarda-

tion coefficient and Df is. the diffusion coefficient of the species in the
liquid.

Prior to the time t = 0, the diffusing nuclide has zero concentration



in the porous medium. At time t = 0 the concentration at the surface of

the cylinder is changed to a constant value Cg
E(ro,s,t) =c,05Bg2m, t»0 (71.2.3)

and maintained at this surface concentration Cs subsequently. The

boundary condition far from the cylinder is held at zero concentration

c(=,8,t) =0 ,0g50g2m, t>0 (7.2.4)

It is convenient to introduce non-dimensional variables with

~ A A ;\t
T:%‘.’r=$,c(r’e'-[)=g_(ré—e’t).e
) 0 s
Uro
Pe = 5—, the Peclet number (7.2.5)
f
Kkro
Da = —5—, the Damkohler number for convective mass transport.

Then the governing equations for c(r,8,t) transform to

l<r<w, 0506g2nT>0 (7.2.6)
c(1,6,1) = eDaT s,0g0Bg2m, T>0 (7.2.7)
c(w,0,7T) =0, 006 c2m, T >0 (7.2.8)

with the initial condition that c(r,8,0) = 0.



For typical porous media flows the Peclet number Pe may be large.

Typically, with Us2 m/yr, r_ = 0.15 m, and D, = 1x10™> cn’/sec will

0
yield a Peclet number of 10.

This suggests an asymptotic solution of the equation system for
large Peclet numbers. In this case the principal resistance to mass
transfer from the cylinder surface is in a direction normal to the fluid

layer surrounding the cylinder, i.e., in the r direction. The diffusion
2
transport tangential to the surface, i.e., the term lﬁ-jL%u can then be

r- 98
neglected as will be shown below. To obtain the asymptotic form of the

equations, introduce the new independent variable R in place of r

R
o § 1B 2B 3 (7.2.9)
VPe '
then eq. (7.2.6) takes on the form
9€ _ 2R coso 2 + 2 sing &£ = ¢ , 0 [pe=1/2 (7.2.10)
Y R % g2 2.

This is to be solved for c(R,6,7) subject to, see (7.2.7), (7.2.8)

BT L ocogmtyo (7.2.11)

c(0,8,1)

1}

c(o,0,7) =0, 0 < 0 < 2m, T

W

0 (7.2.72)

with zero initial condition.

For large Pe numbers the last term in eq. (7.2.10) is neglected. By an
additional change of the 1ndependent variables, one can reduce the time
dependent diffusion and convection equation (7.2.10) to a simpler time
dependent diffusion problem without convection. New independent variables

n(R,0), z(t,6) are introduced which transform c(R,6,t) into ¢(n,z)



i.e., c(nsz) = c(R,0,1) (7.2.13)

These variables are given by

z(t,8) = - %—coss + %- {%ﬁ;{%f%}} (7.2.14a)

- -4t ale : . - | —2_ |
where f(1,8) = e 5%§% with a(s) (1+c058 )’ b(e) ( 1-cose)

and

n(R,8) = R sing . | (7.2.14b)

As the reader can readily verify, these transformations, which are
deduced by group-theoretical considerations, change eq. (7.2.10) to a

very simple equation for c(n,z), i.e.,

2

3C

5 s N >0, T >0 (7.2.15)

m |
™~

an
subject to the side conditions

W
o
_—
~J
~

clo,z) =1, ¢ .2.16)

c(w,z) =0, 2 30 (7.2.17)

with the condition that c(n,0) = 0.
The solution to this problem is
c(n,z) = erfc(—-”—) (7.2.18)
2\g
The solution in R,6,T variables is obtained by substituting n(R,6),

and z(6,t) in (7.2.18). One obtains after some simplifications that:

c(R,8,7) = erfc (R \ﬂ”“‘ 2; il 8 (7.2.19)

This solution satisfies (7.2.10) with side condition (7.2.11)

replaced by unity. To obtain the t dependent boundary condition given



y (7.2.11) we use Duhamel's integral, i.e.,

T
c(R,8,1) =[ c(0,08,1") % [erfc(R\,wth 2£T'él) F €0sP )]d'r' (1.2.20)

0

Integrating by parts and transforming back to the original variable € one

J—PE( th + Cc0sH )} +
) J%? (coth 21 + cose).} dt

(7.2.21)

obtains

Da Ut

Kro

¢(r,Pe,Da,t,0) = Cg exp(- ) erfc

Ut )

_fi
r
Kr -
0 -Dat r
Ce Da f - erfc (-—-—r -1
& 0

b

This solution (7.2.21) describes the time dependent concentration field
in the presence of radioactive decay in a Darcy flow about a cylinder.

The surface mass flux for a diffusing nuclide is

i(Pe,Da,t,p) = -0, %&|_
or lr=r
Dc
='3S _Z.P_E[: aUt\/thz—ul+ccese+
r m
Ut
Kr
+ Da/ 0 g-Dat \[coth 21 + cosf GT] (7.2.2%)
0

where D, = € Df in the effective diffusion coefficient of the diffusing
nuclide and € the porosity of the medium.

The surface mass flux, according to (7.2.22) depends on time and the
angular position. The angular dependence is removed by averaging the
surface mass flux over the cylinder perimeter. On the account of symmetry

we have



T

=
- - (Pe,Da,t) = %-J/. j (pe,Da,t,e) de

0
Ut

D c : Kr
_ e’s |2Pe Da Ut 0 -Dat
T \‘T [e"" T ) (R ) e j e 7 1) d":]

9 0

(7.2.23)

where - ;
1/2
I(t) = (coth 2t + cos8) de

0

To evaluate I(t) we proceed as follows

m 22T 172
I(1) 'j G] + 1 o7 : 3 cose) de
e -e
0

S —

2y2 2

ZLE € ()] (7.2.24)
4 V)2

where m(t) = (1-e”7 %) and E[x] is the complete elliptic integral of the

second kind. Substituting for I(t) in (7.2.23) one obtains

Da U 2 Ut
0,c I3 exp(- 2-"5)E fro)]

Kl s e

Jaw (Pe,Da,t) = “ro_ s

Kr Kr
0 § B / —Da'r E[m (T)*d"r
m ( m T

(7.2.25)

In absence of radioactive decay (A=Da=0) there results



. we, 7 ELm (RE )]
: _ _e’s e 0
Jay(Peso,t)= —— J;‘ Ut (7.2.26)
0 m(-E-—
r.vtli

For applicatijon in section (7.5), we require the steady state,
average surface mass flux in absence of radioactive decay. Hence, (7.2.26)

yields as tow, with m(2) = 1 and E[1] = 1, that

4D C J*“
-+ e s Pe
Jav T Tor p (7.2.9%

(o]

The mass transfer per unit length of cylinder under steady state condition

is then given by

R - - I
h=3,, x2m, = 4513 pc. (e (7.2.28)

a result well known in heat aﬁd mass transfer studies where it is shown
to be valid for a range of Pe>4 (K2),(L1).

From (7.2.26) one can estimate the time necessary to establish the
surface mass flux to 99% of the steady state mass flux. From table of
complete e]liptig integral of the second kind one obtains that the

criteria is given by
ke~ 12 (7.2.29)

For a flow of U =1 m/yr, . 0.15 m, and K = 100, t = 18 years,
a relatively short time for the establishment of a steady state when
compared with the case of pure diffusion. Theret = 4000 years was obtained
(see 7.1.62).
The analysis leading to the solution (7.2.21) for the time independent boundary
condition is readily generalized to a time dependent boundary condition.
The starting point for this analysis is Eq.(7.2.20). If in (7.2.3), cg. is

. fT'Kr
replaced by € ¢(t), one must change c(o0,6,t') in (7.2.20) to eDaT ¢(‘_TT£L)



As an illustration consider the radioactive decay of the surface concentra-

tion according to

c(ro.e,t) = i e Mt o £ 2n, t30 (71.2.30]
in place of Eq.(7.2.3). Here ¢(t) = e'kt. Hence, we have
AT Kro_
clogr') =ePT e U = (7.2.31)

After substitution of c(0,6,t') into (7.2.20) one can perform the
integration analytically. Transforming back to the ¢ and evaluating

surface mass flux one obtains

3 (Pe,Da,e¢)= E§E§-exp(- DirUt)'\lzie [coth (%gEJ + cosﬁ] ¥ (7.2.32) .
0 0 ()

This shows that the surface mass flux no Tonger reaches a steady state
but tends toward zero as t - «.

For a flow parallel to the cylinder axis the mass transfer can be
approximated as follows. The lateral cylinder surface is unwrapped into
a flat plate of length L and width 2wr0, and subjected to a flow in the
direction of the plate length. The steady mass transfer from a flat plate
of width Zvro and length L under longitudinal flow is given by

; TARL
Mong = 2-257 Deeg | B 2nr_ (7.2.33)

while the mass transfer from a cylinder of length L with the flow normal

to the cylinder axis is in view of (7.2.25)

1/2

; Ur
& 0
Mnorm“ 4.513 DeCS (*-[?) L (7.2.34)



Hence

Mnorm . 4.513 (EL-_)1/2
|
Mong (2.257)[2 = o

For a canister, with an aspect ratio f%_ = 13.2
0

gﬂgﬂﬂ = 1.63

M1ong
This indicates that for flow parallel to the cylinder axis, the mass
transfer is decreased by about 63% compared to that due to the flow ndrma]
to the cylinder axis because the thickness of the diffusion boundary layer
is greater for ﬁlong than for ﬁnonn'

Finally we note that the large Peclet number approximation made in
the analysis prevents one from letting the free stream Darcy vélocity U
become small. If U -+ o, in eq. (7.2.1), the convection terms drop out and
the equation describes then a temporal balance between the effects of
diffusion and radioactive decay. For a constant surface concentration,
given by eq. (7.2.3), the modified eq. (7.2.1) generates then a steady

state solution as t + «. Since the ¢ dependence is no longer needed, the

governing equation is

2~

S+l B g0, r>
ar
where
2
2 "o AK r
B~ = g W ==y 7.2.35
Df By ( )

with the boundary conditions

c(1) = cg » Cl=) = 0. (7.2.36)



10.

The solution is given by

K
N _ o(Br
c(r) = Cs K;%ETL e B [7.2.37)

so that the surface mass flux is

D.c " K, (B)
+ _ _e’s 1
e = v B X _(E) (7.2.38)

Here K (n), K,(n) are the modified Bessel functions of zero and first
order respectively.

A detailed numerical evaluation of the mass transfer withdut radio-
active decay, i.e., eq. (7.2.28), as well as the fractional dissolution
rate are given in section 7.5.. The other-formuTae derived above including

their dependence .on radioactive decay will be investigated in the future.



7.3 Mass Transfer From a Fuel Canister by Diffusion and Free Convection
| Paul L. Chambré

The problem concerns the mass transfer from a heated vertical cylinder
which is imbedded in a water saturated porous medium. The temperature of
the cylinder exceeds that of the surrounding with the result that a free
convection pattern develops which drives the fluid along the cylinder
surface. This induced velocity affects the mass transport of a diffusing
species from the cylinder surface into the surrounding medium. It is
thought that the effects of free convection might be important during that
time when the fuel canister generates a sufficiently large amount of decay
heat to maintain a temperature difference of about 50°C (or more) between
the canister surface and the surrounding medium. The aim of the analysis
is to determine the velocity, temperature and concentration fields and to
develop a formula for the surface mass flux.

The following assumptions are made:

a) A steady state description is adopted.

b) The vertical cylinder surface is replaced by a flat plate surface
having the same length as the cylinder and a width equal to the cylinder
circumference.

c) The pore water is assumed to have temperature independent properties
except for its density. The water flow obeys Darcy's law. The fluid
filling the porous medium is assumed to be a single phase.

d) Boundary layer theory simplifications are assumed valid, see eq.
(7.3.14) below.

The governing equations are:

_B_!._I_+BV=O

Conservation of Mass
ax ay

{Badid]




Conservation of Momentum (Darcy's Law)

= Efop (7.3.2)
ye-X% 28 (7.3.3)
v oy
Conservation of Energy
A
,3_1 B_T-= 2 - _€ (?.3_4)
W TV Yy T %V | 5% E <
Conservation of Species
3¢ . 8C _p 22 (7.3.5)
u ey tv 5y Eva o
Equation of State of Liquid
[+ il 8 {] = f (T - Tw)} (?36)
where
2 2
=iy i7.2:75
X oy

The coordinate system is shown in Fig. (7.3.1). The velocity components u,v
point respectively into the x and y direction. In the above equations
p,T,p,c‘p are the pressure, temperature, density and heat capacity of the
liquid and p_, its density far away from the plate. k is the permeability of
the porous medium. Ae is the effective thermal conduction of water saturated
porous medium as measured in the laboratory. u and B are dynamic viscosity
and coefficient of thermal expansion of the liquid in the porous med i um

respectively. Df is the diffusion coefficient of the diffusing species in

the liquid.
The boundary conditions for our problem are
v(x,0) = 0, T(x,0) = T &(x,0) = c., for x>0 (7.3.8)

u(x=) = v(x,») = 03 T(x, ) = T_; &(x,») = 0, for x>0 (7.3.9)
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Fig. 7.3.1, Co-ordinate system used in the
free convection model.

f(n),
f'(m),
cin)

't = Olx)

n
XBL828- 6306

Fig. 7.3.2. Qualitative shape of f(n), f'(n) and
c(n) for large Lewis number.



There will be a "slip" condition for the u component of the velocity at
the plate surface which is as yet unknown. Furthermore, the temperature
difference (Tw-Tm) which depends among other parameters on the heat
release from the cylinder is also determined subsequently.

Eq. (7.3.1) can be satisfied in the usual way by introducing the

stream function Y(x,y) with

u(x,y) = %%'; vix,y) = - %%-' (7.3.10)

If one differentiates (7.3.2) with respect to y, (7.3.3) with respect to
x and then algebraically adds the resulting equations, one obtains with
help of (7.3.6) and (7.3.10),

(f'pw 8g) §$.= v (7.3.11)

On the other hand (7.3.4) and (7.3.5), expressed with (7.3.10), give

3 3T _ 3y T _
3y 09X 89X ay OLeVzT (7.3.12)

W 3C _ B 3C _.p o2 ‘
% ax  9x ay Of C (7.3.13)

One has thus these three governing equations for the determination of
the unknown functions ¢,T and c. For the purpose of establishing the
main physical features of the solution, it is convenient to utilize the
boundary Tayer simplifications. These imply that the transport of mass,
energy and concentration in the major flow direction (i.e., u) is small

compared to that normal to the plate. With

2 ~ -~
oN << 'o‘_lg ﬁ_% << E—; B—S << i—%— {(7.3.14)
ax oy ox ay 29X ay



Equations 7.3.11-13 result in,

2
k ..y 8T _ 370
(p, = BY) === (7.3.15)
U 3y ayz
30 oT _au ol 32T
3y ax ~ ax ay % ;;2' (7:3:16)
W C _ 3 3¢ 326

These equations are subject to the boundary conditions,(see (7:3.8),

(7.3.9) and (7.3.10)

Bw(x,ol

v = 0, T(x,0) = Tw s ¢(x,0) = Cs (7.3.18)
a"’ﬁi"”) = 3‘*’5;"‘” =0, T(x,@) = T_ ; €(xy) =0 (7.3.19)

valid for x»o.

Equations (7.3.15) and 7.3.16), which are coupled equations for T and vy,
are solved first. One determines thereby the temperature induced stream
function P(x,y) which describes the free convection flow pattern, With
knowledge of ¥, one can then solve for the concentration €(x,y) separately.
For this reason we concentrate first on the solution of (7.3.15) and
(7.3.16). These partial differential equations are reduced to ordinary

differential equation by the introduction of the similarity variables
n = Ra/2 (YY) (7.3,20)

= o, (Ra)/Z (B2 ¢() (7.3.21)

=
1



o(n) = =—= (7.
Tw-tm
_c
c(n) = E; (7.
where
P k
Ra = a‘e-' (E‘) R (Tw-Tm)L (7.

Here L is the length of the plate.and Ra the Rayleigh number of the
liquid saturated porous medium. With these variables the governing

equations reduce to

f' (n) -96" (n)=0 (2
o' (n) + 5 f (n) e (n) =0 (7.
-1 1 ' _
pAe" (n)+zf(n)c (n)=0 (7.
where
o
A= 559; = Le (7.

is the Lewis number. The boundary conditions transform to

f(o) =03 8(0) =13 clo) =1 (7.

fl(o) =0 ; 68(x) =0; c(e) =0 (7

as can be seen by introducing the new variables into (7.3.18) and (7.

A final integral of eq. (7.3.25), which satisfies the boundary

conditions (7.3.30) for f' and 6 at n = =, is given by

f' (n) = 8(n) (7

:22)

:23)

.24)

.25)

.26)

.27)

.28)

.29)

.30)

=19).

«3)



Since the x component of the free convection velocity is determined by

=_8_w-= ie_ |
u 3y ( T Ra) f'(n) (7.3.32)
one observes that the normalized vertical velocity —ﬁiﬂl— and
' (—E—Ra)

the temperature distribution 6(n) are, according to (7.3.31), of the same
form. Thus, the determination of the function f(n) is of central
importance. To obtain an equatioﬁ for f(n),eliminate 6 between equations
(7.3.25), (7.3.26) and (7.3.31), with the result that

3 2
£
af ¢ T f dn—g= 0 | (7.3.33)

dn3 d
Exactly the same differential equation arises in the problem of the
boundary layer flow of a viscous fluid over a flat plate, the famous Blasius

problem (B2). But in contrast to the boundary conditions f(o) = f'(0) = O,

f'(«) = 1 in that problem, the conditions for the present case read
flo) =035 (o) =1 3 £'(=} =0 (7.3.34)

The qualitative shape of the solution f(n) of (7.3.33), (7.3.34) and that
of its derivative f'(n) are shown in Fig. (7.3.2). As already stated,
the free convection induced vertical velocity component and the temperature
distribution normal to the plate are both characterized by the shape of
the f'(n) function.

Next we determine the mass transfer from the vertical surface. For

this one requires the normal derivative oc which in turn involves &<

But n contains Ra and in this Rayleigh number there occurs the as yet
unknown temperature difference (Tw-Tm). (Tw—Tm) is determined by the heat

flux through the canister surface and the convective and conductive heat



transport into the porous medium. So one must first find (Tw-Tm). The
local heat transfer from the surface of the plate is defined by

T

qll = - l

which with (7.3.20) and (7.3.22) yields

p Ry 1/2
3/2 (E =) " x V2 gi(0) (7.3.35)

Q" = - Ag (T,-T,)
e w e

where Ao js the effective thermal conductive of the saturated porous medium.

The total rate of heat transfer from a plate of length and width W is then

L
W -j; q" (x) dx

3/2 [k PeP9 1z 1/2
- W }\e (Tw-Tw) (']I _OL(;“) 2L 6'(0) (?.3.36)

Pas)
n

Fig. (7.3.3) shows the variation of spent fuel heat generation with time.

We now define the magnitude of the average heat flux from the entire plate as

El" = Ig
WL
1/2
3/2 |\ 0uBY .
= 2 (T, T.) (4 s ) [6' ()] (7.3.37)

Hence the desired temperature difference between plate surface and the porous

media is given by
2 1/3

(7:3.38)

(T,~Te) is seen to be a function of the average heat flux issuing from

the fuel canister and the properties of the porous medium. The assumption
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is made that the average heat flux varies so slowly with time so that
(7.3.38) can be applied to a quasi-steady state. Fig. (7.3.4) shows a
typical trend for this temperature difference as a function of time for a
given q" (t) descriptive of a spent fuel. The temperature difference
drops to 100°C in about 130 years. The calculation is based on the follow-

. ing parameters values

A= 2.894 w/m°K (1) | B =2.07 x107% 175
k=2.96 x 1074 2 (1) L=4.7 m (2)
= 5.5 x 107 kg/m sec r=1.78 x 107" m (2)
_ =10 kg/m’ Q (0) = 5.5 x 102 w (2)
5 = 4.184 x 103 J/kg °K 8'(0) = =

Before proceeding with the mass transfer analysis we estimate next
the magnitude of the vertical slip velocity component u for the above

data. From (7.3.32) and (7.3.34) the free convection velocity component

along the plate surface is given by

L. aeRa
L

k
P9 (Ty-T) o (7.3.39)

For a temperature difference of 100°C one computes u = 0.34 m/yr. This is
competitive with commonly assumed groundwater flows of 0.1 to 1 m/yr which
are used in the far-field calculations. Fig. (7.3.4) gives the magnitude
of the free convection velocity as a function of time.

The Tocal mass transfer rate from the plate is now computed from the

solution of (7.3.27) subject to the boundary conditions (7.3.29) and



(7.3.30) for c(n). The desired solution is

-fonexp (— %—fon f(s)ds) dn'

cn) =1 -"=% : (7.3.40)
Arm '
_fc; exp (- f_[{; f(s)ds) dn
so that the surface mass flux is
¥ ac(y) o an dc(n)
J = - Dee 5y Dec e 3y dn (7.3.41)
' y=0 n=0
where ¢ is the porosity of the medium.
In view of (7.3.20) and (7.3.40).
1/2
-+ _ Bi 1
3 = Deecg (xL) _ — ' (7.3.42)
f:exp (- 2—_]; f(s)ds) dn
The definite integral
oo n‘
I(A) = J; exp (- %fo f(S)dS) dn' (7.3.43)

involves the function f(n),i.e., the solution of (7.3.33) and the Lewis
number parameter (7.3.28).
%

A =EEZ; (7.3.44)
We shall discuss the complete evaluation of I(A) for arbitrary A values
at a later time, but develop now the asymptotic form of this integral for
large values of A which may arise due to small values of the diffusion
coefficient in porous media. In this case the concentration boundary

layer is very thin compared with the thermal layer, as sketched in



1,

Fig. (7.3.2). One can then approximate f(n) by the first term of its

power series expansion, i.e.,
£(n) = n + 0(n°) (7.3.45)

If one neglects terms of O(nz),

2
_4n

I(A) = I:e dn ,

FNES

= A , for A large (7.3.46)

Thus (7.3.42) yields,

12
- Ra A
Deecy (xL ) , for A large (7.3.47)

If one expresses Ra by (7.3.24) one has in terms of the physical parameters

J = Deec, (FHE B(T,-T,) ;) = =7 (7.3.48)
where the length 2 is given by
o 1/2 .
% =(1£T B(T, -T,,) T;) (7.3.49)

The average rate of mass transfer per unit length of plate for a plate

of length L is readily computed from equation (7.3.48).
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7.4 A Model for Leach and Diffusion Rates From Glass Bodies
Paul L. Chambre

Experimental evidence indicates that when a typical silica base glass
is brought into contact with water two physical processes occur in the
dissolution of the glass. One of these is an alkali ion transfer, such
as for examp]e,Na+, across the glass-water interface which gives rise to
a gel-Tike 5102 transition layer. The second process appears to be the
corrosion of this layer resulting in the dissolution of the glass matrix.

A number of theories have been proposed, differing in various detailed

mechanistic ways, which attempt to explain qualitatively or quantitatively

various aspects of experimental observations on glass dissolution. In the

following, we develop a model which is based on only the two, generally

accepted, experimental pieces of evidence. These are

i) The movement of the glass interface with a (regression) velocity v,
which is initiated by

ii) The diffusion of an alkali ion across the glass-water interface.

Three simplifying assumptions will be made. The interface velocity is
assumed to be constant in time. The support for this assumption is indirect.
It will be shown in the following analysis that a constant regression
velocity leads to the often observed experimental result (M4) that the
fractional release of a particular nuclide f(t) follows the empirical

formula

f(t) = c1ﬁ+ c,t (7.4.1)

where S and c, are constants. On the other hand there exists also some
experimental evidence yielding a different time dependence for f(t)(M3).
This has been interpreted by investigators to be due to a corrosion layer

which is developing on the glass surface, gradually increasing the resistance



of mass transfer from the interface. In the analysis, the case of accretion,
is also included and the f(t) function deduced. The remaining assumptions
concern the nature of the diffusion mechanism of the alkali ion. We shall
assume a constant diffusion coefficient for the ion in the bulk glass and

the gel-like surface transition layer despite the fact that the diffusion
coefficient is considerably larger in this layer (H2). Furthermore, we shall
ignore the effect of the negative surface potential on the ion transfer.

Such a potential is generated when glass is immersed in water. The effects
of the latter two assumptions require future study.

The Analysis

The analysis applies to a body of planar, cylindrical and spherical

shape. We take as the governing equation

- 2. -
B .o JaCymacl =
=0 — he e AC (7.4.2)

Here c(r,t) is the concentration of the nuclide, D the diffusion coefficient
and A the radioactive decay constant if the nuclide is radioactive.

m describes the geometric character of the diffusion field. For the case

of the sphere m = 2, for the cylinder (of infinite length) m = 1 and for

the siab m = 0. r is the position variable within the region of interest,

t the time and R(t) the position of the movable boundary which will be

prescribed below. The initial nuclide concentration is given as c(r) so that

clr.0) = elr), O € ¢ 2 RO) & 4 {7A4:3)
At the surface of the solid
c (R (t),t} =0, t>0 (7.4.4)

but if the surface concentration is instead ES # 0, it is always possible



to reduce this to the condition given by eq.(7.4.4) by taking the reference
datum for the concentration at Es’ provided A = 0. In addition to the
above conditions, one prescribes in case of the sphere and the cylinder
that ¢ (0,t) is bounded and in the case of the slab of thickness 2R(t) that
ac (0,t)/ar vanishes for all times.

The equation for the moving boundary R(t) is based on the simple
hypothesis that

R(t) =a-vt, ogtg?v (7.4.5)
where a is the initial position and v the surface regression velocity.

A regressive surface at time TL = a/v the finite sized body has completely
dissolved. This Timits the time span for the solution. If there is
accretion, we take v negative in the expression for R(t) and consider

t > 0. The equations(7.4.2) to (7.4.5) completely define the model.

The solution for the different geometric configurations (fig. 7.4.1a) is
carried out below. It turns out that the solutions for the sphere, cylinder
and slab are very similar. The case of the sphere is treated in detail,
then the changes which need to be made in case of the slab are indicated
and the final solution is given. These results are exact and are valid
for any range of the parameters entering the problem. The cylinder is
analyzed by an approximation method which is valid for the large values
of the parameter (va/D) usually encountered in practice. By forming the
product of.the solutions for slabs of different or identical widths one
obtains at once the solution to the case of a parallelopiped or cube,
respectively. Similarly multiplication of the slab and (infinite)
cylinder solutions yields the solution for a cylinder of finite length
(fig. 7.4.1b). These results are consequences of some well known theorems
and are valid for a time span in which the smallest initial dimension of

the body has been reduced to naught by the leaching process.
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The Sphere
Let

c(r,t) = exp (At)rEsp(r,t) (7.4.6)

then eqs. (7.4.2) to (7.4.5) reduce with m = 2 to

g
%% =D g—% y Ogr<a-vt, 0<tc<aljvy (7.4.7)
or
c(r,0) = re(r) = g(r), 0grga, (7.4.8)
cla -vt,t) =0 0gtgal/yvi (7.4.9)

and on account of the boundedness condition on ¢ (0,t),
c(0,t) =0, 0<t<a/|v] (7.4.10)
Now the Kelvin function,
. 2
1 exp ( S )
]
Z(th)T/Z 4Dt

is a particular solution to eq. (7.4.7). By the super-positidn'princip1e
and the method of images one can construct a more general solution to

eq. (7.4.7) which satisfies conditions (7.4.8) and (7.4.10) as a detailed
verification shows. |

This solution has the form,

.1 a . ¥ .
c(r,t) m {_{ g(s) S (r,t;s) ds +{ h(s)S(r,t,s)ds} ;

{(7.4.11)

Ogrga-vt, 0<t<a/yvy



where the source function

2 2
S(r,t;s) = exp [- 1%6%1—{] - exp [- LE%%l-] . (7.4.12)

In eq. (7.4.11), g(s) is the initial concentration distribution and h(s)
is an as yet unknown source density function which is determined by imposing

the last remaining condition on the moving boundary, i.e., eq. (74:9);

fag(s)s(a-vt,t;s) ds + j:h(s)s(a-vt,t;s) ds = 0. (7.4.13)

0

Now the functions g(s) and h(s) are partly at our disposal. Since g(s)
is prescribed only for 0 < s < a, we analytically continue it in the
following manner

0, |s| > a

g(s) = (7.4.14)
-g(-s), |s] <a. '

Similarly h(s), which must be determined according to the solution (7.4.11)
and the condition (7.4.13) in the span a < s < » , is chosen in the remaining

part of the range as

h(s), s >a
h(s) = € 0, |s| < a
arbitrary, s < -a. - (7.4.15)

With this choice one can now combine both integrals in eq. (7.4.13) by
elementary transformations resulting in integrals with the same integration
Timits, i.e.,

(] 2
Jg {h(s+a) exp (- %i) - h(s-a) -g(s-a)} .exp (- %ﬁf’)ds = 0. (7.4.16)



The satisfaction of this condition requires that h(s) must obey the
ordinary difference equation,

h(s+a) exp (-vs/D) -h(s-a) = g(s-a). (7.4.17)

The solution to this equation can be constructed in successive s spans of
width 2a, utilizing the properties of the initial distribution g(s) and

the continuation properties of h(s) with the result

h(s) = g(s-2na) exp [hv(s-na)/D]_

(2n-1)a<s < (2n+1)a, n=1,2,... (7.4.18)

Having found the unknown source distribution h(s), c(r,t) given by
eq. (7.4.11) can be shown to satisfy all the conditions of the problem.
There results, on returning to the original variables, after some minor

simplifications

- _ expl-At 5 _s)2
csp(r,t) = E;%ié;;T%ﬁ'{_[;sc(s)exp - [ Lz i ] ds +

+ 3 [scls) (s+na)/D| S (r,t;s +2na) ds !,
z __{ sc(s) exp Evsna_] (r,t;s +2na) s}

ga-vt, O0gtga/lvl (7.4.19)

For bounded c(s), the series can be shown to converge for the indicated
t range, i.e., for all times for which sphere material remains. It should
be noted that, in view of eqs. (7.4.8) and (7.4.14), the initial distribu-
tion c(s) must be an even function about s = 0.

A case of practical interest is the one where the initial concentration

is uniform throughout the sphére, T.a., Clr) » <o for 0 £ r ga. The



integration in eq. (7.4.19) then yields the following explicit result for

the concentration in the interior of the sphere,

o s '@ | exp(a’/)g)
spla’? ¢, 2(r/a)

.{2(r/a) - (erfc gy - erfc 52) - 2T1/2 (ierfc e - ierfc 52) -

- ng'! [(erfc 6o1 + erfc sﬂ) exp ('T‘BG}) -
(7.4.20)
-(erfc 6,, + erfc 6,,) exp (-ngs,) +

+ 2072 (ferfc 657 - ierfc 6yy) exp (-ngsy) -

- 211/2 (ierfc B0 - jerfc 812) exp ("nﬂﬁz)} »

where ) _
o f2n(1-gr) + (1) + (1)) (r/a))
ij (2T1/2)

)

; = n(1-gr) + (1)1 (r/a), (7.4.21)

O
1l

0+ (1) (r/a))
i (211/2) 2

m
1l

and T = Dt/az; B = va/D, the interface Peclet number. (7.4.22)
erfc (z) and i"erfc (z) denote, respectively, the complementary error

function and the m repeated integral error function which are tabulated in(4).



For B = 0, this reduces to

- .r all -
csE(EaT) . Ap T 1.2 5 [epge 2nt1)-r/a _
o " n=o 271/2

(7.4.22a)

_ (2n+1) + r/a
| erfc 211/2

The spatial distribution of the nuclide concentration given by eq. (7.4.20)
is shown in fig. (7.4.2) for a specific value of the dimensionless time

(t = 0.01) and for different values of the dimensionless regression
parameter B. One observes as B increases that the regression of the inter-
face steepens the concentration gradient compared to a stationary interface
(B =0). Fig. (7.4.2) also shows the effects of accretion. In contrast to
the previous case the concentration profile is S-shaped and the surface
mass flux shows a marked decrease which indicates a resistance to mass
transfer.

A quantity of primary interest to the experimentalist is the fractional
release of the radionuclide due to the combined effects of diffusion and
interface movement. This may be obtained by integrating the concentration
at any time t over the volume of the sphere, dividing the result by the
initial amount of diffusant present and subtracting this quotient from

unity. Thus for the case of an initially uniform concentration,

f(x) = 1 - Q(1)/Q,, | (7.4.23)
(1-B1)a .
where Q(t) = _f' 4mr csp(r/a,T) dr,
0
Qi = %—va3c0 . (7.4.28)



f(7) has been evaluated numerically with help of eq. (7.4.20) for A = 0.

Fig.(7.4.3) shows the numerical results of the evaluation of eq.(7.4.23) for a
number of reagression Peclet numbers B and for a limited range of 0 < 1 < 2x10'3.
One observes that the fractional release is initially a linear function of

11/2 and then it becomes quadratic in 11/2.

This is exactly the behavior
observed in many laboratory leaching experiments as already stated in

eq. (7.4.1). More extensive numerical evidence will be given in Section
(7.6). To pressage this result, we will show here that eq. (7.4.23) is

closely approximated by

1/2
f(t) = 6 (Dt—z) + g- (5{}) 0gtg t < 0.4T, (7:4:25)
md

for both regression (v>0) and accretion (v<o).
The Slab

The system of eqgs. (7.4.7) to (7.4.9) describes the diffusion process
in a slab of half width (a-vt), with an initial concentration distribution
g(r) = c(r), in absence of radioactive decay. If the solid is exposed to
regression over both faces, with the center of the slab located at r = 0,

the boundary condition is replaced by the symmetry condition

aEsL(o,t)
—r— =0 Ogtgalyy (7.4.26)

In order to satisfy this relation, one chooses as the source function

2 2
S(r,tis) = exp [— -(%%—] + exp [— -(?TiL] y (7.4.27)

instead of eq. (7.4.12). The analysis proceeds then along the same lines as



10.

for the sphere. Howeve'r', the function g(s) must now be defined as follows:
0, [s] > a

g(s) = (7.4.28)
g(-s), |s| < a.

The final result is

i i (-1)" fac(S) exp nv(s+na)/D]. S(r,t;s + 2na) ds}
" _a (7.4.29)

0 < |r|l < (a-vt), 0gtg a/|"'1

For a bounded even function c(s) this result can be shown to converge to
the solution of our problem. Again if the initial concentration is
uniform throughout the slab one obtains with the shorthand notations

introduced in eqs. (7.4.21) and (7.4.22) the following result

E(gﬂ) = ¢ (r/a,t)/c, = ;—exp (-Aazr/D) {(erf e, + erf ;)
- n§1 (—‘i)n [(erf 821 - erf 812) exp ('"B‘ST) + (7.4.30)
+

(erf 6yp - erf 6]2) exp (-nséz)]} .
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1l

For 8 = 0, this reduces to

EsL(g’T),exp (_-_A_a_z-r 1. § (- 1) l: (2n+1) - -a— (2n+1) + _]

CO D n=0
(7.4.30a)
The total fractional release is given by eq.(7.4.23) with
(1-pt)a - |
= o 7.4.31
Q(r) = 2 _g ¢ (r/a,1) dr ( )
_Qo = Zaco.
Performing the integration one obtains
Y2
e | Bt : 2-ft
f(1) = BT+ [1erfc (—2—-) - ierfc (—-[72-)] +
2t
© -1
-1\
ngl 1—2-')16— exp [ns(n—l)]. (erf yp- erf ],1]2) + (7.4.32)
+ exp [ns(nﬂ )]. (erf Hoo - erf pm) + Qz(n) - Q](n) }
where ) )
Loz 2nt (-1)! + (-1)d (1-B1) -
iJ 2{1/2 |
{7.4.33)

2 ; i j
ai(n) =exp { - ng(1-gr) [ne(-1)']}. 51 (-1)J erfc [Lm)_ﬁz:;;;) J+(-1)

—_

For B=0 this reduces to

() = ”2|:F+ 2 3 (-1)" ferfc ET!’J] (7.4.34)
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A numerical evaluation for A = 0 is shown in Fig. 7.4.4 for some ranges
in B and T.
In section (7.6) we will give numerical evidence that eq. (7.4.32)

can be closely approximated by

1/2
Flt) = 2 (EE?.) + ;_(%)% (7.4.35)
ma d

The conclusions for the slab are thus quite comparable to those obtained

for a sphere.

The Cylinder

In the case of the cylinder one can proceed in the same manner as
above. Instead of the source function eq. (7.4.12) one utilizes the

fundamental solution.

S(rt;s) = {s/(20t)} exp [- (r2+sz)/(4ntﬂ. I, {rs/(20t)}  (7.4.36)

where Io(z) is the modified Bessel function of the first kind, zero

order. However, this case leads to a rather complicated integral equation
for the unknown source density h(s) and for this reason the following
approximate solution is recommended.

For large values of the parameter g = va/D (about 200 or more) the
interface regresses at such a rapid rate compared to temporal changes in
the diffusion pattern that the latter is affected primarily in a very
thin boundary layer of thickness & close to the surface as the calcula-
tions show, see Fig. 2. Hence, in order to describe the rate of the

diffusion of the ion through the interface, it is important to take



account of the steep concentration gradient close to the boundary. For

this reason one introduces the transformation
N 1/2 -
c(r,t) = exp(At)r ccy(r.t) (7.4.37)

into eq.(7.4.2), where now m=1. There results

2
oC 3 C c
s _ pfdc, (7.4.38)
% (Br? P )

Now close to the boundary where the diffusion effects are most prominent

the two terms on the right hand side are of entirely different order of

2 . 0(1/62) and c/4r2 = 0(1/r2). Since § is very

magnitudes, Bchar
small compared to r, the second term is dropped in favor of the first
and there result the eqs. (7.4.6) to (7.4.10) with the initial distri-
bution g(r) = r‘”2 c(r). Hence the approximate solution to the cylinder

1/2c(5)

problem can be obtained by simply replacing the term sc(s) by s
on the right hand side of eq. (7.4.19). It is worthwhile to point
out that 1if one merely drops the term (1/r)dc/sr in eq. (7.4.1) in

favor of aZE/arz

, one obtains a less accurate approximation to the
solution than the one given above.

The exact analysis of the cylinder is planned for the future.

13.






7.5. External Mass Loss Rate and Leach Time for a Glass Cylinder

7.5.1. Introduction

Two mathematical models for the rate of mass transport from a waste
cylinder surrounded by groundwater in an infinite porous medium have been
developed in sections (7.1) and (7.2). In the first model, the cylinder is
approximated by a prolate spheroid and the rate of mass transfer of a
species dissolved from the waste 5011d is assumed to be governed by the
rate of molecular diffusion of the dissolved species into stagnant ground-
water. This theory is illustrated by analyzing the steady-state mass
transfer rate from the cylinder with the dissolved species having a
constant concentration on the cylinder surface. The maximum value of this
surface concentration is the solubility of the dissolved species in ground-
water, and this saturation concentration at the surface is assumed in the
illustration.

In the second model, the mass transfer of the dissolved species from
the waste surface is due to both molecular diffusion and forced convection
by the groundwater moving in D'Arcy's flow in the surrounding porous medium.
Again, the theory is applied to the steady-state mass transfer with a
constant saturation concentration of the diffusing specie on the cylinder
surface. The waste cylinder is idealized as a cylinder of infinite length,
and the groundwater is assumed to flow perpendicular to the cylinder axis.
This allows one to obtain the rate of mass transfer from a unit length of
the cylinder. Numerical calculations are made for a cylinder with the
same radius as that of a cylindrical waste form with end effects accounted
for.

Calculations are made for the rate of dissolution of silica, in

amorphous form, from a borosilicate glass cylinder, and for the rate of



dissolution of low-solubility radioelements in the borosilicate glass,
using the two models described above.

In Section 7.5.2, the steady-state mass transfer rate, mass transfer
rate per unit length, and average surface mass flux of a species from a
prolate spheroid and slender cylinder which is defined as a cylinder with
a ratio of height to radius of 10 or greater are given. In Section 7.5.3,
the leach times of the prolate spheroid and slender cylinder are derived,
subject to the assumptions that the waste form consists of a single species
and that the ratio of height to radius of the cylindrical waste-form is
constant during the leaching process. In Section 7.5.4, the governing
equations for obtaining the dimensions of the prolate spheroid approximating
a cylindrical waste form are given. In Section 7.5.5 we present the
dimensions of the cylindrical waste-form, calculated dimensions of the
equivalent prolate spheroid, diffusivity of a species in a water-saturated
porous medium,‘so1ub111ty of amorphous silica in water, and borosilicate
glass density. In Section 7.5.6, a comparison between the dissolution rate
and the leach time of different waste forms consisting only of amorphous
silica are made. These sections deal primarily with the mass transport by
molecular diffusion.

In Section 7.5.7, the steady-state mass transfer rate by molecular
diffusion and convection are given. The mass transfer rate for a finite
cylinder is derived subject to the assumption that the surface mass flux
from the ends of the cylinder has the same value as the surface mass flux
of the infinitely long cylinder. In Section 7.5.8 the leach time for the
cylinder is derived. Section 7.5.9 contains data used for numerical
evaluation of mass loss rate and leach time. In Section 7.5.10 a compari-
son is made between surface mass flux for diffusion and for the diffusion-

convection model.



In Section 7.5.11, the diffusion and diffusion-convection models are
applied to a silica-base glass cylinder containing low-solubility radio-

elements. Section 7.5.12 is the conclusion of the above analyses.

7.5.2. Dissolution Rate Due to Molecular Diffusion

At steady state the mass transfer rate per unit area (surface mass
flux) is nonuniform for the prolate spheroid and depends on the position
on the surface. The mass flux has a maximum at the poles and a minimum at
the equatorial plane (see Fig. 7.1.1 in Section 7.1). The total rate of
dissolution ﬁps of a given species of effective surface concentration Ns is
obtained by integration of the surface mass flux over the surface area of

the prolate spheroid, and is given by (see Section 7.1)

4ye Do N_ f
" o f''s
Mos = oy (7.5.1)
]og[coth(ﬁr)]
where:
ﬁps = the total mass loss rate of the prolate spheroid, g/sec

Df = molecular diffusivity of diffusing specie in water, cm2/sec
£ = porosity
NS =Ly =L, " effective surface concentration, g/cm3
C. = solubility limit in groundwater, g/cm3
c_ = concentration in groundwater far from waste surface, g/cm3
a. = surface shape factor of the prolate spheroid defined in
Section 7.1 by Eq.(7.1.4)
f = focal distance of the prolate spheroid, cm

For a slender cylinder, i.e., L > 10r, Eq.(7.5.1) simplifies to

2me D L

f Ns
Tog(%)

Msc {7.5.2)



where:

ﬁsc = dissolution rate for a slender cylinder, g/sec
L = cylinder length, cm
r = cylinder radius, cm

From Eq.(7.5.1) the dissolution rate per unit length and the average
dissolution rate per unit surface area of the prolate spheroid are given

by Egs.(7.5.3) and (7.5.4), respectively

p 2ne Do N '

m!;s - L (7.5.3)
cosh(a )1og[coth(=)]

2e De N,

s ™ Ll - (7.5.4)

b(b+ %—sin'le)1og[coth(7?)]
where:

hﬁs = mass loss rate per unit length of the prolate spheroid,
g/cm sec

jps = average surface mass flux of the prolate spheroid, g/crn2 sec

e = f/a

a = semi-major axis of the prolate spheroid, cm

b = semi-minor axis of the prolate spheroid, cm

7.5.3. Leach Time Derivation

The leach time T is defined as the time interval between the beginning
of dissolution and the completion of dissolution of the waste form. Assum-
ing here a waste form consisting of a single species, the time-dependent

waste form volume V(t) is given by

adf (pV(t)) = - m(t) (7.5.5)



where:
3

p = waste form density, g/cm

v(t) 3

n

waste form volume at time t, cm

m(t) = mass-loss rate at time t, g/sec given by Eqs.(7.5.1) and (7.5.2).
The initial condition is V(0) = Vo’ where Vo is the initial volume of the
waste form.

Here we assume that at any time t the dissolution rate can be approxi-
mated by the steady-state solutions, Eqs.(7.5.1) and (7.5.2), so that
Eq.(7.5.5) can be solved for V(t).- From definition of the leach time T
we have that

V(T) =0 (7.5.6)
and leach time is obtained by solving Eq.(7.5.6) for T.

We have for the slender cylinder

V. (t) = mré(t) L(t) (7.5.7)

and from (7.5.2)

i 2me De N L(t)

Neg ™ 109[&(2 ]

(7.5.8)

with the initial condition (I.C.) that

r(0)

Yo initial radius, cm

L(0)

L0 initial height, cm

Substituting Egs.(7.5.7) and (7.5.8) into (7.5.5) yields

2me De Ng L(t)

(7.5.9)
Tog[%%%}]

£ Lo m (1) L] = -



with I1.C.
r(0)
L(0)

Y
0

Lo

To solve Eq.(7.5.9), it is necessary to have another relation between L(t)
and r(t). We assume that the ratio of height to radius remains constant
during the leaching process, i.e.,
L(t) = L K& (7.5.10)
o r, |

Substituting EqQ.(7.5.10) into Eq.(7.5.9) and solving for r(t) results in

1/2
4 €Dc Nt

r(t) = i [1 - 17.5.11)

L
2 0
3y P 1og(§)

From the definition of leach time we have from (7.5.6-7) that r(T. ) = 0,

so that
2 Lo
3pr_ log|—
° "o (7.5.12)
T .= : e
sC LS Df N;
where:
TSc = 1ea¢h time for the slender cylinder, sec

In deriving the leach time of the prolate spheroid it is assumed that
the ratio of the minor axis to the major axis is constant during the leach-

ing process, resulting in the following equation (see Appendix A for details):

2

Qa
. =;3b0 cosh(a;)log [coth(j?d]

{7:5:13)
ps 2 € Df Ns




where:

Tps

b

leach time for the prolate spheroid, sec

initial semi-minor axis of the prolate spheroid, cm

7.5.4. Approximating a Cylinder by a Prolate Spheroid

We assume that the prolate spheroid has the same volume and surface

area as the cylindrical waste form. Thus , equating their volumes,

4 zab =7r L (7.5.14)

wi=

and equating their surface areas
2 7 b(b+2 sin™ e) = 2 7 r(r+L) (7.5.15)

Solution of Egs.(7.5.14) and (7.5.15) for a and b defines the desired
prolate spheroid. As is seen from the above equations, a closed-form
mathematical solution for a or b cannot be obtained, so a numerical analysis

is required.

7.5.5. Parameters of the Problem

The following table shows the physical characteristics of the waste form

used in the numerical calculations:

Table 7.5.1. Physical characteristics of waste forms (R1)

Commercial Defense

high level high Tevel
Canister dimensions waste waste
Inner diameter, cm 30.5 59.1

a/ a/

Length, cm 2.4x102" 2.4x102"
Surface area, cm® 2.446x10" 5.005x10%
Volume, cm 1.75x10° 6.58x10°
Ratio L/r 15.7 8.1

a/ Assumed that 80% of waste canister is filled with waste glass.



The dimensions of the commercial high level waste form are used in numerical
evaluation of the slender cylinder mass loss rate and leach time, listed in
Table 7.5.4.

Table 7.5.2 is obtained by approximating the waste forms by a prolate
spheroid using Eqs.(7.5.14) and (7.5.15), with the aid of a (computer)
program described in Appendix C. |
Table 7.5.2. Physical dimensions of prolate spheroid approximating

' cylindrical waste forms.

Waste Forms a, cm b, cm c, Cm e S

Defense high-
level waste 158 31.5 155 0.980 0.202

Commercial high-
level waste 145 16.9 144 0.993 0.117

The molecular diffusion coefficient of most nuclides in water-saturated
porous media is usually lower than that in the unconfined water. The
diffusivity of most species in water is between 1 to 5x10_5 cm2/sec (W2).
The molecular diffusion coefficient of silicon dioxide and other species

5 cm2/sec.

in water is taken to be 1x10°
Table 7.5.3 shows the solubility of two forms of silicon dioxide, i.e.,

o quartz and amorphous silica, in water at a pressure of 0.1013 MPa, pH of 7.0,

and at different temperatures. The solubility of silicon dioxide as a

function of pressure and temperature is given (W1) in Appendix B.

Table 7.5.3. Solubility Timit of silicon dioxide in water
Temperature, °C

25°C 100°C
Alpha quartz, g/cms 4x1076 5x10™°
Amorphous silica, g/Cm3 1.2x107% 4.1x107%

A surface concentration of 1.2x10™ g/cm3 and a density of 2.8 g/cm3 are
chosen for a pure amorphous silica cylinder. This density corresponds to that

of typical borosilicate glass (T1),(M3).



7.5.6. Numerical Results for Dissolution Rate and Leach Time for a Pure
Amorphous Silica Cylinder

Table 7.5.4 shows the calculated dissolution rates and leach times,
using Eqs.(7.5.1), (7.5.2), (7.5.12), and (7.5.13) with the aid of a computer
program (Appendix C). A porosity of 0.01 and the solubility of amorphous
silica from Table 7.5.3 were used. The toncentrafion of silicon dioxide in
the groundwater far from the waste form is assumed zero.

Table 7.5.4. Mass loss rate and leach time for a pure amorphous silica in
stagnant water at 25°. C and porosity of 0.01.

Mass loss rate, g/day Leach time, yr

Slender cylinder 5.6x10™} 3.54x10°
Commercial high _4 6
level waste 6.6x10 3.03x10
Defense high -4 6
level waste 8.8x10 8.58x10

A1l three waste forms yield similar results. There is reasonable
agreement of mass Toss rate and leach time between a prolate spheroid
approximating the commercial high level waste form and the slender cylinder.
Thus, Egs.(7.5.2) and (7.5.12), derived for the mass loss rate and leach

time of the slender cylinder respectively, can be used.

7.5.7. Dissolution Rate Due to Molecular Diffusion and Groundwater Motion

The mass loss rate per unit length of an infinite cylinder with ground-

water flow normal to its axis is given by (see Section 7.2)

k= L b, e N, (Pe)'/?, valid for Pe > 4 (7.5.16)
= .8
n
where:
ﬁi = mass loss rate per unit length of cylinder, g/cm sec
Pe = Ur/Df, Peclet number
U = groundwater pore velocity, cm/sec



From Eq.(7.5.1), the mass loss rate per unit surface area of the cylinder is

obtained
Jc":'fé'ﬁ L\ » Pe > 4 (Pubs 1)
where:
¢
& m ; )
jc = E}F'= mass loss per unit surface area of the cylinder, g/cm™ sec

From this, one obtains the dissolution rate for a cylinder of length L,
subject to the assumption that the mass flux from the ends of the cylinder
has the same value as the surface mass flux from the cylindrical surface.
The result is

m = 2D e N, (r+) (pe)1/2

c » Pe > 4 (7:5:18)
Jr o

where ﬁc = dissolution rate from cylinder, g/sec

7.5.8. Leach Time for a Cylinder, Diffusion and Convection

As a result of dissolution, the radius decreases with time as does the
Peclet number. The Teach time T is defined as the time interval from the
beginning of the steady-state dissolution of an infinitely long cylinder
until the cylinder has completely dissolved. For simplicity it is assumed
that Eq.(7.5.16) is also valid for Peclet numbers less than four. The

following expression for the leach time is obtained (see Appendix A for

derivation).
1r3‘/2 D Y‘OZ Ur‘o
T = Pe = —= (?.5.]9)
r 172 * %% T D
6 ¢ Df NS Pe0 f
where:
Tc = leach time for the cylinder located in flowing groundwater, sec

initial radius of the cylinder, cm

|
i

10.



7.5.9. Parameters of the Problem

Groundwater pore velocities of 10, 5, and 1 m/yr are assumed. The radius
of the cylinder is 15.2 cm, which is the same as that of a commercial high

Tevel waste glass cylinder. The cylinder consists of silicon dioxide. The

4 3

surface concentration of silicon dioxide is 1.2x10™ ' g/cm” and the concentration

of silicon dioxide in the groundwater far from the cylinder is assumed to be

5

zero. The diffusivity of 5102 in groundwater is taken to be 1x10~ cmZ/sec.

The porosity of the medium is 0.01.

7.5.10. Numerical Results for Surface Mass Flux

In Table 7.5.5 are presented the calculated average surface mass fluxes
for diffusion and convection in flowing groundwater (Eq. 7.5.17) and for
diffusion in stagnant groundwater (Eq. 7.5.4), using the computer program
described in Appendix C. A porosity of 0.01 is chosen.

Table 7.5.6 Average surface mass flux of silicon dioxide gfcm2 day for
the diffusion and diffusion-convection models, porosity = 0.01,

N, = 1.2x107* g/cms, Dy = 1x107 cmzisec, r = 15.2 cm, and
L =2.4m.
Groundwater pore velocity, m/yr
10 5 1 2
Surface mass flux, g/cm’ day 3551077 2.5x1077  1.ax1077 2.7x1078

a/Molecular diffusion model, Eq.(7.5.4)

For the pure amorphous silica cylinder (r = 15.2 cm) emplaced in a medium with
porosity of 0.01 and groundwater pore velocity of 10 m/yr, from Eq.(7.5.19), we
obtain Tc = 2.3x105 yr. The proper value may be less, if an accurate solution
for Pe< 4 were available. Such an analysis is presently being completed.

For example, from Eq.(A.29), we find that after 1.?x105 years the cylinder
radius has decreased from the initial value of 15.2 cm to 1.2 cm when the

Peclet number becomes four.

Il



7.5.11. Solubility Limited Dissolution of Silica and Low-Solubility Radio-

elements in a Silica-Base Glass Cylinder

In the previous sections two mathematical models of dissolution from a
cylinder with only one diffusing component were considered. In this section,
a silica-base glass cylinder containing additional Tow soiubi11ty components,
such as various radioelements, is considered.

The time-dependent fractional dissolution rate of component j is defined

as
%j (t) = my (t)/ My (t) (7.5.20)
where:
%j (t) = fractional dissolution of component j at time t, 1/sec
ﬁj (t) = dissolution rate of component j at time t given by
Eq.(7.5.1) for molecular diffusion and Eq.(7.5.18) for the
molecular diffusion-convection models, g/sec
Mj (t) = Vj (t) n; (t) = mass of j at time t in glass, g
Vj (t) = volume of undissolved waste at time t, cm3
nj (t) = density of j in undissolved solid waste at time t, gfcm3

Substituting the mj (t) given by Egs.(7.5.1) and (7.5.18) into (7.5.20) yields

i 3e ij e | . ) )
5 5 . molecular diffusion
N b 1og[c0th(?§)]
f5(8) = 2 - <
d ny{t) T
8e D (Ped)  (14])
3773 , molecular diffusion-convection
\ m r J_ Ur )
PeY = = > 4
D ~
f
s D teT



T3

where:

Ns,j = difference between the concentration of j in the groundwater
on the waste surface and concentration of J in groundwater far
from waste surface, g/cm3

' ij = diffusion coefficient of specie j in groundwater, cm’/sec

T = leach time given by Eq.(?.5.13) and Eq.(7.5.19), sec

In the above equation it is assumed that the ratio of the major axis to the
minor axis of the prolate spheroid is constant during the leaching process.
In Eq.(7.5.21) r and b are functions of time, with functional forms given
by Eqs.(A.29) and (A.10), respectively.

To apply Eq.(7.5.21), it is assumed that the rate of bulk dissolution
of the solid waste is controlled by dissolution of the silica matrix, i.e.,
the preferential release of a waste-component by diffusion in solid is
neglected. As the silica matrix dissolves, all the components in the silica
matrix are released congruently from the solid but are not necessarily
dissolved. If the solubility of an individual waste component is so low that
its fractional dissolution rate is less than that of the waste matrix, then
precipitates of the low-solubility component will form. It is assumed that
the precipitates remain on the waste surface and slowly dissolve at a rate
given by the rate of mass transfer of the low-solubility species into the
surrounding liquid, with the concentration of the low-solubility species in
the 1iquid adjacent to the waste surface given by the solubility of that
species in groundwater. The possibility of forming colloids or other non-
dissolved suspended particulates within the groundwater is neglected.

These assumptions can be written as

%j(t) = Min (%silica (t), %J. (t)) 3 =1,2,...N (7.5.22)

where:

Min (X,Y) = minimum value of X or Y



For numerical demonstration we consider a borosilicate waste glass with
r=15.2 cmand L = 2.40 m emplaced in a porous medium with a porosity of
0.01 and groundwater pore velocity of 1 m/yr. The concentration of each of
the components in the groundwater far from waste cylinder is assumed zero.
The molecular diffusion coefficient in groundwater is assumed to be 1x10'5
cmzfsec for all the diffusing components. The initial inventories and solu-
bilities of constituents in groundwater and the corresponding calculated
fractional release rates are given in Table 7.5.7. Table 7.5.8 shows the
calculated fractional release rate of the constituents from the above waste
glass in absence of groundwater flow. For this case the prolate spheroid
has the same volume and surface area as the waste cylinder.

Table 7.5.8 also shows the experimental results of fractional release
rate for some radionuclides(M1). The experimental results are adjusted for
the surface area of the waste cylinder on the assumption that the release
rate is proportional to surface area exposed. Comparison between these
calculated values indicate that in the repository conditions dissolution of

the Tow-solubility radionuclides is controlled by the concentration boundary

layer and not by the kinetics inside the glass matrix.

7.5.12. Conclusion

Two solubility-limited dissolution models were developed in Sections 7.1
and 7.2. The models permit one to calculate the steady-state dissolution
rate ﬁf a diffusing species from a cylinder which is embedded in a water
saturated porous medium. In one model the mass loss is due to molecular
diffusion only, while in the other it is governed by molecular diffusion
and groundwater convection.

The models are applied to an amorphous silica cylinder embedded in a
medium with porosity of 0.01. The cylinder radius of 15.2 cm and height

of 2.4 m are used, which are dimensions of a commercial high level waste

14.
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glass cylinder. For the diffusion model an average surface mass flux of
2.7x10"8 g/cm2 day and leach time of 3x]06 yr are calculated.

The models are applied to a borosilicate high level waste glass. The
fractional release rates of some lTow-solubility components are calculated.
The numerical results indicate that if the solubility of these constituents is
low enough, and their initial inventories high enough, they will not initially
dissolve congruently with the waste matrix. Comparison of fractional release
rates due to diffusion and those due to diffusion-convection indicates that
the groundwater pore velocity of 1 m/yr causes a four fold increase in
dissolution rate. This indicates a narrow range for dissolution rates
obtained by the two models.

Comparison between calculated fractional release rate and experimental
values indicates that for low-solubility glass components the dissolution
rate may be controlled by concentration boundary layer, porosity of the medium,
and groundwater pore velocity and not by kinetics inside the glass matrix
or solid-liquid interactions. Therefore, interior cracks of the waste solid,
devitrification, and other mechanisms that could increase the rate of solid-
Tiquid interaction would not be expected to affect the solubility-limited
dissolution rate, unless they have some affect on the solubilities. If the
solubility is sufficiently large, then the kinetics of interaction between

the solid waste and water may be dominant.



16.

Table 7.5.7 Calculated fractional release rates for borosilicate glass
waste in flowing groundwater.

Waste cylinder: r = 0.152 m, L = 2.40 m, fission-product and actinide oxides

from 460 kg of uranium fuel. Groundwater pore velocity of

1 m/yr.

Initial species

concentration Fractional

in the waste, SolubiTity, Disiolution rate,

Constituent  g/cm3 g/cm3 yr-

si0, 18 /. g0t Y 3.ax08
Te 1.92x10"3 b/ 3x10”2 &/ 7x1078
U 1.22x1072 &/ 2x1079 4/ 8x10™9
Np 1.92x1073 &/ 2.4x10011 Y 5 750710
Py 1.15x1074 &/ 1x1070 ¥/ 2x10”7
Am 3.56x10~4 &/ 1.8x10°12 Y 5 3490710

a/ Reference (M2).

b/ Assumed 0.5% U and Pu and all fission products and actinides (B1).
¢/ For amorphous Si02 (S1).

d/ Reference (K1),



Table 7.5.8 Calculated fractional dissolution rates for borosilicate glass
waste 1in stagnant groundwater.

Waste cylinder: r =0.152 m, L = 2.40 m, fission-product and actinide

oxides from 460 kg of uranium fuel,

Initial specie

Fractional dissolution rate, yrh]

concentration
Constituent " tgﬁc:35te' SOIS?Z;%ty’ Calculated Observedgf

510, 1.6 b/ 1.2x07t ¢ gk 1.6x1073
Te 1.92x1073 ¢/ 3.0x10° & y.gn078 e

u 1.22x102°¢ .~ 2,040 & 1.9x10°° 1.5x1075
Np 1.92x1073 ¢/ 2.4x10°11 ¢ 1550710 6.6x107
Pu 1.15x1074 ¢/ 1.0x10° & q.0x077 2.6x107°
Am 3.56x107% &/ 1.8x10712 & 5.gx107"] 2.7x107°

a/ Reference (M1).

b/ Reference (M2).

¢/ Assumed 0.5% U and Pu and all the fission products and actinides (B1).

d/ Fof amdrphous 5102.
e/ Reference (K1).

Lz,



7.5.13 Nomenclature

a Semi-major axis of the prolate spheroid cm

b Semi-minor axis of the.prolate spheroid cm

bo Initial semi-minor axis of the prolate spheroid cm

Cg Solubility 1imit in groundwater g/cm3

s Concentration in groundwater far away from waste surface g/cm3
Df Molecular diffusivity in water cm2/sec

Di Molecular diffusivity of qomponent Jj in water cmzfsec

e Eccentricity of prolate spheroid

T Focal distance of the prolate spheroid

fs(t) Fractional dissolution rate of component j at time t sec_]

3 Average surface ?ass flux of infinitely long cylinder in flowing
groundwater g/cmésec

jps Averagé surface mass flux of the prolate spheroid g/cm2 sec

L Cylinder height cm

Lo Initial cylinder height cm

L(t) Cylinder height at time t after dissolution begins cm
m(t) Dissolution rate at time t g/sec

m.(t) . Dissolution rate of component j at time t g/sec

mps Total dissolution rate of the prolate spheroid g/sec

hk Dissolution rate per unit length of the prolate spheroid g/cm sec
msc Dissolution rate for a slender cylinder g/sec

ﬁc Dissolution rate from a cylinder in flowing groundwater

mﬁ Dissolution rate per unit length of infinitely long cylinder in

flowing groundwater g/cm sec

Mj(t) Mass of j at time t in the waste glass g

hj(t) Density of j in undissolved waste at time t g/cm3

NS Difference between concentration in the liquid adjacent to waste

surface and concentration in the groundwater far away from waste
surface g/cm3



N_ . Difference between concentration of component j in liquid adjacent
S»J to the waste surface ang concentration in the groundwater far away
from waste surface g/cm
3 Cylinder radius cm

r(t) Cylinder radius at time t after dissolution begins cm

Py Initial cylinder radius cm
T Leach time (sec)
Tps Leach time for prolate spheroid sec
TSc Leach time for slender cylinder sec
" Leach time for the infinitely long cylinder in flowing groundwater sec
U Groundwater pore velocity cm/sec
Vj(t) Volume of undissolved waste at time t cm3
Pe = %% Peclet number
Pe0 = %;Q
£

Pej = Q%

Df

Greek letters

P = waste form density g/cm3
€ = porosity
a. = cosh“1(é0 Surface shape factor of prolate spheroid

Defined by Eq.(7.1.4)






7.6 Calculations of Dissolution of a Glass Matrix by Internal Molecular
Diffusion and Surface Regression

P. L. Chambre and S. J. Zavoshy

1. Introduction

In this paper we consider the dissolution of a glass matrix containing
sodium oxide. It is expe?imenta]]y observed that sodium molecular diffusion
and jon-exchange at the glass-water interface depletes the glass matrix of
sodium ion. Further, the glass matrix is dissolved by water. This matrix
dissolution is viewed as regression of dissolved glass-water interface.

The fractional release of sodium from the glass has a form of

c]t1/2+c2t, where c, and c, are two constants (H1,M3). A dissolution model
that yields a fractional release which is initially parabolic (proportional
to tlfz), and then becomes linear function of time (proportional to t),

is developed in section 7.4. |

A mathematical dissolution model is developed based upon these two
observed phenomena, i.e., internal m51ecuiar diffusion and glass surface
regression. It is assumed that the loss of the diffusing ion from the
interior of the glass due to molecular diffusion will lessen the integrity
of the glass matrix. Furthermore, it is assumed that the glass-water
interface has a constant velocity during the dissolution process. The
regression speed is positive for the case of a regressive glass-water
interface, zero for stationary interface, and negative for the progressive
interface. The concentration inside the glass and fractional release of
the diffusant from the glass are obtained for a sphere and slab of finite
width.

For numerical evaluation a ternary sodium-borosilicate glass is con-

sidered. Sodium is the diffusing nuclide. The concentration of sodium



at the glass-water interface is chosen to be zero. The radius and half

width of the slab are equal to the radius of a spent fuel canister. A

-13

range of regression speeds from -9.7x10 '~ to 3.9x10" 1!

cm/sec is chosen.
The normalized concentration, surface mass flux, and fractional release

of sodium are evaluated.

2. Governing eguations for the normalized concentration, surface mass

flux, and fractional release.

Case 1. Finite slab
The following equation defines the normalized concentration of the

diffusing specie in the slab of width 2a

n - 0~ _
CelL (x,t) = N° + N csL(x,t) (7.6.1)
where:
ch (x,t) = normalized concentration of diffusing specie in the slab
EsL (x,t) = normalized concentration of the stahle diffusing specie in
the slab with zero concentration en the boundary
(see Eq. (7.4.30) in section 7.4 with A=0)
NS = 8
&
0
0 =
N~ = (c0 - cs) By
¢, = surface concentration of the diffusing specie,-g/cm3
e, = initial bulk density of diffusing specie in the glass, g/cm3
x = position from center of slab, cm
t = time, sec

The fractional release is obtained by the following equation:
1-Bt

f (t) =1 - N (1-vt/a) - N°f g (vst) dy {r.6.2
0



fst(t) = fractional release of diffusing specie at time t from the finite slab
= va/D
a = initial half width of finite slab, cm
D = molecular diffusion coefficient of diffusing specie in the glass
matrix, cmZ/sec
T = Dt/a®
v = regression speed, cm/sec

An asymptotic form for st(t) is obtained which is

- g o . o2 T2 |
fou(t) =/ N (D7a°)  t  + vt/ad (7.6.3}

The surface mass flux is given by

ac
£ == i fom= gl = tye (7.6.4)
sL _ o s’ 3x - S

where st is the surface mass loss of diffusing specie from the finite slab,

g/cm2 sec.

Case 2. Sphere.

The normalized concentration of the diffusing specie in the sphere is given by

n . - 0 ~
Cep (r,t) = N° + N csp(r,t) (7.6.5)
where:
c:p (r,t) = normalized concentration of the diffusing specie in the sphere
Esp (r,t) = normalized concentration of stable diffusing specie in the sphere

with zero concentration at the boundary
(see Eq. (7.4.20) in section 7.4 with A=0)

r = radial position from center of sphere, cm



From Eq. (7.6.5) we obtain the surface mass flux, i.e., .
Jon = -D (co— cs)

+ 7.6.6
- T v £, ( )

R-vt

where jSp is the surface mass loss of diffusing specie from sphere, g/cmz sec

The fractional release is obtained by

_ 1-BT
s 3 0 A 2
fsp(t) =1 - N (1-vt/R)"- 3 N csp(y,t) y“dy (7.6.7)
0
where:

fsp(t) = the fractional release of diffusing specie from sphere at time t

B = VR/D

R = initial radius of sphere, cm

An asymptotic form of fsp(t) for early period of dissolution is

1/2

S (D/R®) "+ 3 (vt/2R) (1+N%) (7.6.8)

fsp(t) = vr
and as the total dissolution time is approached the following asymptotic

relation is obtained

3
fsp(t) =1 - (1 - vt/R) (7.6.9)

This is due to time dependency of surface area of the sphere.

3. Parameters of the problem

The values of a and R were chosen to be 17.8 cm, equal to the radius
of a spent fuel canister. The glass density is taken to be 2.8 g/cm3.
Table 7.6.1 gives the value of molecular diffusion coefficient of sodium in
a ternary sodium-borosilicate glass at 100° and 200°C. Table 7.6.1 was

obtained by applying the following equation (F1)

D(T) = D Exp(- Q/RT) ' ~ (7.6.10)



O o o -
» o o o

Normalized concentration, C/Cq

o
)

10%yr
= —
a =178 cm
D =8.61x0Pcm%sec B
v =0
B =0
bz : Boundary at time t -
| ]
0 5 10 15 178 20
Distance. from center of slab, cm
XBL828-6313

Fig. 7.6.1. Variation of Na normalized concentration in the slab (initial width 2a) with
position at different times after glass dissolution begins. '



Normalized concentration, C/Cq

v T
1.0 "
IO4yr
0.8 5
0.6 §
04 a =178cm -
D = 8.61xI0'3 cm?/sec
v = 2.42x103 cm/sec
B=50 I -
0-21= | each time = 2.32 10°yr |
; Boundary at time t “
0 l I
O > 10 15 20
Distance from center of slab, cm
¥XBLB82B8-6314

Fig. 7.6.2. Variation of Na normalized concentration in the slab (initial width 2a) with
position at different times after glass dissolution begins.



Normalized concentration, C/C,

o

\ I03yr

o
(o]
[

o
o
I

a=l78cm
04 D = 8.61x1073cm?/sec -
v = 4.84x10Pcm/sec
B =10
0.2 : Boundary at time t | K
5 10 1S 20

Distance from center of slab, cm
XBL 828-63I15

Fig. 7.6.3. Variation of Na normalized concentration in the slab (initial width 2a) with
position at different times after glass dissolution begins.



| [ |
I.O —
2
10" yr
5
- 3

& Ol 10%yr -
—
°
= 4
- 10 yr
8 DB —
c
o
o
=)
S | a=17.8cm
£ D = 8.61xI0713cm%sec
S v=387x10" cm/sec
2z | 8=800 -

0.2 |

i Boundary at time t
0 | | il
0 ) 10 15 20
Distance from center of slab, cm
XBL828 - 6316
Fig. 7.6.4. Variation of Na normalized concentration in the slab (initial width 2a) with

position at different times after glass dissolution begins.



where:

D(T) = sodium diffusion coefficient at temperature T, cmz/sec
DD = frequency factor, cmZ/s
Q = activation energy, Kcal/mole
R = gas constant = 1.99x10°3  Kcal/mole °K
T = temperature in degrees Kelvin, °K

Table 7.6.1. Na self-diffusion in ternary Na,0-B,0,-5i0, glasses (F1)

Na,0/B,04 mole% Do(cmzfs)gf Q(Kcal/mo]e)g/ ?lggﬁfpzfs)hf Dzoo(cmZIS)E/

31.3/6.25 5.01x107° 1.5 9.36x10°13  2.8ax10” V!
30.9/9.10 6.31x107° 1.7 9.00x10713  2.52x107 "
28.6/14.3 3.98x107° 13.1 8.61x10713  3.59x10" "
32.3/3.22 5.01x10™ 13.4 7.24x10°%  3.29510710
31.7/4.76 1.21x107 13.0 3.00x107'2  1.22x10710

a/ For temperature range of 100° to 250°C.
b/ At 100°C.
¢/ At 200°C.

For numerical evaluation a ternary sodium-borosilicate glass at 100°C
with the composition 28.6 Na20/14.3 8203 mole % was considered. From

=13 cmZXs. The surface concentration is

Table 7.6.1we obtain D=D]00 = 8.61x10
taken to be zero.
Values of B = -20, -10, -5, 0, 5, 10, 50, and 800 were chosen. Value

of B = 800 corresponds to v = 3.3x10"® cm/day.

4. Numerical results and discussion

The numerical results are obtained with the aid of four computer
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programs (see Appendix A for the program details). The cut off time for

calculations is the leach time TL' This is defined as

TL=lWUv] ,v#0 (7.6.11)

where:

leach time, sec

—
—
1

initial characteristic length of the problem, cm
(half width of the finite slab or sphere radius).
The value of TL corresponds to total dissolution of the glass matrix if
v >‘0, and doubling of L if v < 0. The surface mass flux was obtained by
numerical differentiation of Eqs. (7.6.4) and (7.6.6).
Figs. 7.6.1 - 7.6.7 show the normalized

concentration vs. half width of the finite slab, for 8 = 0, 5, 10, 800, -5,
-10, and -20 respectively. For v > 0, increase in v, (B) will result in
steepening of the concentration profile at the glass-water interface.
This effect can be best seen in Fig.7.6.4,where B = 800. Also, the absolute
value of the concentration gradient at the interface is increased as v
increases. For negative values of v, the normalized concentration profile
becomes S-shaped, see Fig. 7.6.5.

Fig.7.6.8 shows the variation of the normalized surface mass flux of
the finite slab with time (t = Dt/a) for different values of B, (v). At
the early period of glass dissolution the normalized surface mass flux is

proportional to g71/2

and is independent of the regression velocity. This
indicates the diffusion-controlled mass loss. For g = 800, after approxi-
mately 100 years, a constant surface mass flux of 2.4x10"69 sodium/cm2 day
is obtained.

Fig.7.6.9 shows the variation of the fractional release with time for
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time for different B (glass-water interface regression speed).
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different values of v. Fractional release has a behavior of the form

1/2
c]t

t c2t, where cy and c, are two constants, see Eq. (7.6.6) for
values of c1 and Cp-

Figs. 7.6.10 - 7.6.13 apply to the sphere and show the
normalized concentration vs. radius of sphere for 8 = 0, 10, -5, and -10
respectively. Comparison with Figs. 7.6.1, 3, 5 and 6 indicates that sodium
depletion is faster for the sphere than for the slab. The plot obtained
for 8 = 800 is identical to Fig. 7.6.7, thus it is not reproduced..

Fig. 7.6.14 shows the variation of the normalized surface mass flux of
the sphere with time (1) for different values of B, (v). As leach time
is approached there is a drop in surface mass flux due to depletion of
sodium inside the sphere.

Fractional release for the sphere case is obtained by way of numer-
ical integration of the normalized concentration. Fig. 7.6.15 shows the

variation of fractional release with time (1) for different values of

B s

5. Conclusion

A glass dissolution model based upon two observed phenomena, i.e.,
internal molecular diffusion and glass surface regression, is developed.
An asymptotic equation is obtained for fractional dissolution of diffusant

from the glass. The asymptotic equation has a form of <:]t”2

¥ c2t where
¢, and c, are a function of molecular diffusion coefficient and regression
speed. The experimental results of fractional dissolution of component

i' is of the form C]t1/2+ Czt, where C1 and C2 are two constants which

depend on the diffusing component. Values of C1 and C, are obtained

from glass dissolution: experiment. By fitting Eq. (7.6.3) or (7.6.8) to the



experimentally observed f(t) we can obtain the internal molecular
diffusion coefficient of component 'i' and the glass-water regression

speed. This is presently under study.
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