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ABSTRACT

~The discovery of the ZO, the particle mediating the weak neutral
interaction of the SU(2)LX U(1l) electroweak theory, is aﬁxiously awaited
and is expected to occur at the next generation of accelerators. Large
projected.Z0 production rates will make the study of rare decay modes
possible. The predicted sixth quark flavor, or top, has also not been
discovered and may be too heavy to produce by Z - tE."Therefore.itvis
natural to study the feasibility of producing the top quark via a flavor
changing neqtral current decay process such as Z ~» tc. Flavor changing -
neutral currents are also of interest for the constraints on theories
tﬁat they give.

For three generations, the branching ratios are found to be no
larger than about lOPlO, thus eésentially ruling out discovery of the
top quark by this process. If there is a fourth generation, however, a
sﬁpermassivé bf quark caﬁ gfeatly increase the rates. As the b' mass is
varied from 25 GeV to 1 TeV, and for reasonable choices of the otherb
parameters, the branching ratios can be as large as about 10"8 to about
10_3. A potential form of CP viblation is also considered in this lat-
ter case, but is small.

In Chapter I I review the phenomenological situation. I also pro-

vide simple estimates of various rates in order to convey the physical



intuition necessary to guide'one through the equations and numbers that
follow. Chapter II presents technical aspects of the general flavor
changing 2% decay calculation, with emphasis on the integration scheme
used. In Chapter III I describe a number of nontrivial checks on the
calculation that were performed. Chapter IV contains the entire gene-
ral algebraic result for the decay rate. Chapter V describes numerical
aspects of the computer evaluation, and discusses the parameter values
used and the results for the three generation case. A similar present-
ation for the four generation case is given in Chapter VI. Chapter VII
describes what experimentalists should look for in a semiquantitative
way. Some possibilities for rate enhancement, and some related proc-

esses are mentioned in Chapter VIII.
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I. Introduction

" The standard SU(Z)LX U(l) theory of electroweak interé‘ctions1
appears'thus far to have passed its experimental tests. Confidence in
the theory has been growing since the crucial discovery of the predicted
weak neutral current in neutrino scatteriﬁg in 1973.2 Since then, more
and more refined data on various processes has made possible detailed
and satisfactory comparisons with the theory.? Important recent con-
firmations of theoretical predictions have included the observation
of parity violation in polarized electron-deuteron scattering* and in

5

atomic physics,” and the detection of forward-backward asymmetry in

ete~ annihilation into leptons.®

An essential untested ingredient of the theory is the existence
of a massive neutral vector particle, the ZO, that communicates the
weak neutral force., Although this particle has(not been discovered yet,
its mass, total decay rate, and branching ratios are tightly constrained
by fitting the theory's parameters to other already measured data.’
One of the theory's main attractions is its renofmaliz'ability,8 which

ensures that there is a consistent framework within which finite radia-

tive corrections to physical processes may be computed. This has led

several groups to calculate radiative corrections to current energy

processes and thereby obtain highly constrained predictions for the

‘mass of the 20, MZ.9’10 As MZ is expected to be nearly 100 GeV, it

should be within the range of the next generation of accelerators.!!l:

In the theory, charge +2/3 quarks appear in lefthanded doublets

with their charge -1/3 partners. All known fermions are consistent with



this isodoublet assignment. However,the charge +2/3 partner of the b
quark, called the top quark, has not been seen. It has been searched
for extensively in ete™ annihilation at PETRA, resulting in a lower

bound for the top quark mass Mp of roughly 20 Gev,12 Attempts to de-

54

rive phenomenological bounds from K9-KO mixing and the KL+u+u— decay

rate indicate that a mass of less than 100 GeV is 1ikely.13’1""15

Various other theoretical arguments point toward a top quark mass less
than a few hundred GeV, and with very high probability no more than 1
TeV.1® These include arguments based on partial wave unitarity,!’ rad-

17,18

iative corrections to p=Mw/(MZcosew), radiative corrections to the

effective Higgs potential',19 cancellation of quadratic diverg‘ences,20
and the preservation of good predictions of grand unification and/or
the study of infrared fixed points in coupling constant evolutions.?l
We can obtain insight into the scale of these bounds by deriving

a simple naive bound ourselves. The Yukawa coupling of a ''superheavy"

quark q to the physical Higgs field H is
- - '
L =-quH=—“gqu s : (1.1)

where v is the Higgs vacuum expectation value (VEV)., A bound for Mq

is now obtained by demanding that the qqH coupling remains perturba-

pr §

tively small; i.e., that the Yukawa sector does not become strongly
coupled. Of course this is not a fundamental requirement, but merely W

reflects our ignorance of how to calculate in strongly coupled quantum

field theory. For the expansion parameter I assume o /m; 1 take as

Yuk

my guide for this the anomalous magnetic moment of the electron, which



to eighth order can be expressed as a series in aQED/" with coefficients
of 0(1).%22 Therefore, for the validity of perturbation theory I require

that

2
Ayuk _ Mq

L, _ (1.2)
n 4m2vy? :

where L is some number < 1, Noting that the Higgs VEV is related to

the Fermi coupling constant by
v2 = — . (1.3)

we obtain a bound of

42 L L L
M < L% = 1,55L% TeV. (1.4)
q GpY2

For L = 0.5, Mq'f 1.1 TeV, For L = 0.1, Mq*< 500 GeV. Thus the order
of magnitude of these bounds on MT may be easily understood.

It should be noted that there has been some discussion of models
that omit a top quark, as alternatives to the above scenario.?3 B
meson decay data from CESR on B - 2te= + X via flavor changing neutrai
currents, and B > baryons, have made this option quite unlikely.2L+

Therefore, it is certainly not unreasonable to assume that there
is a lefthanded isodoublet top quark with mass lying somewhere between
about 20 GeV and the Z0 mass. 1If MT*< MZ/Z, the 2% can decay into a

tt pair via a simple tree graph. In this case, this will almost cer-

tainly dominate the top quark production. If however Mg >'MZ/2, this



decay is energetically disallowed. In this event the decay Z + tc or
tu can occur as a weak radiative effect at one loop order and could
lead to the discovery of the top quark.

The process Z - tc (and the related tc, tu, tu, cu, and cu) is an
example of a flavor changing neutral current interaction., These pro-
cesses have played an important role in recent particle physics due to
their high degree of suppression., For example, they made possible an
accurate prediction for the mass of the charmed quark before it was dis-
covered.?> The strong constraints implied by these data must be con-
fronted by every new class of models, whether it be weak interactions, 2

28

grand unification,27 technicolor, or supersymmetry.29

In the SU(2)pX U(1) theory, the suppression of these processes

30

occurs through the GIM mechanism. Not only are neutral current coup-

lings connecting quarks of different generations absent in the tree
Lagrangian, but they are suppressed even beyond the 0(g3) one would ex-
pect from their appearance at one-loop order. This may be qualitatively
understood as follows, using the Z -+ tc one-loop amplitude (Figure 1)

as a prototype. Its general form will be

L

m H
Ampl = X vy (UF)

ch(masses)J, . - (1.5)

where (UKM)TJ is the (top quark,jth bottom quark) matrix element of the

31

unitary quark mixing matrix, and f(masses)J is some function of the

masses, including M and external momenta and spins. Now suppose all

J’
the MJ's were equal, eg. Md = Ms = M, for three generations. Then

f(_masses)J becomes independent of J, so we may remove its subscript

o



and write

_ KM, KM, +
- Ampl = f(masses) Z UTJ(U )J

. = f(masses)ﬂl__,Tc =0, -.(1.6)
3 T

since any off-diagonal element of the identity matrix is 0. The ampli-
tude will be nonvaﬂishing only if there are nonzero quark mass differ-
ences, and so is naively proportional to A(Mﬁ). As it is natural for
the scale to be otherwise,set by MW’ this will result infa huge suppre-
sion for ordinary quark mass differences.

1 adopt the convention that (Z » top) means (Z > t or t + X),
where X is not a t or t.” Experimentally we know that three genera-
tions of quarks and leptons exist. Since for three generations AM% is

dominated by Mﬁ, we are led to the estimate for the branching ratio of

M2 2
b 1
o g3>—1072
I (Z~top) M% 1
B.R. = . ~
T (Z»all) g 10
~ 10‘ZG§M{; ~ 1079, (1.7)

1
-4

where 10" is from KM angles, and the extra 1/10 takes rough account of

the number of open channels for Z decay.
This branching ratio would be very small and probably not measur-
able, .even if the projected electron-positron collider at CERN, LEP,

32

were to produce 108 z's per year, However, an exact calculation is

* Until Chapter VIII I consider only the case where X.is another quark.



required to see if the rate lies in a measurable range. This is the
primary sgbject of this thesis,

A possibility for enhancement of this branching ratio would be the
existence of more generations of quarks.* A fourth generation of»Quarks
would consist of a massive charge 2/3 quark and a massive charge -1/3
quark, which I call the.t' and b', respectively. There is little rea-
son to believe there are more than three generations, Eut I know of no
reason to rule out this possibility. Probably the most persuasive
argument in its favor is that the minimal SU(5) GUT needs (more Higgs or)
at least one more fermion generation in order to reproducé the cosmo-
logical baryon asymmetry33; however, this muét be weighed againét Su(s)
calculations of Mb/MT that imply no more than three generations.79

There are other astrophysical arguments suggestive of more generations.3“

ete™ data indicates that either a t' or b' mass below about 20 GeV

is very unlikely.!?

Analysis of the K system gave correlated lower
bounds on My and Mp' that allow botﬁ to get 1arge together.13 .Other
arguments and speculations regarding fourth generation masses and mass
bounds are almost the same as those mentioned earlier for the top quark
and will not be repeated here. I will consider about 1 TeV to be an
optimistic upper bound on Mb" based on my earlier naive estimate re-
garding the breakdown of perturbation theory.

In order to estimate the effect of a b' on BR(Z - top), I will

assume that Z > tt' is energetically forbidden, and that M: behavior

* In order to cancel anomalies, there should be an equal number of
generations of quarks and leptons.

-
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of the decay rate persists out to very large values of*Mq, i.e. for
Mq ZiMw or Mq > Mw. This is not obvious, and must be checked by
calculation. Additionally, for the purpose of an estimate it is natural
to suppose that the b' contribution is doubly Cabibbo suppressed rela-
tive to the b. This is because t > b + c contains one cross-generation

jump whereas t » b' +~ ¢ contains 3, i.e.

O - ). e

——
One therefore estimates
e \e
BR(Z~»top,with b') “‘(sinec)” —— | BR(Z>top,no b')
Mb ’
"IO_ISMg,‘(in GeV). (1.9)

For M, = 100 GeV, the right hand side is 1077. For My: = 1 TeV,
it is 1073, Therefore, if these estimates are correct, a massive b'
quark could make the rates increase significantly. GIM suppression is
"restored" only if intergenerational mixing is very small.

Another possibilit® in the four generation case is that of observ-
able CP violation. At this point, CP violation has been observed only

in the K9-K? system.’ It is a small effect, and in the SU(2)L X U(l)

-theory with three generations it can be explained by the inclusion of

a small complex phase in the 3 X 3 quark mixing matrix,3153°

In the case of flavor changing Z decay, it will be pointed out that

T(Z » AB)=T(Z + AB), where A and B are external quarks, is a consequence



of CP invariance. In the present framework, this occurs if the quark
mixing matrix is real. For three generations this is an excellent -
approximation, and as BR(Z -+ top) is expected to be very small anyway,

any CP violation should be a tiny correction to a small effect and

L A

thus unmeasﬁrable and negligible.

In the four generation case, howevér, two factors could conspire
to produce a measurable CP violation. Firstly, if_MSv‘is large the
overall decay rate is expected to be bigger. Secondly, the 4 X 4 mix-
ing matrix contains three arbitrary complex phases instead of one.3®
Hence, there is enough freedom that smallACP violation_in the KO system
could be compatible with large CP violation in another process. KO-KO
mixing involves the KM couplings to d‘and s quarks only; for flavor
changing Z > top, the couplings to b and b' are expected to dominate.

Drawing our attention to figure 1, we see that the Z - tc (for
example) amplitude is a sum of contributions from four internal J
quarks, which is then squared to get the rate. Let the interference
in the squared sum between an internal quark I amplitude, and the com-
plex conjugate of an internal quark J amplitude, be denoted by IJ*,

Then one may check that any JJ* does not prodsace CP violation. This

is because essentially
- oy ~ % rk v
F(Z»tc%J; F(Z»tc)IJ* Im(UtIUcIUtJUcJ)' : (1.10)

For I=J, the indicated product of KM matrix elements is real.
However, for I # J, there is no reason for this product to be real,

and in general it is not. For four generations, the leading contribu-



tion should therefore, in most cases, be given by

~
r(z-te) - T(Zote) ~ Im(U . U~ .U U ) | (1.11)
] > - e e
tcv ¢ m tb' ¢cb' tb cb
Define the width for CP violation as
I'(Z> top,CPV) ST(Z >t +X) ~T(Z>E+X), . (1.12)

where X is a quark other than t or t. Then, since we have assumed that
the b' quark dominates the total rates which are “’Mg., we estimate that

(assuming all other relevant factors are 0(1))

M 2 BR(z-top,with b')
BR(Z+top,CPV) ~
' 2e
% c
M 2
~ (sin_@c)2 <—bl> BR(Z~top, no b')

M,

sin

~ 10_3M§,BR(Z+top, no b'), (4, in GeV) (1.13)
where 2 factors of sinf  were gained due to the CP violation being less
Cabibbo suppressed than the total rate.

Therefore, for Mb' = 100 GeV, omne estimates CP violation at 10
times the total three generation rate, or "’10—8 branching ratio. For
Mb' = 1 TeV, the estimate is CP violation at 1000 times the total three
generation branching ratio, or "10-6. Thus it is not out of the ques-—
tion that CP violation could be measurable in the flavor changing de-

cays for four generations.
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Finally, due to the smallness of the branching ratios above, par-
'ticularly in the less speculative three generétion case, it has been
recognized that fhe four fermion final state Z - tf1f2f3 may be a
better way to discover the top quark if MT >'MZ/2 than the one that is
the major subject of this thesis. This will be estimated later.

The purpose.of this chapter was to provide physical intuition

and insight into the sorts of numbers involved here. Later chapters

discuss primarily technical details, results, and measurement aspects.
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II. Calculational Scheme .

In this chapter the methods and techniques of calculation are dis-
cﬁsséd. Fo; most things, the number of generations need not be fixed
or considered until the concrete numerical results are discussed in
Chapters. V and VI. Any exceptionslto this will be clea; from explicit
comments I will make.

- The first order of business is to éhooée a'gauge to work in. I

choose to work in the unitary gauge. As compared to 't:Hooft—Feynman8

7

or the generalized R gauge,3. it has the advantage.of fewer diagrams

£

since there are no Higgs ghosts. The four diagrams that need to be
calculated for Z - tc are in Figure 1; the ones for Ec, ta, Eu, cE, Eu,

etc,, follow from these by trivial substitution. The main disadvantage

of unitary gauge is that the vector boson prépagator is38
, kyky
~ig, - )
M2

(2.1)
kZ_MZ )

and therefore more complicated than 't Hooft-Feynman gauge where it is
— (2.2)
k2-M2

This ensures that the individual diagrams are more complicated in

unitary gauge. Therefore it is not clear which gauge is preferable.

The most difficult choice would be one of the other RE gauges (eg.

Landau gauge) which have the Higgs ghosts as well as the complicated .

vector boson propagator
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1
(1-k k,
-1 gu\)+ kz
(— -M2)
3

, (2.3)
k2-M2

and therefore combines the difficulties of the unitary and t'Hooft-
Feynman gauges.

I present here the Lagrangian for unitary gauge for later reference:

- mt. - mb-
v : v

2 1
t.vHt ——bH . vH

g 8 4
—_— T UM —_ 2 = _ .2
+ Zu[tiY (-1+ Sw+Y5)ti+biYu(1' swfys)bi]}
4cw 3 :

g - . _ N
+— Z {(W.yHa- “bayH(1- ' .
2 i {Wutly (1 YS)UIJbJ + wubJY (1 YS)(U )jitl}
! + 2
- —-|auAv—avAu—1e(wuwv—wtw;)|

4
! 2
- Z—|auzv_avzu+igcw(vjwv~w;wt)|
! + + + + + + 2
- ;—|auwv-aku+ie(quV-wvAu)-1gcw(w“zv-wvz“)|
1 uz A 4 1 9
+— 3 Ha¥H - — (v#H)2 - — ()" + — Mz 7" + Mww+w“'
U U U
2 2 4 2
1 9 g2
+ — (2vH+H )[(—Eﬁzuz“ + 2g2w:w“'] . (2.4)

8 Cw
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The notation is:

Wu = charged weak boson; Zu = neutral weak boson;
Au = photon; H = physical Higgs;
t; = charge +2/3 quarks; b; = charge -1/3 quarks;

g = SU(Z)L coupling; e = U(l)QED coupling;

]

wew = sin and cos of Weinberg angle; U = KM quark mixing matrix;

W
u,A = quadratic and quartic couplings of Higgs potential; and
v = Higgs vacuum expectation value.
Leptons and the question of gauge fixing in the QED sector do
not concern us here so I ignore them.

Dimensional regularization39

is used to regulate the ultraviolet
loop integral devergences that exist before all internal quarks and
diagrams are summed over, It is sometimes said that the divefgences
in unitary gauge are more severe than in 't Hooft-Feynman or generalized
Rg gauges., A glance at the vector boson propagatorsrabove indicates
that this is true by naive power counting. However, this is somewhat
irrelevant in the dimensional scheme when one performs Laurent expan-
sion in N about physical 4 dimensions, since any divergence then ap-
pears as a pole in N-4 irrespective of its (even) degree.

As alluded to above, the sum over all internal quarks and diagrams

is ultraviolet finite. In the dimensional scheme this means qhat the

result for the amplitude is free of 1/(N-4) pole terms. This is ex-

+ LOsk]leL2

pected in analogy with previous work on K; > w v, where
the effective one~loop Zds vertex was found to be finite,
An immediate obstacle is the choice of what to use for Ys in N

dimensions. Although it is now ten years since the introduction of
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dimensional regularization, thereis still a lot of discussion and at

times acerbic controversy in the recent literature regarding this point.

“3’5“ The two main gompetitors seem to be the nbn—anticommuting-pre—
scription39

Y§=1;

{YS’YU} =0, w=20,1,2,3;

[YS’YU] =0, u=14,,..,N-1, (2.5)

and the anticommuting prescription“s’“3

2 _ 4.
YS = 1,
{YS’YU} = 0 for allu. . _ - (2.6)

Withoﬁt getting bogged down in the technical controversies, one
may easily understand why there is a potentially tricky. decision to be
‘made here. The two prescriptions obviously agree at N=4 dimensions,
and therefore disagree at O(N-4) only. In the course of doing the cal-
culation, divergent loop integrals produce poles that can produce fin-
ite parts when multiplied by O(N-4) pieces. Although the: coefficient
of the poles in the whole calculation vanishes when summed over inter-
nal quarks and diagrams, I don't know any argument to guarantee that

the subset of pole coefficients that multiply the O(N-4) difference

&
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between the two prescriptions must also sum to 0. Thus one could con-
ceivably end up with a spurious finite part in the resu1t that spoils
the whole calculation if one is not careful. Similar considerations’
‘led Ref. [43] to conclude that prescription (2.5) introduced spurious
anomalies into canonicél Ward identities,

I adopt the anticommuting YS prescription (2.6). The authors of
Refs. [43,45] determined that this prescription preégrved the Ward Eden_
tities, at least for one-loop graphs, whereas prescription (2.5) dia
not. Here, I rely on the checks described in Chapter III, in particular
the Ward identities described there, ‘to verify that_I am not in error.

The question arises of whether there is a legitimate approximation
scheme, Previous calculations of flavor changing neutral current pro-
cesses have often. neglected internai masses, Oor external masses or mo-
menta either completely or with respect to some large scale such as M-
This cannot be justified for the large masses and momenta involved in
Z > tE, for example, as compared to the low energy processes that were
studied previously, such as KO—EO mixing or KL > u+u_ decay. The on-
sheli decéy rate, summed over fermion spins and averaged over boson
polarizations, is a function of MZ’ MW’ MA, MB, and MJ, where A and B
are the externél quarks and J are the internal quarks. MZ and Mw set
the lérge scale and if, say, My = MT then it is of the same order and
cannot be neglected. If MJ_is ignored completely, the decay rate is
%exactly zero by the GIM mechanism.. In the three generation case, it is

possible to argue to neglect M, = M

B e Mu.and/or high powers of M. If

one ignores M_ one also loses the possibility of computing Z - tc and

B
te independently, and therefore loses the check of Chapter III that
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these should be equal. In the four generation case, if one computes
Z -~ tt' with an internal b' quark, then all five masses are often of the
same order and clearly none can be neglected. I chose the safest and
most general route and kept all masses and momenta without approximation.

Keeping all five masses variable and without approximation pro-
duces an algebraic explosion. A computer algebraic manipulator, MACSYMA,
>3 was essential in handling the algebra. The calculation would have

»

taken far longer without it, assuming one would ever get the right an-
swer. At times the expressions become so long that various strategies
to break up or simplify the calculation had to be devised in order not
to exceed the computer's capacity.

The gamma matrix algebra is done by first moving‘YS's to the out-
side of y - matrix products using ghe anticommuting prescription (2.6).

The resulting products of y matrices and slash vectors can then be re-

duced using the standard N dimensional forms

= . WV _
Ty, ,vot = 28,5 g8 = N (2.7)
Care is taken to bring external quark momentum slash vectors adjacent
to external quark spinors. Then, Dirac equation can be used repeatedly
to eliminate external 4-momenta in favor of masses. Additionally,
since we have a physical external Z in one of three polarization: states

", we have €'py = 0. There-

characterized by the polarization vector ¢
fore, if Py and p, are the external quark momenta, the relation e-p, =

—€+pg may be used to simplify.

It is useful to throw out MJ-independent pieces at the earliest
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opportunity, Ti=zse contribute 0 due to GIM cancellation. Also, one can
simplify things by expanding in (N-4), keeping.only pole and finité.:
parts, wherever convenient. Higher orders in (N-4) can merely be set
to zero and dropped. /

In general, it is found that if a symmetry or constraining equation
exists, it should be used to simplif& or check. . For example, I used the

relation Mw = Mzcose to eliminate cosGw as an additional variable.

W
The more independent variables there are, the harder it is to handle
the algebra.

-To close this chaptgr, I wish to describe the integration scheme
in some detail., It was desired to do as much of the work algebraically
as possible; one reason for this was to try to handle analytically cer-
tain nasty cancellations between terms before they cropped‘up later nu-
merically, as alluded to in [46]. By using the following scheme, one
can reduce all relevant loop integrals to algebraic sums of integrals
with loop momenta in the denominators only (''scalar loop integrals').
These can then be written analyticallyvas sums of constants, logarithms,
and Spence functions, combined together algebraically, and numerically
evaluated. The advantage of this method is that it avoids the need to
carry around Feynman parameters in the numerators, and the later need
to perform such messy Feynman integrations. One never gets Feynman
parameters in the numerators of integrals that have loop momenta in de-
nominators only.

The scheme is similar to the one presented in- Appendices D and E
of Ref. [47]. The major differences are that

(1) the formulas are valid for arbitrary N (assuming N is such
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that the integrals converge), allowing algebraic reduction of all inte-
grals to linear combinations of scalar loop integrals only:

(ii) the metric of Ref. [38] is used; and

(iii) some extra formulas are given, including some useful in uni-

tary gauge.

‘Let the integration "measure" be

N
34N /2 4"k

Zﬂ)N

aVk = , (2.8)

where gu(4'N)/2 is the dimensionful coupling constant in N dimensions.

Let

1= (Z-md); 11 = ((ere)?emd); IIT = ((kt+s)?-md) (2.9)

where & and s are some external momenta and m; are masses.
It is desired to express all relevant loop integrals as algebraic

linear combinations of

1 - 1
A (m) = fa"% (—): B, (L,m,,m,) = [dVk ( ) s
01 0 1272
I I 11
, o~ 1
CO(Q,s,ml,mz,mB) =fdk (—) . (2.10)
I ITI IIT

For the current calculation, for example, the only scalar loop
integrals that will appear are (recall Z - AB with P,s Py the quark

external momenta, and J stands for internal quarks)
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A4, Ag(Mp);
Bo(PystysMy)s Bo(pgsMyM ), Bo(p,ytpg,M .M ), BO(pA+?B,MJ,MJ);
CO(pAfPB'Mw’MJ’Mw)’ Co(Pyr=(pytpg) MM M ). .10

The following formulas are derived using Lorentz invariance and
index symmetry, and utilizing vector momenta and g"’ as "projectors"
until enough equations are derivedto solve for all the scalér factors.
For later use define

2.2 2

51

(2.12)

w N

s +28%s+m,-m

52

Then, for example, "projecting" B, below with £l and using
1

Ltk = %(II—I—sl) gives the result for Bl‘ The formulas below then de-

fine an iterative ladder in which the ones on top are defined in terms

of the ones on the rung below, etc., with A BO’ and C, at the bottom.

0’ 0

- - k2 k, k2ku Pk, K

Bys B, 5 B, 5 B, | (2,m,my) = raNk 1 1 M1

IS | 172 T 11
(2.13)

B =2 B.(2,1,2)

M M 1
B =2 B



where

l

o2/
"

)
0 AO(mz) + mlBO

1
Bl = —2[A0(m1) - Ao(mz) - slBO] :
28
vﬁl = m2B - A (m,)
1 1°1 o'\™2
1 2
B,, = [(N—2)A0(m2) - 2m%B, - Ns,B,]
21 7 200y "0 ~ 171
1
By, = [Ay(my) + Zm%BO + slBll
‘ 2(N-1)
C.:C:cC :¢C C C ; C (,s,m; ,m,,m,) =
’ 09 ’ b ? - E U H ] 1 1) E)
0 S LS R L S T S R A 2773
k2, 22,k 3 k% 3k k ;3 k% k 3k k k
N~ Ul Ul Ul UZ Ul Uz v Ul Uz U3
fd k
: I II III
CU = 3 Cll(l,s,1,2,3) + SU C12(2,5,1,2,3)
1 1 1
¢ =2 C,. +s C
2
M1 up 1l u t
C =2 2 C,, +s s C,, +{2s} Chq + g C
: 22 pou 23 p Cog
L I L S R S R 172 M1
¢

=% 2 Coi + 8.8, Coo +{88} , Con + g, , C
21 uou 2 Wy V24
1M2 1 "2 HyTHy 22 1Mo 23 172

20

(2.14)

(2.15)
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C =9 2 2 C.+ s, 8, 85, Chn+ {225} o
u_Zu_“32
L TS TR T T R T T SIPA I
+ {&ss} Cc,, + {2g} Cre + {sg} C36
Hpugug 34 upHgug 39 L
(2.16)
where { }u , means the product of all tensors inside, totally
y . ‘
symmetrized over all indices shown.
1 22 s\l 1 s —us
Let X™° = = . Then .
gs 82 stz - (SLs)2 -2 22

Y - 2 * 2~
CO = BO(s,2,3) 2(23)B1(3,2,3) + £ 30(5,2,3) + mlco
C11 ) E_X-l BO(Q+s,1,3) - Bo(s,2,3) - leO
C12 2 BO(Q,I,Z) - B0(2+s,1,3) - 32C0
C.. = -B.(s,2,3) + mC

11 07’7 111
C., = B.(s,2,3) + mC

12 1777 1712
Coy ) E.X-l B1(2+s,1,3) + Bo(s,2,3) - Slcll - 2C24
C23 2 31(1,1,2) - Bl(£+s,1,3) - 52C11
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24

l

O

21

¢

22

l

23

!

24

31

33

34

32

35

36

22

1

{-2s [ B (24s,1,3) - B,(s,2,3) - s,C,,]

2[e%s? - (1s)%] 1z
+ 22 [ -B. (a+s,1,3) - s.C.. - 2C. 1}
1 22920 T Spb1g TSyt
1 2

[B.(s,2,3) + 2m“C, + s C..  +s C.,]

22y O 1°0 1°11 2°12

B .(5,2,3) + m2C

0 82> 1721

2
B21(s,2,3) + m1C22

_ 2
—Bl(s,2,3) + m1C23

2
B +
22(s,2,3) mlc24

1 By, (8+s,1,3) - By(s,2,3) = 5,Cyy - 4C,

2 B, (2,1,2) - B, (#+s,1,3) - 5,Cy)

i.x‘l B21(Q+s,1,3) - B21(s,2,3) - 51C22
2 \-By(2#s,1,3) = 5,Cpp = 4C

i.x‘l 822(£+s,1,3) - B22(s,2,3) - Slc24
2 Byy(£,1,2) = By, (4+4s,1,3) = s,C,,

Other equations, which naively look different from those in the

set above, were derived. However, these were always found to be equi-
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" valent to one of the above when both were expressed in terms of AO, BO’

and C0 functions, 1I.e., they are just rewritings of the same funda-

mental equations. Redundant equations were included in Ref. [47].

A kukv numerator factor is more difficult to work out than if its
indices are known to be contracted into k2, because the number of avail-
able Lorentz tensors increases rapidly with the number of tensor indices.
If one looks at the unitary gauge expressions appearing in this calcu-
lation naively, it appears that one needs to compute objects as bad as

ku ku ku ku ku ku
1727374576

N~
c = [k , (2.17)
H1oH3HeHste I II III

which would be very tedious due to the large number of available ten-
sors. However, if one first multiplies terms out and does Dirac algebra,
simplifications occur and only the integrals evaluated above are seen
to be needed.

As no box diagrams appear here, integrals with four denominator
factors are not necessary. Such objects were considered in Appendix Fv
of Ref. [47]. Clearly this method can be extended to arbitréry numbers
of denominator factors; the only obstacles are sufficient patience to
do all the algebra, and the'difficulty in performing the general n-
factor scalar loop integrals. |

Scalaf loop integrals through fbur denominator factérs were stu-
died in Ref. [48]. Assuming the timelike momenta and nonvanishing real
masses of the current calculation, I rederived AO’ BO’ and C0 and pre-

sent the results here (keeping pole and finite parts only):
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2, : . m2

[+ loghm + 1 - v - 1og———] (2.18)
4-N

(4-N)/2
167

Ao(ml) = M 2

where Yg is the Euler number = 0.5772...;

a2 12 g2
BO(E,ml,mz) =y 5 [— + loghn - Yg - 1og——5—
16w 4-N u
2 .
- ¥ {(1-x.)log(l-x,) + x.log(~-x.) - 1}] , (2.19)
where

g 22
(324m 2 2)+,J(22)2+m‘*+m4 20%m %—222m§—2m1 my+iie’e
X ;
1,2 222
4 , % !
Co(L,s,myymy,mg) = w4 M/2 — ) T, (2.20)
1612  C + 2aB
where
Y] y1-! Y1 y1-1
Z = [8p( : ) - Sp( ) + Sp( ) - Sp( )]
Y175 Y172y y17%2 Y17%p
y y2—1 y2—1
- [ sp( ) - Sp( i ) + Sp( 1) - Sp( 1 )]
Y2721 Y2721 ¥,722 Y272
Y3 Y3-1 Y3_1 ]
+[s -s +S —) -
[sp( _iii ) - Sp( - ) + Sp( i ) - sp( i )
Y3751 Y372 Y37%Zy Y372%)
2,2 2 \j 202, 4, b 022 022 , 22 . 2
i _ (2 +m2—m1) * oJ(29) +m2+m1 29 m, 2% m1—2m1m2+411 €
1 - ., -
»2 9292
((2+s)2+m§—m%) i\/z(2+s)2)2 4 4 2(Q+s) m%—2(2+s) my
.. —Zm%m§+41(2+s)2€
11

1,2 2(g+s)2
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2.2 2 2 2 2 2
ziil ) (s +m —mz) \k ) +m +m -2s m,- -2s m3—2m2 3+4ls €
1,2 282
y YO
Y, =Ygt e, Yy = s Y3 = =T
1 0 2 l-a 3 o
D + aE
Yo = -
0 C + 2aB
énd o is a root of
2
Ba® + Ca + A =0
with
A=s2 B=2% C=21s,
2 2 2 2 2
D=-(s*+mj-m), E=- (2 + 20s + mj - m?)

and the Spence function is

. log(l-t)
Sp(z) = - fO — dt .
t
Notice that in doing the integrations I have retained the ie's in
the denominators, since these originate from the usual Feynman pre-
scription for propagators inside the diagrams. As a practical matter

this is crucial in order to specify correctly which side of the cut

of the complex logarithm or Spence function one is on. -
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I1ITI. Checks on Calculation

The calculation is very lengthy so that checks are indispensable
to guard against errors. -They are also useful in verifying the valid-
ity of certain calculational procedures.

Many checks suggest themselves at different stages of the work.
These are too numerous to be discussed here. The checks presented in
this chapter are the most global checks in the sense that they verify
large amounts of work and/or important assumptions. In most cases, how-
ever, the algebraic derivations are far too long to be presented here.

Firstly, there is the question of pple cancellation. As noted
earlier, the calculation is expected to be finite; all 1/(N-4) terms
are expected to cancel. Vanishing of the poles with MJ (internal quark

‘mass) -independent coefficients is rather trivial due to GIM. It is
less trivial that the M. -dependent pole coefficients sum to O.

J

These can come about from Dirac algebra as well as integrals such as

N ! M§ 0
Jd%k ( )y ~ + O(N-4) " , (3.1)
2 u2
k —MJ+ie N-4 ‘

Exact pole cancellation was verified algebraically.

It is interesting to note that certain pole parts require the tree
relation Mw = Mzcosew in order to vanish. Any 0(g2) correction to this
relation is only relevant for the O(gs), i.e. two loop, Z ~+ tE, etc.,

amplitudes and therefore irrelevant here.* This proportionality is

*
It should be noted that the relation = MZcosew can be preserved by
the choice of renormalization scheme anyway. 49
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probably ipdicative of the dangers of calcglating in-unitary gauge off
the mass shell, since Mé appears as the square of the 4-momentum of the
Z external leg. |

Secondly, the behavior of the SU(2)L X U(1) theory under CP may
be utilized as a check. In the three generation case, I will choose
‘the KM matrix to be real. In the four generation case, real_métrices
will bg included in the variation. 1In these caées, the calcﬁlation‘is
performed in a completeiy CP-invariant theory; This requires thgt

T(Z + tc) = T(Z ~» Ec), etc. This is because
<t(h,hy) c(-byhy) | s 1 200, 8)>
= <t(®,h)) c(-b,hy I, &) Herysereery | 20(0,s)>
~<E(P,-he,hy) | S | 290,s)> , (3.2)

where S is the Z0 spin and hi are the fermion helicities. Since Z -+ te
and Z ~» Ec, etc., are computéd independently from each other, this pro-
vided a numeriéal check that was verified. If the KM matrix has non-
vanishing phases then the CP related widths need not be the same; this
will be‘discussed further in Chaptér VI.

As a third check, i will discuss some Ward identities. It turns
out.;hat‘the relevant Z couplings to the order of interest are given in
uﬁitary gauge by the sum of a conserved vector current, and a partially
conserved axial vector current. This leads to Ward identities that'

should be satisfied by the Z tE, etc., decay amplitudes.

-
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The subsequent discussion is in reference to the unitary gauge
Lagrangian given in (2.4), and notation is as described immediately
following it. Of course, this Lagrangian is invariant under the local
U(l) gauge symmetry of QED, and therefore under global U(l) QED. Only
the global U(l) is required to show electric charge conservation. Now
although the local SU(2)L X U(l)Y gauge symmetry of the original Lagran-
gian has been destroyed by fixing the unitary gauge, there are residual
continuous symmetries left associated with the Z couplings.

Consider the global U(1) transforﬁations, with real parameters o

and B8, given by

UV (1) uf (1)
iar iBuyg
t, —= e t, e t.
i 1 i
ias -iBuyg
b. — e b. e b,
i i i
+ ia(r-s) 4 | -2iBu _+ 3.3
WU — e Wu. e WL1 , (3.3)
g 8 g b g
where r = - — (-l + —s%), s ==-——(1-—s5),andu=-—., [ is
4 3 ¥ he 3 W he
Cw W W

invariant under Uy(l); UA(l) is broken only by qﬁark masses and Yukawa
couplings to Higgs. The associated currents are conserved in the case
of UV(l) and paftially conserved in the case of UA(l), and are given by

Noether's theorem:
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8 4
oo 14— <2\ LM N T
Jy =2 ( ) [+ —spegyie, + (- —sppb v b,]
i 4cw 3 -3
& + He VT A V= =,V V-
+ {i( —ge W, [ (MW7 37w ) ~1e (WHTAY-wVTAH)
2cw W .

+ igcw(w“‘z“-w“'z“)]} + {herm. conj. of vector term} (3.4)

auJV =0 (3.5)
u:z _ W, o —— | ’
J, == ( )v[tiv Yot ~byy Ysbi]
i 4e
W
+ {same vector term + h.c. as‘Js excepf ( -gey)> (- )}
ZCW 2cw
(3.6)
m m
9J =—— Z{t (m +—Hyt, -b.(m +—Hyb }=iP~ .
bA 2cw i 1 ti v > . bi v 51 '
(3.7)

The sum of these two currents gives almost the full current coup-
ling to the Z, but not quite. For one thing, it misses the triple vec-
tor term‘~.SZ(WW~WW). However, integration by parts, dropping surface
terms, produces an equivalent Lagrangian and gives terms ~ Z3(WW-WW),

leading one to define

u

Jderiv = 18¢

wav(w"+w“‘—w“+w\") (3.8)

u
o J =0 3.9
U deriv ’ ( )



30

where (3.9) follows from index symmetry. Now one can define

1
™ _ qu . "
JV JV +a 2 )Jderiv
2cw
TH _ M — qM
Ja =0t 9¢2 Jderiv
W

VR TR ¥

no= T T, (3.10)
then

e TH o _ Lpd .

BDJV .03 auJA iP” , : (3.11)

J; is now the entire source current for the Z except for the ZZH

and ZZHH couplings. The Euler-Lagrange equations for the evolution of
the Z field have the standard form
3L aL

by ——— - —=0. (3.12)
2(3,2,) oz

This leads straightforwardly to the equation of motion for the Z field

2
1 g
2
( O+ M%)Z“ - 3% (ez) = - J; - @u+E) S ES L (3.13)
4 c
W

The above equations imply Ward identities obeyed by the Z - tE,
etc., decay amplitudes, generically Z (momentum p, polarization e) -

A (pA, spin sA) + B (pB, sB). The decay amplltude is
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: ~1(px-p,y,~Pr¥g) _ -
~ [d%dby a* A’A 'B -
Sy fd xd%y,d yge u (pA’SA) (13!yA - MA)
< >(-if -
0| T(e (p) S¥(x)¥. (yB)W (y N1 0>¢ 13 v, MB) VB(pB’SB) .

(3.14)

Now ignore the Higgs term in.Su; to one loop order it is irrele-
vant. Ward identities can then be derived by replacing € by pu in
(3.14), integrating by parts, noting the vanishing of the equal time
commutator terms (resulting frpm time derivatives of © functions in
the time ordered product) since on-shell A > B propagation is not

allowed, and using (3. 10) and (3.11):

Vector Ward Identity

. . u ; _,\1] =‘ N -
{Sfi with eu\S > pu( JV)} 0 <3f15)
Axjial Ward Identity
{8y, with €, S > p, (-3 )} = {s;; with ;u‘g“ > (-? )}-, ~ (3.16)

where ?5 has been defined in (3.7).

' These iaentiﬁies can be represented diagraﬁméticélly by figuré 2.
Notice thét checking the axial vector Wérd idenﬁity requires computing
an additional set of diagrams giving the '"decay of a fiétitious-pseudo—
scalar" iﬁto tc. Note also that thé coﬁpling of the density p> is

reminiscent of thevcoupling of the neutral Higgs ghost in 't Hooft-
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Feynman gauge. I do not believe this to be accidental. In unitary

gauge the polarization sum for the Z is given by

z €u(p)€:(p) =-g + —”—2'\4 . (3.17)
Hv

pol Mz

In the z° rest frame p" = (MZ, 6) so that
0 0 0 O
' * 0 1 0 O

Z e (Pey(p) =§ -

pol 0 0 1 O
60 0 0 1 . : (3.18)

I.e., the p“p part has eliminated the unphysical timelike polarization
v

implicit in the 8.y part. When PPy hits the axial current coupling to

Z, JY, the Ward identity indicates that this is equivalent to inserting

5

the P~ density.

In 't Hooft-Feynman gauge, however, the Z propagator and polariza-

~

tion sum are guv onl&. Put another way, relative to the ﬁﬁitary gauge
they contain an anomalous part “’(—pupv), which cancels the correspond-
ing unitary gauge bit. Something else needs to be done to cancel the
unphysical timelike polarization in the on-shell Z rest frame. This

is the function performed by the Higgs ghost in 't Hooft-Feynman gauge.
The physical‘Z is really a five-component object (ZU’ %) where ¢ is

the Higgs ghost. Since the Higgs ghost decay diagrams play the same

role in 't Hooft-Feynman gauge as the pupv part of the polarization sum
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in unitary gauge (i}é. caﬁcelling 200 in the rest frame), it is not
surprising that their couplings are simila;. In this sense the P P,
part of the polarization sum in unitary gauge can beAregarded as the
"ghost of thevHiggs ghost, >0

Checking that these Ward identities are satisfied is an important
verification of the results; in particular it is helpful for checking
the clioice of s of (2.6). 1In practice,since one straightaway attacks
the diagrams of Figure 1, a strategy is needed to keep track of the
vector and axial vector couplings separately if one wishes to indivi-
dually check each Ward identity and not just the sum of the two. I did
" this by "tagging'" the respective couplings with arbitrary parameters:
that were set to 1 after thé checking was done. Both the vector and
axial vector Ward identities wére found to be“exactly‘sétiéfied algeb-
raicélly.A

The considerations discussed in this section on Ward identities
are sufficient to one-loop order for the decay amﬁlitude, the subject
of this thesis. As we have seen, to one-lobp'ordefinb renofmalizatioh
was requifed. An all orders discussion may be more problematical and
is uninteresting from a phenomenological point of view. Here I will
just briefly comment on a couple of aspects o} highef ofders. One
should keep separate track of the Higgs term in S". Also, éventually
the leptons should be included, since their couplings will be of the
same order as the quarks and they are required to cancel anomalies.

Their charges are deduced from their couplings td Z:
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UV(l) charge UA(l) charge
g o 1 g
li(e,u,T,...) ——‘(sw— - —
Cy 4 Acw
v g , g
V,(V 4V 4V _yees) - T,
ite’ u'T
: 4cw 4cw
(3.19)

and the fermion sectors of the currents expand to include the leptons.
The fourth and final check that I will discuss in this chaptér is
that of a separate computatioﬁ of the imaginary part of the decay ampli-
tude. As indicated earlier in this chapter, the KM matrix is chosen to
be real in the three generation case, and real part of the time in the
four generation case. When the KM matrix is real, the theory is invar-
iant under time-reversal (with)the appropriate choice of time-reverse
phases for the fields®!). This means that the imaginarybpart of the
Z - tc decay amplitude (and related amplitudeg) is related to the absorp-

tive part via

2tm<te | Tl z29>=32<nl 71 te>*<al 11 29>, (3.20)
n

where the S matrix is S =1 + iT. (3.20) is derived by using the uni-

tarity of the S matrix, sTs 1.
This check was confined to the simplest case of MT <:Mw + MJ,
where the only cut that contributes is shown in Figure 3A. For MT

above the W-J threshold, several other cuts such as the one in Figure

3C will contribute, and I have not attempted to compute them. Of course,
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for MJ‘= Mpv, 1if M s >'MZ/2 the cut of Figure BA does ‘not exist'éither,
. and that.quark's contribution to the imaginary part should be consistent
with 0. What has been calculated is the sum over the intermediate phase
space 6f the product of the two diagrams shown in Figure 3B (shown for
the‘tz case). All masses are kept without approximation, as before.
'As this obviously requires no regularization, it is another good check
on our dimensional scheme, as well as on the algebra and numerics. -
Even here:-the algebra is long, due to so many independent and var-
iable masses., The methods of integration of Chapter II are used to do
the angular integrals, only using 0(3) tensors and Gij as a projector,
instead éf Lorentz tensors and guv. Although the integrais\occurring
here are trivial, I expect that this method would be useful in compu-.
ting very‘gomplicatgd:phase space integrals. .
| I will now quote the result, which is reduced to a similar form to
that_given-for the amplitude i9 in Chapter Iv:
KM( KM, + —

AJ U ) UA(PA,SA) {Gle'pA + G2¢'+G3e'pAy.v+ G4¢Y5]

>
Im9d U IB 5

J

vB(PB.'SB) 5 (3.21)

where Z(momentum pA + Pgs polarization €) ~ A(pA, spin sA) + ﬁ(pB, sB),

and the Gi'are functions of the masses. Mw MZcosew was used to elimi-

nate éosew. Of course U is real here so U+ = Ut; In practice one per-

forms the check numerically by comparing the G, to the imaginary parts

i

of the corresponiding functions for the full amplitude. One might worry

that the right hand side of (3.21) is not real. 1In usual Dirac repre-
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sentation, choosing $A==—$B along the z-axis and taking an irreducible
spherical tensor basis for the Z polarizations eliminates this question.
Define four functions Ai by
g3 |
G, = (-———"—"—7=) A, ,1=1-4, : (3.22)

i 384n2M3 i

Some care needs to be taken to obtain the correct overall sign of the
fermion rescattering diagram by studying the Wick contractions. The Ai

are as follows:

M +M
B™UA | 2 .2 2.2 2
. )‘ {og+am) | (2cQ+23)er4Z+(cQ-B)MAMBMZ ZCQM M

4
MZ
4
Z

3
+4CMAMBMM 2CMMWCMM+ZC —CMM]-M [ (2¢C

2 2
q A B~ CqMAMs Q-3B+A)M

2,2 2,2
+(6B—2CQ—4A)MWMZ+(3B—2C )MBMZ+(4CQ-6B)M MM +(3B ZCQ)MAMZ

Q ABZ

+2C MBMw 4C My BMw+2C M2M§) }

1 , '
Ay = (=) (M§+2M€J)—;—[(2CQ+4B+2A)M‘%M;+(CQ—2B+A)MAMBM2
2M
z

2.2
—(4CQ+4B)MBMWMZ -8BM MBMWMZ (4C +4B)MAMWMZ+8CDMWMZ

3,2 ' 4 2
+(2B-2C )MAMB +4BM MBM +(ZB ZCQ)M MBM +4C MAMBM +2CQMBMW

Q

2 2
-4C M MBM +2C M Mw+C M M -2C_ M

3 6
QA QAB QA

M_+C M M ] - M [(c —2B+A)Mz

3
B Q AB

2 4

+(2B+7A-C )MWM 2AM +(5B—A—2C )M +(2A-2B)MAMBM

Q
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2.4 PR S Xy N SO 2.2 2
+(5B=2 -AYMy M, +4Cy My ~BAMUM ~4AM MUM, +(2C ~2B+4A)MEML M)

2 22 sc w2i2ecc —ami
+(4A-4B)M MM+ (2C - 2B+4AIMGMEANG - C oMM+ (C - 3B)M M,

2.2 9 4,2 b2 0222 42
+(6B—2CQ)MAMBMZ+(CQ—3B)MAMZ-CQMBMW+2CQMAMBMW—CQMA 11}
Ay = (A with M, + -M,)
A, = (—A2 with MA > —MA) . “ (3.23)

A, B, CD’ and CQ are functions arising from the phase space inte-

théy are
. g 1+x
A= —log(—)
X 1-x
4n2£2 1 14+x
B = 5 [1-—1log(— )]
X 2x 1-x
nQZE 1 14x X I+x
c, = [1-—log(—) +—log( —)]
x2 2x 1-x 2 1-x -
12142¢3 1 1+x x  l4x
Cq = - 3 [1 -—1log(— ) +— log( — )] , (3.24)
X 2% 1-x 6__ 1-x
£ = magnitude of J-quark 3-momentum

]
—.(MZ "
2

2%
7
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22

(Mi + M§ + 2M§ -'M% - ZM‘ZJ)

" “ |

N S S A X )

( - ) (1 + My o+ - 2wl - ovdv? - oMl
Z

- The term under the square root in x is a phase space factor that
frequently appears. It factors into an often convenient form
A

M, + M, + yB) M, +M, - MB} M, - My + M) (M, - M, - Mp) .

For x <1 strong cancellations can occur. To retain numerical pre-

cision, it is preferable to expand the logarithms in (3.24):

oo x2n
A =21 X
n=0 2n+l
oo x2n—2
B = -4m2g2 I
n=1l. 2n+l
oo yx2n-2
CD = 2n22£ >
n=1 4n2—1
oo n-1
cq = 167823 = (——) X204 (3.25)
' n=2 4n--1 ,

Notice that all these start out 0(l); i.e., what look na%vely like
singularities in x have all cancelled.
Having computed the right-hand side of (3;20), this can be com- .

pared to the left-hand side which is computed usiﬁg the final expression



39

for the total amplitude given in Chapter IV, This provides a numerical
check which was verified. When MT rises above the W-J threshold, the

agreement disintegrates as expected, indicating that other uncalculated

cuts are contributing.
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IV, Algebraic Results

In this chapter I present the full algebraic results for the decay
amplitude and width. This may be discussed independently of the number
of generationms. The sum of diagrams in Figure 1 for Z (momentum P, t Pps

polarization €) - A(pA, spin SA) + ﬁ(pB, SB) is

Cer _ oy KM KM T = T
ig =2 UA (U™ . u (pA,sA){ Fls Py + Fzé + F

S Va3 JBYA R NPRRALPE

3

ve(Pgssp) (4.1)

where the Fk are functions of the five massés MJ (internal quarks), M, ,

MB’ MZ’ and MW' Define Ek functions by

igBMZ
F

k 3

= ———FE, , k=l-4, (4.2)
768n2Mw k : \

where g is the SU(2)L coupling g = e/sin6w. I am at all times replacing

cosew by its tree value MW/MZ' The Ek are written in turn as

2

E = .FINITE(k,Z) X TERM(R) , , (4.3)

k

N ™M=

2=1

where FINITE(k,?) is a 4 X 12 = 48 element array that is presented at

the end of this chapter,.and TERM(L) is a l2 element array given below:

TERM(1) =1 ;
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c
v
e BCERET

TERM(1+a) = -1og(
u

TERM(6+8)= - = |[ (l-xB’n)log(l—xB,n) + xB,nlog(—xB o) 1 , B = 1-4;

n=t
3 y -1 y
Yr 2 N\
TERM(10+y)={ 2 X (-1)F[ sp(—2 ) - Sp( LX  513/P(A,B)
. -r=1 n=2 yYQr_zY;r,n yY,f_zy,r,n
» ¥ = 1-2, (4.4)
where 1 = mass scale for the N-dimensional coupling constant;
M1 = MJ .
M2 = My
M3 = MA /
M =M
4 B °
M5 =M, 3
9 2 9 (MWMA-i-MJ) (Mw+MA-MJ) (Mw-MA+MJ) (MW—MA-MJ)
(MM, -M7) %
AJ .2
+41MA5
X =
1,n 2
ZMA

x2’n = Xl,n except MA > MB



from

Then

42

M, * \/(MZ+2MW)- (M, -2My) + bie

21,

X3 n except Mw -> MJ .

€ is an infinitesimal,with dimensions of mass squared, originating
the ie's in the propagator denominators. P(A,B) is given below.

Now define

2wl 2
CI(A,B) = MZ + MA MB

w2 w2 a2
CZ(A’B) = MZ - MA MB <
P(A,B) = \/(MZ+MA+MB) (M4, M) (M M) (MM, =Mp) . (4.5)

] 2vIMZ + Q13-M2) (P(A,B) - C(4,B))
1,1 © 2
2 P(a,B)
202 + (uZaed-u2a2) (P(a,B) - C)(4,B))
- _
b2 P(A,B) (P(A,B) - C,(A,B))
—2M§M§ + (M§+M§—M§-M§) (P(A,B) - C,(4,B))
vy =
1,3 P(4,B) (P(A,B) - C,(4,B))
_ad a2l 2) + oar-ud) (P(4,B) + C,y(4,B))
Y2,1 7 2
2M; P(A,B)
. oMy 522y + 220y (P(A,B) + C,(A,B))
2,2

P(4,B) (P(4,B) + C,(4,B))
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. 242 (el M% M2y + (M% 22wy (p(a,B) + Cz(A B))
’ P(4,B) (P(A,B) + Cy(4,)

Z1,1,n * 1 - X1,-n

212" LT %2,

21,3,n = *4,n

Z2,1,n ~ %1,1,n

22,3,n = X2,n °

u is a carry-over from the dimensional regularization; as no renor-
malization was performed, the final result should be independeht of it.
This is reflected in the vanishing of the sum of the coefficients of
the log(Mg/uz) terms, which was checked. The ¢ pieces are important
for determining which side of the cuts of the complex logarithm or
Spence function one is on.

I now discuss the formula for the width. The total decay width,
averaged over Z polarizations and summed over A, B spins and momenta,
is

P(A,B)

r(Z-AB) = (——) 1, : -~ (4.6)
16nM;
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where T is proportional to the trace, and P(A,B) was defined in (4.5).
The role of P(A,B) as a phase space suppression factor may be inferred

- from the formula. The quérks are the usual color triplets; this re-
quires an extra factor of 3 whichvhas been included in (4.6).

Introduce additional notation:

w1,2,3,4=MZ+}1B+M ’+"‘,—+,—-
up o =My R M, My - M, .
Fig » Fyp = Re , Im of ( ? UAJ JBF ), k= 1-4, 4.7
Then

1 2 2 2
T = ;‘{P (A,B) [ wlw4(F1R+F11) + wow (F3R 3I)

= buy (F o F oo #F ) (Fop) + bup(FagFptFarFyp) ]

)+, (8M +hu? )(F +F2

+ w A (8M +4u1)(F2R 21 ar T4t

Y. (4.8)
One might worry that I have averaged over Z polarization states,
whereas not all Z polarization states will be democratically produced
in ete” annihilation due to the helicity conserving nature of V and A
type interactions. However, this is of no consequence for the total

decay widths which must be independent of ‘the Z polarization due to

rotational invariance. One could just as well fix the Z polarization
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arbitrarily and get the same answer.
Finally, I return to the FINITE(k,%) array. The formulas below
are reproduced from computer output created using MACSYMA,53 a com-

puter algebraic manipulation program. The notation is as follows:

FINITEk, = FINITE(k,2) ;

MA = M,, MB = M, MZ = M,, MW = M, MJ = M

5 - (4.9)

I now present FINITE(k,%):



46

. 2 2 4
FINITEL = (((2 MB + 2 MA) MJ MW + (2 MB + 2 MA) MJ
1

_ 2 2 2 2 2 a4
+ (18'MA ME + 1B.MA MB) MJ ) MZ + (- 8 ME. - 8 MA) MJ MW

4 2 2 2 2
+ ((- B ME - B MA) MJ 4+ (- 24 MA ME - 24 MA MB) MJ ) MW )

4 3 2 2 3 2
/(MA MB MZ + (- MA ME - 2 MA ME - MA ME) MZ)

2 2 4

FINITE1 - (((4 ME + 4 MA) MJ MW + (2 MEB + 2 MA) MJ

2

2 2 2 2 : - 4

-~ - -~ -~ -
+ (8 MA ME + 8 MA ME) MJ ) MZ + (- 16 MB - 16 MA) MJ MW

4 =) - - ol

+ ((- B ME - 8 MA) MJ + (- B MA ME - 8 MA ME) MJ ) MW )

4 3 2 2 3 2

/(MA ME MZ + (- MA MBE - 2 MA ME - MA ME) MZ )

2 2 2 2 4
(2 ME + 2 MA)Y MJ MW MZ + (- B ME - 8 MA) MJ MW
FINITED = oo e e e e e e e e e e e e e e e e

3 4 3 - 2 2 3 2

MA ME MZ + (- MA ME - 2 MA ME - MA ME) MZ

2 2 4 2 2 6

FINITEL = ((2 MJ MW + 2 MJ 4 (- 8 MA ME - 14 MA ) MJ ) MZ
4
2 4 2 2 2 4 2

+ (-8 MJ MW + ((- 4 ME + 2 MA ME + 22 MA ) MJ - 8 MJ ) MW

o 2 4 3 2 2 3
+ (- 4 Mk - 6 MA ME - 10 MA ) MJ + (16 MA ME + 16 MA ME - 38 MA ME

4 2 4 2 2 2 4
- 14 MA ) MJ > MZ 4 ((16 ME + 24 MA ME + 40 MA ) MJ MW

2 2 4 4 3 2 2
+ ((16 ME + 24 MA ME + 40 MA > MJ + (2 MBE - 10 MA ME - 38 MA MB
3 4 2 2 4 3 2 2 3
+ S0 MA ME - 20 MA ) MJ )M + (2 MB + 6 MAME + 2 MA ME - 6 MA ME
4 4 S 2 4 3 3 4 2 S
-4 MA ) MJ + (- B MAMB -2 MA ME - 14 MA MR - 26 MA ME + 22 MA ME
. b 2 2 4 3 2 2 3 4
+ 28 MA ) MJ ) MZ + (- B ME - 24 MAME - 8 MA ME + 24 MA ME + 16 MA D)
2 4. 4 3 2 2 3 4 4
MJ MW + ((- B ME - 24 MAME - 8 MA ME + 24 MA MBE + 16 MA ) MJ
S 2 4 3 3 4 2 S é 2
+ (8 MAME + B8 MA ME + B MA ME + 8 MA ME - 16 MA ME - 16 MA ) MJ )
-~ 8 2 2 3 &

MW )/ (MA MZ + (- 3 MA ME - 2 MA ME - 3 MA ) MZ
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4 2 3 3 2 4 S 4
+ (3 MAME + 4 MA MBE + 2 MA ME + 4 MA MEB + 3 MA ) MZ

. 3 2 5 3 4 a4 3 5 =2 6 7
+ (- MAME - 2HMA MBE + MA ME + 4 MA ME + MA MB - 2 MA ME - MA )

2

MZ )

2 2 4 2 2 6
FINITEL- = ((2 MJ MW + 2 MJ + (- 14 ME - B MA MB) MJ ) MZ
S
2 4 2 2 2 4 2
+ (-8 MJ MW + (22 ME + 2 MA ME - 4 MA ) MJ - B MJ ) MW
2 2 4 4 3 2 2

-~
+ (- 10 MB - 6 MA MR - 4 MA ) MJ + (-~ 14 MB - 38 MA ME + 16 MA ME

3 2 4 2 2 2 4
+ 16 MA ME) MJ ) MZ + (<40 ME + 24 MA ME + 16 MA ) MJ MW
2 2 4 4 3 2 2
+ (A0 ME + 24 MA ME + 16 MA ) MJ + (- 20 ME + S0 MA ME - 38 MA MK
3 a2 2 4 3 2 2 3
- 10MA ME + 2 MA ) MJ ) MU + (- A ME - 6 MAME + 2 MA ME + 6 MA ME
4 4 6 . 5 2 4 3 3 4 2
+ 2MA ) MJ + (2B ME + 22 MAME - 26 MA ME - 14 MA ME - 2 MA ME
5 2 2 4 3 2 2 3 4
-8B MA ME) MJ ) MZ + (16 ME + 24 MAME - B MA ME - 24 MA ME - 8 MA )
2 4 4 3 2 2 3 4 4
MJ MW 4 ((16 ME + 24 MA ME - B MA ME - 24 MA ME - 8 MA ) MJ
6 5 2 4 3 3 4 2 5 2.
+ (- 16 MB - 16 MAME + BMA ME + B MA ME + 8 MA ME + 8 MA ME) MJ )
2 8 3 2 2 6
MW )/(ME MZ + (- 3 ME - 2 MA ME - 3 MA ME) MZ
5 4 2 3 3 2 4 4
+ (3IME + 4 MAME + 2 MA ME + 4 MA ME + 3 MA ME) MZ
7 6 2 s 3 4 4 3 5 2 6
+ (-ME -2 MAME + MA ME. + 4 MA ME + MA ME - 2 MA ME - MA ME)
2
MZ )
2 4
FINITEL = ((30 ME + 30 MA) MJ MZ
6

2 2 4
+ ((- 36 ME - 36 MA) MJ MW + (12 ME + 12 MA) MJ

3 2 2 3 2 2

+ (- 18 ME + 6 MA MEB + 6 MA ME - 18 MA ) MJ ) MZ

2 a4

2 4 3 3 2
+ (- 48 ME - 48 MA) MJ MW

+ ((- 48 ME - 48 MA) MJ + (48 ME + 48 MA ) MJ )
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2 5 ' 4 2 3 ' 3 2 4 5
Md 4+ (- 12 ME - 12 MAME + 24 MA ME + 24 MA ME - 12 MA MB - 12 MA )
2 6 2 2 4
MJ )/(MZ + (- 3 ME - 2 MA ME - 3 MA ) MZ
4 3 2 2 3 a 2 6 5
+ (3ME + A MAME + 2 MA ME + 4 MA MB + 3 MA ) MZ - ME - 2 MA ME
2 a4 3 3 4 2 5 6
+ MA ME 4+ 4 MA ME + MA ME - 2 MA ME - MA )
4 2 2 2 4
FINITEL = — ((4 MW + (- 2 MJ - 24 MA ME - 12 MA ) MW - 2 MJ

7
2 2 3’ é
+ (8 MA MR + 14 MA ) MJ + 4 MA ME) MZ

6 2 2 2 4
+ (- 16 MW + (B MJ - 8 ME + 12 MA ME < 20 MA ) MW

4 2 2 2 3 2 2 3

-~ < ped ]
+ (B MJ + (4 ME - 2 MAMB - 22 MA ) MJ + 48 MA MBE + 56 MA ME - 4 MA ME

4 2 2 2 4
-~ 44 MA ) MW+ (4 ME + 6 MA ME + 10 MA ) MJ

3 2 2 3 4. 2 4 2
+ (~ 16 MA ME - 16 MA ME + 38 MA ME + 14 MA ) MJ + 12 MA ME
S 4 2 2 3
- 4 MA ME) MZ + ((32 ME + 48 MA ME + B0 MA ) MU
2 2 2 4 © 3 2 2

+ ((- 16 ME =~ 24 MA ME — 40 MA ) MJ + 4 ME - 36 MA ME - 100 MA MK

3 4 4 2 2 4
- 132 MA ME + 24 MA ) MW+ ((- 16 ME -~ 24 MA ME - 40 MA ) MJ

4 3 2 2 - 3 4 2 5
+ (-2 ME + 10 MAME + 38 MA ME -— S0 MA ME + 20 MA ) MJ - 24 MA ME

2 4 303 4 2 S 3 2

- 44 MA ME - S2 MA ME - 40 MA ME + 92 MA ME + S6 MA ) MW

4 3 2 2 3 4 4
+ (-2 MBE - 6 MAME - 2 MA ME + &6 MA ME + 4 MA ) MJ

5 2 4 3 3 4 2 5 6 2
+ (8 MAME + 2 MA ME + 14 MA ME + 26 MA ME - 22 MA ME - 28 MA ) MJ
3 5 4 4 5 3 6 2 2
- 4MA ME - 4 MA ME + 4 MA ME + 4 MA ME ) MZ
4 3 2 2 3 4 6

+ (~ 16 ME - 48 MA ME - 16 MA ME + 48 MA ME + 32 MA ) MW

4 3 2 2 3 4 2 5
+ ((BME + 24 MAME + 8 MA ME - 24 MA ME - 16 MA ) MJ + 24 MA MK

2 4 3 3 4 2 5 6 4
+ 104 MA ME + 88 MA ME - 72 MA ME - 112 MA ME - 32 MA ) MW

4 3 2 2 3 4 4

+ ((BME + 24 MAME + B MA ME - 24 MA MB - 16 MA ) MJ
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S 2 4 3 3 4 2 S 6 2
+ (-8 MA MBE -8 MA MB - B MA MB - B MA ME + 16 MA ME + 16 MA ) MJ

3 S 4 4 S 3 é 2 2
+'16 MA MB + 16 MA MEB - 16 MA MB - 16 MA ME ) MW )

8 2 2 3 6
/(MA MZ + (- 3 MAMB - 2 MA MB - 3 MA ) MZ

4 2 3 3 2 -4 S 4
+ (3 MAME + 4MA ME + 2 MA ME + 4 MA ME + 3 MA ) MZ

6 2 s 3 4 4 3 5 2 6 7
+ (- MAME - 2MA ME + MA ME + 4 MA ME + MA ME - 2 MA ME - MA )

2
MZ )

4 2 2 2 4

FINITE1 - (4 MW + (- 2 MJ - 12 MBE -~ 24 MA ME) MW - 2 MJ

8

. 2 2 3 6
+ (14 ME + 8 MA MB) MJ + 4 MA ME ) MZ

6 2 2 2 4

-~ &~
+ (- 16 MW + (B 'MJ -~ 20 ME + 12 MA ME - 8 MA ) MW

4 2 2 2 4 3 2 2

r- -~ - -~
+ (8 MJ + (- 22 MBE - 2 MAMB + 4 MA ) MJ - 44 MBE - 4 MA ME + S6 MA ME

J

3 2 2 2 4

+ 48 MA MR) MW + (10 MB + 6 MA ME + 4 MA ) MJ

4 3 2 2 3 2 S 2 4
+ (14 ME + 38 MA ME - 16 MA ME - 16 MA ME) MJ - 4 MA ME 4+ 12 MA ME )
4 2 2 6
MZ. + ((BO ME + 48 MA ME + 32 MA ) MW
2 2 2 .4 3 2 2

+ ((- 40 ME - 24 MA ME - 16 MA ) MJ + 24 ME - 132 MA ME ~ 100 MA ME

3 4 4 2 2 4
- 36 MA ME + 4 MA ) MW+ ((- 40 ME - 24 MA ME - 16 MA ) MJ

4 3 2 2 3 4 2 6
+ (20 ME - 50 MA ME + 38 MA ME + 10 MA MR - 2 MA ) MJ + 56 ME
s 2 4 3 3 4 2 5 2

+ 92 MA ME - 60 MA ME - 52 MA ME - 44 MA ME - 24 MA ME) MW

4 3 2 2 3 4 4

-~ T4
+ (4 ME + 6 MAME - 2 MA ME - 6 MA ME - 2 MA ) MJ

6 5 2 4 3 3 4 2 5

. 4 ~
+ (- 28 ME - 22 MAME + 26 MA ME + 14 MA ME + 2 MA ME + 8 MA ME) MJ
2 6 3 s 4 4 s 3 2
+4MA ME + 4 MA ME - 4 MA ME - 4 MA ME ) MZ
4 3 2 2 3 4 6
+ (32 ME + 48 MA ME - 16 MA ME - 48 MA ME - 16.MA ) MW
4 3 2 2 3 4 2 6

+ ((- 16 ME - 24 MA ME + B8 MA ME + 24 MA ME + B MA ) MJ -~ 32 MR

i

POl
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5 2 4 3 3 4 2 s T4
- 112 MAME - 72 MA ME + B8 MA ME + 104 MA ME + 24 MA ME) MW

4 3 2 2 3 4 4
+ ((- 16 ME - 24 MA ME + B MA ME + 24 MA ME + B MA ) MJ

6 5 2 4 3 3 4 2 s 2
+ (16 ME + 16 MA ME - B8 MA ME -8 MA MB - B MA ME - B8 MA ME) MJ
2 6 3 5 4 4 5 3 2

- 16 MA ME - 16 MA ME + 16 MA ME + 16 MA ME ) MW )

8 3 2 2 é
/(MR MZ + (- 3 ME - 2 MA ME - 3 MA ME) MZ

S 4 2 3 3 2 4 4
+ (3 MFE + 4 MAME + 2 MA ME + 4 MA ME + 3 MA ME) MZ

7 6 2 S 3 4 4 3 S 2 [}
+ (- ME - 2MAME + MA ME + 4 MA ME + MA ME - 2 MA MB - MA MER)
[}

MZ )

2 4
FINITEL = ((30 ME + 30 MA) MJ MZ
9

~ 2 ) 4

+ ((- 926 MR ~ 926 MA) MJ MW + (36 ME + 36 MA) MJ

3 2 2 3 2 2
+ (- 30 ME - 1B MA ME - 18 MA ME - 30 MA ) MJ ) MZ
2 4 4

+ (- 72 MB - 72AHA) MJ MW + ((- 72 ME ~ 72 MA) MJ

3 2 2 3 2 2
+ (60 ME + 36 MA ME + 36 MA ME + 60 MA ) MJ ) MW )

b _ 2 2 4
/J(MZ + (- 3 MBE - 2 MA ME - 3 MA ) MZ
4 3 2 2 3 4 2 6 5
+ (I ME + 4 MAME + 2 MA ME + 4 MA ME + 3 MA ) MZ - ME - 2 MA ME
2 4 3 3 4 2 5 6
+ MA ME + 4 MA ME + MA ME - 2 MA ME - MA )
: 2 2 2 4
FINITEL = - (((20 ME + 20 MA) MW + 2 MA ME + 2 MA ME) MZ
10
A 4 2 3 2
+ ((64 ME + 64 MA) MW + ((- 60 ME - 40 MA) MJ - 20 ME - 20 MA ME
2 3 2 4
-~ 20 MA ME - 20 MA ) MW + (24 ME + 24 MA) MJ
3 2 2 3 2 4 2 3
+ (- 12 ME - 24 MA ME =~ 24 MA ME - 12 MA ) MJ - 2 MA ME + & MA MK
3 2 4 2 6

+ 6 MA ME - 2 MA MEKE) MZ 4+ (48 MR + 48 MA) MW
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2 3 2 2 3 4
+ ((- 24 MB - 24 MA) MJ - 40 MEB - 48 MA MB - 48 MA HME - 40 MA ) MW

v 4 3 2 2 3 2
+ ((- 24 ME - 24 MA) MJ 4+ (12 MB + 36 MA MBE + 36 MA ME + 12 MA ) MJ

4 2 3 3 2 4 2
— 4 MAMB + 12 MA ME + 12 MA MB - 4 MA ME) MW
5 4 2 3 3 2 4 . n

P v “
+ (12 ME + 12 MA MB - 24 MA ME - 24 MA ME + 12 MA ME + 12 MA ) MJ )

6 2 2 4

/(MZ + (- 3 ME - 2 MA ME - 3 MA ) MZ

L]

4 3 2 2 - '3 4 2 6 5
+(3ME +4MAME +2MA ME + 4 MA ME + 3 MA ) MZ - ME - 2 MA ME

2 4 3 3 4 2 S é
+ MA ME + 4 MA ME + MA ME - 2 MA MB - MA )

2 8
FINITE1 = —- ((8 ME + 8 MA) MW MZ
11

4 2 3 2

+ ((48 ME + 48 MA) MW + ((- 36 MB - 36 MA) MJ - 16 ME - 16 MA ME

2 3 2 4
- 16 MA HME - 16 MA ) MW + (4 ME + 4 MA) MJ
3 2 2 3 2 2 3 3 2 6
+ (-4 ME - 4 MAME - 4 MA ME - 4 MA ) MJ + 4 MA ME + 4 MA ME ) MZ
6 2 3 2
+ ((88 ME + 88 MA) MW + ((- 120 ME - 120 MA) MJ =~ 64 ME - &8 MA MR
2 3 4 4 3 3 2
- 68 MA ME - 64 MA > MW 4 ((80 ME + BO MA) MJ + (B ME + 8 MA ) MJ
5 4 2 3 3 2 4 5 2
+ BME + B8 MAME + 40 MA ME + 40 MA ME + B MA ME + 8 MA ) MW
6 3 2 2 3 4
+ (- 24 ME - 24 MA) MJ + (16 ME + 28 MA ME + 28 MA ME + 16 MA ) MJ
S 2 3 3 2 S 2 2 s s 2 4
+ (BME - 24 MA ME - 24 MA ME 4 8B MA ) MJ - 4 MA ME - 4 MA ME ) MZ
8 ‘ 2 3 2

+ ((48 ME + 48 MA) MW + ((- 72 ME ~ 72 MA) MJ -~ 64 ME - 72 MA ME

2 2 6 3 2 2 3 2
- 72 MA ME - 64 MA ) MW + ((32 ME + 64 MA ME + 64 MA ME + 32 MA ) MJ

5 4 2 3 3 2 4 5 4
+ 16 ME + 16 MA ME + 64 MA ME + 64 MA ME + 16 MA ME + 16 MA ) MU

6 ' 3 2 2 3 4
+ ((24 ME + 24 MA) MJ + (- 16 ME - 40 MA ME - 40 MA ME - 16 MA ) MJ

S 4 2 3 -3 2 4 S 2

+ (36 ME + 44 MA ME - 40 MA ME - 40 MA ME + 44 MA HME + 36 MA ) MJ
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+

MZ

+

MJ
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2 s 5 2 2 5 4 2 3
B MA ME - B MA ME > MW + (- 20 ME - 20 MA ME + 40 MA MB
3 2 P 5 4
40 MA ME -~ 20 MA ME - 20 MA ) MJ
7 6 .2 s 3 4 4 3 5 2
(- A ME + 4 MAME + 12 MA MB - 12 MA ME - 12 MA ME + 12 MA ME
6 7 2 2 s . .4 2 3 3 2
4 MA ME - 4 MA ) MJ ) MZ + (16 ME + 16 MA ME - 32 MA ME - 32 MA ME
4 5 2 4 5 4 2 3 .3 2
16 MA ME + 16 MA ) MJ MW + ((B ME + 8 MA ME - 16 MA ME ~- 16 MA ME
4 5 4 7 6 3 4 4 3
8 MA ME + 8 MA ) MJ + (- B ME - 16 MAMBE + 24 MA ME + 24 MA ME
6 7 2 2 8 2 2 6
16 MA ME - 8 MA ) MJ ) MW D/(MZ + (- 3 ME - 2 MA ME - 3 MA ) MZ
4 3 2 2 3 4 4
(3 ME + 4 MA ME + 2 MA ME + 4 MA ME + 3 MA ) MZ
6 5 2 4 3. 3 4 pe 5 6 .2
(- ME - 2 MAME + MA ME + 4 MA ME + MA MBR - 2 MA ME - MA ) MZ )
2 g
FINITEL = ((12 MB + 12 MA) MJ MZ
12
4 2 3 2
((24 ME + 24 MA) MW 4 ((- 84 ME < BA MA) MJ - 24 ME ~- 12 MA ME
2 ' 3 2 4

12 MA ME - 24 MA ) MW+ (48 ME + 48 MA) MJ

3 2 2 3 2 2.3 3. 2
(- 24 ME - 12 MA ME - 12 MA ME - 24 MA ) MJ + 12 MA ME + 12 MA ME

2

a

-} é 2 3

+ ((~ 48 ME - 48 MA) MW + ((108 ME + 108 MA) MJ + 48 ME - 36 MA ME
2 3 4

4 -4
36 MA ME + 48 MA ) MW 4+ ((- 168 ME - 148. MA) MJ

3 2 2 -3 2 .5 o 4
(72 MB + 96 MA ME + 96 MA ME + 72 MA ) MJ + 48 ME + 48 MA ME

2 3 3 2 4 5 2 6

48 MA MEB - 4B MA ME + 48 MA ME + 48 MA ) MW + (34 ME + 36 MA) MJ
3 2 2 3 4

(- 48 ME -~ 36 MA ME - 36 MA ME - 48 MA ) MJ

5] 2 .3 X 2 5 ) ] < = 2

- -~ < < < ~ vl
(12 ME + 4B MA ME + 48 MA MEB ¢+ 12 MA ) MJ - 12 MA ME - 12 MA ME D

4 . B 2 3 _
+ ((- 144 ME - 144 MA) MW + ((216 ME + 216 MA) MJ + 96 ME + 312 MA ME
2 3 6 3 , 2 2 -3
312 MA ME + 96 MA ) MW + ((- 4B ME - 240 MA ME - 240 MA ME - 48 MA )
2 5 4 4 ’ 5 4

b}
- 120 ME - 168B MA ME - 168 MA ME - 120 MA ) MW ' h

2

a



6 3 2 2 3
((= 72 MB - 72 MA) MJ + (96 MB + 72 MA MB + 72 MA ME + 96 MA ) MJ

5 4 2 3 3 2 4 s
(12 ME + 36 MA ME - 168 MA MB =~ 168 MA ME + 36 MA ME + 12 MA )

7 é 2 S 3 4 4 3 S
24 MB -~ 36 MAMB + 36 MA MEB + 4B MA MEB + 4B MA ME + 36 MA ME

6 7 2 2 S . 4 2 3
36 MA ME - 24 MA ) MW ) MZ + (- 48 ME - 48 MA ME 4+ 96 MA ME

3 2 . 4 S é
96 MA°L ME - 48 MA ME - 48 MA ) MW

) 4 2 3 3 2 4 S
((- 24 ME - 24 MA ME + 48 MA ME + 4B MA ME - 24 MA ME - 24 MA

7 6 2 5 3 4 4 3 5
48 ME + 120 MA ME + 24 MA ME - 192 MA MB - 192 MA MB + 24 MA

6 7 4 8 2 2 é
120 MA MEB + 48 MA ) MW )/(MZ + (- I MB - 2 MA ME ~ 3 MA ) MZ

4 .3 ' 2 2 .3 4 4
(3 ME + A MAME + 2 MA ME + 4 MA ME + 3 MA ) MZ

6 5 2 4 3 3 4 2 5 6
(- ME - 2 MAME + MA ME + 4 MA ME + MA ME - 2 MA ME - MA ) M
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: 2 2 4 2 2 2 4
FINITEZ = (CA MJ MW + 4 MJ + 6 MA ME MJ ) MZ - 4 MJ MW
. : 1 . -
4 2 2 2
+ (- 4 MJ - 12 MA ME MJ ) MW )/(MA ME MZ )
2 2 4 2 2 2 a4
FINITE2 = - ((B MJ MW + 4 MJ + MA ME MJ ) MZ - 8 MJ MW
-~ .
4 o2 2 2
+ (- 4 MJ - 4 MA ME MJ ) MW )/(MA ME MZ )
2 2 2 2 4
4 MJ MW MZ - 4 MJ MW
FINITE2 = ——-m———mmmmmmmmmmmommmee o
3 2
Ma ME MZ
: 2 2 4
FINITE2 = (((4 ME + MA) MJ MW + (4 ME + MA) MJ
4
2 2 ' 3 2 6
+ (- MAME - B MA ME - MA ) MJ ) MZ |
' 2 a a4
+ ((- 4 ME - 4 MA) MJ MW + ((- 4 ME - 4 MA) MJ
3 2 3 2 2 3 2 2 3
+ (-8B ME + MAME + 3 MA ) MJ ) MW + (- B ME - 3 MAME - 8 MA ME - MA )
4 4 2 3 3 2 4 5 2 4
MJ + (2 MAME + 14.MA ME - 3 MA ME + 18 MA ME + 9 MA ) MJ ) MZ
3 2 2 3 2 4
+ ((BME + 12 MA ME + B MA ME + 4 MA ) MJ MW
3 2 2 3 4
+ ((BME + 12 MAME + 8 MA ME + 4 MA ) MJ
5 4 2 3 3 2 4 5 2 2
+ (4 ME - 6 MAME - 16 MA ME - 16 MA ME - 20 MA ME — 10 MA ) MJ ) MW
5 4 2 3 3 2 a 5 4
+ (4ME + 2MAME - BMA ME - 4 MA ME + 4 MA ME + 2 MA ) MJ
6 2 5 3 4 4 3 5 2 6
+ (- MAME - 6 MA ME - 6 MA ME + 12 MA ME + 15 MA ME - & MA ME
7 2 2 5 a4 2 3 3 2 4
-8 MA ) MJ ) MZ 4+ (- AME - B8 MAME + B MA ME + 16 MA ME - 4 MA ME
S 2 4 5 4 2 3 3 2 4
-8B MA ) MJ MW 4+ ((- 4 ME - 8 MAME + 8 MA ME + 16 MA ME - 4 MA ME
5 a 6 5 2 7 2 2
- B HA D MJ + (4 MAME - 12 MA ME + 8 MA ) MJ ) MW )
. 27 3 é 5 4 4
/7 C(MA ME - MA ) MZ + (2 MA - 2 MA ME ) MZ

6 3 4 9 2 7 2
+ (MAMBE - 3 MA ME + 3 MA ME - MA ) MZ )
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2 2 4
FINITE2 ='—- (((MR + 4 MA) MJ MW + (MB + 4 MA) MJ
5 ]

3 2 2 2 é
+ (- ME - 8 MAME - MA ME) MJ ) MZ

2 4 a
+ ((- 4 MB - 4 MA) MJ MW + ((- 4 ME - 4 MA) MJ

3 2 3 2 2 3 2 2 3

+ (IME + MA MB - B MA ) MJ ) MW + (- ME - B8 MAME - 3 MA ME - 8 MA )

4 5 4 2 3 3 2 4 2 4
MJ + (9 ME + 18 MAME - 3 MA ME + 14 MA ME + 2 MA ME) MJ ) MZ

3 2 2 3 2 4
+ (4 ME + B8 MAME + 12 MA ME + 8 MA ) MJ MU

3 2 2 3 4
+ ((4 ME + 8B MAME + 12 MA ME + 8 MA ) MJ

5 . 4 2 3 3 2 4 5 2
+ (- 10 ME - 20 MA MBE - 16 MA ME - 16 MA ME - & MA ME + 4 MA ) MJ )

2 S 4 2 3 3 2 4 S 4
MW + (2 MBE + 4-MAMBE - 4 MA ME - B MA ME + 2 MA ME + 4 MA ) MJ

7 6 2 S 3 4 4 3 o 2
+ (-8B MBE - 6 MAME + 15 MA ME + 12 MA MB - 6 MA ME - 6 MA ME

& 2 2 5 4 2 3 3 2 4
~ MA ME) MJ ) MZ + (- 8 MBE - 4 MAME + 16 MA ME + B8 MA ME - 8 MA MK
5 2 4 5

5 4 2 3 3 2 4
- 4 MA Y MJ MW + ((- B ME - 4 MA ME

r4
+ 16 MA ME + B MA ME - 8 MA ME

S 4 7 2 S 6 2 2
- 4 MA ) M) + (B ME - 12 MA ME + 4 MA MEB) MJ ) MW )

3 2 - 4 ' S 4
/((ME - MA ME) MZ + (2 MA ME - 2 ME ) MZ

7 2 S 4 3 - 2
+ (ME - 3 MA ME + 3 MA MB - MA ME) MZ )

2 4 2 2 4
FINITE2 = (MJ MZ + (- 2 MJ MW + 2 MJ
6

o 2 2 2 2 4
+ (S ME + 4 MA ME + 5 MA ) MJ ) MZ - 8 MJ MU

2 2 2 4 2

-~ “
+ ((4 ME - 16 MA ME + 4 MA ) MJ - B MJ ) MW

4 2 2 4 2 4 2 2 2 4
t (-6 ME 4+ 12 MA ME - 6 MA ) MJ )/(MZ + (- 2 ME - 2 MA ) MZ + MK
2 2 4
- 2 MA ME + MA.)
4 -2 2
FINITE2 = ~ (((8 ME + 2 MA) MW + ((- 4 ME - MA) MJ - 3 MA ME

7
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2 3 2 , a 2 2 3 2
AMA ME + 2 MA ) MW + (- 4 ME - MA) MJ + (MAME + B MA MB + MA ) MJ
3 2 4 6 6 '

MA ME - 4 MA MB) MZ + ((- 8 ME - B8 MA) MW
2 3 2 2 3 4
(C4 ME + 4 MA) MJ - 16 MB + 6 MA ME - 12 MA ME - 10 MA ) MW
4 3 .2 3 2 4 2 3
(CA ME + 4 MA) MJ + (BME - MAMB - 3 MA ) MJ + 6 MA ME + 20 MA ME
3 2 s 2 3 2 ) 3 4
12 MA ME + 14 MA ) MW + (B ME + 3 MA ME + B MA MB + MA ) MJ
4 2 3 3 2 4 s 2 4 3
(-2 MAME - 14 MA ME + 3 MA ME - 1B MA ME - 9 MA ) MJ + 12 MA ME

5 2 6 4 3 2 2 3 6

AMA ME + 4 MA ME) MZ + ((16 ME + 24 MA ME + 16 MA ME + 8 MA ) MW

3 2 2 3 2 s 4
(¢- BME - 12 MA ME - B MA ME - 4 MA ) MJ + B MB ~- 20 MA ME

2 3 3 2 4 s a4

60 MA ME + B MA ME + 36 MA ME - 4 MA ) MW .

3 2 2 3 4
((- 8 ME - 12 MAME - 8 MA ME — 4 MA ) MJ

5 4 2 3 3 2 4 5 2

(~ 4 MBE + 6 MAME + 16 MA ME + 16 MA ME "+ 20 MA ME + 10 MA ) MJ

b 2 S 3 4 4 3 S

)

2 ) S 6
3 MA ME - 16 MA ME - 22 MA ME 4+ 20 MA ME + 25 MA ME - 20 MA ME
7 2 5 4 ' 2 3 3 2 4
16 MA ) MW + (- 4 ME - 2 MAME + B MA ME + 4 MA ME - 4 MA ME
5 4 6 2 5 3 a4 4 3 5 2
2 MA ) MJ + (MAME + 6 MA ME + 6 MA ME - 12 MA ME - 15 MA ME
6 7 2 3 6 s 4 7 2 2
6 MA ME + 8 MA ) MJ + MA ME - 2 MA ME + MA ME ) MZ
S 4 2 3 3 2 4 s 6
(- 8 ME =~ 16 MA ME + 16 MA ME + 32 MA ME - 8 MA ME - 16 MA ) MW
] 4 2 3 3 2 4 5 2
(4 ME + 8 MAME - 8 MA ME - 16 MA ME + 4 MA ME + 8 MA ) MJ
é 2 5 3 4 4 3 s 2 6
12 MAME + 40 MA ME - 8 MA ME - B0O.MA ME - 20 MA ME -+ 40 MA ME
7 4 5 4 2 3 3 2 4
16 MA ) MW + ((4 ME + 8 MA ME - B MA ME - 16 MA ME + 4 MA ME
S 4 6 5 2 7 2 3 6 S 4
B MA ) MJ 4+ (- 4 MAME + 12 MA ME - B MA ) MJ + B8 MA ME - 16 MA ME
7 2 2 2 3 6 5 4 4
8 MA ME ) MW >/((MA ME - MA ) MZ + (2 MA - 2 MA ME ) MZ
é 3 4 5 2 7 2

- -~
(MA ME - 3 MA ME + 3 MA ME - MA ) MZ )
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4 2 3 2
FINITE2 = (((2 ME + 8 MA) MW + ((- MBE - 4 MA) MJ + 2 ME =~ 4 MA ME
8 _

2 2 4 3 2 2 2

-~ r
3 MA ME) MW + (- ME - 4 MA) MJ + (ME + B8 MA ME + MA ME) MJ

4 2 3 6 6
4 MAME - MA ME ) MZ + ((- 8 ME - B MA) MW
2 3 2 2, 3 4
(C4 ME + 4 MA) MJ =~ 10 MB - 12 MA ME + 6 MA ME - 16 MA ) MW
4 3 2 3 2 5 2 3
(4 ME + 4 MA) MJ + (- 3 MBE - MA ME + 8 MA ) MJ + 14 MB - 12 MA MK
3 2 4 2 3 2 2 3 4
20 MA ME + 6 MA ME) MW + (ME + 8 MA ME + 3 MA ME + 8 Ma ) MJ
, 5 4 2 3 3 2 4 2 ' 6
(- 9MFE - 18 MAME + 3 MA ME - 14 MA ME - 2 MA ME) MJ + 4 MA ME
2 5 3 4 4 3 : 2 2 3 6
4 MA ME + 12 MA ME > MZ 4+ ((B ME + 16 MA ME + 24 MA ME + 16 MA ) MU
3 2 2 3 2 5 4
((- 4 ME - 8 MA ME -~ 12 MA ME - B MA ) MJ - 4 ME + 36 MA ME N
2 3 3 2 4 5 4
8 MA ME - 60 MA ME - 20 MA ME + 8 MA ) MW
3 2 2 : 3 4
((- 4 ME - B MA ME - 12 MA ME - B8 MA ) MJ
5 4 2 3 3 2 4 5 2
(10 ME + 20 MA ME + 16 MA ME + 16 MA ME + 6 MA ME - 4 MA ) MJ
7 6 2 5 3 4 4 3 5 2
16 ME - 20 MA ME + 25 MA ME + 20 MA ME - 22 MA ME - 16 MA MK
6 2 5 4 2 3 3 2 4
3 MA ME) MW + (- 2 ME - 4 MAME + 4 MA ME + B MA ME - 2 MA ME
5 4 7 6 2 5 3 A 4 3
4 MA ) MJ + (BME + 6 MAME - 15 MA ME - 12 MA ME + 6 MA ME
5 2 & 2 2 7 a 5 6 3 2
6 MA ME . + MA ME) MJ + MA ME - 2 MA ME + MA ME ) MZ
5 4 2 3 3 2 4 5 6
(- 16 MBE - 8 MA ME + 32 MA ME + 16 MA ME - 16 MA MB - B MA ) MW
5 4 2 3 3 2 4 5 2
((BME + 4 MAME - 16 MA ME - B MA ME + 8 MA ME + 4 MA ) MJ
7 6 2 5 3 4 4 3 5 2
16 ME 4+ 40 MA ME - 20 MA ME - BO MA ME - 8 MA ME + 40 MA ME
6 4 5 4 2 3 3 2 4
12 MA ME) MW + ((B ME + 4 MAME - 16 MA ME - B MA ME + B MA ME

S 4 7 2 S 6 2 2 7 4 S
4 MA ) MJ + (- B ME + 12 MA ME - 4 MA ME) MJ + B MA ME - 16 MA ME



58

6 3 2 3 2 6 4 5 4
+ B MA ME ) MW )/((MBE =~ MA ME) MZ + (2 MA ME - 2 ME ) MZ
7 2 S 4 3 6 2
+ (ME - 3 MA ME + 3 MA ME - MA MB) MZ )
_ 2 4 2 2 4
FINITE2 = (3 MJ MZ 4. (- 12 MJ MW + 6 MJ
9 v
‘f’) inl - ped i ] 4

+ (- 3 MBE + 6 MA MEB - 3 MA ) MJ ) MZ - 12 MJ MU

2 ' 2 2 4 2
$ (6 ME - 12 MA ME + 6 MA ) MJ - 12 MJ ) MW )
4 2 2 2 4 2. 2 - 4
J(MZ 4+ (- 2 ME - 2 MA ) MZ + ME - 2 MA ME + MA )
. 2 . 2 4
FINITEZ = - ((6 MW + 2 MJ - MA ME) M2
10
4 2 2 2 2 4
+ (16 MW + (- 10 MJ -6 ME - 8 MA ME — & MA ) MW + 4 MJ
2 2 2 3 2 2 3 2 6

+ (- 8MB + 2 MAME - 8 MA ) MJ + MAME + 4 MA ME + MA ME) MZ + 8 MW

*»
2 2 2 4
+ (- 4 MJ - 12 ME =~ 12 MA ME - 12 MA ) MU
4. B ) o ) 3 ) 2 3

+ (- 4 M) + (2 ME + 4 MA ME + 2 MA ) MJ + 2 MAME + 8 MA ME + 2 MA ME)

2 4 2 2 4 2
MW + (6 ME - 12 MA ME + 6 MA ) MJ )
4 2 2 2 4 2 2 4
J(MZ + (- 2 ME - 2 MA ) MZ + ME - 2 MA ME + MA )
. 2 8 4
FINITE2Z = - (4 MW MZ + (16 MW
: 11
2 2 2 2 4 2 2 2
+ (- 16 M) -BME - 4 MAME - 8B MA ) MW + 2 MJ + (- 2 ME - 2 MA ) MU
2 2 6 6 2 2 2 4
+ 2 MA ME ) MZ +.(20 MW + (- 20 MJ - 24 ME - 14 MA ME - 24 MA ) MW

4 2 2 2 4 3 2 2

+ (16 MJ + (14 ME + 8 MA ME + 14 MA ) MJ 4+ 4 ME + 4 MA ME- + 12 MA ME

3 4 2 6 2 2 4
+ 4 MA ME + 4 MA ) MW - 4 MJ + (2 ME - 2 MA ME + 2 MA ) MJ
4. 3 2 2 3 4 2 2 a4
+ (AME + 2 MAME - 4 MA ME + 2 MA ME + 4 MA ) MJ - 2 MA ME
3 3 4a 2 4 8 2 >
- 2MA ME - 2 MA ME ) MZ + (8 MW + (- 12 MJ - 16 ME - 12 MA ME
2 6 2 4 3 2 2 3
- 16 MA ) MW 4 (16 MA ME MJ + B ME + B MA ME + 16 MA ME '+ B MA MH
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4 4 6 2 2 4
+ 8 MA XMW + (A MJ + (--BME - 4 MAMB -~ 8 MA ) MJ

: 4 3 ’ 2 2 3 4 2 2 4
+ (6 ME + A MAME + BMA ME + 4 MA MB + 6 MA ) MU - 4 MA ME

3 3 4 2 2 4 2 2 4 4
4MA ME - 4 MA ME ) MW + (- 4 ME + B MA ME - 4 NA ) MJ

6 5 2 4 3 3 4 2 - o

<~ -
+ (-2 MFE - 2MAME +2MA ME + 4 MA ME + 2 MA ME - 2 MA ME - 2 MA )
2 2 4 2 2 4 2 4
MJ ) MZ + (B ME - 16 MA MHE + 8 MA ) MJ MW
4 2 2 4 4 6 S 2 a4

. 2 ]
+ (4 ME -8 MA ME + 4 MA ) MJ + (- 4 ME - 4 MAME + 4 MA MK

3 3 4 2 S é 2 2
+ 8MA ME + 4 MA ME - 4 MA ME - 4 MA ) MJ ) MW )

6 2 2 4 4 2 2 4 2
J(MZ + (=~ 2 MB - 2 MA ) MZ + (ME - 2 MA ME + MA ) MZ )

2 2 4 2 6
FINITEZ = - ((24 MJ MW - 6 MJ - & MA ME MJ ) MZ

12

é 2 2 2 4
+ (4B MW + (- 30 MJ - 36 ME + 18 MA MEB - 36 MA ) MW

4 2 2 2 3 2 2 3 2
+ (24 MJ + (- 30 ME - 30 MA ) MJ - 6 MAME + 24 MA ME - 6 MA ME) MW

6 2 2 4
- 6 M) + (&6 MBE - 6 MA ME + 6 MA ) MJ

3 2 2 3 2 .3 3 4
"+ (6 MAME - 6 MA ME + 6 MA MER) MJ - 6 MA ME ) MZ

8 2 2 2 6

+ (24 MW+ (- 36 MJ - 72 ME - B84 MA ME - 72 MA ) MW

2 2 2 4 ‘ 3 3
+ ((12 ME 4+ 72 MA MB + 12 MA ) MJ + 60 ME + 36 MA ME + 36 MA ME

4 4 6 2 2 4
+ 60 MA ) MW + (12 MJ + (- 12 ME 4+ 12 MA ME - 12 MA ) MJ
4 3 3 4 2 s 05 2 2
+ (6 ME - 12 MAME - 12 MA ME + 6 MA ) MJ + 6 MA ME + 6 MA ME) MW ) MZ

a4 2 2 4 6 4 2 2 4 2
+ (24 MB - 4B MA ME + 24 MA ) MW + ((12 ME - 24 MA ME + 12 MA ) MJ

: 6 5 2 4 3 3 4 2 5
- 24 ME - 36 MAME + 24 MA ME + 72 MA ME + 24 MA ME -~ 36 MA ME

6 4 6 2 2 4 4 2 2 4 2
- 24 MA ) MW )/(MZ + (- 2 MFE - 2 MA ) MZ + (ME - 2 MA ME + MA ) MZ )
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: 2 2 ) 4
FINITE3S = - €(((2 ME - 2 MA) MJ MW + (2 ME - 2 MA) MJ
1 . v
2 2 2 2 ' 2 a
+ (1B MA ME - 18 MA ME ) MJ ) MZ + (B MA - B ME) MJ MW

i 4 . 2 2 2 2
+ ((B8 MA — B ME) MJ + (24 MA ME - 24 MA ME) MJ ) MW )

4 3 2 2 3 2

/(MA MB MZ + (- MAME + 2 MA ME - MA ME) MZ )_ N
) ~ ad ’ ) 4

FINITE3 = (((4 ME — 4 MA) MJ MW + (2 ME - 2 MA) MJ

<=

~ 4

- : bl bed b

+ (B MA ME - 8 MA ME ) MJ ) MZ + (16 MA - 16 ME) MJ MW o _ .
4 2 2 .2 2
+ ((B MA - B ME) MJ + (B MA ME - B MA ME) MJ ) MW )
4 3 2 2 3 2
J(MA MB MZ + (- MA ME 4+ 2 MA ME - MA ~ ME) MZ )
- 2 2 2 ‘ 2, 4
: (2 ME -~ 2 MA) MJ MU MZ 4+ (B MA - B ME) MJ MW
FINITE3 = = == m—— oo mm e oo ————————
3 4 3 2 2 3 2
MA ME MZ + (- MA ME + 2 MA ME - MA ME) MZ
2 2 4 2 2. 6
FINITE3Z = - ((2 MJ MW + 2 MJ + (8 MA ME - 14 MA ) MJ ) MZ
4

J

2 4 2 2
+ (- 8 MJ MW + ((- 4 ME - 2 MA ME + 22 MA ) MJ

2 2 4 2

- 8 MJ ) MW

2 .2 4 3 2 2 3
+ (-~ 4 ME + 6 MA MB ~ 10 MA ) MJ + (~ 16 MA ME + 16 MA ME + 38 MA ME
4 2 4 2 2 2 4
- 14 MA ) MJ ) MZ 4 ((16 ME - 24 MA ME + 40 MA ) MJ MW
2 2 4 4 3 2 2
+ ((16 ME - 24 MA ME + 40 MA ) MJ + (2 ME + 10 MA ME - 38 MA ME
3 4 2 2 4 3 2 2 3
- 50 MA ME - 20 MA ) MJ ) MW + (2 ME - 6 MAME + 2 MA ME + & MA ME
4 4 : 5 2 4 3 3 4 2 5
- 4 MA ) MJ + (B MAME - 2 MA ME + 14 MA ME - 26 MA ME - 22 MA ME
6 2 2 ' 4 3 2 2 3 a4
+ 28 MA ) MJ ) MZ 4+ (- 8B ME 4+ 24 MAME - 8 MA ME - 24 MA ME + 16 MA )
2 4 4 ' 3 2 2 3 4 4
MJ MW + ((- 8 ME + 24 MAME - B MA ME - 24 MA ME + 16 MA ) MJ
5 2 4 . 3 3 4 2 5 6 2
+ (-8 MAME + B MA ME - B MA ME + 8 MA ME + 16 MA ME - 16 MA ) MJ )
2 8 2 2 3 6

MW )/(MA MZ 4+ (- 3 MA MB + 2 MA ME - 3 MA ) MZ
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4 2 3 3 2 4 S )
+ (I MAMEBE - 4MA MB + 2 MA ME - 4 MA ME + 3 MA ) MZ
: ) -3 2 S 3 4 4 3 S 2 6 7.
-+ (- MAMEBE + 2 MA ME + MA MB - 4 MA ME + MA MB + 2 MA ME - MA )
2
MZ )
2 2 4 2 | 2 6
FINITEZ = ((2 MJ MW + 2 MJ + (B MA ME - 14 MB ) MJ ) MZ

S

2 4 2 2 2 4 2

e -~
+ (-8 MJ MW + ((22 ME - 2 MA ME - 4 MA ) MJ - 8 MJ ) MW

2 2 4 -4 3 2 2
+ (- 10ME + 6 MAME - 4 MA ) MJ + (- 14 ME + 3B MA ME + 16 MA ME
3 2 4 2 2 2 4
- 16 MA ME) MJ ) MZ + ((40 ME - 24 MA ME + 16 MA ) MJ MW
2 2 4 a 3 2 2
+ ((40 MB - 24 MA MB + 16 MA ) MJ + (- 20 ME - S50 MA ME - 38 MA ME
3 4 2 2 4 3 2 2 3
+ 10 MA ME + 2 MA ) MJ ) MW + (- 4 ME + &6 MAME + 2 MA ME =- & MA ME
4 4 6 5 2 4 33 4 2
+ 2 MA ) MJ 4+ (2B ME - 22 MAME - 26 MA ME + 14 MA ME - 2 MA ~ ME
5 2 2 4 3 2 2 3 4
+ B MA ME) MJ ) MZ + (16 ME - 24 MAME - B MA ME + 24 MA ME - 8 MA )
2 4 4 3 2 2 3 4 4
MJ MW + ((16 ME - 24 MAME - B MA ME + 24 MA ME - 8 MA ) MJ
6 s 2 4 3 3 4 2 5 2
+ (- 16 ME + 16 MAME + B MA ME - 8 MA ME + 8 MA ME - 8 MA ME) MJ )
2 8 3 2 2 6 -
MU D/(ME MZ + (- 3 MB + 2 MA ME - 3 MA ME) MZ
5 4 2 3 3 2 ‘4 4
+ (3ME - AMAME + 2 MA ME - 4 MA ME + 3 MA ME) MZ
7 6 2 S 3 4 4 3 -5 2 6
+ (- MB +2MAME +MA ME - 4 MA ME + MA ME + 2 MA ME - MA ME)
2
MZ )
2 4
FINITEZ = ((30 ME - 30 MA) MJ MZ
6
2 2 4

+ ((36 MA - 36 ME) MJ MW + (12 ME - 12 MA) MJ

3 2 2 3 2 2
+ (- 18 ME - 6 MAME + 6 MA ME + 1B MA ) MJ ) MZ
2 4 N 4 3 3 2 2
+ (48 MA - 4B ME) MJ MW + ((48 MA - 48 ME) MJ + (48 ME - 48 MA ) MJ ) MW

s’



S 4 2 3 3

+ (- 12 ME + 12 MAME + 24 MA MB
é 2 2 4
/(MZ + (- 3 ME + 2 MA ME - 3 MA ) MZ

4 : 3 2 2 3

+ (I ME - 4 MAME + 2 MA MEH
2 4 3 3 4 2 S

+ MA MBE - 4 MA MB + MA ME + 2 MA ME - MA

: 4 2
FINITEZ = ((4 MW + (= 2 MJ

7

2 2 3 6
+ (14 MA - 8 MA ME) MJ - 4 MA MR) MZ

é 2 2

+ (- 16 MW + (B MJ - 8B ME - 12 MA MR - 20 MA

4 2 2 2
+ (8 MJ + (4 ME + 2 MA MEB - 22 MA ) MJ
4 2 2 2 4
- 44 MA ) MW + (4 ME - 6 MA ME + 10 MA ) MJ

3 2 2 3 4

+ (16 MA ME - 16 MA ME - 38 MA MB + 14 MA )
4 2 ' 2 é

((32 ME - 48 MA ME + BO MA ) MU

2 2 2 4

+ ((- 16 ME + 24 MA ME - 40 MA ) MJ + 4 ME ¢+
3 4 4 2
+ 132 MA ME + 24 MA ) MW 4+ ((- 16 ME + 24 MA
4 3 2 2 3

+ (- 2 MBE - 10 MA ME + 38 MA ME + S50 MA ME
2 4 3 3 4 2 5
- 44 MA ME + S2 MA ME - 60 MA MEB - 92 MA

4 3 2 2 3
+ (-2 ME + 6 MAME - 2 MA ME
5 2 4 3 3 4
+ (- 8B MAME 4+ 2 MA ME ~ 14 MA ME + 26 MA
3 S 4 4 5 3 é 2
+ 4 MA ME ‘- 4 MA ME - 4 MA ME
4 3 2 2 3

+ (- 16 ME + 48 MA ME -~ 16 MA ME
4 3

- 24 MA MK

o 2 2 3
+ ((8 ME + 8 MA ME + 24 MA ME -
2 a4 3 3 4 2
+ 104 MA ME - 88 MA ME - 72 MA ME + 112
(4
4 3 2 2 3

+ ((8 ME - 24 MA ME 4+ 8 MA ME + 24 MA MB -

- 24 MA MR

- 4 MA ME + 3 MA ) MZ - ME + 2

+ 24 MA ME - 12 MA ) MW

) MW

- 48 MA ME + 56 MA ME

b=}
MA Mk - 32

62

2 4 S 2
- 12 MA ME + 12 MA ) MJ )

6 S
MA ME

4 2

é
)

2 2 4

- 2 MJ

4

3 2 2 3

+ 4 MA ME

b 4 - 5

-~ <~ -~
MJ + 12 MA ME + 4 MA ME)

3 nd el

36 MA ME - 100 MA ME

2 4
ME - 40 MA ) MJ

4 2 5

)
+ 20 MA ) MJ + 24 MA ME

6 2
ME 4+ 56 MA') MW

4 4

- 6 MA ME + 4 MA ) MJ

2 S )

5
+ 22 MA ME - 28 MA )

3

ME MJ

2

+ 4 MA ME ) MZ

4 6

- 48 MA MB + 32 MA ) MW

~ [

4 Toa )
16 MA ) MJ - 24 MA ME

5 6 4
MA ) MW

4 4
16 MA ) MJ
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.5 2 4 3 3 4 2 5 6 2
+ (B MAME -8B MA MBE + B MA ME - B MA ME - 16 MA MB + 16 MA ) MJ

3 S 4 4 S 3 6 2 2
-'16 MA MB .+ 16 MA ME + 16 MA ME - 16 MA ME ) MW )

8 2 2 3 6
/(MA MZ + (- 3 MAME + 2 MA ME - 3 MA ) MZ )

4 2 3 3 2 4 S 4
+ (I MAME .- 4 MA ME + 2 MA MB - 4 MA ME + 3 MA ) MZ

6 2 5 3 4 4 3 5 2 6 7
+ (- MAME + 2 MA ME + MA ME - 4 MA ME + MA ME + 2 MA ME - MA )

Mz ) .
4 2 2 2 4
FINITEZ = - (A MW + (- 2 MJ - 12 ME + 24 MA ME) MW - 2 MJ
8
2 2 3 6
+ (14 ME - 8 MA ME) MJ - 4 MA ME ) MZ
6 2 2 2 4
+ (- 16 MW + (B MJ - 20 ME =~ 12 MA ME - B MA ) MU

4 2 2 2 4 3 2 2

+ (B MJ + (-~ 22 ME + 2 MAME + 4 MA ) MJ - 44 MB + 4 MA ME + 56 MA ME

3 2 2 2 4
- 48 MA ME) MW + (10 ME - & MA ME + 4 MA ) MJ
4 .3 2 2 3 2 5 2 a4
+ (14 ME - 38 MA ME - 16 MA ME + 16 MA ME) MJ + 4 MA ME + 12 MA MR
4 2 2 3
MZ + ((BO ME - 48 MA ME + 32 MA ) MW
2 2 2 © 4 3 2 2
+ ((- 40 ME + 24 MA ME - 16 MA ) MJ + 24 ME + 132 MA ME - 100 MA ME
3 4 4 .2 2 4
+ 36 MA ME + 4 MA ) MW+ ((~ 40 ME + 24 MA ME - 16 MA ) MJ
4 3 2 2 3 4 2 6
+ (20 ME + S50 MA ME + 38 MA ME - 10 MA ME - 2 MA ) MJ + 56 ME
5 : 2 4 3 3 4 2 5 2
- 92 MAME - 60 MA ME + 52 MA ME - 44 MA ME + 24 MA ME) MW
4 3 2 2 3 4 4
+ (AME - 6 MAME - 2 MA ME + 6 MA ME - 2 MA ) MJ
6 5 2 a4 3 3 4 2 5 2
+ (-~ 28 ME + 22 MA ME + 26 MA ME - 14 MA ME + 2 MA ME - 8 MA ME) MJ
2 6 305 4 4 5 3 2
+4MA ME . - 4 MA ME - 4 MA ME + 4 MA ME ) MZ
4 3 2 2 -3 4 6
+ (32 ME - 48 MA ME - 16 MA ME + 48 MA ME - 16 MA ) MW
4 3 2 2 3 4 2 6

+ ((- 16 ME + 24 MA ME + 8 MA Mk - 24 MA ME + B8 MA ) MJ - 32 MK
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5 2 a4 3 3 4 2 S 4
+ 112 MA ME - 72 MA ME - 88 MA MB + 104 MA ME - 24 MA ME) MW
: 4 3 2 2 3 ' a 4
+ ((- 16 MB + 24 MAME + B MA ME - 24 MA ME + B MA ) MJ
6 5 2 4. 3 3 4 2 5 2
+ (16 ME - 16 MAME - B MA ME + B MA ME - B MA ME + 8 MA ME) MJ
2 6 3 5 4 4 5 3 2
- 16 MA ME + 16 MA. ME + 16 MA ME - 16 ‘MA ME ) MW )
8 3 2 2 6
/(MB MZ + (- 3 ME + 2 MA ME - 3 MA MR) MZ
5 4 2 3 3 2 4 4
+ (I ME - 4 MAME + 2MA ME - 4 MA ME + 3 MA ME) MZ
7 é 2 5 3 4 4 3 s 2. )
+ (- ME + 2 MAME + MA ME - 4 MA ME + MA ME + 2 MA ME - MA ME)
2
MZ )
.2 4
FINITE3 = ((30 ME - 30 MA) MJ MZ
9
2 2 4

+ ((96 MA - 96 ME) MJ MW + (36 ME - 36 MA) MJ

3 pe 2 3 2 2

+ (- 30 ME + 18 MA ME - 18 MA ME + 30 MA ) MJ ) MZ

‘ 2 4 4
+ (72 MA - 72 MB) MJ MW+ ((72 MA - 72 ME) MJ

3 2 2 3 2 2

+ (60 MEB - 36 MA ME + 36 MA ME — 60 MA ) MJ ) MW )

6 2 ' 2 4
/(MZ + (- 3 ME + 2 MA ME - 3 MA ) MZ

4 3 2 2 3 4 2 6 ‘ 5
+ (3ME - 4AMAME +2MA MB - 4 MA ME + 3 MA ) MZ - ME + 2 MA MK

2 4 3 3 4 2 5 6

+ MA ME - 4 MA ME + MA ME + 2 MA ME -~ MA )

" 2 2 2 a4

FINITEZ = - (((20 ME - 20 MA) MW - 2 MA ME + 2 MA ME) MZ
10

. . 4 » 2 3 o2
+ ((64 ME - 64 MA) MW + ((60 MA - 60 ME) MJ - 20 ME + 20 MA ME

2 3 2 4
- 20 MA ME + 20 MA ) MW + (24 ME - 24 MA) MJ

r
7]

3 2 2 . 3 2 4 2
+ (- 12 ME + 24 MA ME -~ 24 MA ME + 12 MA ) MJ + 2 MA ME + 6 MA ME

3 2 4 2 6
- 6 MA ME -~ 2 MA ME) MZ <+ (48 ME — 48 MA) MW
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2 3 2 2 3 4
+ ((24 MA - 24 MB) MJ - 40 ME + 4B MA MB - 48 MA ME + 40 MA ) MU
4 3 2 2 3 2
+ ((24 MA - 24 MB) MJ + (12 ME - 36 MA ME + 36 MA ME - 12 MA ) MJ
4 2 3 3 2 4 2
+ 4 MAME + 12 MA ME - 12 MA MB - 4 MA ME) MW
' 5 a 2 3 3 2 4 5 2
+ (12 ME - 12 MA ME =~ 24 MA ME + 24 MA MB + 12 MA ME - 12 MA ) MJ )
6 2 2 4
S /(MZ 4+ (- 3ME + 2 MA ME - 3 MA ) MZ
4 3 2 2 3 a 2 6 5
+ (3ME - AMAME + 2 MA ME - 4 MA ME + 3 MA ) MZ - ME + 2 MA ME
2 a4 3 3 4 2 5 6
+MA ME - 4 MA ME + MA ME + 2 MA ME - MA )
2 8
FINITEZ = - ((8 ME - 8 MA) MW MZ
11 :
4 2 3 2
+ ((4B ME ~ 4B MA) MW + ((36 MA - 36 ME) MJ - 16 ME + 16 MA MK
2 3 2 ' 4
-~ 16 MA ME + 16 MA ) MW+ (4 ME - 4 MA) MJ
3 2 2 3 2 2 3 3 2 é
+ (-4 MFE + 4MAME - 4 MA ME + 4 MA D MJ + 4 MA ME - 4 MA ME ) MZ
6 X 2 3 2
+ ((B8 ME - BB MA) MW + ((120 MA ~ 120 ME) MJ - &4 ME + 68 MA ME
2 3 4 4 3 3 2
- 68 MA ME + 64 MA ) MU + ((BO ME - BO MA) MJ + (8 ME - 8 MA ) MJ
5 4 2 3 3 2 4 5 2
+ 8BME - 8B MAMBE + 40 MA ME - 40 MA ME + 8 MA ME - 8 MA ) MW
: 6 3 2 2 3 P
+ (24 MA - 24 ME) MJ + (16 MBE - 28 MA ME 4 28 MA ME - 16 MA ) MJ
5 2 3 3 2 5 2 2 5 s 2 4
+ (BME - 24 MA ME + 24 MA ME - B MA ) MJ - 4 MA ME + 4 MA ME ) MZ
: 8 2 3 2
+ ((4B ME — 48 MA) MW + ((72 MA - 72 ME) MJ - 64 ME + 72 MA ME
2 3 6 3 2 2 3 2
- 72 MA ME + 64 MA ) MW + ((32 ME - 64 MA ME + 64 MA ME - 32 MA ) MJ
5 4 2 3 3 2 4 5 4
+ 16 ME - 16 MA ME + 64 MA ME - 64 MA ME + 16 MA ME - 16 MA ) MW
6 3 2 2 3 )
+ ((24 ME - 24 MA) MJ + (- 16 ME + 40 MA ME - 40 MA ME + 16 MA ) MJ
5 4 2 3 3 2 4 5 2
+ (36 MBE - 44 MA ME - 40 MA ME + 40 MA ME + 44 MA ME — 36 MA ) MJ

2 5 5 2 2 s 4 2 3 .

- ot - - -
8 MA ME + B MA ME > MW + (- 20 ME + 20 MA ME + 40 Ma ME

1
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3 2 ' 4 5 4
40 MA ME - 20 MA ME + 20 MA ) MJ
' 7 6 2 s 3 4 4 3 s 2
(- 4 ME - 4 MAME + 12 MA ME + 12 MA ME - 12 MA ME - 12 MA ME
é 7 2 2 5 4 2 3 3 2
4 MA ME + 4 MA ) MJ ) MZ + (16 ME - 16 MAME - 32 MA ME 4 32 MA ME
4 5 2 4 v 5 4 2 3 3 2
16 MA ME - 16 MA ) MJ MW + ((BME — 8 MAME - 16 MA ME + 16 MA ME
4 s 4 7 6 3 4. 4 3
B MA ME — B MA ) MJ + (- B ME + 16 MA ME - 24 MA ME + 24 MA ME
é 7 2 2 8 2 2 6
16 MA ME + B8 MA ) MJ ) MW )/(MZ + (= 3 ME + 2 MA ME - 3 MA ) MZ
4 3 2 2 3 4 4
(3 ME - 4 MAME + 2 MA ME - 4 MA ME + 3 MA ) MZ
b S 2 4 : 3 3 .4 2 5 6 2
(- ME + 2 MAME + MA ME - 4 MA ME + MA ME + 2 MA ME - M& ) MZ )
2 8
FINITE3Z = ((12 ME - 12 MA) MJ MZ
12
4 2 3 2
((24 ME - 24 MA) MW + ((B4 MA - B4 ME) MJ - 24 ME + 12 MA ME
2 3 2 4

12 MA ME + 24 MA ) MW + (48 ME - 48 MA) MJ

3 2 2 3 2 2 3 3 2

(- 24 ME + 12 MA MB - 12 MA ME + 24 MA ) MJ + 12 MA ME - 12 MA ME )
6 : 6 2 3 2
+ ((48 MA - 4B ME) MW + ((108 ME — 108 MA) MJ + 48 ME + 36 MA ME
2 3 a4 4
36 MA ME - 48 MA ) MW + ((168 MA - 168 ME) MJ
3 2 2 3 2 5 a4
(72 ME - 96 MA ME + 96 MA ME - 72 MA ) MJ + 48 ME - 48 MA ME
2 3 '3 2 4 5 2 - 6
48 MA ME + 48 MA ME + 48 MA ME - 48 MA ) MW + (36 ME - 36 MA) MJ
3 2 2 3 P
(- 48 ME + 36 MA ME - 36 MA ME + 48 MA ) MJ
5 2 3 3 2 5 2 2 5 s 2
(12 ME + 4B MA ME - 4B MA ME - 12 MA ) MJ - 12 MA ME + 12 MA ME )
4 8 2 .3 2
+ ((144 MA - 144 ME) MW + ((216 ME - 216 MA) MJ + 96 ME - 312 MA ME
2 3 6 3 2 2 3
312 MA ME - 96 MA ) MW + ((- 4B ME + 240 MA ME - 240 MA ME + 48 MA )

[

S 4 4 ) 4
- 120 ME + 168 MA MB - 148 MA MB + 120 MA ) MW
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6 3 2 2 3 4

((72 MA - 72 MEY MJ + (96 ME. - 72 MA ME + 72 MA ME - 96 MA ) MJ
: 5 ' 4 2 3 3 2 4 5 2
(12 HE - 36 MA ME - 168 MA MB + 168 MA ME + 36 MA ME - 12 MA ) MJ
7 6 2 5 3 a4 4 3 5 2
24 ME + 36 MAMB + 36 MA ME - 4B MA ME + 48 MA ME - 36 MA ME
6 7 2 2 5 4 2 3
36 MA ME + 24 MA ) MW ) MZ + (- 4B ME + 48 MA ME + 96 MA ME
3 2 a 5 6 .
96 MA ME - 4B MA ME + 48 MA ) MW
5 4 2 3 3 2 4 5 2
(- 24 ME + 24 MAME + 48 MA ME - 4B MA ME - 24 MA ME + 24 MA ) MJ
7 6 2 05 3 4 4 3 5 2
48 ME - 120 MA ME + 24 MA MEB + 192 MA ME - 192 MA ME - 24 MA ME
6 7 4 8 2 : 2 6
120 MA ME - 48 MA ) MW )/(MZ + (- 3 ME 4+ 2 MA ME - 3 MA ) MZ
4 3 2 2 3 4 4
(3 ME - 4 MAME + 2 MA ME - 4 MA ME + 3 MA; ) MZ

é S 2 4 3 3 4 2 S 6 2
(- ME + 2 MAME + MA ME - 4 MA ME + MA ME + 2 MA ME - MA ) MZ )
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‘ 2 2 4 2 2 2 4
FINITEA = ((4 MJ MW + 4 MJ - 6 MA MB MJ ) MZ - 4 MJ MW
1 . o .

2 4 2 2
+ (12 MA ME MJ - 4 MJ ) MW )/(MA ME MZ )

FINITE4 =
2
2 2 a 2 2 2 a 2 4 2
(B MJ MW + 4 MJ - MA ME MJ ) MZ - B MJ MW + (4 MA ME MJ - 4 MJ ) MW
S Sl ommmmosneeenooooooooseene
MA ME MZ
2 2 2 2 4
4 MJ MW MZ - 4 MJ MW
FINITEA = ————mmmmmm oo
: 3 2
MA ME MZ
: 2 2 " 4
FINITEA = (((4 ME - MA) MJ MW + (4 ME - MA) MJ
4
2 2 3 2 6 2 4
+ (MAME - 8 MA ME 4+ MA ) MJ ) MZ + ((4 MA - 4 ME) MJ MW
4 3 2 3 2 2
+ (4 MA - 4 ME) MJ 4 (- B ME - MA ME - 3 MA ) MJ ) MW
3 2 2 3 4

+ (- 8 ME + 3 MA ME - B8 MA ME + MA ) MJ ’ !

4 2 3 3 2 4. 5 2 4
+ (-2 MAME + 14 MA ME + 3 MA ME + 1B MA ME - 9 MA ) MJ ) MZ
3 ‘ 2 2 3 2 a4
+ ((BME - 12 MAME + 8 MA ME - 4 MA ) MJ MW
3 2 2 3 4
+ ((BME - 12 MAME + 8 MA ME — 4 MA ) MJ
5 a4 2 3 3 2 4 5 2 2
+ (4 ME + 6 MAME - 16 MA ME + 16 MA ME - 20 MA ME + 10 MA ) MJ ) MU
5 4 2 3 3 2 4 5 4
+ (4ME -2 MAME - BMA ME + 4 MA ME + 4 MA ME - 2 MA ) MJ
6 2 5 3 4 4 3 s 2 6
+ (MA ME - 6 MA ME + 6 MA ME + 12 MA ME - 15 MA ME - 6 MA ME
. 7 2 2 5 4 2 3 3 2 4
+ B MA D MJ ) MZ + (-~ 4 ME + 8B MAME + 8 MA ME - 16 MA ME - 4 MA MK
5 2 4 5 4 2 3 3 2 4
+ BMA ) MJ MW + ((- 4 ME -+ B MAME + 8 MA ME. - 16 MA ME - 4 MA ME

S 4 é S 2 7 2 2

~ < = -
+ 8 MA Y MJ + (- 4 MAME + 12 MA ME - 8 MA ) MJ ) MW )

2 3 6 S 4 4
/((MA MB - MA ) MZ + (2 MA - 2 MA ME ) MZ
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6 3 4 5 2 7 2
+ (MAME - 3 MA ME + 3 MA ME - MA ) MZ )
'
2 2 4
FINITE4A = (((ME - 4 MA) MJ MW + (ME - 4 MA) MJ
5
3 2 2 2 6
+ (- MBE + 8 MA ME - MA ME) MJ ) MZ
2 4 ' 4 3 2 3 2
+ (4 MA - 4 ME) MJ MW + ((4 MA - 4 ME) MJ + (3 MBE + MA ME + B MA ) MJ )
2 3 2 2 3 4
"MW + (- ME + B MAME - 3 MA ME + B MA ) MJ
S 4 2 3 3 2 4 2 4
+ (9 ME - 1B MA ME - 3 MA ME - 14 MA ME + 2 MA ME) MJ ) MZ
3 2 2 3 2 4
+ ((4ME - B MAME + 12 MA ME - 8 MA ) MJ MU
3 2 2 3 4
+ ((4 ME - 8 MA ME + 12 MA' ME - 8 MA ) MJ
5 4 2 3 3 2 4 5 2
+ (- 10 ME + 20 MA ME - 16 MA ME + 16 MA ME - 6 MA ME - 4 MA ) MJ )
2 5 4 2 3 3 2 4 5 4
MW + (2 MBE - 4 MAME - 4 MA MR + 8 MA ME + 2 MA ME - 4 MA ) MJ
7 6 2005 3 4 4 3 5 2
+ (-8 ME + 6 MAME + 15 MA ME - 12 MA ME - &6 MA ME + 6 MA ME
6 2 2 7 : 4 2 3 3 2 a
- MA ME) MJ ) MZ + (- 8 ME 4+ 4 MAME + 16 MA ME - 8 MA ME - B MA ME
S 2 4 5 \ 4 2 3 3 2 4
+4MA ) MJ MW + ((- BME + 4 MAME + 16 MA ME - B MA ME - 8 MA HME
5 4 7 2 5 6 2 2
+ 4 MA D) HJ + (B ME =~ 12 MA ME + 4 MA ME) MJ ) MW )
3 2 6 4 5 4
JC(ME© - MA ME) MZ 4+ (2 MA ME - 2 ME ) MZ
7 2 5 a 3 6 2
+ (ME - 3 MA ME + 3 MA ME =~ MA ME) MZ )
2 4 2 2 4
FINITE4A = - (MJ MZ + (- 2 MJ MW + 2 MJ
3
2 2 2 2 2 4
+ (S ME - 4 MAME + 5 MA ) MJ ) MZ - 8 MJ MW
2 2 2 4 2
+ (4 ME + 16 MA ME + 4 MA ) MJ - 8 MJ ) MW
4 2 2 4 2 4 2 2 2 4
+ (- 6 ME + 12 MA ME - 6 MA ) MJ )/(MZ + (- 2 ME - 2 MA ) MZ + MK

i el 4

<

2 MA ME + MA )
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4 o 2 2 2
FINITE4A = - (((8 ME — 2 MA) MW + ((MA - 4 MB) MJ + 3 MAME - 4 MA ME
;5 v
3 2 4 2 2 - 3 2
2 MA ) MW 4+ (MA - 4 MB) MJ + (- MAME + B MA MB - MA ) MJ + MA ME
4 6 6 2 3 2
4 MA ME) MZ + ((8 MA - B8 ME) MW + ((4 ME - 4 MA) MJ - 16 ME =~ 6 MA ME
2 3 4 4 3 ' 2 3 2
12 MA ME + 10 MA ) MW + ((4 ME - 4 MA) MJ + (B ME + MA ME + 3 MA ) MJ
4 2 3 3 2 5 2
6 MA ME_ + 20 MA ME + 12 MA ME - 14 MA ) MU
3 2 2 3 4
(BME - 3 MA ME + 8 MA ME - MA ) MJ
4 2 3 3 2 4 5 2 4 3
(2 MAME - 14 MA ME - 3 MA ME - 1B MA ME + 9 MA ) MJ + 12 MA ME
5. 2 6 4 3 2 2 ' 3 6
4 MA ME + 4 MA ME) MZ + ((16 ME - 24 MA ME + 16 MA ME - 8 MA ) MW
3 ) 2 2 3 A2 5 "4
((- BME + 12 MAME - B MA ME + 4 MA ) MJ + B ME + 20 MA ME
2 3 3 2 4 5 4
60 MA ME - 8 MA ME + 36 MA ME + 4 MA ) MW
3 2 2 3 4
((- B ME + 12 MAME - 8 MA ME + 4 MA ) MJ
5 4 2 3 S 4 : 5 2
(- 4 ME - 6 MA ME + 16 MA ME - 16 MA ME + 20 MA ME - 10 MA ) MJ
6 2 5 3 a4 4 3 5 2 6
3 MAME ~ 16 MA ME + 22 MA ME + 20 MA ME - 25 MA ME - 20 MA ME
7 2 5 4 2 3. 3 2 4
16 MA ) MW + (- 4 ME + 2 MAME + B8 MA ME - 4 MA ME - 4 MA ME
5 4 6 2 5 3 4 4 3 s 2
2MA ) MJ + (- MAME + 6 MA ME - 6 MA ME - 12 MA ME + 15 MA ME
6 7 2 3 6 5 4 7 2 2
6 MA ME - 8 MA ) MJ - MA ME + 2 MA ME - MA ME ) MZ
5 4 2 3 3 2 4 5 6
(- 8 ME + 16 MA ME + 16 MA ME - 32 MA ME - 8 MA ME + 16 MA ) MW

5 4 2 3 3 2 4 5 2
((4 ME -~ 8 MA ME - 8 MA ME + 16 MA ME + 4 MA ME - 8 MA ) MJ

é 2 5] 3 4 4 3 S 2 &

- ~
12 MA ME + 40 MA ME + 8 MA ME - 80 MA ME + 20 MA ME + 40 MA ME
7 4 s 4 2 3 3 2 4
16 MA ) MW + ((4 ME - B8 MAME - 8 MA ME + 16 MA ME + 4 MA MR
5 4 6 5 2 7 2 3 6 ‘5 4
B MA ) MJ + (4 MAME - 12 MA ME + B MA ) MJ - B MA ME + 16 MA ME.
7 2 2 2 3 6 5 4 4

8 MA MR ) MW )/((MA ME - MA ) MZ + (2 MA - 2 MA ME ) MZ
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é 3 4 S 2 7 2
(MAME - 3 MA ME + 3 MA MB - MA ) MZ )

4 : 2 3 2
FINITE4A = - (((2 ME - 8 MA) MW + ((4 MA - MB) MJ + 2 ME + 4 MA ME
8

2 2 4 3 2 2 2 4
3 MA ME) MU 4+ (4 MA - ME) MJ + (ME - B MA ME + MA ME) MJ + 4 MA ME

2 3 6 é 2 3 2
MA MB ) MZ + ((8 MA - 8 ME) MW + ((4 ME - 4 MA) MJ - 10 ME + 12 MA ME

2 3 4 4
6 HA ME + 16 MA ) MW + ((4 ME - 4 MA) MJ

3 2 3 2 S 2 3 3 2
(- 3 ME - MA ME - 8 MA ) MJ + 14 ME - 12 MA ME - 20 MA ME

4 2 3 2 2 3 4
6 MA ME) MW .4+ (ME - 8 MA ME + 3 MA ME - 8 MA ) MJ

5 4 2 3 3 2 4 2 6
(- 9 ME + 18 MA ME + 3 MA ME + 14 MA ME - 2 MA ME) MJ - 4 MA ME

2 S 3 4 4 3 2 2 3 6
4 MA ME - 12 MA ME ) MZ + ((B ME =~ 16 MA ME + 24 MA MR - 16 MA ) MW

3 2 2 3 2 ] : 4
(¢(- 4 ME + 8 MA ME -~ 12 MA ME + B8 MA ) MJ -~ 4 MB - 36 MA ME
2 3 3 2 4 S 4
8 MA ME + 60 MA MR - 20 MA ME - 8 MA ) MU

3 2 2 3 4
((- 4 MB + 8 MAME - 12 MA ME + 8 MA ) MJ

5 4 2 3 3 2 3. 5 2
(10 ME - 20 MA ME + 16 MA ME =~ 16 MA ME + 6 MA ME + 4 MA ) MJ

7 é 2 S 3 4 4 3 ) 2
16 ME + 20 MA ME + 25 MA ME - 20 MA MR - 22 MA ME + 16 MA ME

6 2 S 4 2 3 3 2 4
3 MA ME) MW + (- 2 MB + 4 MAME + 4 MA ME - B MA ME - 2 MA MF

.9 4 7 é 2 ] 3 4 4 3
4 MA ) MJ + (B ME -6 MAMB - 15 MA MB + 12 MA ME + 6 MA MR

-J

S 2 é 2 2 7 4 S é 3 2
6 MA ME + MA ME) MJ + MA ME - 2 MA MR -+ MA ME ) MZ

S 4 2 3 3 2 4 S 6
(- 16 MB + 8 MA ME + 32 MA ME 16 MA MB - 16 MA ME + B8 MA ) MW

S 4 2 3 3 2 4 5 2

. a ~
((8 ME - 4 MA MB - 16 MA ME + 8 MA ME + 8 MA ME - 4 MA ) MJ

7 -} 2 S 3 4 4 3 S 2
16 ME - 40 MA ME - 20 MA ME + B0 MA ME - B MA ME - 40 MA ME

6 a4 5 4 o2 03 3 2 a
12 MA ME) MW + ((B ME - 4 MAME - 16 MA ME + B MA MR + B MA ME

S 4 7 2 & 2 2 7 4 S
A4 MA ) MJ + (- B ME + 12 MA ME - 4 MA MEB) MJ + 8 MA ME - 16 MA ME

(&



72

6 3 2 3 2 6 4 5 4
+ 8 MA ME ) MW )/((ME - MA MB) MZ 4 (2 MA ME - 2 ME ) MZ
7 2 s a4 3 6 2
+ (MBE - 3 MA ME + 3 MA ME - MA ME) MZ )
2 8 | 2 2 4
FINITEA = - (3 MJ MZ 4 (- 12 MJ MW + 6 MJ
9
.2 2 2 2 2 4
+ (- 3 ME - 6 MAMB = 3 MA ) MJ ) MZ - 12 MJ MW
2 2 2 4 2
+ (6 ME + 12 MA ME + 6 MA ) MJ ~- 12 MJ ) MW )
4 2 2 2 4 2 2 a4
/(MZ + (- 2 ME - 2 MA ) MZ + ME - 2 MA ME + MA )
2 2 4
FINITE4 = ((6 MW + 2 MJ + MA ME) MZ
10
4 2 2 2 2 4

+ (16 MW + (- 10 MJ - 6 ME + B8 MA ME ~ 6 MA ) MW + 4 MJ

b ~ jzl 3 el had 3 ] 6

+ (-8 M ~- 2 MAME - 8 MA ) MJ - MAME + 4 MA ME - MA ME) MZ + 8 MW

2 2 2 4
+ (- 4 MJ - 12 ME + 12 MA ME - 12 MA ) MU
4 2 2 2 3 2 2 3
+ (- 4 M) + (2ME - 4 MAME + 2 MA ) MJ - 2 MAME + B MA ME - 2 MA ME)
2 4 2 2 a 2 '
MU + (6 ME - 12 MA ME + 6 MA ) MJ )
4 2 .2 2 4 22 4
J(MZ 4+ (- 2 ME - 2 MA ) MZ + ME - 2 MA ME + MA )
2 8 4 2 2 2
FINITEA = (4 MU MZ + (16 MW 4 (- 16 MJ - B8 ME + 4 MA ME - B MA )
11 .
2 4 2 2 2 2 2 6
MW + 2 MJ 4+ (- 2 ME - 2 MA ) MJ + 2 MA HME ) MZ
6 2 2 2 4
+ (20 MW+ (- 20 MJ - 24 ME + 14 MA ME - 24 MA ) MW
4 2 2 2 4 3 2 2
+ (16 Md + (14 ME - 8 MA ME + 14 MA ) MJ + 4 ME ~- 4 MA ME + 12 MA ME
3 4 2 6 2 2 4
-4 MA ME + 4 MA ) MW - 4 MJ + (2 ME + 2 MA ME + 2 MA ) MJ
4 3 2 2 3 4 2 2 4
+ (4 ME - 2MAME - 4 MA ME - 2 MA ME + 4 MA ) MJ - 2 MA ME
3 3 4a 2 4 8 2 2
+ 2 MA ME - 2 MA ME ) MZ + (8 MW + (- 12 MJ - 16 ME + 12 MA ME
2 6 2 4 3 2 2 3

16 MA ) MW + (- 16 MA ME MJ + B ME - 8 MA ME + 16 MA ME - B MA ME
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4 4 é 2 2 4
+BMA) MW + (A M) + (-BME + 4 MAME -8 MA ) MJ

' 4 3 2 2 3 4 2 2 4
+ (6 MBE - 4 MAME + B MA MB - 4 MA ME + 6 MA ) MJ - 4 MA ME

3 3 4 2 2 4 2 2 4 4
+ 4MA ME - 4 MA MB ) MW + (-~ 4 ME + 8 MA ME -~ 4 MA ) MJ

6 5 2 4 3 3 4 2 5 6
F(-2MF + 2MAME + 2 MA ME -~ 4 MA ME + 2 MA ME + 2 MA ME - 2 MA )

2 2 4 2 2 4 2 4

MJ ) MZ + (B ME -~ 16 MA ME + 8 MA ) MJ MW

a 2 4 4 6 5 2 a4
+ ((AME - BMA ME + 4 MA ) MJ + (- 4ME + 4 MAME + 4 MA ME

[

3 3 4 2 S é 2 2
-8 MA ME + 4 MA ME + 4 MA ME - 4 MA ) MJ ) MW )

6 2 2 4 4 2 2 4 2
J(MZ + (- 2 ME -2 MA ) MZ + (ME - 2 MA ME + MA ) MZ )

, 2 2 4 2 6
FINITE4A = ((24 MJ MW - & MJ + 6 MA ME MJ ) MZ

12

6 2 2 2 4
+ (48 MW + (- 30 MJ - 36 ME - 18 MA ME - 36 MA ) MU

4 bl 2 - 3 ) 2 3 bt

< < &

+ (24 MJ + (- 30 ME - 30 MA ) MJ + 6 MA ME + 24 MA ME + 6 MA -MEB) MW

é : 2 2 4
- 6 MJ + (6 ME + &6 MA ME + 6 MA ) MJ

3 2 2 3 2 3 3 4
+ (- 6 MAME - 6 MA ME - &6 MA MEB) MJ + & MA ME ) MZ

] 2 2 2 6
+ (24 MW + (- 36 MJ - 72 ME + B4 MA ME - 72 MA ) MW

2 2 2 4 3 3
+ ((12 MB -~ 72 MA ME + 12 MA ) MJ + 60 ME - 36 MA ME - 36 MA ME

4 4 6 2 2 4
+ 60 MA ) MW + (12 MJ + (- 12 ME =~ 12 MA ME - 12 MA ) MJ

4 3 3 4 2 5 S 2 2

+ (6 ME + 12 MA ME + 12 MA ME + 6 MA ) MJ - 6 MA ME - 6 MA ME) MW ) MZ

4 2 2 4 & 4 2 2 4 2
+ (24 ME -~ 48 MA ME + 24 MA ) MW + ((12 ME - 24 MA ME + 12 MA ) MJ
6 5 2 4 3 3 4 2 5
- 24 ME + 36 MAME + 24 MA ME - 72 MA ME + 24 MA ME + 36 MA ME
6 4 6 2 2 4 4 2 2 4 2

- 24 MA ) MW )/(MZ 4 (- 2 ME - 2 MA ) MZ + (ME - 2 MA ME + MA ) MZ )
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' V., Numerical Results - Three.Generations

Given the algebraic results of the previous section, one needs to‘
insert values fof the parameters and evaluate fhe widths. A program
designed for this task was writtgn for»and run on the CDC 7600 at
Lawrence Befkeley Laboratory>? Because of worries abbut loss of numer-
ical precision due to sfrong cancellations between terms, it was de-
cided to use double precision complex arithmetic. Double precision
arithmetic on the CDC 7600_is in principle accurate to épproximately
29 decimal digits; however, only single precision complex arithmetic
wasvavailéblevand so subroutines to perform double precision_compiéx
arithmetic had to be written,

Routiﬁes for the complex logarithm and Spence function require
some care. It is important to program the ie parts so that one stays

on the correct side of the cuts of these functions.

As for the log, in most cases it is sufficient to use the ‘usual

-1 Im z
log z = loglzl +itan "(—) , (5.1)

' Re z
where the branch of the log is such that the imaginary part varies
between -n and 7 (the cut goes from 0 to - o along the real axis).
However, for z near 1, say |l-zl <0.1 for example, it is safer
to use instead the power series expansion

®© (1-z)"

log z = log[ 1-(1-2)] = - £ —— (5.2)
n=l1 n o
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to guard against loss of numerical precision. The optimal thing in

this case is if 1-z has already been computed naturélly, as opposed to z.
It is then destructive to compute z = 1 - (1-z) and then call the log,
because digits are lost in the subtraction from l. Instead, one di-
rectly calls the series (5.2) with the argument of (l-z).:

In general, the TERM(6+B), B = 1-4 functiéns of the previous chap-
ter deserve a thoughtful evaluation to retain precision. An excellent
discussion is given in Ref.[46], although due to my maximization of the
algébraic work not all the tricks were required. Here I will briefly
reiterate a couple of remarks concerg;ng roots of quadratic expressions.
The ie is also necessary to fix the sign of the imaginafy part of square
roots. Also, if a quadratic equation is

ax2 4+ bx +c = a(x—xl)(x—xz) = 0, . (5.3)

then it is often beneficial to first evaluate the larger root Xy and then

obtain X, by
X, = — |, (5.4)

in order to retain numerical precision.

For the Spence fuﬁction, I used a modified version of the algorithm
given in Ref. [48]. First I review their method, incluaing those parts
of it that I used. Recall that the Spence function, or dilogarithm, is

defined by
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, log(l-t)
Sp(z) = - fo — dt . (5.5)
t

This is cut along the positive real axis starting at z = 1, Given
z, one first .checks that it lies in the unit disk with real part less
than %. If not, one maps the argument of Sp there using one or both of

the following identities if necessary:

1 2 1 .
- Sp(2) = - Sp(—) - — - —[log(-2)] (5.6)
z 6 2 o
) 112 .
Sp(z) = - Sp(l-2z) + — - logz 1log(l-z) . (5.7)
. 6 . '

Once z is in the indicated region, Sp(z) is evaluated by using the

series

o [~1log(l-z)] o+l

Sp(z) = Z B , . | (5.8)
n=0 T (n+1)!

,where Bn are the Bernoulli numbers.
I modified this procedure by replacing the series (5.8) by an

equivalent series obtained by rewriting the Bernoulli numbers in terms

of the Riemann zeta function:

1
Sp(z) = - log(l-z) - —'[log(l—z)]z
4

o (-1)"z(2m) [log(1-2) ] ™!
+ 41 X , (5.9)
m=1 (2m+1). 2m :
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where the Riemann zeta function is given by

©0

z(n) = X

1
'—:; (5.10)
k=1 k

Series (5.9) has two main advantages. Firstly, £(2m) are easy to
compute. Additionally, beyond a certain m, a computer will not be able
to distinguish it from 1, whereupon it can be set equal to 1l for the
remainder of the series. These properties are useful for iterative
high precision computation.

Secondly, it is obvious what the expansion parameter is, since the
27 denominator has been made explicit (z(2m)/(2m+l) is monotonic de-
creasing as m increases). This is as compared to the series (5.8),
where both B, and (n+1)! are getting large and it is not clear just

what is going on. In fact, in the region of interest

| Re log(l-z)| < log2

m
| Im log(l-z)| <—
3

log(l-z) /\/(10g2)2 + Tr2/9 5.11)
“ 5.

R
e
I\

2m 2n
Both my complex log and Spence function routines were extensively
checked against other available routines, methods of calculation, and/or
tables or other known values to verify their accuracy. For example, my
Sp(z) was successfully compared with a CERN library routine that re-

turns a single precision real part of the Spence function for z real,
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using a Chebyshev approximation.s“'

The consistency of the final results, the insensitivity to varia-
tion of parameters, and the high degree of verification of the numer-
ical imaginary part and CP invariance checks make it clear that the
convergence of the calculation was excellent and that the numerical
niceties were well understood.

Numerical results for three generations are presented in Figures4
through 7 and diécussed below. Parameter choice is as follows:

(1) Quark masses: The (unknown) top quark mass is varied from 20

t>5 internal masses and

up to Mz—l GeV. 'For the other quarks, curren
constituent external ones were taken: Md = 7.5 MeV, Ms = 150 MeV,

Mb = 4.75 GeV, Mu = 330 MeV, and Mc = 1.5 GeV. Varying Mb by £0.25 GeV
causes the rates to change by *~ 20-25%. Small variations in the others
make negligible difference. One could even take current external masses
with the same effect, and constituent d and s quark masses tend to
decrease the widths by only < 2%. These statements are true except
when the KM couplings to b are too small or one is right at a Z > AB
decay threshold, in which case the rates are completely insignificant
anyway. ’

(ii) MZ, Mw; ew : A lot of work has been done on obtaining precise
estimates of these values based on calculating electroweak radiative
corrections to "low" energy processes.2*10 I took my numbers to be the
central values qf Ref. [9] , which were deduced from an analysis Qf
charged and neutral current v - hadron scattering: Mw = 83.0 GeV,

2

MZ = 93.8 GeV, sin Gw = 0.217 in the renormalization scheme where

cosby = M /M,. Varying these ip the *20 region of [9] , i.e.
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2

89.8 <M, < 98.7, 0.245 > sin®6, > 0.189, produces little ( < 30%

through MT = 80 GeV) change, except near the endpoints since M, controls

Z
the position of(the thresholds and of the zero in the phase space cutoff
factor P(A,B).» But in this region the rates are dropping anyway and

my coﬁclusions are unaffected.

The different groups evaluating Mw and MZ do not appear to differ
significantly. Also, it should be realized that Ref. [ 9] assumes MT =
18 GeV in its analysis, which of course is not being assumed here. How-
ever, using formulas given in Ref. [56] it was determined that it was
sufficient for the purposes of this calculation to ignore corrections
from larger MT <M.

(iii) Z total decay width: This varies with the top quark mass.
The leading order approximation for the total width includes the tree
decays into three generations of fermion-antifermion pairs, only (three
quark and three lepton doublets). For 20'<:MT'< M,/2 the Born ampli-
tude into tt is phase space suppressed relative to the other fermions;
and for MT >'Mz/2 it drOpé out altogether. The formulas used were taken

from Ref. [57] . For MT >'MZ/2 we have (ignoring all other fermion

masses)

t

g™, 1 1 8 32

" [“'(3—6s§+85;) - — (1- -'s§+ ——-sh)] (5.12)
el 12 32 3 g W

r(Zz»all) =

whereas for MT <§MZ/2 we have

2

gM, 2.1
T(z»all) = T'(Z+all)] t [1-4(—)"] *
Mr> Mz/2  327c M
W vA
8 32 M 16 64
2, = 4 _T .2 2 4
X[ (1- sy + sw) - ),(1+ s, sw)], (5.13)

3 9 M, 3 9
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with g ; e/sw.

For the current parameters I'(Z + all) = 2.7 GeV for MT =20 GeV,
and ~ 2,5 GeV for M, >'MZ/2. Thus the dependence of TI'(Z + all) on MT
will be part of the dependence of the various branching ratios on MT‘
It should also be noted that, for fixed luminosity L, the number of Z's

+e- machine (needed, for example, if one is

per year produced at an e
interested: in the number of top quarks produced per year by Z decay)

also depends on T'(Z -+ all) through (MZ in GeV, L in cm—zsec_l)

4.6 X 10719 r@z » ete)

(#2's/year) = > L, (5.14)
MZ r{z - all)
where
2
+—,gM 2, 0.4,
T(Z > e'e) = (1-4s5°48s.7) .. (5.15)
2 W W
961rcw
This is because’
0(e+e- - Z0 -+ all) 9 T(z » e+e-)
= 5 y (5.16)
Gpt a r(z » all)
where
. 4na2
o, =oa(ete” » ¢ >ty = (5.17)
pt , 3s

2

For the canonical L = 1032/cm -sec at LEP, say, one gets (#Z's/year) =

108,

(iv) KM matrix: My conventions for UKM are the same as in Ref.
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KM

[58] , which has become the more or less standard way to express U for

three generations:

¢y slc3 8153
KM _ id _ ié
U = -slc2 c1c2 3+szs3 c1c253 s2c3e
-8,8 C1S,Cq—ChS eid c.S,s.,+c,.C e.6
1°2 1°2=37-2"3 17273 7273
b
(5.18)

where s;» ¢4 = sin, cos(ei), and § is the CP-violating phase. This
matrix comes about in the charged current because the quark mass eigen-
states and weak eigenstates are n&t_identical. One may, without loss
of generality, take 0 <6, < /2 and -1 < 6 < 7.59%,%

In order to observe the effects of varying the mixing angles, a
set of matrices consistent with the physics of u, d, and s quarks was
generated by utilizing the analysis of Refs. [ 14,35,60] . I chose to
ignore the small CP-violation by taking the KM matrix to be real, i.e.
cos$ = 1. Next, cose1 (61 is often called the Cabibbo angle) was
fixed at 0.9737 since this value is known with high accuracy from com-
parison of u decay with superallowed 0%t > 0% nuclear Fermi 8 decays.
sine3 is varied between 0 and 0.5, the range allowed from hyperon and
Ke3 decays. Finally, sin62 was generated using the constraining Equa-

tion (12) of Ref.[14] , obtained from the study of K.~ wtu” and KO—EO

* -1 and T are equivalent values for § since they differ by 2m. This
is sometimes overlooked.
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mixing:

v cosel(sinzez—az)
tanb, = . (5.19)
(sinez)(cosez)(cosé)

The allowed values of a depend on MT. For fixed MT, a was varied
by reading values off Figure 2 of [14]  that agree with the KL+u+u° data
(upper band) and/or k0-K0 mixing for 0.2 <B < 0.6 (B is a bag para-
meter). Widths were computed for all the matrices generated in this
manner.

In Figure 4 I have plotted the high, low, and average (E(high+low)/2)
values varied over the KM matrices, of T(Z - top) = I'(Z » tc) + T(Z » to)
4+ T'(Z - tu) + T'(Z » tu) and the corresponding branching ratios BR(Z - top)
as functions of the top quark mass. In Figure 4, it was demanded that
high or low values be generated by KM matrices satisfying, in additi&n
to the above requirements from u, d, and s quark physics, the following

constraints from b and ¢ quark physics7’61:

U
~ub < 0.3 from B >~ K's, leptons;

a)
lUcb

b) |U b! > 0,04 from B lifetime®?;
(o4
c) 0.192 < |ucd| <0.34 from vtd -+ ctu ;

d) |u > 0.6 from D » Kev . (5.20)

s

These constraints were not applied in (iv) above because they are
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somewhat crude and model-dependent at this time. For example, a and b
were derived using the spectator model for B decays, which is in some
doubt, However, they seem reasonable and contain important information
about the KM matrix. In any case, for the parameter set used in Figure,
4 the value of T'(Z » top, high) was found, for all values of MT checked,
to be independent of whether the constraints (5.20) were applied or not,
provided only that Z ~» tc was energetically allowed (i.e., for M_ <

T
M_ - M). For MT larger than this the rate is vanishingly small any-

Z c
way. (5.20) does tend to exclude extremely low values, bﬁt the average
values are also relatively unaffected since there is usually about an
order_of magnitude's disparity between high and low values, implying
that average = high/2.
The main feature of Figure 4 is how small the branching ratios are.

~

The maximum over all top quark masses and KM matrices used is
7 X 10—11, almost certainly unmeasurable with projected luminosities.
The average value for potentially interesting values of MT ( 2 50 GeV)
is3§ 3 X 10_11. There is, for the most part, a steady drop in all
curves as MT increases, and a sharp drop near the kinematic'boundary
(especially after the tc threshold is crossed, although this is not ob-
vious from the graph). The exceptions to this steady drop are a shoul-
der at around 85 GeV that will be explained later, and a dip in

r(Z - top, low) at about 30 GeV which is due to fluctuations in which
KM matrices agree with experimental constraints as MT varies in that
_‘region.

The simple phySics estimate of (1.7) was not too far off, and even

a bit high. That estimate assumed that the coupling to the b quark
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dominated the amplitude., Now, Z - tc is generally Cabibbo enhanced rel-

ative to Z + tu. Therefore, it is expected that

I(Z > top) ~T(Z » tc) + I'(Z » tc)

~ 12 2 - 2 2
UTbUcb = (clszs3+c6c2c3) (c1c253—c652c3)

1
= — sin%(20.,-2¢.6,) + O(l-c.) . (5.21)
. 27%¢593 1 -

(recall cs = *1 here). .
To check this, T(Z > top) is plotted in Figure 5 for all the KM
matrices used (ignoring the constraints (5.20)), for four values of .
MT. The solid lines represent what was actually computed, but the
dashed lines are only their extension into the origin. In the neigh-
borhood of the dashed lines, the computation produced a.splatter of

points with values generally higher than the line. As a further check,

note that if b quark dominance holds,

2

rz =~ tu) UL s184 )
— =2 )
r(Z » tc) Ugb C1€9837CxS,Cq
' s%sg '
= [].+O(1—C )]. - (5.22)
in2(8,-c.6.) L
sin”(8,~c 0,

T'(Z - tu)/T(Z > tc) was plotted vs. (Uub/Ucb)2 for all the same values
as Figure 5 (not shown here), and all points were observed to lie on
a straight line intersecting the origin, with slope 1. Thus, in the

dashed line region of Figure 5, the coupling to b is still dominant but
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tu has become important relative to tc.
Therefore, the KM couplings to b are the ones probed by the decay
rates. The only exceptions to this noticed were the unusual cases

when one of the KM matrix elements needed was = 0. For example, if

sin®, = 0 then Uu =0, and Z ~» tu must go through the s or d quark.

3 b
But in these cases the widths were seen to be negligibly small anyway.

As an additional check on the physics of (1.7), Mb was varied in
the region around the physical b quark mass. As expected, the rates
were observed to be roughly proportional to Mg, with the above-mentioned
exceptions.

Variation of T(Z -+ top, high) with MT can be traced to three fac-
tors, two of which can be inferred from Figure 5. Note that the high
endpoints of the solid lines (the highest computed points for each mass)
get lower with increasing MT both because the slopes of the lines de-
crease, and the allowed mafimum value of (UTbUcb)2 tends to decrease.
The former can be attributed to the drop in the phase space fac;or
P(t,c) of (4.5) as MT increases,

I'(Z -~ top, high)

To verify this, I have plotted 2 vs, M in Figure
(UTbUcb) P(t,c)

6. Notice that this quantity drops by only a factor of 4 from MT = 20
to 91.8 GeV, while T'(Z ~ top, high) falls by about two orders of magni-
tude in the same rénge. Aside from this, Figure 6 is dominated by an
enhancement peaked at around 86 GeV, that corresponds to the shoulder
seen in Figure 4. This is due to the onset of the t «+> W-J thresholds;
i.e., the W and J quark can propagate closer and closer to mass shell
as M, grows.

T

The remaining small variation with MT not attributable to these
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factors is then buried in the formula for the width.

Thus, one is led to the conclusion that, for three generations,
it is very uﬁlikely that ‘a massive top quark will be discovered by this
mechanism.

I do not believe my conclusions about unmeasurébility are rgstric—
ted by my choice of KM matrix. For example, if one takes the KM matrix
giving the largest branching ratio into top ( ~ 7 X 10'11) and for the
sake of argument sets Ucb = UTb = 1 (the unitarity bound), the width
would increase by/only a factor of 4, raising the branching ratio to
only 3 X 10—10.

Thus BR(Z - top) is at most “‘10_10, and for many of the allowed
values of MT ana the quark mixing matrix is much worse. If LEP produces
108 Z's per year, then the prospects are for at most one top quark every
100 years by this process, making it a dismal experimental proposition:

r(z -+ uc) + T(Z2 » Gc) was élso calculated; ifs average values,
defined as for I'(Z -+ top), are plotted in Figure 7. These are very
close to % the high values because the low values are down by five
orders of magnitude, The variation seen with MT is due to the varia-
tion of the allowed KM matrices with MT‘ The couplings through b are
strongly Cabibbo suppressed, and so the high value for the branching

12

ratio is never more than 2 X 10 °°, making this experimentally irrele-

vant.
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VI. Numerical Results - Four Generations

The computer calculation here is very similar to the one described
in Chapter V for three generations. The main difference is that the
number of free pafameters increases greatly for four generations,-pér—
ticularly in the KM matrix. However, reasonable assessments of the
different widths can be made under various simplifying assumptions that
make the calculation more manageable.

I now discuss the parameter choice for the four generatién case:

(i) Quark masses: In Chapter V we saw that small.variations in the
light quark masses make little difference. Here I fix their values to
the ones used before: Md = 7.5 MeV, MS = 150 MeV, M, = 330 MeV, and M, =
1.5 GeV; the b quark is now also "light'" and I fix Mb = 4.75 GeV. Mb'
is varied from 25 GeV to 10 TeV.

* For MT and M I first note that I am free to choose My <§MT..

T
That is, if there are two new maséive charge +2/3 quarks, I assign the
lighter one to the third generation and call it the t0p,‘and I assign
the heavier one to the fourth generation and call it the top prime.
This is completely general because it merely corresponds to a unitary |
reordering of the charge +2/3 mass eigenbasis.

Next, two cases are distinguished. 1In the first case, I assume
that MT' >'MZ, so that Z + t' + X is not allowed. In addition, I fix.
MT to the interesting value of 50 GeV. In this chapter, the KM matrices

used will not depend on M so the main variation of the decay rates

T,

with MT is expected to be due to the phase space factor discussed in

Chapter V. For the second case I assume that Z > t' + X is allowed.
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In particular I focus on the topologically new possibility of Z - tt'.
Therefore, as a representative I choose MT = 25 GeV and MT' = 50 GeV.

(ii) MZ, MW’ and 6..: I again fixed Mw = 83.0 GeV, M

W = 93.8 GeV,

Z
and sinzew = 0.217. It should be kept in mind that superheavy quarks
or leptons may have non-negligible effect on these numbers_through radi-

ative corrections.>®

However, these effects appear to depend sensi-
tively on the actual values of the masses and are in principal higher
order in perturbation theory, so I have ignored them.

(iii) Z total decay width: If the Born decays into t't' or b'b'

are energetically allowed, they should be added to the T'(Z - all) for-

mulas of (5.12) or (5.13). We haveS’

) : .
_ g1, , . 8 , 32
T(Z~>t't!) = — [ 1-4¢( MT )2] X[ (- — s + "—'sé)
32mc2 M 3 9 g9
Sw Z
Mt 16 64
T 2 4
: - A+ —si-—syl (6.1)
M 3 9
Z
2
_ g™ M, 21 4 8
I'(Z > b'd") = Z [1-4¢ i Y1 EXI(-—8"+—5s)
327rc2 M 3 9 W
W z | | |
8 16
v 2 2 4
- (‘Eb_) (1 +— sy = Sw)] . (6.2)
MZ 3 9

Furthermore, in order to cancel anomalies a fourth generation of leptons
is also needed., I assume that the charged lepton has mass >'MZ/2; but
take the fourth neutrino, vT,, to be approximately massless by analogy
with the other known neutrinos. This adds to the Born width a piece

given by
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- SZMZ v
r(z » vT,vT,) = ‘"“2;‘ . (6.3)
. 96mcy

For case I where MT = 50 GeV, this gives I'(Z » all) = 2.9 GeV for
Mb' = 25 GeV, and = 2,7 GeV for Mb' >'MZ/2. For case I1 where MT = 25
GeV and MT"= 50 GeV, one has T'(Z » all) = 3.1 GeV for M, = 25 GeV,
and = 2.9 GeV for M >'MZ/2.

(iv) KM matrix: In the four generation case, the KM matrix be-
comes immensely more complicated. The reason is that the N X N unitary
mixing matrix has in general (N—l)2 degrees of freedom. For four gene-
rations this means 9 degrees of freedom - 6 angles and 3 phases. I

v . 15,80 KM . . . .
adopt a convention® > for U4 X 4 that is a simple generalization of
KM

Uj‘X 3 of (5.18), and reduces to the latter when all the extra angles

and phases’are 0:
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<y slc3 5133c5 : sls3s5
L) €1C9C3 clczs3c5 v . ©1€9848¢
idl 161 . 151
+szs3c6e —szc3c5c6e —szc3ssc6e
e 1(8,+65) 1(8;+85)
52 556e —s2c536e
-—slszc4 clszc3c4 clszs3c4c5 CISZSBCASS
161 : 161 : idl,
—czs3c4c6e +c2c3c4c5c6e +c2c3c455c6e
eisz . 1(51+63) . i(61+53)
s3s4s6 c2c4 5s6e , c2c4c5s6e
+c,s,c.8 e162 + 162
35,%55¢ c354sss6e
e o e1(62 +53) ) 1(62+<S3)
s4 5C6 54c5c6e
_815284 clszc3s4 clszs3sac5 ) C132533455
' 161 iél iél
'C23354C6e +c2c354c5c6e +c2c33455c6e
+s_¢c,s ei62 -Cc.S,8_S ei(61+63) +c,.s,Cc_8 ei((sl-h53
3%4%6 2°4°5%¢ ©2°%4%5%
162 i62
—c3c4css6e —c3c4sss6e
_ 1(62+53) . 1(865+63)
c455c6e 04c5c6e

, (6.4)
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where Si» €3 = sin, cos(ei), and di are CP—violating phases. Again,
by convention one can take O <:ei < 71/2 and -1 < éi S

By varying these angles and phases, I want to observe the maximum
values, and variations, in the intéresting decay rates. The usual set-

up is to order the quark mass eigenbasis from lightest to heaviest and

_write the charged current (symbolically) as

Jﬁharged ~ wett) @M /4
| S
b
v/ . (6.5)

However, the couplings to b', which are expected to dominate the decay
rates, and to b, which are expected to contribute to CP violation, are
"very complicated in the parametrization (6.4). A dependable variation
of the angles and phases would take an enormous amount of computer time;
even then it is not obvious, in a finite variation, whether important
regions of parameter space have been missed.®! On the other hand, the
irrelevant couplings to d and s are comparatively simple; I chose to
reverse this situation by writing the charged current (symbolically)

as
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Jﬁharged ~ ettt @ [b
b
S
d . ' (6.6)

with U 5111 as in (6.4). Now the simpler couplings in the first and
second columns of UKM are the mést impoftant; the more complicated coup-
lings of the third and fourth columns have an insignificant role.

By leaving the charge+2/3 quafks in their usual order, however,
some simple constraints on angles can be derived. For this I used the
updated charged current analysis of Ref.[82] . 1In particular, I used

the constraints

udl = 515485 = 0.9730 * 0.0024 (6.7)

= s183¢5 = 0.227 * 0.016. (6.8)

BS is an unimportant angle because it does not appear in the b' or

b couplings; I fixed it by dividing (6.7) by (6.8):
ss = 0.974 . © (6.9)
61 and 63 obey a joint constraint because

2 12 _
|Uud| + IUus|

< <
0.993 83 1 . (6.10)
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dther potential phenomenological constraints on the remaining three
angles and three phases were ignored. In particular, it seems reason-
able to assume that 61 and 62 are constrained little by the small CP
violation in the K system, which involves couplings to d and s quarks

only. Since 63 does not appear in b' or b coﬁplings, I fix it by whim:

6, =0. (6.11)

At this point we see that we still have 5 unconstrained parameters

- 3 angles (62, 6] 66) and 2 phases (61, 8§,). In order to impose fur-

4’ 2

ther restrictions, I consider quark mass cases 1 and 2 above separately.

In case 1, I fixed MT = 50 GeV and M >'MZ; Therefore I am inte-

Tl
rested primarily in studying flavor changing top.production such as

Z~ tE, tu. Therefore, I maximize the t-b' coupling by fixing'c4 =1,
Furthermore, since s, is now 0 and the t' couplings are of no interest,
8. becomes irrelevant and I fix it to be 0. The remaining parameters

2

are varied in their allowed ranges.

On the other hand, in case 2 I fixed MT = 25 GeV, MT' = 50 GeV,
and I am interested primarily in studying Z - tt'. Now I maximize the
t-b' and t'-b' couplings together by fixing S, = 1. This makes ¢, unim-

portant, so I fix it to be 0. Again, the remaining parameters are
varied in their ranges.

The CP invariance and imaginary part tests of Chapter III were
checked to high precision and observed to work for real KM matrices.

In the tables below I quote results for some interesting branching

ratios, for a variety of values of Mb'
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Case 1 : M; = 50 GeV, M;, > M,

M . (GeV) (a)BR(Z+uc+uc,max) (b)BR(Z>top,max) (c)BR(CPV top,max)
25 2.4 X109 3.2 X 1078 + 6 X 10717
50 3,2 X 1078 3.9 X 1077 + 2 X 10714
100 4.1 X 1078 5.7 X107 + 8 X 10715
250 1.1 X 107° 1.3 X 107 + 2 x 10713
500 1.5 X 107 1.7 X 1074 + g X 10713
1000 2.2 X 107% 2.3X 100 £ 3 X 10712
10000 2.0 X 10° 2.1 X 10 + 3 %1010

Case 2 : MT = 25 GeV, MT' = 50 GeV

(GeV) (a)BR(Z+tt'+t'E,max) (b)BR(CPV tt',max)

Mb'
25 2.7 X 1078 + 3 X 10712
50 3,1 X 1077 + 5 X 10-11
100 4.7 X 1077 + 9 X 10711
250 1.0 X 107> + 3 x 10710
500 1.3 X 1074 +1 X107
1000 1.7 X 1073 +4 X107
10000 1.5 X 10! £ 4 X107

Definitions are as follows (max means maximum value under variation)
Z » top is defined as in Chapter V.
T(CPV top) =T(Z » t +X) - T(Z » t + X).

T(CPV tt') = T(Z » tt') - I'(Z » tt'").
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BR = branching ratio (actually just T/T . For Mb' = 10000 GeV,

Born

for example, this is not really the branching ratio).

For the ordinary (= non-CPV) branching ratios above, the minimum is

0, so that the average = (high + low)/2 is ¥ the maximum value. The

ordinary branching ratio maximum values are achieved, or nearly achieved,

when = .71 in case 1(b), when | = IU = .71 in

T'bv!

| = .99 in case 1(a), so that if

vl U

case 2(a), and when | = .12, |U

Uub' | Cb'

one prefers more Cabibbo suppression a reasonable estimate may be made
by reséaling the above. For the CPV branching ratios, the average
values defined in the above described way are evidently 0.

For the ordinary branching ratios, one sees a steady increase with
My and the behavior seems to be asymptotically ~ é,, as suggested in
Chapter I. However, there is significant threshold behavior for
Mb' < MW’ and Mb,:Z MW' The rates begin increasing rapidly for Mb,.>
100 GeV, but true Mé, is approached only for Mb,:z 250 GeV, and par-
ticularly for Mb' 2f1 TeV. Evidently a large Mb' can bring the top
quark production rates into a measurable range. For Mb' = 10 TeV, the
flavor changing decay rates can dominate the Born terms; however, as
discussed in Chapter I this is an unrealistically large value for Mb"
and the enormous flavor changing rates probably reflect the breakdown
of perturbation theory.

The CP violating rates are small and unmeasurable. The exbectation
of asymptotic Mg, behavior discussed in Chapter I is confirmed. Also,
for Mb' = 500 GeV in case 1l(c), doubling Mb increased the CPV 'rate by
a factor of 4, supporting also the M% expectation. Unfortunately, the

CPV rates are suppressed by more than M%/M%. relative to their non-CPV
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partners (at least for the quoted maximum values). This may be Cabibbo-
related, or due to some uncertain dynamics controlling the difference

of the two widths.
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VII. Experimental Measurement

Experimenters looking for flavor changing z0 decays will, unfor-
tunately, almost certainly not be measuring free flavored quarks in
their detectors. They will be faced witﬁ the task of deciding whether
the collection of hadrons, 1eptoﬁs, and photons that they will measure
represents a flavor changing decay. It is therefore a conscientious
theorist's duty to give them some idea of what to look for.

If‘we knew for sure that the three generation SU(2)L X U(1) world
of Chapter V was the real world (and there is no convincing reason to
believe otherwise at this time), then this chapter could 5e deleted and
the advice to experimentalists would be "don't bother." However, it
is easy to imagine the rates being larger than in Chapter V; one such
model was discussed in Chapter VI, and others will be mentioned in Chap-
ter VIII. Therefore, experimentalists should look for these events, if
only to place upper bounds on the rates; any deviation from Chapter V
would be most exciting. And if they are going to look, then they need
to know what to look for.

Therefore, in the following I offer some suggestions for experi-
mental detection of the flavor cﬁanging Z0 decays calculated in this

- thesis. I should preface these remarks by saying that I have rot made
the careful study of rates, backgrounds, competing processes, experi--
meﬁtal feasibility based on Monte Carlo simulations, etc., that are
necessary to make definitive statements. Such an approach is even more
difficult than usual here since the rates are unknown over orders of

magnitude if one ignores Chapter V, and additionally the spectrum of:
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particles with masses greater than about 20 GeV (i.e., those that would

*e” by now; in particular, the all-important

not have been produced in e
top quark) is nof'known.' Thus what follows should be regardedas educa-
ted speculations only.

First of all I restrict my attention to Z0 production at ete™ ma-
chines. 1In these machines, the energy can be tuned so that theyvsit on
the Z pole and produce Z's en masse; almost every (annihilation) event
produces a Z and nothing else. Additionally, the center of mass frame
of the produced Z and the lab frame are identical, and the initial
state disappears completely so that there is no background junk; Z's
éan be produced at e-p, p-p, oOr p—a colliders too, but these do not

*e~ so that measuring rare Z0 decays

share the above advantages of e
there should be more difficult. The following discussion will apply to
these other machines to the extent that a produced Z, decaying in its
rest frame, does not care how it was produced. For a comparison of Z
production at various machines see Ref.[11] .

Secondly,.I focus on events where at least one massive top quark
is produced. The uc and uc channels will be practically indistinguish-
able from the lowest -order Born decays since both the u and ¢ are mass-
less on the scale of MZ’ so one will see two thin jets (to lowest order
in QCD) in either case. This mode is likely to be Cabibbo suppressed
. anyway. -

Therefore, cbnsider tG, Eu, tE, and tc back-to-back production- by
Z decay. Lef ET be the energy of the t or E, Eq be the energy of the

remaining quark or antiquark, and ignore Mq. According to our usual

ideas. from QCD, ‘the two quarks will first fragment into hadronic jets; -
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I ignore O(ay) corrections from hard gluon bremsstrahlung. From simple

decay kinematics one has

M M
Eq_____.Z_[l_(___T__)z]
2 MZ
M M : .
B, = =11+ 571 . (7.1)
2 MZ

Thus on the opposite side of the top quark one normally finds a "heal-

thy" jet. Eg., even if M

T = 0.9MZ, one still has Eq O.lMZ 10 GeV.

As for the, t or E, it is a non;rivial question to ask whether it
really does fragment or not. The point is that the top quark's weak
Qecay rate is generally a rapidly increasing function of MT in the mass
range of interest‘(gfbwing roughly like M,?:),63 and eventually the "weak"
time scale for the decay méy become commrable to or less than the
strong interaction time scale, making it difficult for the top to have

enough time to fragment. According to Ref. [83] , this is a potential

issue only for MT >M

- in particular when the t - bW decay channel

opens and that decay rate starts shooting up. For now I assume MT'<:Mw
(+ M of any down quark that it has significant KM coupling to other
than bf) and briefly comment on the other case later.

"jet." Due to the flavor-conser-

Now the t or t fragments into a
ving nature of the gluon interaction, the "jet" must contain at least
one top méson, say T or T*, and perhaps several other ordinary hadrons.
According to current ideas about how heavy quarks fragment into jets,

the top meson will on the .average carry a fragmentation parameter z of

near 1; i.e., it will carry away most of the energy of the fragmenting
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tdp quark.gl+ This picture is qualitatively consistent with the observed
* ‘
hard D fragmentation distribution at CESR.®> For example, suppose

z = 0,95 and MT = MZ/Z. Then the amount of energy E that is avail-

frag

able to fragment into ordinary hadrons other than the top meson is

Efrag = O.OSET = 0.03MZ ~ 3 GeV, (7.2)
so one might still expect an accompanying smallish jet of ordinary had-
rons with limited transverse momentum, flying along the direction of
the emitted t quark.

- The final step is the decay of the top meson. The quark masses of
interest ére so large that the spectator decay model should be reliable.
66 1.e., the t quark inside the top meson decays by emitting a virtual
W and turning into a d, s, or b quark; the virtual W then materializes
into a quark-antiquark pair (nonleptonic decay) or a lepton-neutrino
combination (semileptonic). Neglecting the masses of the three fermions
resulting from the deéay one sees that, in the t rest frame, each has |
about MT/3 of energy on average. Again ignoring hard gluon bremsstrah-
lung, the produced quarks will fragment into jets with limited trans-
verse momentum. The e's and p's will be detected as is, T's decay into
a few particles, and v's pass undetected through the detector. The
velocity of the initial top quark's rest frame with respect to the Z

rest frame is
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1 - (—?
M
8 = L : O (7.3)
M
. Y-
M,

For M, >=MZ/2, one has B < 0.6. Therefore, a lightlike particle emitted>
at 1200 to the top 4uark direction of flight in the top quark's rest
frame, is emitted at no less than 820 with respect to the same direc-
tion of flight in the Z rest frame, for this range of MT. Theréfore

the emitted particles and jets from the top meson decay should not be
collimated so much by the Lorentz boost to the center of mass fréme

that they cannot be readily distinguished in that frame too. As a final
commeﬁt I assume that the light spectator quark in the top meson decay
does not have enough energy or transverse momentum to fly off and frag-
ment into a unique jet of its own, and instead blends into one of the
jets discussed above without changing the arguments.

Therefére, for the nonleptonic decay one sees a signature of four
energetic jets (and possibly one smaller one along the direction of
motion of the original top quark). Unfortunately there is an obvious
background frqm 4- and 5- jet events due to ordinary QCD gluon emission.
The QCD n-jet branching ratio will be of order (aS(MZ)/ﬁ)n-z.For as(MZ)
~ 0.15, this is ~ (5 X 10—2)n—2. Thus the four QCD jet branching ratio

3, and the five jet is ~ 10_4. Unless the flavor changing

is ~3 X 107
branching ratio is very large, the nonleptonic channel is 1likely to be
obliterated by the QCD background. One hope seems to be to look for a

dynamical bump in the invariant mass spectrum of jets taken three at a

time, using 2 4 jet events, indicating (possibly) the existence of a
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superheavy meson. Also, one might try to exploit the fact that one of
the t decay jets is likely to be a b quark jet, if this can be reliably
determined experimentally. If‘ta is wvery large then another possi-
bility is a deviation from expected distributions of jet méasures, such
as thrust or sphericity of events.

The semileptonic top meson decay seems to offer a more promising
signature. One expects two energetic jets (and perhaps a small oné from
the t fragmentation), and an energetic electron or muon. The lepton,
'having come from the decay of a slowly moving massive quark, will often
be by itself away from the jets and have a large transverse momentum of
order MT/3 relative to the thrust axis. Additionally, there willibe of
order MT/3 missing (often transverse) momentum due to the unmeasured
hard neutrino from the decay. Cuts on jet variables may also be hélp;
ful in isolating t semileptonic decays from all events with an energe-
tic lepton, Again, one might try to exploit the fact that.the
hadronic jet resulting from the t's virtual W emission is likely to be
a b quark jet. Ideas similar to these have already been discussed in
the b quark production éase67 and successfully appliéd to b jets at
PETRA.12,62,68 Unfortunately, one pays a price for this since the top
semileptonié’branéhing ratio should only be of order 20-30%.6°

This type of event also offers a signature for CP violation; i.e.,
the number of t's produced by such 20 decays vs. the number of t's.

One compares the number of the preceding paragraph's events with

+ +

a hard e or \u to the number of events with one of opposite
charge. A difference between + and - greater than that given by sta-
tistics would be a signal for CP violation.

There are other possibilities if the top production is large enough.
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Weak annihilation diagrams of the top mesons should be suppressed rel-
ative to the spectator decays discussed above, but when they occur
they should provide interesting wide angle two body signatures such as

v or aq.es

One could also search for and measure properties of multi-
lepton cascade decays, such as t > bfv » cvlv -+ sfviviv, if one doesn'p
mind paying the price of several semileptonic branching ratiOs.69’79

As mentionedbearlier, for MT large enough t - Wq can be important.
The W decays into a fermion-antifermion pair in a similar manner to the
way the virtual W materialized into a fermion-antifermion pair pre-
viously, so the event topology will be very similar. However, the t
may not have time to fragment into a top hadron plus jet, so that accom-
panying jet is more likely to be absent than before.

The discussion of t' production (recall I have by definition taken
MT' >SMT) is more or less identical to the discussion of t production
above. One difference occurs if Mb' is conveniently locéted, i.e.
MT < Mb,'<:MT'. In this case, one might get a spectacular multilepton
or multijet cascade by t' - b' -t > b » ¢ + s chains, A similar cas-

i.e. t>Db'" > c > s.

cade could also occur for the t alone if Mb' <:MT,

Such events could be very spherical and have a lot of missing momentum
and several hard leptons. If Z - tt' occurs, then oné gets the top
quark decay scenarios described above, only with back-to-back emission.
This will look similar to tt, but with differing invariant masses from
the two fragmentations and decays. One expects generally spherical
events, but also hard leptons and missing momentum on one or both sides
if semileptonic decay occurs.

I now add some warnings about some other potential backgrounds.
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Examples include the decay of the Z into some superheavy particle.nét
considered here, and one or more light particles. One example that
must be present is Zﬂ» W f anything, which was calculated to have bran-
ching ratio ~1077.71 7z 5> ¢ (or t', b') + 3 other fermions could be
relevant - this will be briefly discussed in the next chapter. So-
could Z ~ b'b, etc., if Mb' is in an interesting range. Also the Born
decays Z ~ qa for any superheavy quarks needs to be cut out experimen-
tally. Finally, the backgrounds due to any_other superheavy, lurking
in the spectrum for us to find, that can be produced singly by Z decay,
will need to be understood. This includes possibly superheavy Higgs by
z » Hff 2 or Hy, /3 new heavy lepton 7', or other particles that céuld
exist if the minimal SU(2)L X U(1l) theory is not the whole story in the
mass range up to MZ. The topologies of the decays listed above might
not be so much different from those described in this chapter, and thus
should be carefully considered in a complete study.

To close, for flavor changing rates so large that they are compar-
able to the Born rates, flavor changing decays could be measured by
measuring the deviation of the total Z width from the Born width. Of
course, in this case an effort should be made to understand whether

perturbation theory has broken down.
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VIII. Other Possibilities

In this chapter I comment on a couple of other possible enhance-
ments for the rates computed in this thesis, and a couple of closely
reiated processes.

In Chapter V it was found that the standard scenario with three
generations provided little optimism for the observation of the decays
studied. One enhancement mechanism - a fourth generation of quarks -
was studied in Chapter VI, Other ways of altering or adding to the
minimal model could result in increased rates. Additional Higgs doub-
lets can induce larger flavor changing neutral currents because of off-

26,74

flavor diagonal couplings in the tree Lagrangian. Models of dyna-

75

mical symmetry breaking, or technicolor, are known to have difficul-

28

ties suppressing flavor changing neutral current rates. Rates for

76 could certainly be

the currently popular supersymmetric theories
checked. CP violation by means other than the KM matrix could also in-
crease this particular effect.

One obvious similar calculation to the one done here is flavor
changing Z decay into two quarks of weak isospin -}, eg. Z - bs. In
the three genefation case, this has the advantage that the top quark,
which was external before, now runs insidé the loop and therefore is
the participant in the GIM cancellation. Therefore, whereas Z ~ tc was

controlled by Mb, one expects Z - bs to be controlled by MT’ with

M >>'Mb. A quick estimate is

BR(Z - bs) ~ (—MT—)" BR(Z + to) . - (8.1)

"
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For MT = 50 GeV, the enhancement factor is 104, which brings the bran-
ching ratios into the domain of respectability. In analogy with Chapter

is expected to provide a very great enhancement. Therefore

VI, MT > M,
this process could in principal be used to put a bound on (or establish
a prediction for) the tbp quark mass.

Unfortunately, it is not obvious whether decays such as Z ~ ds, bd,
or bs have a striking enough signature to be experimentally measurable.
The main hope seems to be if one could apply cuts to asceftain whether
a jet was initiated by a fragmenting b or b quark, or not. As noted in
Chapter VII, there seems to be some success in identifying b -jets at.
PETRA, butlfor Z decays the jet energies are much larger and the parti-
cles in the jet will be more collimated. I have not studied this issue
further.

The four generation case is again of potential interest here. A
superheavy t' could provide additional enhancement, given a favorable
KM matrix. If Mb' <:MZ, Z > b'b could be a way to discover the b' and
is potentially measurable (by methods similar to those of Cﬁapter VIiI)
if the rate is large enough. : o ,

As discussed earlier in this thesis, there is no convincing reason
to think that there are more than three generations. This leaves us
with the miserably pessimistic results of Chapter V, which just about
rule out the discovery of the sought-for top quark by this mechanism.
But if MT >’MZ/2, one would not want to just give up on discovering this
important particle in the near future at worst, or at best hope that
problems of low rates and large béckgrounds at hadronic coiliders could
77

be overcome and the top will be discovered there. It would be better
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*e” 20 factories.

if there wés another way to produce the top at the e

There does exist anothef possibility; it is Z > t + 3 other fer-
mions.”’® This could occur at 0(g3) through tree diagrams with branches
of fermions and w's.v Thié is actually the same order in weak inter-

actions as the loop diagrams considered in this paper; however, they

have the advantage that there does not appear to be an associated GIM

cancellation suppression mechanism. However reduced phase space due to-

the four body final state is a potential disadvantage. Higgs branches
cannot produce a single top quark in the final state to lowest order
since the Higgs couplings are flavor diagonal at tree level.

b.,

Potential final states are Z - tb_ 2v s th, v th.u b., or tb,u
i"'g i ik 3]

2’ i7k"j

where t = top quark,_ui =uorc quark, bi = d, s, or b quark, and 2

and v, are a 1epton and its neutrino. The lack of a GIM mechanism is
most obvious for the final states that include a lepton. Suppose we
take the KM matrix to be the identity matrix, so that t couples only to
b, with matrix element 1. Then, in the {irst of the four finai state
classifications above, only tglgz can occur and is proportional to the
KM matrix element 1. Then as usual we ignore the neutrino masses and
set the leptonic mixing matrix to the-identity. One concludes that
there does not seem to be a way to induce a GIM cancellation in this
- class of diagrams from summing over fermion species.

Taking MT ~MZ/Z, I am led to the following guess for the branch-
ing ratio:

oy o1,/2)° M, /2
2 Z 4

BR(Z + t or € + £3) ~ (—) 5
8n MW(MZ/Z) MZ

o ————
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1 a ) M

2 ‘8nsé ZMW

~ 1077 . o (8.1)

In this estimate I have taken all fermions other than t tovbé maséless,
and have assumed MZ - MT “’MZ/Z controls the phase space and sets_dimeq%
sions where necessary. I gave 1/(M§) for one W propagator,'and 1/(MZ/2)_v
for one fermion propagator.® The extra factor (MZ/Z)/MZ wasvinsertéd

because MZ gives dimensions to I'(Z + all). Taking yKM

to be the iden-
tity, one has no KM angles entering;also the number of open éﬁanﬁéls is
approximately the same as for the Born decays, so there is no extra
suppression from that. I took (aweak/ﬂ) as the expansion parameter;
with an extra (1/2/2)2 = 1/8 from the charged current couplings.‘.
Therefore this seems to merit a more detailed calculation as a
potential way to.discover the.top quark; the above estimate is only a
rough guess. . it should be noted that destructive interference between
amplitudes could kill this rate. If I try to estimate Z - Wflfz (which
has been calculated) in a similar manner, my guess is too large by a
factor of 30; part of this may be attributed to destructive interfe—

rence.’! Also, as MT increases, the phase space will cut this off more

and more.

* The diagram with a ZWW vertex gives a similar contribution because of -

the momentum factor that comes with that vertex.
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IX. Conclusions

I calculated flavor changing 20 decay to charge 2/3 quarks in the
SU(2)L X U(1) theory of electroweak interactions. In particular I con-
sidered the possibility of discovering the top quark by this mechanism.
The exact expreséion for the decay rate is obtained as a function of
the five independent masses, to one-loop order. Ward identities for
the unitary gauge are derived to help check the result.

I computed numerical results in the three generation model for
realistic values of the parameters involved. The branching ratios
such as BR(Z -+ top) are at most ~ 10_10, and for many of the allowed
values of MT and the quark mixing matrix are much worse. If LEP pro-
duces 108 Z's per year, then the prospects are for at most one top
quark every 100 years by this process, making it a dismal experimental
proposition.

Numerical results for four generations are also computed, assuming
a supermassive internal b' quark. The rates are observed to grdw asymp-
totically in My . as roughly Mg;. For Mb' large enough, the branching
ratios can be significant and potentially measurable. I also considered
a new form of Cf violation, but find it to be small despite potentially
large new phases in the 4 X 4 KM matrix.

Finally, I considered experimental signatures, and estimated some

other, related, processes.
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Figure Captions

Diagrams giving the one-loop Z - te amplitude in unitary
gauge.

Diagrammatic representation of the Ward identities of Chapter
ITI. (A) Vector Ward identity; (B) Axial Ward .identity.

(A) Cut giving the absorptive part of the one-loop Z - tc
amplitude for MT-<Mw + MJ. (B) Product of diagrams com-
puted for the imaginary part check. (C) An additional cut
contributing for MT >'Mw + MJ;

High, low, and average values of I'(Z + top) and BR(Z »> top),
as defined in the text, vs. top quark mass (three generation
case).

2
TbUcb) , for four top

T'(Z -+ top) vs. KM matrix elements (U
quark masses_(three generation case). Computed points\follow
the solid lines, but deviate from the dashed lines which are
only the extensions of the solid lines to the origin. The
high endpoint of each solid line gives the highest computed

I' for that MT' |

High value of I'(Z + top) (as in Fig. 4), divided by product
of KM matrix elements (UTbUCb)2 and phase space factér

P(t,c) of Eq. (4.5) (three generation case).

Average values of T(Z - uc + uc) and BR(Z - uc + uc), as

defined in the text (three generation case).
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