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ABSTRACT 

Doppler shifted and unshifted Balmer-alpha radiation 

has been observed in the absolut~ sens~ for energetic H+, 

iii 

H; and H; ions incident on molecular hydrogen by the method 

of decay inside the target within the energy range of 20 keV 

to 150 keV. Mbst of the measurements were based on single-

collision· conditions, but a simple thick-target experiment 

h a s be e n t r i e d fo r t h e c a s e o f d i s s o c i a t i v e e x c i t a t i on: o f 

t~e target mol~cules by H atoms. 

The Ralmer-alpha radiatinn emitted by hydrogen and 

deuterium beams has. been used as a diagnosti-c method of 

ne~tral beam paramet~rs. One important neutral beam para­

meter is the species mix betw~en H+, H; and H; ion cur­

rents produced by the ion source and accelerator. This 

species mix can be resolved by analysis of the Balmer-alpha 

r a d i a t i on i f t h e· beam i s o b s e r v e d a 1 o n g a n o f f n o r m a 1 a x i s 

with sufficient spectral resolution to separate the Doppler 

shifted radiation components from each other. An impediment 

to this approach to measuring the ion species is that some 

of the required cross sections have not been measured. This 
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is the motivation for the presented experimental work. 

A home made monochromator gave enough optical through­

put and spectral resolution for separation of the Doppler 

shifted lines from the unshifted lines. By selectively 

varying the target pressure and the distance of travel into \~ 

the target prior to the observation region. excitation cross 

sections for three different angular momentum state~ (3s, 

Jp and 3d} have been determined. Combinations of a linear 

polarizer and a half-wave plate were used for polarization 

measurement. Separation of the individual Zeeman levels has 

been tried for the 3p state from the information obtaine.d 

from the polarization. Theoretical estimates of the ca.s­

cad1ng corrections ha.ve been applie:d in the case of bot.h 

thin and thick tar g.ets. The intensity development equa-

tions for thick ta rg.ets also have been derived. 

Cross sections for 3s production show gene-ra 1 a.gree-

ment with previous measurements, while those for 3p and 3d 

d·iffer by as m.uch as a factor of tw.a. Tar·g.et dissocia·tiv-e 

e-xcitation cross sec.tions show good. ag,re•.e·m-e·n·t with p-r·e.-­

vious measurements e-xc.ept th-ose m-eas.u.re:d by W-i111a,ms, 

e t a 1 •• 

j 
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CHAPTER 1 

Introduction 

There has been considerable effort to derive useful 

energy from fusion reactions for many years. One of the 

most advanced and prospective technologjes for a practical 

fusion reactor utilizes magnetic confinement which contains 

the fusion plasma with strong magnetic fields. To achieve 

1 

a plasma with the necessary high temperature the usual re­

actors require auxiliary plasma heating, for which a pro­

mising technique is injecting of energetic neutral daute­

rium beams into the plasma.( 1 ) These pass through the confi­

ning magnetic field and get trapped in the confinement re­

gion by either charge exchange or ionization collision pro-

cesses. Therea-fte:r the beam energy is share:d with the tar­

ge·t plasma by Cou.lomb collisions. A brief explanation of 

t h e i d e a i s. s h a w,n i n F i g • 1 - 1 ; D + , D; a n d et c • i o n s a r e 

forme~d in the ion s.o·urce.. A·fte:r a·ccel erati on they are neu­

traliz:ed in the g;a:s n·eutraliz.e:r. Us:ua:lly this neu.traliza-

tion pro.ces.s is extr·em.ely complicated since it involve:s 

multi p 1 e at om i c a·nd. mol e.c u l a r co 11 i s ions • The· beam w i 11 

be composed of only n·e:utral pa.rticles afte·r it goes throu.gh 

the g~s neutralizer and sweeping magnet which eliminate 

charge·d particles from the beam. 

To develop a multi-me·ga watt neutral atom beam, it is 

required for the beam to travel over a distance of several 

meters with a minimum loss. Therefore, it is vital to be 
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able to define and measure both the beam steering direction 

and beam angular divergence. It is also important to be a-
. 

ble to measure the relative quantities of the different spe-

cies in the mixed ion beam extracted from the ion source. 1 

The resulting neutral beam before injecting tnt~ the plasma 

is composed. of D0 with full energy E, which comes from 0+, 

D0 with E/2 and D~ with E from D;, 

2E/3 from o; and 0° with E/10 from 

Fig. 1-2 schematically. 

D0 with E/3 and D~ with 
+ o2o • This is shown in 

In general the effective charge exchange and ioniza-

tion cross sections depend on the beam energy. :Hence, 

the m~an free path lengths of the neutrals are dependent on 

both beam en~rgy and beam species. Moreover in these neu~ 

tral beams the peak power de·nsity may approa-ch 30 kW/cm 2 

w~ich is a~ least ane order ~f magnitude higher than can 

be de·posited on even coole~d conve·ntional diagnostic p.robes. 

Therefore, it has. been long desired to develop a.lternative 

non-d'isturbing diagnostic me.thods. One. of the most success­

f·ul methods is the optica.l s.pectroscopic bea:m diagnos­

tics<1al. The s.pectrum of Balmer-alpha radiation emitted by 

fa.st d.e·ute:rium ne:utrals is obse.rve.d inside the ne·utralizer 

along an optic axis at an angle to the neutral beam axis. 

The radiation is Doppler shifted sufficiently to resolve the 

three dominant energy components of the neutral beam. The 

typic a 1 spec t r urn of the r ad i at i on i s shown i n F i g. 1- 3. 

To make a quantitative assessment of such a spectrum, 
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Up,pe:r: Fabry- Parot Inte·rfer·ogra:m of Beam 

L a;w,e·r : t h a t a f c a 1 i bra t i an H·- a 1 ph a source 

TYPlC.AL SPECTRAL PROFILE FROM N-EUTRALIZER 
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Fig. 1-3 
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many kinds of cross sections for light emission are needed, 

some of which are unknown. The reason for the lack of know­

ledge is the inherently low signal· to noise ratios normally 

experienced in the relevant experiments. 

A number of authors have measured relevant cross sec-

tions for producing n=J state hydrogen atoms by hydrogenic 

mole~ular ions and protons incident on molecular hydrogen. 

Hughes and co-workers(lb)~(ll) have reported measurements 

which are often utilized in on-going research related to 

fusion. Thomas and co-w~rkers(l 2 )-(lJ) and other authors 

have reported,(l 4 )-( 2S) discussed and extended Hughes' 

/ 

works. A common characteristic of most of their experiments 

is that energetic ions and/or atoms were passed through a 

gas target ·ce-ll, and the radiation of the fast emerging 

neutral atoms was observed down stream in a reduced pres­

sure region. Thomas• W4rk(lJ) was an exception. For Bal­

mer-alpha this allo~ed a separation of the s, p and d states 

a-nd a me·asuremem't of both excitation cross se·ction andre-

sp.ecti ve 1 i fetim.es. 

In the ~ark presente~ herein, the observation of the 

emitted light w.as wdthin the target cell itse-lf, and the 

Doppler shift ~as used for the separation of the radiation 

.... 

.. , .. __ , 

from the fa~t be~m and that from the target gas. Further- ~ 

more, in this work it was possible to move the aperture so 

that the distance the beam traveled before observation as 

~ell as the gas pressure and beam energy could be varied as 

needed. The specific apparatus and method' will be discussed 
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in the following chapters. 

Mnre specifically, the reactions 

H+ H+ * z ) (1-1) + Hz ---1 + H + H ( n=3 to 

and 

Ho + Hz ---t Ho + H + * H ( n=3 to z) (1-Z) 

have been studied for H+ b~am incident on a thick hydrogen 

target by using species development equations.( 26 ) / 

The charge changing reaction leaving the fast atom in an 

excited state 

+ * .!± ( 3 s ,. 3 p ' 3 d ) + {1-3) 

has been studied w-ith H+ .ions and thin hydrogen gas targets. 

The ind:ividual cross sections of Zeeman levels of the 

3p to Zs tra.nsition w,ere s.tu.died by observation· of the polar-

izati.on w:hich gav.e corre-ction factors for total cross sect­

ion. I.n m;a·ny ca:s.e~s it w.as d:ifficult to me:a:sure polarizati'ons 

d:ue to the low level of polarization in v o 1 v e·d. 

The re.a:c.t·i o.n s 

H+ 
-2 + Hz -·--t· (!!;J + * H + H ( n=3 to 2) {1-4) 

and etc. , 

+ 
---~ * H+ ) !!2 + H2 H (3S,3p,3d) + + ( H2 {1-5) 

and etc., 

H+ (!!;] * + H2 ---t + H + H ( n=3 to 2) 
-3 

{1-6) 

- j 



and etc., 

{1-7) 

etc. 

have been studied for H; and H; beams on thin hydrogen 

targets. 

8 

Only the cross sections of H+ impact on Hz had been 

known when this work started. Those measurements show good 

agreemen~ with the present results. Recently Williams{ZB) 

et al. have measured the cross sections of the target dis~ 
. / 

sociation, formation of the fast 3s state and the sum of 3p 
+ + + and 3d states for H , Hz and H3 impact on H2 up to 100 keV, 

some of which show agreement with the present rasults. No 

exact theoretical estimates of these cross sections have 

been made due to the lack of knowledge of molecular calli-

sions. For the purpose of rough comparison the theore-

tical values of the cross sections for H+ impact on H atoms 

have been used. Because at high energy the bonding of mol­

eculesr·could be negligible, these values should be close to 

half of the value of H+ impact on Hz • It turned out this 

argu.ment was right in many cases. The present results show 

very good a g.ree.ment with these va 1 u.es too. The d eta i 1 e.d 

comparison is given in Chapter 5 • 

Thick-target experiments have been studied only for 
+ the dissociative excitation of target molecules for H im-

pact on Hz. The problems for other thick target experiments 

are the difficulties of the separation of an excited state 

hydrogen atom from the ground state hydrogen atom. The 

... 

i'. 
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second difficulty is that there are too many unknown para­

meters going together resulting in statistically poor con­

fidence. The third difficulty was that the cross sections 

to be measured c~uldn•t be independent measurements. _Rather 

they were dependent on the knowledge of other cross sections 

measured in some cases by others. In that sense the thick-

target experiments are not good for CGnfident measurements. 

Hence, the target dissociation of H2 molecules by H atoms 

was experimentally stu~ied using both thin and thick targets 
/ 

but the theoretical description for other thick target sys­

tems is given in Appendix B. 

Originally only relative measurements were planned 

because in the real applfcation absolute valu~s aren•t 

need e d • B u t s. e 1 d om do a b so l u t e v a 1 u e s of t he c r o s s s e c t i on s 

me.asu.re-d by diffe-rent authors agree with each. other. Nor­

maltzattan r~quirements and conflicting published results 

sugge=sted. the need for new absolute measurements leading to 

the absolute calibration of the light detecting system. An 

advanta.ge_ of this calibration procedure came from the usage 

of a home made m~no~hromator w~ich gave a large acceptance 

solid: angle and a:n a,ccura-te w,ave-1 e,ngth r-e-sponse spectrum. 

Anoth~r advantage came from the us.age of a one-to-one image 

technique which made it possible to cancel all geometric 

factors as explain~d in Chapter 4.A 
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CHAPTER 2 

Theory 

A. General Atomic Physics 

In this section a brief survey of theoretical models and 

calculation methods for the excitation in heavy particle 

collisions will be presented. The phenomenon of interest 

in this work is the formation of excit~d states either by 

charge transfer or. by dissociation. Relatively few theoreti-
/ 

cal calculations have been developed for those phenomena, 

because of the difficulty in the calculation of more than 

three body interactions. For the charge transfer calcula­

tion there have been three lines of approach in general; the 

Born approximation, the quantal impulse approximation and the 

binary encounter approximation. Although there is no exact 

definition, what is called low or high velocity is determi­

ned by the velocity of the first orbit electron in the Bohr 

atnm; i.e. v0=2.19xl0 8 em/sec. For a cdllision between two 

s y sterns at hi g h e:n erg y the systems don ' t have en o u g h time to 

interact strong.ly with each other, therefore the molecular 

effect can be negligible. In that case the Born approxi­

~ation gives the simplest thenretical calculation. If the 

tw·o systems are labeled A and B, the.·n the Hamiltonian can be 

written as 

(2-1) 

where TR = - ( ~ 2 I 2~ ) ~R and HA and HB are Hamilton-

•• 

,, . " 
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ians for the- isolated systems A and B in a reference frame 

with respect to the center of mass of each system. R is the 

relative separation between the two centers of mass and V is 

the interaction potential between two systems. The differen­

tial cross section for a scattering of the system A by the 

system B accompanied by a transition of the internal struc­

ture of A and B from the initial state 1¥ 1 to the final state 

'¥ is given by( 29 ~) 
F 

da 
ern = (2-2) 

* * where ~K 1 and JKF are the inttial and firial relative momenta 

of the two systems and MFI is 

t"K 1 -it e - '¥I > (2-3) 

But for the case of rearrangement collisions like 

A + B C + D (2-4) 

the H a m i 1 to n i a. n i s de.composed i n tw-o differe-nt w-ays 

H = TI + HA + HB + VI 

H = TF + He +- HD + VF 
( 2-5) 

But there is an ambiguity as to whether to use v1 or VF as 

/ 



V in the matrix element MFI" This is called the post/prior 

discrepancy. 

12 

Earlier theoretical work applying this method to the elec-

tron capture by a proton incident on a hydrogen atom was 

undertaken by numerous authors( 30)-( 34 ). Oppenheimer demon­

strated that at high incident velocity charge capture occurs 

almost entirely to s-state and that the probability of cap­

ture into a s~ate of principal quantum number n v~ries as 

- 3 n • This is the famous n- 3 law for charge capture cross 

sections. 

In order to take into account multiple collisions of the 

charge exchanged electron ~hich are important in the trans­

fer process, a rigorous expression is given by( 35 ) 

do )..l KF + 2 

Cl1i = 2rr "2)2(-..-) IRFI I (2-6) 
KI 

+ ·"K ·R 
I eiK 1·R where R F I = < e 1 F '¥F VF '¥ > 

+ lim+< eiKF·R '¥F VF IGE+ VI e it. it 
'¥1 > I E o 

and G = ( E - H + i E ) - 1 
E+ 

Th i s i s the so-c a 11 e d quanta 1 imp u 1 s e appro xi mat i on . ( 3 6 ) 

In the binary encounter approximation( 37 ), the atomic 

electrons and the nucleus of each system are considered 

to act as independent scattering centers. In other words the 

mutual interaction between components in the same system are 

neglected during the collision process. 

• IIi 
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-All t-he theoretical results for the charge capture of a 

proton incident on the .hydrogen atom ar~ compa~ed with exp-

erimental results for protons incident on molecular hydro­

gens, under the assumption that a hydrogen molecule acts 

like two isolated hydrogen atoms. But it has been shown( 3S) 

that this is not exactly true~ It has been shown( 3 g) that a 

previously overlooked backscattering contributio~ to the 

cross section. becomes dominant in the high energy limit, 

making the cross section depend on energy as E- 3 instead 

of E- 6 • 

Very few theoretical calculation~ have been developed 

for the dissociative excitation of the molecular beam. T~e 

detailed channel of molecular dissociation process will~ be 

followed. For H2 target gas dissociation three possible 

mechanisms are. 

H+ H ) * H+ (2-7) + H2 ----·-~ + H + 
-m -m 
H+ H+) * H+ (2-8) + H2 --·-- ~ + H + + e 
-m -m 
H+ H+) * * + H2 ----·- ~· + H + H (2~9) 
-m -m 

w,h e r e m = 1 ,. 2 a n d 3 •. 

es 

For the high ene~gy proton the fir~t a.nd second proces~­

can be ruled out by Keene•s( 40) failure to ob~erve an 

appreciable number of slow protons in the study of protons 

impact on H2• Even for m=2 and m=3 cases the third process 

would seem to be dominant since Afrosimov- (41 ) has measured 

/ 
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secondary slow proton production by these ions impact on 

H2 and found this to be sma 11 • 

From the same argument as be fare the possible mechanisms 

for the projectile dissociation be written .. can as 

.., i.f 

H+ * + H2 ----- H + -2 
* H + ( H+ 

2 ) (2-10) 

H+ * H+ + H2 ----- H + + H2 ) (2-11) -2 
and 

H+ 
-3 

+ H2 ----- liz + H * ( + H+ 
2 ) (2-12) / 

H+ H+ * ) + H2 ----- ) + H + ( H2 (2-13) -3 -2 

"· 
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B. Life-Time of the Excited States ·and Intensity Development 

Equations. 

In order to calculate the life~time of a certain excited 

state one should determine transition probabilities between 

that state and other states, i.e. the matrix elements of 

the electric dipole moment between two states. 

For the n=3 state there are three different angular mom­

entum states, Js, 3p and 3d and the effective life-time of 
/ 

the state i is given by 

= (2-14) 

where Ti is the effective life time of th~ state i and 

A . . i s th e t r a n s i t i o n p r o b a b i l i t y be t we e n t he h i g h e r s t a t e 
1 J 

t and the lower state j. This leads to T 3 ~ = 16.0x10- 8 sec 

TJp = 0.54x10- 8 sec, and TJd = 1.56xla-s sec.(41a) 

The light intensity equations along the beam direction 

are needed to evaluate the excitation cross sections from 

the experimental data. Under the single collision condition 

w,ithou.t casca.ding of the. higher state into the state i, the 

differential equation for the number density of the projec­

tile particles in the excited state i ,. Nbi, is given by 

= * ( N O· v ) Nb a 1 
- (1/y.) Nb. 

1 1 
( 2-15) 
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where Nb number density of the projectile, 

Na number density of the target, 

* oi excitation cross section into the state i ' 

v . velocity of the projectile in the 1 a b. frame. ' 
Under the assumption that there is no'collision in the 

pre-target region and setting the time as 0 when the proj-

ectile goes through the entrance aperture, the boundary 

condition for that equation is that at t=O, Nbi=O. Therefore 

= K ( 1 e -x/~T,· i - (2-16) 

* where K.= N o v N and x=vt • 
1 a i b Ti 

With the geometry of the system like that shown in Fig. 

2-1 the total number of photons J .. emitted from the shaded 
, J 

section is given by 

w,he.re 

h. ( L) , 

Ib = e A Nb v ; the current of the beam, 

e charge of the electron, 

A crass sectional area of th~ beam, 

(2-17) 

/ 

and hi (L) = ( 1 - (VTi/l) 1 - e-l/VTi ) e -L/VTi ). • 

For l >> f, h.{L) ~ g.{L) = ( 1- e-~/VTi ) • 
1 1 

Therefore, the expected signal S(L) from the photon dete-

ction system is given b~ 
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where 

Finally 

n 

S(L) = E 
i 

observational 

( n I 4 7T ) T _Q J . . ( L ) 
1 J 

solid angle 

18 

(2-18) 

T . transmittance of the optical system , 

Q quantum efficiency of 

S ( L ) can be expressed as 

S(L) = 0 ( Ib/e) Na l. E 
i 

the 

A .. 
1 J 

photon detector. 

gi ( L) (.2-19) 

where 0 is the detection efficiency defined as 

o = (n/47T) Q T (2-20) 

So far the cascading effect has been neglected; includ­

ing it changes equation (2-15) to 

+ 
k

E. AkiNbk 
>1 

-------- (2-21) 

This is a 1st order self consistent differential equation. 

Since the excitation cross section follows n- 3 law and Aki 

becomes smaller for the higher k the magnitude of the self­

consistent term should be small. Hence, a ~erturbation met~~ 

ad can be applied to solve this equation. The solution in~ 

eluding the first order term can be written as 

= (2-22) 

.;; . 

., i.· 

/ 
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then the equation for the zeroth order is given by 

(2-23) 

which has the same fo~m with equation (2-15). Therefore the 

zeroth order solution can be written as 

0 
Nbi = Ki gi{x) 

The equation for the first order term is then 

1 
dNbi 
err- = + E Ak. 

k > i . 1 

(2-24) 

(2-25) 

In order to solve this equation one starts with a homogen-

eous part of the solu.tion 

= 

and a pa.rt·tcu.lar part of the solution 

Nlp 
bi = 

Boundary conditions lead to 

= T k T i I ( Tk - T i ) 

(2-26) 

(2-27) 

/ 
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yk = Kk Aki T~ I ( Tk - Ti ) 
1 

a. = i: yk 1 k >i 
Tbe ··combination of these constants 1 ea ds to a final form as 

T; gi(x)) (2-28) 

Only the single collision system has been treated to this 

point~ but the multiple collision system will be presented 

alsoe For the real experiment the simplest multiple calli-

sian system is the case of the target molecule dissociative 

excitation by protons. The equations for other cases have 

been developed and they will be presented in Appendix B. 

Consider the two compon~nt system including H+ and H0 and 

neglecting H-. The relative density of H0 and H+ in the 

p r o j e c t il e be a.m c. a n be d e n o. t e d by y 0 a n d y + • N e g 1 e c t i n g t he 

excitated state effect one can write the equation for Yo 
and y+ as 

and 

where 

= 

1T = N x and 
b 

= 1 

a 
10 and 

+ 

a 
01 

(2-29) 

(2-30) 

are charge exchange 

cross sections. The boundary condition is given at 1T = 0 

where Yo = 0 and y+ = 1 ~ Then the solutions are 

.,,., 

/ 
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J = + * a0 Yo ) dx (2-33) 

* * whe·re a+ and a a are dissociative excitation cross sec-

tions of H. 
2 

by H+ and Ho beam. 

For L >> f. this can be simplified as 

J Faco e·ar NaL) 

+ NaL) )•f. (2-34) 



C. Polarization 

Studying the interaction between the beam and target, 

one can assume the system to be azimuthally symmetric due 

22 

to the cylindrical geometry of the beam. Assigning the beam 

axis as the z-axis and observing along the axis which has an 

a n g 1 e e w i t h t h e z - a x i s • I.L ( e ) i s d e f i n e d a s t h e 1 o c a 1 r e l­

ative intensity of photons which have their electric fields 

normal to the z-axis and r. (e) as the intensity of photons 

with the electric fields parallel to the z-axis as shown in / 

Fig. 2-2. With this geomet~y, the polarization at an angle 

e with the z-axis can be specified as 

P(e) = 
111 ( 8) l.L, ( 8) 

(2-35) 
r, ( e) + I.L ( e). 

To derive P(e) in terms of cross sections one starts 

with the quantum mechanical fo~m of dipole radiation under 

t h e a s s urn p t i o n t h at t h e d i p 1 o e p r o c e s s i s d om i n a n t i n t h e 

radiative transition. The equation for the dipole radiation 

is given by( 42 ) 

A A 

I ( Q ' e.)= n'(e 2 /2rrc 3 )w"le .• <N'I r IN >1 2 

J J . 

where I ( Q 

direction of 

·vector ej and 

tum state and 

Q 

A 

e .. ) 
J 

i s the 

which has 

IN> is the 

IN I> i s that 

------------------- (2-36) 

intensity of radiation in the 

the electric field along the unit 

ket for the higher energy quan-

for lower energy quantum state, 

. ._, 

.•. 

.. 
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where n' represents the density of the excited state N, t 
the length and direction of the indivi.dual dipole, and w the 

angular frequency of the radiation. Since the radial ~art 

of the dipole transition doesn't contribute to the polari-

zation only the angular part is of importance. From this 

knowledge the previous equation can be simplified to 

" " I ( n, e.) = 
J 

t K oN I eJ. • <N' ltl N>l 2 (2-37) 
·N, N' 

where 

and oN is the cross section for the state IN> and f(x) is 

a function of the travel distance of the beam into the tar-

get under the single collision condition. 

The equations for l.J.(e) and 111 (e) are 

" 
,.. 

I.d a) = t K ON X .. <N' I r I N>l2 (2-38) 
N,N' 

,.. ,.. 
I 11 (e) = t K ON I ( - cose y + sine z ) 

N N' 
'-+ N> I 2 (2-39) •<N' lrl 

But 
" " x•r = - r 14rr/3 ( y 11 + y1-1)/l7 
A ,.. 
Y •-r = - r 14rr/3 ( y 11 yl-l)/17i ( 2-4-0) 

" 
,.. 

z.r = r 14rr I 3 y10 

The quantum number N represents a set of quantum numbers 

... 

/ 

.•. 



.. 
~· ... -. 

'• 

25 

(n~l,m) without spin consideration, where n is the princi-

: 
1
p a 1 qua n tum n umber , f. t he an g u 1 a r q u a n tum numb e r a n d m the 

magnetic quantum number. Then in the wave function represen-

tation 
"' -+-<N' lx·rl N> can be written as 

<N' '~'n'f.'m' 
"' -+-x•r ) '~'nf.m 

= fdQ 
"' -+-

y f. 'm , ( x • r ) y f.m 

,., -+-
- g < Y f. 'm , I x • r I Y lm > (2-41) 

/ 

where 'I' is the wave function, R is the radial part of that 

and g = 14n/3 Jdr r 2 Rn'f.' Rnf. 

There fore 

I.J..(e) = K' E oN/2 
N,N' 

I < v l 'm, I v 11 + v 1-1l v f.m > I 2 

----------------(2-42) 

r 11 (8) - K, N: N ,oN I cos 8 <Y f. 'm, I _v_1_1 __ + __ v_1_-_1, y em> 
IZ" i 

+ sin8<Yf.'m'lv 10 1 Yem> 1
2 (2-43) 

K' = K g2 

For the 3s + 2p transition 

I .. d8) = K' E oN 
N,N' 

111 ( 8 ) ( 2-4 4") 

Thus the 3s -+- 2p transition is not polarized. For the 3p-+-

2s transition one considers the m=+1, m=O and m=-1 states 
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separately. Because of the symmetry between clockwise and 

counter-clockwise rotations, there s~ould be no difference 

between m=+1 and m=-1 states. Defining their cross sections 

as and and setting: a1+ = 

then 

I..~. ( e ) = K 'a 11 (2-45) 
Iu ( e) = + 

Therefore the polarization is given by 

P(a) = 
• 2 a a10 s1n 

For the 3d + 2.p transition the 

plicated. Defining a22' a21 and 

tions for m=2,1 a.nd 0 states and by 

ment a·s before the equations for 

lJ..( e) 
K' =r E 

m ,m' 

all ) 

situation is more 

a20 as the cross 

the same symmetry 

Iu and IJ. are 

+ 

/ 

(2-46) 

com-

sec-

argu-

Table (2-1) has been prepared for these values. Then the 

final equations defining the intensities are 

;; . 

.•. 

.•. 
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!.1 { a ) = 2 K ' ( + + 0 20 ) 
__ ;;. _____ (2-49} 

;; .. 

... ... 

Finally the polarization is given by 

P (a) 
sin 2 a( o 20 -

= 
+ 

( 2 + 3sin 2 8) 

3 

-------------(2-50) 
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CHAPTER 3 

Apparatus 

A. Monochromator and Other Optics 

To increase the detection efficiency a Littrow type 

monochromator( 4J) was designed and constructed in this labor-

atory. The basic structure of this type monochromator was 

very simple. It had two slits, one large ~rating with some 

adjustment equipments, one large achromatic lens and a 90° 

1 11 x 1 11 p r i sm. A more de t a i 1 e d des c r i p t i on . i s presented i n 

Appendix A. 

The optics were designed to give the largest observa­

tion solid angle. Two lenses with 10 em focal length and 4 
I 

c m d i am e t e r we r e u s e d t o g i v e a o n e·- to - o n e t a r g e t i m a g e o n 

the slit area of the monochromator. One lens was mounted on 

a V a r i an f l an g.e w hi c h h a.d an opt i c a 1 w i n dow , w i t h a .1 0 c m 

distance from t~e target~ Between these two lenses was po­

s i t i o n e d a 1 i n e a.r p:o l a r i z e r a n d a h a 1 f W·a v e p 1 a t e • S i n c e 

the mo.nochromator ha·d the greater sensitivity to the hori­

zontally polarize~ light, in the measurement of the ver­

tic.al component the· pola.rization of light w.a.s rotated by 9·0° 

t o g i v e it a h o r i z o n t a 1 p o 1 a r i z. a·t i o n • T h e p h y s i c a 1 i d e a o f 

this arrang~ment is described below • 

Consider the geometry shown in Fig. 3-1. With Jones 

matrix notation( 44 >the initially vertically polarized light 

is represented by ( 1 , 1 )t and the half wave plate as 

/ 
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'[ 1 0 ] 
0 -1 (3-1) 

If the fast and slow axis of the half wave plate is set as 

shown in Fig. 3-1, through the half wave plate the state of 

polarization is transformed according to the following equa­

tion.and the result of which is horizontally polarized light. 

(3-2)' 

Practically there is a certain attenuation factor due to the 

finit~ transmittance of the half wave plate. To measure 

horizontally polarized light, the fast and slow axis should 

be set parallel to the slit and the beam direction. In this 

geometry the incident light is represented as ( 1 , 0 )t 

and the half wave plate as 

(3-3) 

Therefore, the final res.ult is given by 

(3-4) 

i . e. there is no rotation effect at all. ln practice the 

relative transmittances of the horizontal axis and vertical 
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axis for the optical system were needed and measured with an 

unpolarized white light s9urce. 

After the monochromator one 5 em focal length lens was 

used for one-to-one imaging of the exit slit image onto the 

window of the photomultiplier tube. 

/ 



33 

B. Ion Source and Accelerator 

The electrostatic accelerator used in this research was 

a 150 kV TNC (Texas Nuclear Corporation) equipped with an 

R.F. ion source. It had extendable high voltage capability 

with a SF6 gas system, up to 250 kV. Due to the design of 

this accelerator no usuable beam current was obtainable below 

10 kV. For lower energy beam a number of stacks for electro­

static acceleration were used for electrostatic focusing by 

the use of clippleads. The lower the beam energy was the 

more clippleads were used. By that way the beam current was 

increased. 

The ion source bottle was a typical commercial R.F. 

type made of quartz. The position of the R.F. rings w~s 

adjusted to giwe maximum current. With a proton ~eam, an 

a 1 u m i n i u m c a n a.l w a s u,s ed to pro d,u c e m a x i mum proton s p e c i e s • 
+ + . + With Hz a·nd H3 beam a nickel canal was use·d. For Hz bea·m 

( 3 -6 )' + . a 1 ow. stack ga·s pre:Ssure - xlO Torr a·nd for H3 b-ea,m 

( -6 ) a relativ.ely high s.ta:ck g.as. pre:ssu.re -8xl0 Torr gave 

t h e b e·s t r e s u 1 t s • 

A·fte·r a·ccel e:ra ti on the beam w-as focu.se.·d by tw·o el etro-

• static q.u.a.dru.pole le·ns.es oriented at 9·0° to e·ach othe.r. The 

focu.sed beam e·ntered a s.te:ering plate section with two verti­

cal sets of steering plates. The beam then entered a bend­

ing magnet, was momentum analyzed, and was bent at an angle 

of appro~imatelj 15°. The purity of the beam was ensured 

by using the Hall-probe signal to select the correct mass 
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ions to be sent to the target chamber. The schematic dia­

gram of the whole system is given in Fig. 3-2. 

The beam then passed through the first collimator df the 

gas cell which had a 4 inch diameter diffusion pump used 

for pumping out. Then the beam entered the gas target whose 

length was defined being from the observation ~egion to the 

movable 1/16 inch diameter aperture system. The beam then 

impinged on the pyroelectri~ detector. 

/ 
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C. Target System 

The target chamber was basically made of a 34 inch length 

1~ inch diameter stainless steel pipe. As shown in Fig. 3-3 

there were two additionally attached 1~ inch diameter stain­

less steel pipe sections with angles 54.8° and 90° to the 

main pipe section. The 54.8° angled section was designed for 

two purposes. One was to give sufficient Doppler shift of 

light for separation of the radiation of fast particles fro~ 

that of slow particles; the other was to simplify the polar­

ization cnrrection factor for cross sections. The 90° angled 

section w~s used for pumping out the residual gas and press­

ure measurement of the main target chamber. This section was 

connected to an ionization gauge, a capacitance manometer 

( Barocel ) and a 4 inch diameter diffusion ·pump through a 

hand operated valve and. 3/8 inch aperture. The ionization 

gauge w~s used for monitoring the zero point drifting of the 

Barocel and ~pproximate residual background gas pressure mea­

s u rem e'n t s • The 4 i n c h d i am e t e r ·d i f f u s i on pump was used to 

reduce the back-ground pressure and to help to pump out 

during outgassing. The residual gas pressure was normally 

le£S than 2xlo-· 6 Torr during the experimental procedure. The 

Barocel was calibrated by an oil manometer before usage. The 

optical window which was connected to 54.80 angled section·~ 

was made of fused silica. 

To provide minimum light reflection, every surface inside 

.... 
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the target chamber was blackened with Aquadag (micro-graphite 

in aquous base) dissolved in ethyl· alcohol. 

The movable aperture system had two a-rings to minimize 

loss of gas from the target chamber. Pumping out was through 

a hole at the center of the aperture system. The schematic 

is presented in Fig. 3-4. 

/ 
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D. Detector 

a. Photomultiplier Tube 

A photomultiplier tube (EMI 9862A) was used for photon 

detection and the statistics was based on counting. The main 

limitation of the photon detection system came from the dark 

current due to thermionic electrons emitted by the photo 

cathode, and poor quantum efficiency in the red light region. 

To decrease the dark current the photomultiplier tube was 

cooled t~ -25°C and only a small center part of the photo­

cathode (1 em diameter)was used~ The high voltage for the 

photo-cathode was then selected for the best signal-to-noise 

ratio and ~ulse-height distribution. About 5% quantum effi­

ciency and about 5 count/sec dark co~nt allowed about 100 

photon ~esolution of the photomultiplier tube in a second. 

The pulse shapes from the pre-amp and the main-amp are 

shown in Fig. 3-5. The typical pulse height distribution is 

also sho~n in Fig. 3-6. From the pulse rise time of the 

pre.-amp (-50 usee) a nonlinear effect of the photon detec­

tion system can be e~pected for co~nt rates of mo~e than 
4 

10 count/~ec. This was experimentally verified in Chapter 

4- A. 

b. Pyroelectric Detector 1 Faraday Cup 

/ 

The incident beam current was measured with a pyroelec­

tric detector connected to lock-in amplifier (Princeton Ap­

plied Research) model number H-R-8 and was normalized to the 
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Faraday-cup signal. The schematic diagram of this is shown 

in Fig.3-7. The characteristics of the pyroelectric detector 

is known fairly well (45 ) and a brief explanation iS given 

below. The detector consisted of a 2.5 em diameter polar-

ized lead zirconate titanate ceramic disk which was sil-

vered ~n both sides to provide electrical contact. The 

contact resistance between the surface and the electric 

contactor was confirmed to be much less than 1 ohm with 

an ohm-meter. The ion beam was chopped by electrostatic pl­

ates and an alternating signal was obtained from the detec-

tor. This had two advantages, number one was that the 

dark current of the photomultiplier tube could be discri-

minated from the real signal, and number two was that it 

si~plified the amplification and interpretation of the sig­

nal and permitted an increased signal to noise ratio by 

measuring the signal with a phase-sensitive amplifier •. Fig. 

3-8 shows triggering signal used for the phase sensitive 

detection. Often in the measurement of low power signal the 

acoustical and electrical noise problems occur, but with 

phase sensitive detection these were negligible. The typical 

signal from the lock-in amplifier is shown in Fig. 3-9 and 

the detailed electronics are shown in Fig. 3-10. Since it 

was desired that the cross sections should be absolute, nor-

malization of the pyroelectric detector signal was require~. 

The Faraday cup was constructed with the pyroelectric crys­

tal as an integral part and the seco~dary electron loss 

was prevented by the use of magnetic suppression. 
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Data Aquisition System 
.. 

, .... PA Pre Amp 1 i fie r 

PG Pulse Generator 

PMT Photo-Multiplier Tube 

SCA Single Channel Analyzer 

PHA Pulse Height Analyzer 

PO ; Pyroelectric Detector 

I FC Inter- Face Controller 

CI Counter-Integrator 

PSA Phase Sensitive Amp 1 i fie r 

DC I Digital Current Integrator 

HV High Voltage 

SP Steering Plate 
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The Faraday cup was connected directly to an Ortec 439 

Digital Current Integrator which was also used for measure-

ment of the signal from the pyroelectric detector. Ortec 

770 Counters and 771 Timer-Counters were used for counting 

and timing· 

To measure K which was defined as the ratio of Faraday 

cup signal to pyroelectric detector signal the gas target 

density was reduced to zero and the signal from the Faraday 

cup was integrated during 20 to 30 seconds. The signal 

from the pyroele~tric detector was then integrated during the 

·same amount of time as before. After one measurement, K was 

t h e·n me a s u. red i n the rev e r s e way • T h e a c c u racy o f K d e pend e d 

on t~e stability of the current. In the normal case t~e 

standard error was less than a fe~ p~rcent. In all meas-
I 

urements the power of the incident ion beam exceeded the 

levels where one could expect problems. 
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CHAPTER 4 

Procedure and Data Analysis 

A. Absolute Optical Calibration 

Absolute optical calibration requires calibration of the 

sensitivitY of the total detection system to the best known 

standard photon source. The best known standard photon sou­

rce is a standard tungsten ribbon lamp. Since the photon de­

tection system used in this work was extremely sensitive, 

neutral filters were required for reducing the light inten­

sity. Attention was also given to the linearity of the de-

tection system.This is shown in Fig. 4-1 indicating the ran­

ge of response for which linearity could be expected. Every 

measurement was limited to this range. 

The equation for the relation between the known emissiv-

ity of the tungsten standard lamp and the detection efficien­

cy of the system can be developed as follows. Define Etas 

the number of photons which come from unit area, of the tung-

sten filament within a unit solid angle and unit wavelength 

per second. Then the number of counts per second, S, from 

the detector due to the standard lamp is 

s = D ( 4 rr E t Am t, A ) (4-1) 

where A denotes the area of the tungsten filament to be m 

seen by the monochromator ( the slit area of the monochro-

.. -
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mater because a one-to-one image onto the slit area was 

used ). ~A is the resolution of the monochromator and D is 

the detection efficiency of the system whi.ch includes the 

detection solid angle and the quantum efficiency of the 

photon detector. Therefore D is given by 

52 

(4-2) 

The next process is to relate the excitation cross sec-

tion to the number of counts per second from the detector. 

At equilibrium (i~e. without considering the distance depe~­

dency of the emission into the target) the total number of 

photons per s~cond, NP, come from a length e and density Na 

of the target due to the current Ib of the beam is giv~n by 

(4-3) 

w~ere e is the charge of an electron and a is the excitation 

c r o s s s e c t i o n • 0'n t h e o t he r h a n d t h e n u m be r o f c o u n t s p e r 

s~cond, Ns, from the photon detector d~e to NP is 

= D (4-4) 

Therefore, from the equations {4-2), (4-3) and (4-4) the ex-

~itation cross section can be expressed as 

.. 
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a {4-5) 

From this equation param~ters which are needed for abso­

lute optical calibration, can be determined. 

To ensure the monochromator slit was completely covered 

by the image of the tungsten strip, a 4.5±0.1 mm length ce~-

ter portion of the slit was used. By that way Am was given 

by l x (4.5±0.1) mm 2 and the width of the slit l canceled 

out automatically in the equ~tion {4-5). 6A was given by 

either the spectral line from the Doppler unshifted target 

emission, or that from H2 discharge lamp. The scale unit of 

the monochromator was calibrated by Ne and H2 discharge 

lamps. The spectrum from Ne lamp is shown in Fig. 4-2. 

S required care in it~ measurement. Using neutral filters 

and with the detector in its mode, it w~s determined that 

t h e d e t e c t o r w a s l i n e a r to 1 0 4 c o u n t I s e c • Abo v e. t h a. t r a t e , 

~iling up of the ~ulses due to a pulse rise time of the 

order of 0.1 ms~c. cau£ed nonlinearity as shown in fig. 4-1. 

S was measured with a known current for the tun~sten ribbon 

f i 1 am e n t l a m p a n d w i t h a c om b i n a· t i o n o f n e u t r a 1 d e n s i t y f i 1 -

te~s t~ giv~ an allowable count rate. The cur~ent of the st-

andard lamp was then decre~sed to give a r~asoflable count 

rate such as tao count/sec • This was integrated more than 

100 second to give a less than 1 % standard counting error. 

From the above procedure the relative ratio between those 

amounts of filament current was developed with less than 1 % 
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standard error. The neutral filter wa~ then changed to give 

maximum allowable count rate and this rate was determined 

with less than 1 % standard error. Again the lamp current 

was decreased to give a resonable count rate. By repeating 

these procedures the lamp emissivity versus the filament 

current was developed without the knowledge of transmission 

characteristics of neutral filters. This is shown in Fig. 

4-3. At the smallest current, the lamp can .be used without 

any filter. So far these procedures were performed at a 

fixed wavelength. The detection efficiency at other wave­

lengths was also requtred. Fig. 4-4 shows the wavelength 

response of the dete~tion system to be constant within a few 

percents for the wavelengths of interset. Therefore, the ! 

detection efficiency could be set to be constant with a few 

percent standard error • 
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B. Beam Tuning 

-
After pumping down of the entire system the accelerator 

was turned on and the desired beam energy was set by the ac-

celerator H.V. power supply. Then the palladium leak was 

tuned on to give the desired amount of hydrogen gas into the 

R.F. bottle which was checked by the ion gauge in the stack 

section of the accelerator. Initially the beam was tuned by 

letting it run straight down the accelerator and into a 

Faraday cup placed on the zero degree axis of the accelerator 

just after the momentum analyzing magnet. Without any colli­

mation the current was typically 10- 4 A with moderate ion 

soure extraction voltage and stack gas pressure. After a 

brief warm up time (normally about 20 minutes} all power sup­

pliers and palladium leak were stable enough to give a few 

percent fluctuation in the beam intensity on a moderate time~ 

scale~ Then t~e bending magnet was energized and set to the 

value needed to bend the desired energy and species beam into 

the beam line. After passing through one collimator (100 mil 

diameter) and one entrance aperture of the gas target cell, 

the beam hit the pyroelectric detector/Faraday cup in the gas 

target. The maximum beam current was obtained by adjusting 

steering plates, electrostatic quatrupole, the gas pressure 

inside the R.F. bottle, the extraction voltage and the 

focus voltage of the ion source. The amount of beam depend-

ed on the energy and species. The typical current on the 
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the final pyroelectric detector 1 Faraday cup inside the 

target cell was the order of ~~A. The beam was stable 

during at least several minutes after tuning • 

C. Development of Spectral Profile 

After the beam was stabilized the beam was chopped by 

the use of a squa~e wave potential applied to the steering 

plate. Then the calibration factor for the pyroelectric 

detector was measured as it was described in Chapter 3-D-b. 

Since the Dnppler shifted line and the unshtfted line had 

different spectral profi 1 es, a well developed spectral pro­

file was needed for separation of the Doppler shifted lin~ 

from the unshifted line and the determination of a needed 

correcttnn factor. The difference between those two spec-

tral profiles resulted from an angular broadening effect. 
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The Doppler shift of the light which comes from the par­

ticle which moves with the velocity v can be described by 

A = y A 
0 

( 1 - (3cose ( 4- 6) 

~here A is the unshifted wave-length, (3 = v/c , c the velo­o 
city of the light and y = 1// 1 - (3 2 For a fixed 

(3 << 1 the angular broadening is given by 

:::: A 
0 

(3 sine !:18 (4-7) 
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For the Doppler unshi~ted light, there are only instru­

mental and thermal broadening effects. For the Doppler shif­

ted line, there are angular broadening effects as well as 

instrumental broadening effect. As shown in the Appendix A 
0 

the broadening of the monochromator was about 10 A (full 

width at half maximum); and the thermal broadening is given 

below~ According to the Franck-Condon principle when there 

is a collisional break up of the target molecule due to the 

energetic beam, the average kinetic energy of daughter par­

ticles is about 3 eV (46 1. If the kinetic energies of the 

particles are in a Gaussian distribution the broadening of 

the light which comes from t~e target is given by (47 ) 

!:. >.. t h = 
2 ln2 k8 T 

(------ )~ (4-8) 
c m 

where k8 is the Boltzmann constant, T is the temperature of 

the particles and m is the mass of the particle. For 
Q 

k8 T ~ 3 eV, t:.t..th is about 0.8 A. Since the individual 

broadening effect behaves like an independent vector campo-

nent the total broadening of the unshifted light is 

t:. "rota 1 = + 
0 

~ 10 A (4-9) 

where the other broadening effects are negligible and this 

will be shown in Appendix A. 

For the Doppler shifted light as discussed earlier, there 

is an observational angular broadening effect. Therefore, 

the total broadening effect is given by 

r .. 
.·. 
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= I b.t.. 2 
I + b.>.. 2 

th 
+ b.>.. 2 

A (4-10) 

Fig. 4-5 shows the typical spectral line profile • 

· Since intensity measurements were normally made by sett­

ing the monochromator at the peak of the line, corrections 

were necessary based on the shape of the line. For the un-

shifted line which remained at a constant setting of the rna-

nochromator, this correction could be included in the abso-

lute calibration. The correction for the shifted line was 

the ratio of the Counting rate at the peak of the line to 

integrated counting rate over the breadth of the line. It 

was typically 10 to 50 %. 

D. Linearity Test 

Linearity of sig.nal with press.ure provides a te·st of the 

s y s t em for a ll s i n g 1 e c o 11 i s i o n e f f e c t s • Bot h s i n g 1 e a n d. 

m~ltiple collision effects are linear with respect to beam 

cur·rent. Fre.q,u.e:ntly, during the course of an expe·riment, 

T i n e·a r i t y t e s t s W·e r e a p p 1 i e d for ass u r a·n c e that t he i n s t-

r u me n t a t i o n w.a s p e r f o rm i n g p r o p e r 1 y • T y p i c a 1 r e s u 1 t o f 1 i n -

.ea·r respo·ns.e. w.ith the· cu.rrent is show·n in Fig. 4-6; that 

of linear response with the target pressure is shown is Fig •. 

4-7. 
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E. Data Analysis 

All data were taken and analyzed using a HP 98458 (Hew­

lett Packard Co.) desk top computer. For the determination 

of the calibration factor K of the pyroelectric detector, a 

computer software program was used. Standard deviation was 

determined as errors for the K value and a typical integra­

tion time for a K measurement was 20 seconds. Soon after the 

determination of a K value, the spectral 1 ine shape was de .. 

t~rmined for separation of the Doppler shifted line from the 

unshifted line and meas4rement of a line broadening factor. 

The pr~tram LINE was used for this purpose. This w~s compos­

ed of two parts. The first part was for the automatic data 

taking and storing ~f data. The se~ond part was f9r the 

least s-quare curve fitting of the spectral line shape. This 

curve fitting pr~gram had the basic structure for least 

sq~are fitting of arbitrary combination of Gaussian curves. 

But f o r t h e u n s h i f t e d 1 i n e , t h e 1 i n e s h a p e w.a s s t r i c t 1 y t r i -

an~ular as shown in Chapter 4-C and the Gaussian curve fitt­

ing was invalid. Since one of the main broadening factors 

f~r the Do~pler shifted line was an angular broadening which 

was asymmetrical, the Doppler shifted line was a slightly 

asymmetrical Gaussian curve. This curve fitting arid other 

least square curve fitting used here after, were mainly based 

on the program, PISA( 48 l, except some minor modifications. 

Since the line shape itself was indenpendent of the target 
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pressure, a high pressure target was used which decreased 

integration time to obtain sufficient signal to noise ratio 

( normally about 30 seconds ) and leis than 1 % standard co-

unting error, was 20 seconds at the peak of the line shape. 

As mentioned earlier the beam was chopped to allow for mea­

surement of the real signal plus the background signal and 

the background signal alone. The quantities measured were 

T on ; 

Toff 

c on 

I p 

K 

time when the beam was on, 

time when the beam was 0 ff' 

total counting signal from the photo-

multiplier tube when the beam was on, 

total counting signal from the photo-

multiplier tube when the beam was off 

total signal from the pyroelectric 

detector when the beam was on, 

the ratio of counting signal from 

Faraday cup to that of pyroelectric 

detector which gave the amount of 

10- a A current in units. 

Then the signal/sec/10- 8 A is given by 

s = (4-11) 

Ip K/T 0 n 

.. 

....-
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The curve fitting formula for the line was 

_ (-x_-_b_) 2 
Y = a e c (4-12) 

In the thin target measurements, it was necessary to confirm 

that the measurements satisfied the single collision condi­

tion. To do that the c~rve for light intensity versus tar-

get density was developed. The signal formula was the same 

as before~ and the curve fitting formula was 

y = a + b X (4-13) 

w h e r e 11 a 11 w a s co n f i r me d t o b e n ea. r z e r o . 

After measuring the signal intensity versus the distan-

ce of penetration of the beam into the gas target, the sum 

of data were computer analyzed using the program PISA. 

Every data point w~s weighted by a weighting factor w. 
1 

which is biven by( 49 ) 

= 
l/N 2: 

i 

w h e r e N i s n u.m be r o f d a t a p o i n t s a n d 

(4-14) 

a 2 is the estimated 
i 

variance of each data ~oint which was given by the quadra­

ture of the sum of the related uncertainties. The uncert-

ainttes came from counting statistics, pressure and length 

measurements of the target. The error from the counting 

statistics can be expressed as 

/ 
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I con + coff (Ton/Toff)
2 

I Con 

~· I C on + coff I con (4-15) 

The uncertainty of the pressure measurement was mainly 

from the zero point drift of the ca~acitance manometer and 

given approximately as 0.1 micron per 200 second measurem­

ent time at most. The uncertainty from the measurement of 

the distance through which the beam went was 0.1 em at 

most. These effects were considered when the collection of· 

data were analyzed. 

A curve fitting formula for separation of the 3s, 3p and 

3d state cross sections was 

y = [ 

i 
( 1 e. -XIVT. 

l ) (4-16) 

where v is the beam velocity and Ti is the effective life 

time of each excite~ state. Fig. 4-8 shows the typical 

result ~f this curve fitting. For the thick target measure­

ment of the target· dissociative excitation in the case of 

H+ impact on H2 the curve fitting formula was given by 

(4-17} 

where aT = + and are charge 

exchange cross section for H+ and H0 as defined earlier. 

.. 
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The typical result of this curve fitting is shown in Fig. 

4-9. 

So far no polarization·correction has been discussed. If .. 
the observation apparatus is set to observe emission from 

the target at an angle 8 to the beam direction as shown in ~· 

Fig. 4-10, then the correction factor for the anisotropy in 
. . . . b (50) em1ss1on 1s g1ven y 

y = 3-P (C+1)(a+1) (4-18). 
3 ( 1 - cos 2 8 ) 2 ( Ca + 1 ) 

where P is the polarization of the emission and C is the 

ratio of the emi~sion intensity polarized parallel to the 

beam direction to that polarized perpendicular to the beam 

direction. And a is the ratio of the instrumental sensiti-

vity parallel to the beam direction to that polarized per­

pendicular to the beam direction. For 8 = 54.76° the 

first factor in the above equation is 1. Since in this exp­

eriment 11a = 0 , therefore y is simply given by 

y = 1 + 1 I c 
2 

= 1 + I.1 I In 

2 

where I.J. and In we r e d e f i n e d e a r 1 i e r i n C h a p t e r 2 • 

(4-19) 



... 

Lu ·-

:­
f- 1--
L.J........,. 

1..~ V)· 

0:::..:::'.. 
r.J; w 
f- Cl 

~-
uJ 
(.!1 

ac 
~ 
~-

~= 
C) 
ac 
u_ 

z 
o .... 
Vl 
Vl 
~ ..... 
:::E 
w 

-- --

X 

>< 

I 
I 

+ 
I I -· 
QJ 

...:.: 

0 - ) 
;.y'. 

I 

X / 

FIG.4-g 

.71 

CX) 
CX) 
r-... --I 
"' N 

>- CX) 
f--

_..J 

Vl co 
:..~ >< 
w 
Ll 

f-
L.U 
C) 
cr:.: 
•.-( 

f-



(, 

~ ' 

\ 
!;. 
I • ' . 

::E t1 ~ 

I-
V'l " >-
V'l 

=I -4 0:: 

~.~ 0 
I-
u 
w 
I-
~ 

0 

u 
H 

::1 -i --
-· --

0"1 
CXl ,...... 
.-I 
.-I 

I 
0"1 
N 
CXl 

.....J 
a:! 
>< 

0 .--
I 

q 

<!5 
u_ 

72 

-·· 



' ... 
A. Results 

73 

CHAPTER 5 

Results and Discussion 

~~ The final results and e~ror estimations are presented 

in Table 5-1 --- 5~5 and Fig. 5-1 --- 5-17. The detailed 

methods of data analysis have been given in Chapter 4, and 

the er~or analysis is given in this section. In general 

there are two classes of errors. The one is the class of 

systematic errors such as those which result from limited 

accur~cy of calibrated equipment, from the impurity of pre­

pared materials and from pre-estimated values used in the 

experiment. The other is the class of the random er~ors, 

such as those result from the statistical fluctuations of 

counting finite numbers. of events and from small unpredict­

able drifts in the instrumental sensitivities and zeros. 

The important quantities from which resulted systematic 

errors were the beam and target impurity, the uncertainties 

in measurement of the target density, the b~am current and 

the beam energy, the uncertai-nty in c a 1 i b.r at i on of the pho-

ton detector and the u n c e r t a i n ty i n pre-estimated values 

of the 1 i fe t i me.s of the excited quantum states. The beam 

purity was confirmed by a magnetic mass analyzer with less 

than 1% error. The purity of the target gas was limited by 

the impurity of the target gas jtself and by residual back-
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ground gas in the target chamber. The purity of the target 

gas had been assured by the manufacturer and the impurity 

level should not exceed 1%. Since the minimum target pres-

sure used in this experiment was about 0.2 mTorr where re-

sidual background pressure was maintained less than 2 ~Torr 

the error from this should not exceed 1% because the cross 

sections for H2 gas is almost the same as that of the im­

purity gas. The uncertainty in the measurement of the beam 

current was due to two factors. The one was the uncertainty 

in normalization of the pyroelectric signal to the Faraday 

cup signal. The other was the limitation of the accuracy in 

the measurement of the Faraday cup current. The former un-

certainty was kept to be about 1%. The accuracy of the Far­

aday cup current was established by checking the calibration 

of the digital current integrator. The test was carried out 

with a standard current source and gave less than 1% error. 

The calibration of the capacitance manometer was checked by 

comparing it to an oil-manometer. The oil-manometer and the 

capacitance manometer agreed to within 5% which allowed up 

to 7% maximum uncertainty in the pr~ssure measurement. The 

accuracy of the beam energy was confirmed by the terminal 

voltage of th~ accelerator which was calibrated with a known 

standard meter, and was found to be accurate to within 5%. 

The calibration of the detection sensitivity of the 

photon detection system i~cluding optics employed a tungsten 

strip filament lamp as a standard source of light emission. 

' -· 
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-Th~ emissivity of the standard lamp at-a specified filament 

current (35 A) was given by the manufacturer; and had an 

accuracy with a 5% maximum error. In the calibration pro-

75 

cedure the other working tungsten strip lamp was used. There­

fore the normalization of this working lamp to the standard 

lamp resulted in 10% maximum uncertainty. The development 

of the lamp emissivity versus the filament current charac­

teristics which was used in the calibration procedure re­

sulted in 3% maximum error. In the measurement of the re-

solution t::.>.. and the slit length there are 5% and 2% uncer-

tainties. The uncertainty ·in the wavelength response of the 

detector system was maximum 3%. The effect of the uncer-

tain velocities and lifetimes had been stu~ied by J.C. ford 

et al. (13 ), and typically a 1% change in those produced 

changes in the 3s, 3p and 3d corss sections of, respective-

ly, 0.5, 0.5 and 1.5 %. 

For the purpose of final data interpretation there is 

another way of classification of errors. Conventionally the 

cross sections are described as functions of the energy, 

therefore, the cross seciton curves have the uncertianty in 

the structure of the. curves themselves and in the absolute 

magnitudes of the whole curves. The class of errors thich 

varies the internal structure of the cross section curve 

is defined as a relative uncertainty. And the class of errors 

which varies the absolute magnitudes of the whole curves is 

defined as an absloute uncertainty. The absloute uncertainty 
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presented here, was determined by the possible errors in beam 

~nergy, pressure, current and detection sensitivity measure­

ment, etc •• The total absolute uncertainty was given by taking 

the root of the sum of the squares of these errors and found to 

be 17% at the most. 

The main sources of the random errors were limited 

counting statistics and zero point drift of the capacitance 

manometer during the measurement procedure. The random 

errors resulted by counting statistics was kept to be the 

order of 1%. Even the total random error during this ex­

periment was kept small, there might still be large random 

error in the derived cross sections for the 3p and 3d state 

excitations of the projectile. This was due to either rela­

tively small magnitudes of those or/and branching ratio. This 

effect was counted during the establishment of the relative 

uncertainties of the cross sections. 



+ H + H2 Collision, Excitation Cross Sections in 10- 18 cm 2 

, 

Energy in keV Slow n=3 Fast 3s Fast 3p Fast 3d I 
I 
I 

20 5!01±0.11 4.29±0.26 10.7±1.1 1.06±0.13 

30 3.70±0.15 6.60±0.41 7.9±1.7 0.81±0.20 

40 2.68±0.05 5.47±0.33 7.0±1.4 0.33±0.16 

50 2.42±0.04 4.77±0.29 4.0±1.2 0.34±0.14 

65 1.81±0.03 3.00±0.18 1.12±0.75 0.29±0.09 
i 

I 

80 1.65±0.03 2.23±0.14 -------- --------- I 
I 

100 1.33±0.02 1.13±0.07 0.39±0.28 0.133±0.034 I 

125 1.18±0.02 0.693±0.042 0.31±0.17 0.0266±0.0070 

150 1.04±0.01 0.239±0.015 ---------- -----------

Table ~-1 



H+ + H2 Collision 

Energy Pol~rization in % I 
{keV) 3p . 3d I 

20 25±10 ·-8±12 ·II I I 
i I 30 9± 21 - 2± 24 i 
i 

40 7±20 -1±50 I 

Table 5-2 

Cross Sections 

3p, m=O 

5.4±1.0 

3.1±1.3 

2.7±1.1 

in 10- 18 cm 2 

3 p' m=±1 

2.7±0.7 

2.4±1.1 

2.2±1.0 

t 
) 



H; + H2 Collision, Excitation Cross Sections in 10- 18 cm 2 

Energy in keV Slow n=3 Fast 3s Fast 3p Fast 3d 

20 3.81±0.08 4.64±0.47 5.9±1.4 3.75±0.30 

30 4.95±0.18 4.94±4.94 7.6±1.6 3.86±0.31 

40 5.12±0!20 4.81±0.44 8. 1± 1. 7 4.01±0.32 

50 4.98±0.18 5.51±0.55 7.9±1.8 4.20±0.34 

65 4.87±0.15 5.59±0.56 10.8±2.2 3.80±0.31 

80 4.12±0.23 5.51±0.55 11.2±1.9 3.26±0.26 

100 3.52±0.08 4.24±0.60 7.4±1.4 3.52±0.28 

125 3.01±0.07 3.71±0.34 6.3±1.2 3.29±0.26 

I 150 2.23±0.10 2.72±0.25 6.4±1.1 2. 71 ±0. 2 2 

Table 5-3 



Energy in 

20 

30 

40 

50 

65 

80 

100 

125 

150 

H; + H2 Collision, Excitation Cross Sections in 10-1 8 cm2 

keV Solw n=3 Fast 3s 

2.50±0.05 3.73±0.26 

3.61±0.12 5.03±0.35 

4.37±0.11 6.18±0.43 

4.96±0.15 6.66±0.47 

4.95±0.10 8.00±0.56 

5.02±0.12 7.20±0.51 

5.38±0.14 7.47±0.53 

5.03±0.08 7.58±0.53 

3.84±0.10 6.97±0.49 

Table 5-4 

Fast 3p 

2.30±1.06 

3.95±1.31 

9.10±2.28 

7.14±1.72 

7.69±2.08 

14.6±3.6 

11.2±2.8 

9.5±2.4 

12.3±3.1 

·' . 
' 

Fast 3d 

3.22±0.26 

3.31±0.27 

. 4.32±0.35 

4.48±0.36 

4.05±0.33 

3.24±0.26 

3.56±0.29 

3.79±0.31 

2.12±0.17 

co 
0 
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+ Collision 

Production of Slow n=3 state H-atoms 

Energy Cross Sections 

(keV) ( 10- 18 cm 2 ) 

15 2.16±0.31 

25 1.69±0.24 

35 1..21±0.17 

50 0.91±0.14 

75 0.69±0.13 

Table 5-5 
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B. Discussion 

+ a. H case 

There are three published sets of measurement, by 

Hughes( 4 ), Ford(l 4 ) and Williams(zg) for the case of H+ 

98 

incident on H2 • For 3s excitation cross sections (Fig. 5-2) 

Hughes', Thomas', and the present data agree completely with 

each other. The data by ~Jilliams show slightly la)rger cross 

sections within the energy range of 20 keV to 60 keV. The 

3s state has the larger cross sections and therefore is the 

easiest to measure. There is poor agreement in the case of 

the 3p cross sections (Fig. 5-3) between Hughes' and the 

present results; on the other hand there is good.agreement 

be~ween Ford' and the present results. For the 3d cross 

sec~ions (Fig. 5-4) Hughes' and the present results agree 

with e~ch other generally, but Ford' results are a factor 

10 smaller. Bates( 32 ) and Mapleton( 34 )calculated theoreti­

cally the 3s, 3p and 3d charge capture cross sections of H+ 

incident on H atom. Although there is no exact veri fica- ·dl 

tion. in the high energy collision a target hydrogen mole-

cule acts like two isolated hydrogen atoms except at very 

high energy where the backscattering contribution to the 

cross section becomes dominant( 36 l. Theoretical values of 

3s, 3p and 3d charge capture cross sections by H+ agree well 

with the present results. 

For target dissociative excitation cross sections the 

present results show excellent agreement with Hughes' 



altho~gh his maximum absolute uncertianty was 40%. The 

results by Ford are a factor 2 smaller than Hughes' and 

the present results. The results by Williams are about a 

factor 2 larger than Hughes' and the present results. 

b • case 
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·There are two published results for the case of target 

dissociative excitation of H; incident on H2 (Fig. 5-5) 

by Hughes( 5 ) and Wflliams( 29 ). Hughes' and the present 

results show good agreement with each other whereas the 

reaults by Willia.ms are about a factor 2 larger than those 

two cross sections. Ford measured 3s and 3d dissociative 

excitation cross sections( 16 ) (Fig. 5-6, Fig. 5-8) of the 
+ H2 beam at the higher energies covered in this expertment, 

which show good agreement in the case of 3s cross section, 

but show poor agreement in the case of 3d cross section. 

The 3s cross se~tions by Hughes and Williams show ~ood 

agr&ement with the present results. The 3p cross £ection 

by Andreev( 51 )(Fig. 5-7) show good agreement with the pres-

ent results within the experimental error range. Polari-

zation was not observable within the experimental error 

range. 

c. case 

There are also two published results for the case of 

target dissociative excitation of Hi incident on H2 (Fig. 

5-11) by Hughes( 5 ) and Williams( 29 ). Hughes' and present 
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results show general agreement but the results of William~ 

are in poor agreement. Since the Doppler shifted cross 

sections by Hughes were measured in two different experimen­

tal geometries, some systematic fluctuation might be ex­

pected. This might explain the reason that the unshifted 

cross sections by Hughes are slightly larger than the pres­

ent results; on the other hand, the Doppler shifted cross 

sections by Hughes are slightly smaller than the present 

dnes. The 3s cross sections (Fig. 5-12) by Hughes and Will-­

iams show general agreement with the present results. There 

were no available 3p and 3d cross sections by other authors. 

Polarization effects were not observable within the experi­

mental error range. 

.. 
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CHAPTER 6 

Conclusions 

There are tw~ differen.t methods of the excitation cross 

section measurement. The first one is the method of decay 

inside the target and the other one is that of decay outside 

the target. To date almost all experiments have been per-
" 

formed with the latter method. The conventional method of 

separation of different life-time states has been used in 

those experiment. But for short life-time states it is im­

possible to develop intensity decay curves.due to the finite 

resolution in the length measurement. Numerical simulation 

was perf~rmed_ to verify this method. For the n=3 state exci­

tatton the 3p excitation cross section showed at least 100% 

less than t.he given value although there was 1% fluctuation 

in the decay curve. Also it was not ~ossible to get the 

c~oss sections for H; and H; particles because of their slow­

ness. On the othe·r hand the me.asurements of those cross sec.-

tions were possi~le by the method of the decay inside the 

target which was used in this experiment. Therefore, the 

main advantage of this method is that one can measure short 

life-time state excitation cross sections. The main diffi-

culty of this method w.as that the single-collision condition 

should be conffrm&d for ev&~y step because the target thick­

ness was changed in every step. Another advdntage was that 

it was possible to get the information of the target simult-

/ 
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aneously. One. could extend this method to the thick target 

experiment, but the statistical fluctuation didn't allow 

any convincing measurement. Another difficulty came from 

the fact that the excited sta·te particles of the beam could 

not be distinguished from the ground state particles. For 

the atomic hydrogen experiment one can estimate the amount 

-·3 h of the excited state atoms the n law whic is an empir-

ical law. But this gives another unavoidable uncertainty. 

In general two different types of optical system have, 

been used. One type used a combination of filters and the 

other type used a monchromator. Because of small optical 

throughput of monchromator the former method was frequent­

ly used for Balmer- alpha excitation experiment. In the 

use of filters the transmittance versus wavelength should 

be developed with extreme care. And in procedu.re of 

calibration it is necessary to develop the relation be-

tween line radiation and continuous radiation. It was 

found that the calibration of the monochromator system was 

easier than that of a filter combination system. 

There are two immediately possible experiments without 

a.ny modification of this experiment. These are th~ case of 

H2o+ and H0 impact on H2• Since a H2o+ particle gives only 

1/18 energy of the total beam energy to the hydrogen atom 

the expected Doppler shift of the radiation from the pro­

jectile should be small. If D a+ is used instead of H 0+ 2 2 
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more Doppler shift can be achieved. It is possible to get 

more resolution of the monochromator by modifying the slit 

width, but separate calibration factors are required. The 
+ ion source for H2o is now being developed and the magnet 

+ + mass analyzer shows enough resolution to sepa~ate 0 , OH , 

H2o+ and H30+as shown in Fig. 6-1. 

In the case of H0 impact on H2 additional electro­

static plates and a gas cell neutralizer are needed. The 

difficulty to perform this experiment mainly lies on the 

amount of beam. For the practical application the cross 

section of the dissociative excitation of H~ impact on H2 
is also ne~ded. Up to date no experiment on H~ impact on 

H2 has been tried, simply because it was nealy impossible 

to get a pure H~ beam. No practical method to pu~e H~ 

beams has bee~ suggested. 
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CHAPTER 8 

Appendices 

A. Discussion of the monochromator 

In this section the detailed broadening effects of the 

monochromator used in this work are presented. As shown in 

Fig. 8-1 the monochromator was designed to give large opti­

cal throughput ( f number was 3.7 ) and was composed of a 

30 em focal length and 8.2 em diameter achromatic lens, a 

1200 line ruling per mm grating, one 111 x 111 90° prism 

and a plain re~ filter. The slit heights of both entrance 

and exit slit were 1 em and the slit widths were set to be 

1.2 mm. The plain red filter was used to cut down the over­

laping blue spectrum from the third order diffraction beca­

use in order to give maximum refractance the monochromator 

was set to give the second order diffraction of the grating. 

The a.djustment of the monochromator was done with a white 

li~ht source and a He-Ne laser. The wavelength calibration 

of the monochromator was done with H2 , Na and Ne discharge 

lamps. 

The first factor of the instrumental broadening was due 

to the natural grating resolution. Consider the case of 

the monochromatic light with wavelength A incident on the 

entrance slit. Assume that the light with wavelength A 

which passes through the center of the entrance slit and is 

/ 
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incident on the grating at the corresponding angle a and 

is diffracted into an angle S , also passes through the 

center of the exit slit. Then a and S must satisfy the 

usual grating equation such as 

d 
1 sina + sinS ) = m {8-1) 

where d is the spacing between rulings on the grating and 

m is the order of the grating maxima. The dispersion 0 

which gives the displacement at the exit slit corresponding 

to a unit change in the wavelength A is given by 

0 = dy 
TA = F dS n = Fm {8-2) dcoss 

where F is the focal length of the achromatic lens. The 

intensity I{x,y) at a position y { or for the diffracted 

angleS') of the exit slit due to unit intensity of light 

with wavelength incident on the entrance slit at a posi-

tion x correspGnding incident angle a' is given by{S 2 ) 

I(x,y) d = 
A 

sina' sina + sinS' sinS 

d = ~ { X COSa + y COSS {8-3) 

/ 

From this equation a full width at half maximum intensity is 

given by 
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w = 0.88 A D 
m N 

= 0.88 A F 
d N cosS {8-4) 

With the equations {8-2) and {8-4) the broadening due to 

the natural grating resolution is given by 

= d cosS 
m F w = 0.88 

m N {8-5) 

where N is the total number of rulings on the grating. In 
0 

this experiment· 6AG was much less than 1 A 

The main broadenin~ effect was due to the finite slit 

widths where w in the previous equation was given by a full 

value of the slit width. From this equation the broadening 

due to the finite slit width is given by 

d cosl3 
mF s {8-6) 

where sis the slit width and sin·S =A/d. In this experi­

m~nt· F= 3D ems m=2, s=0.12 em, d= 1/12000 em a.nd cosS ~ 

0.6, therefores 6>.. was about s 
0 

10 A • 

There wera other broadening effects due to curvature of 

the image of the entrance slit at the &xit slit, etc. But 

they were quite negligible. The total instrumental broad­

ening was given by the square root of the square sum of the 

individual broadening effect. This is 

= (6 >.. 
s + + + ••• 

0 
~ 10 A {8-7) 

/ 

'!:, t 
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B. Comments on the Thick Target Experiments 

To date there have been no multiple collision experi­

ments. The reason is that in order to do that one must 

handle a very complicated situation and deduce cross sec­

tions from indirect measurements. But for real applications 

it is necessary to deal with such a thick target system. 

Therefore, the description (analytically or numerically) of 

that system is strictly required. In this section the in~ 

tensity evolution of the excited state atoms in the multiple/ 

collision system is presented with consideration of the cas-

cading effe~t. Th~ local intensity of the excited state 

atoms is determined by the competition betwe~n the life time 

decay effe~t, the collisional decay ( or excitation) effect 

and the excitation from the primary and secondary particles. 

Since the cascading term could be treated self-consistently, 

it was treated by perturbation method in this calculation. 

Consider the radition which comes from the fast par­

ticles in the case of H+ incident on H2 gas. Let the 

pa.rameters be 

v ; velocity of the fast particle, 

Ti life time of the excited state i, 

; target density, 

density of the projectile, . 
' 

x travel distance of the beam from the 

entrance aperture, 



~' 

'W 

Qij 

Q? 
1 

Q: 
1 

Q~+ 
1 

Q~+ 
1 

- ~ • ---- +- -

'· 

, 
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cross secti~n for collisional transition 

between the state i and j, 

excitation cross section from the ground 

state, 

electron capture cross section of H+ into 

the exci.ted state i, 

dissociative excitation cross section of 

H; into H atom of the state i, 

dissociative excttation cross section of 

H; into H atom of the state i. 

T~en the excited state density Nbi follows the ~quation 

dNb i 
= 1 

Nb. N ( E Q .. ) Nbi crx - -·-
V Ti 1 a j l=i 1 J 

+ Na Nb ( 0 + Q: ) ( 8-8) Q .. Yo y+ 1 1 

The. fir·st term represents the life time decay of the excit-

ed state i, the s.econd term represents calli sfonal tran­

sition from the state i to the state j, the third term is 

for the excitatio~ of H0 particl~ into the stat~ t and the 

fourth t~rm is for the charge capture of H+ particle into 

the s t a t e i • The pre v i o u s e q.u a t i on c a n be w r i t ten a g a i n a s 

+ ( 8-9) 

/ 



where a. 
1 

= + L 
il=j 

Q .. 
1 J 
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The solution of this equation with the boundary conditions 

is given by 

Nbi 
Na Nb 

( F QOO Q~ + F 1 oo Q: ) 1 e-aix ) = -a. 1 1 
1 

Na N 
)(e-l3x + b 

F ooo ( Q: Q~ e-aix) (8-10) 13 - -ai - 1 1 

where 13 = Na { o10 + o01 ), F
000 

= o10 /( o10 + o01 ) 

and Floo = 001 /( 010 + 001 ) .• 

The total radiation strength from the portion e of the 

beam is given by 

J = L 
i 

f l+Ll. A d A Nbi ij X 

for L >> f., J can be written 

J = A f. L 
i 

(8-11). 

(8-12) 

The equation w~ich include cascading effect can be written 

as 

dNb i 
= a Nbi + Q? + Q: ) N Nb 'd'X i Yo 1 y+ 1 a 

1 L Aki Nbk +- (8-13) v k >i 

·~. 

/ 
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where Aki = Aid + Qki N. v . a 
In this way the solution can be developed like . 

Nbi = 0 
Nbi + 1 

Nbi (8-14) 

and the equation for the fir1t order p~rturbation term is 

= + 1 --v I: 
k >i 

0 
Nbk (8-15) 

In general including H; and H; case the master equa­

tion is given by 

dNbi 
= Nbi + Na Nb y~ + 1 

I: A' Nbk dX <X; -1 v k i ki 

./ 

---------~--------(8-16) 

w-here y~ 
1 

i s given by 

H+ case ; y~ = Yo Q~ + y+ Q: 
1 1 1 

H+ y~ 20 Q~+ + y~ (8-17) ca·se = Y2o Q. + y2+ 2 1 1 1 1 
+ 3 Q~+ y~ H3 ca.s.e •· y. = y3+ + ,. 

1 1 1 t. 

20 w-here Q . i s the d i s soc i at i v e ex c i t a t i on cross sect i on of r 

H~ into H atom of the state i • The solutions for y
0

, y+, 

etc • a r e de r i v e d by K i m ( 2 6 ) a n a 1 y t i c a 11 y • Us i n g t h e s am e 

notations the parameters are given by 
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s = 1 ( e21 + e21 ) + e22 
( 1 ) -r 01 00 (01) 
2 10 

y' = 
0 

0 '~, 

I 1 ( sl + 52 ( ~) I( 51 52 )" + e22 e22 . ) y 1) = -r - 10 01 r;;r:, 

(2 

y' .3 = 1 _,-( e31 
11 + e31 

10 ) + +< e32 
11 

+ c32 
10 ) 

e: = ell + ell = 13 N (8-17) 10 01 a 

/ 

and for cyclic i 'j and k ( for (i,j,k) = (1,2,3) ) 

(-1)i-1 
e32 c22 - c32 ( y~ - 52 

Gi 
. 10 10 10 1 -· 

( Y; - Y· ) ( yi - yk ) 
J 

(8-18) 

e32 c22 c32 ( y~ 52 
Hi = 11 10 01 1 

( Y; - y. ) ( Y· - yk ) 
J 1 

and 

G. 1 
21 2el1 ) + H 1 ( e21 11 

coo - - 2Cl0) 
( 2 ) 

10 
( 2 ) 

10 
K = 

{ 1 ) e: I 

2 y ( 1 ) 
2 (8-19) 

21 11 21 11 c 31 Jell G3(eoo - 2cl.o> + H3(e10 - 2e10) + 
K3 = 10 10 

Yj e: 

and for cyclic (i,j)=(1,2) 



.. 
.j 

and 

= 

D; = 

c22 c22 
10 01 

y. - y. 
1 J 

{52 - y I.) 
. J 
( yi 

I El = -£2 = 

119 

1 

. s2 - Y;. 
{8-20) 

21 2C11) c22{c21 11' ll 

( cl o - -2C10) 10 10 00 

- yl. ) ( £ - Yi ) 
J 

where C1 S are cross sections multiplied by Na and are shown 

in Fig. 8-2 and Fig. 8-3. 

Then the solutions are given by 

·H+ case Yo = F ooo { l - e- e:x) 

y+ = 1 - y . 0 

H+ 
2 I 

case = r em e-Ym X 
Y2+ 2 m =1 

2 I 

Y2o = r E e-Ym X 
m=1 m 

2 
Dm(e-y~x Yo = 2 F (1 e- £X)+· I: - e- e:x) 

000 m=1 

y+ = 2 -· Yo - 2 ( Y2o + y2+ ) 

H+ I X case y3+ = e-Y3 
3 

3 I 

Y2o = r Gm e-Ym X 
m=1 



C22 c22 
10 01 

C21 
10 

> 

Fig. 8-2 

C21 
01 

> 
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ell c.11 
10 ·01 
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3 I 

y2+ = r Hm e-Ym X 
m=l 

3 I 
e- e:x ) Yo = 3F

0 
(1 e-e:x)+ L K (e~YmX -

m=l m 

y+ = 3 - Yo - 2Yzo - 2y2+ - 3y3+ 

. + 
In the ~ase of H, let y 1 = e: and let 

f? 
3 Na Nb 

Q? Q: = F_ F leo ) 
1 uoo 1 1 

/ 

Cl.; 

f~ 
N a Nb 

Q? Q~ = ( ) F ooo 1 1 1 
yl -CI.; 

then the s o·l uti on i s given by 

0 
1 

t"! X -a..x 
Nbi = r ( e-Ym e 1 ) 

m=O 1 

1 1 1 fm 
r Aik ( r k ( -y X e-a.;x ) Nbi = - e m -v k>i m=O (),. -y 

1 m 

1 
fm r 

m=O k 
e-a.; x e-a.kx + - ) ) 

Cl.. - Cl.k 1 ~ 

+ In the case of H2 , let y3 =e: and for j=l,2 let yj = Y~ 

F~ 
1 

= 
20 + 2+ + ( (Q. - 2Q.)E. + (Q. - 2Q.)C. 
1 1 J 1 1 J 
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H+ for j = 1 ' 2 and 3 ' 1 et y4 = e: and Yj = y•. In the case of 3 J 

and 1 e:t 

F!j 
N· Nb (Q~o + (Q24 + a ( = - 2 Q.) G. + - 2Qi )Hj 1' ,, 1 J i 

~ - y. i J 

(Q~ + ) + - Q. ) K. 
1 1 J 

F!4 
Na N;b 

Q? + 3 
= - Qi ) ( 3 F + E K ) 

1 1 ooo m=1 m 
y4 -·a. 

1 
• 

• 
then the solution i s given by 

" . 
4 

0 E F!m ( e-Ym X e-aix ) Nbi = 
m=O 1 
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1 1 4 F'm 
Nbi = - E Aik ( E k -~ ( -y X -e-aix) 

v e m 
k >i m=O et; - y . m 

1! 
4 
E F'm 

m=O k '4.: 
+ e-a;x - e-akx ) ) 

a. - Ctk 1 

/ 
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