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ABSTRACT 

We have studied K+ 1T- elastic scattering in the reaction K+ p- K+ 1T- t:.. ++ 

at 12 GeV/c, and in the K1r mass interval 800 to 1000 MeV. We have 

performed a partial wave analysis in this K1T mass region, dominated 

* .by the p-wave resonance K (890), in order to obtain information about 

+ -the s -wave amplitude. We have extrapolated the K 1T moments, total 

cross section, and p-wave cross section to the pion pole. The p-wave 

cross section is close to the unitarity limit and can be described by a 

Breit-Wigner with parameters M = 896±2 MeV and r = 47±3 MeV. We 

':"• then perform an energy-independent phase shift analysis of the extrap-

'') olated moments and total cross section using this Breit- Wigner for the 

''") p-wave and a previously determined sm(lll negative phase shift for the 

~) I = 3/2 s -wave. For the I = 1/2 s -wave phase shift we find the so called 

"down" solution, which has a phase-shift that rises slowly from 20° at 

M(K1T) = 800 MeV to 60• at M(K1T) = 1000 MeV. The energy dependence 

of this phase shift is well described by an effective range form with a 

scattering length a~ = - 0.33 ± 0.05 F. The so-called "up" solution is 

eliminated or has large chi-squared everywhere except for two over-

lapping mass intervals at M(K1r) = 890 and 900 MeV. However, due to 

limited statistics, we expect two solutions for the s -wave very near 
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the mass where the p-wave is resonant. We then perform an energy-

dependent partial wave analysis and find again no evidence for an s-

wave resonance although,due to limited statistics, we could not exclude 

one at 890 MeV with r < 7 MeV. 
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I. INTRODUCTION 

Much work has be~n done in recent years in ~ders~an~ing lTlT1 and 

K 
2-7. . 

lT 1nterachons. Since lT and K mesons are not stable, their, inter-

actions must be studied indirectly, in reactions where the one-pion 

~· exchange mechanism is dominant. The I = 0 s -wave in lTlT scattering 

and the I= 1/2 s-wave in KlT scattering have shown similar behavior 

in the mass regions ne~r the p and the K*(890) respectively. Phaae 

shift analyses have found two solutions: one called the 11 do~" solution, 

and another sharply rising near the p-wave resonance, called the 11 up" 

solution. The 11 up" solution corresponds to a narrows-wave resonance. 

Recently the" up" solution has been ruled out in lTlT scattering. 8 

Th . + -e analys1s of K lT scattering with the largest number of events 

was done by Bingham et al. 5 They used 31122 events of the reaction 

+ + - ++ ' + ++ K p-K lT f). and 4855 events of the reaction K p- K0 lT0 f). , with beam 

momenta from 2.5 to 12.7 GeV/c, (compiled in the so-called World Data 

Summary Tape, WDST), 9 and found two solutions for the s-wave !-spin 

1/2 phase shift (o,~): a slowly increasing o~ which approaches about,, 

70o at M(KlT) = 1.1 GeV and another rapidly rising ("up") solution which 

has a relatively narrow ( !': 30 MeV) resonant state near 890 MeV. 

The analyses ,of Trippe et al. :3 and Mercer et al. 4 (who used an 

earlier WDST compilation 9) were done on the same reactio~s used by 

. ' 5 
Bmgham et al. , but with smaller statistics, and did not find the "up" 

1 t . Th 1 f F' 6 7 so u 10n. , e ana yses o 1restone et al. and Yuta et al. were done 

on reactions of the type KN ... NKlT and found both the "up" and " down" 

solution. 
' 10 

Recently Chung et al. used a different method of analysis 

involving the study of angular distributions in the physical region, 

instead of data extrapolated to the pi<>n pole as for previous analyses, Z- 6 
. ):· .· . ·; 

and found that the data can accommodate little, if any, narrow-width 
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s-wave state in the K*(890) region. 

In this paper we 

thereaction K+p ... 

+ -study K lT elastic scattering in 11073 events of 

K +lT- A++ at 12 Ge'"/c. Th .u :v e experiment was done 

at SLAC JlSing an rf-separated 12-GeV/c K+ beam
11 

and the 82-inch 

hydrogen-bubble chamber • .Six hundred thousand pictures were taken 

corresponding to a pathlength of 34.9± 1.0 events/~b. 12 
The analysis 

is done by extrapolating angular distributions and cross sections to the 

pion pole. It differs from previous analyses· in three respects:· 

(a) it has larger statistics, except for Ref. 5, which had similar 

statistics for PK > 8 GeV / c; (b) it has higher incident energy, which 

provides data at smaller momentum transfer, that is, closer to the 

pion pole; (c) it has data at only one. energy and in one bubble chamber, 

making possible the u~e of absolute normalization to calculate cross 

sections. 
~J 

The use of cross sections is the main difference between 

our analysis and the· one of Bingham ef al. 
5 

Section II contains a study of the reaction: the data are found to be 

consistent with the assumption that the reaction is dominated by one­

pion exchange. Section III deals with extrapolation to the pion pole.' 

We find that the extrapolated angular distribution at the 'lT + p vertex 

agrees with on-shelllT+p scattering for lT+p masses below 1.4 GeV. 

+ -At the K lT vertex we extrapolate to the pion pole the moments of the 

+ -K lT angular distribution, the total cross section, and the p-wave cross 

section. The p-wave cross section can be described by a Breit- Wigner 

with M = 896±2 MeV and r = 47±3 MeV. We use these parameters in 

the subsequent phase shift analysis. 

InSec. IV we discuss K+rr- scattering, first checking the agree­

ment with unitarity of the extrapolated and unextrapolated moments . 

Next, an energy-independent phase shift analysis is done using only 
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the extrapolated moments in order to compare with the results of 

Bingham et al. We find both the 11 up" and "down" solutions. We then 

discuss the origin of the ambiguity. In order to resolve the ambiguity 

we perform another phase shift analysis including the extrapolated 

total cross section. We find only the down solution at all but two 

overlapping KTT mass intervals at M(K1r) = 890 and 900 MeV. We then 

perform an energy-dependent partial wave analysis in order to find 

an upper limit for the width of a narrow s -wave resonance which could 

be compatible with our data. Finally, Sec. V contains a summary and 

conclusions. 

II. THE DATA 

A. Data Reduction 

+ + - + The reaction being studied, K p- K TT TT p, is observed in the four-

prong topology of which we have 189 000 examples. All of the film was 

scanned at least twice and 100/o of the film was scanned a third time, 

giving an overall scanning efficiency close to 1. 
13 

The events were 

measured on the Spiral Reader. All failing events were remeasured, 

and half of the twice -failing events were measured a third time. The 

14 
overall four-prong measuring efficiency is 0.897±0.013. Of these 

four-prongs, 30163 have a best fit to the required reaction, but many 

· f"t 13 H . of them are ambiguous with other four-constra1nt 1 s. owever, 1n 

the kinematic region of interest in this paper the ambiguities are less 

than 1 o/o because both the TT + and proton are slow in the laboratory and 

can be recognized .from the ionization measurements made by the 

Spiral Reader. 
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B. + + - + The Reaction K p-+ K TT TT p 

The main features of this reaction can be seen in Figs. 1 through 4. 

The K+TT- mass spectrum (Fig. 1a) is dominated by the K*(890). There. 

* + -is also a strong K (1420) signal. The K TT mass spectrum for events 

where the TT + p mass is in the t::.. ++ region [ 1.16 GeV < M(TT + p) < 1.36 ~ 

GeV ) is shown in Fig. 1 b. The TT + p mass distributions for all events 

and for events with M(KTT) = 0.8 to 1.0 GeV are shown in Figs. 1c and 

1d; they are both dominated by the t::.. ++(1236). The triangle plot, 

+ - ( + ) . h . F" 2 M(K TT ) versus M TT p , 1s s own m 1g. • 

Some distributions of the four -momentum transfer squared between 

the proton and the TT + p system (t + and t' = t - t . ) are shown in p,TT p m1n 

Fig. 3. Figures 3a and 3d contain all events and Figs. 3b and 3e con-

tain only K*(890) t::.. ++events, where the K* is defined by 

0.840 < M(K+,r-) < 0.940 GeV. Figure 3c shows the t distribution for 

the events used in the partial wave analysis, and Fig. 3f shows the t' 

* distribution for K events. The distribution of tpt::.. (which we will 

refer to below as t) is sharply peaked at small It \ with two-thirds of 

the data havingj t I < 0.1 GeV
2

. The minimum it \ attained in this 

reaction in the K*(890) region is :::: 0.015 GeV2 The Chew-Low plot, t 

versus M
2

(K+TT-), is showninFig. 4, for both the entire sample 

(Fig. 4a) and the subsampLe_of events. containing a t::.. ++ (Fig. 4b). 

C~ Test of One-Pion Exchange 

- - . + ++ + -
The contribution of one-pion exchange to the reaction K p- t::.. K TT 

15 has been discus sed at great length by previous authors. We study 

the range of validity of the one-pion exchange mechanism in our data 

by examining the K* and t::.. decay angles. The coordinate system used 

* is defined in Fig. 5. We examine first the K (890) region. 
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(1) Distribution in Treiman-Yang angles, <j>K and <j> . For one-
rr rrp 

pion exchange we expect the distribution of the Treiman-Yang angle to 

b . . . b h h * ++ e 1sotrop1c 1n ot t e K and l:;.. rest frames. Figure 6 shows the 

c!J<.rr distributions for several intervals of t. For I t I < 0.1 Gev
2 

the 

.,., distribution is isotropic and for It I > 0.1 GeV
2 

it is somewhat less 

isotropic. Figure 7 shows these distributions for <j> in different in­rrp 

tervals of t: we observe behavior similar to that of cpKrr· 

(2) Distribution in 8 • rrp If one -pion exchange dominates this re-

action. we expect the moments of the rr + p angular distribution, ( Y~) , 

to approximate those calculated from realrr + p scattering experiments. 

. . + 
Figure 8 shows the rr p moments, J. = 1 through 4, as a function of rrp 

for It' I < 0.1 Gev
2 . The curves are the on-shell values. 

16 
The agree-

t • th A++ • • • d men m e L.> reg10n 1s qu1te goo , but for M(rrp) > 1.4 GeV the data 

points are systematically higher than the on-shell curves. 

* (3) Distribution in 8Krr· For formation of a p-wave state, K (890), 

one-pion exchange predicts this distribution to be proportional to 

2 
cos 8Krr· Figure 9 shows cos 6Krr distributions for various t inter-

vals. For It I< 0.2 Gev
2 

the distribution is approximately cos
2 e. 

with some asymmetry and a small constant component which, as. we 

shall see in Sec. IV, can be adequately explained by the presence of a 

Krr s-wave. 

* For Krr masses above the K (890) and below 1.2 GeV, we examine the 

same distributions (not shown) and find consistency with a dominant 

one -pion exchange mechanism: (1) the distributions in cj>K and cp 
rr rrp 

are isotropic for small values of t and t' respectively, and (2) the 

+ moments of the rr p angular distributions are very close to those calcu-

+ lated from reallT p scattering for small· jt' + and M(lT p) < 1.4 GeV. 
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In summary we find that one-pion exchange can describe the data 

h th + • • h A++ w en err p mass 1s 1n t e L.> region, the KlT mass is below 1.2 GeV, 

and I t I is small. For large values of I t I there are departures from 

pure one-pion exchange, which may be due to other exchanges or absorp­

tion. For rr + p masses above the 1:::. ++ there are large discrepancies 

between the rrp moments and real rrp scattering. This point will be dis­

cussed in Sec. ill. A. 1. 

ill. EXTRAPOLATION TO THE PION POLE 

We have established that the data are consistent with one-pion ex­

change in the 1:::. ++ region and for small I t I . We will now extrapolate 

the moments of the angular distribution and the cross section from the 

physical region (I t I > t . ) to the pion pole (t = m
2 = 11

2 
= 0 019 Gev

2
) mm lT ~ · 

where the values should be equal to on-shell scattering. We expect the 

one -pion exchange contribution to dominate over any background near 

the pion pole. In practice, however, the values obtained from the ex-

trapolation may have an error greater than the statistical error, be-

cause the form of the extrapolation may not be correct. 

A. Moment Extrapolations 

If we expand the differential cross-section in the form 
J. 

.dCT CT max 0 
dn= .q; ~ a1 Y 1 (cos 8) 

'\'·~TI a
0 

J. : 0 

. then the expansion coefficients a1 are proportional to the "moments," 

i.e· , the expectation values of the spherical harmonics 

To calculate the :!_th moment for theN events in given intervals of K+,,­
+ mass, n p mass, and t, we estin1ate the expectation value, (Y~;, by 

its sample mean, and calculate the error .6. (Y~) using the relations 
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0 1 N 0 
(Y1 ) = N I: Y1 (cosB.) 

i=1 1 

. 1 

-- [ ( (Y~)2) N- (Y~) 2Jz ~ (Y~) 

In order to obtain the value of the lth "moment," (Y~) ext' at the pion 

pole for a particular K1r and 1Tp mass interval we fit a linear dependence 

on It I to the experimental moments in the physical region and then cal-

2 
culate the value ~d error at t = f' 

1. + ,. p Moments 

+ In order to check the extrapolation precedure we first study the ,. p 

moments, since the on-shell moments for ,. + p scattering have been mea-

sured. We extrapolate to the pion pole, using only those events where 

the K+,.- mass is in the region of the K*. The results of the linear ex­

trapolation are shown in Table I and Fig. 8. The chi-squared (x
2

) per 

degree of freedom (ND)' reported in Table I, show that linear extrapo­

lation is satisfactory for our data. The extrapolated values, just as in 

the case of the small I t' I data, agree with on-shell scattering for 

M(ttp) < 1.4 GeV. For M(1Tp) > 1.4 GeV the extrapolated moments show 

no improvement aver the moments with I t 'I < 0.1 GeV
2

. 

The discrepancies in the moments at high 1Tp mass could be explained 

as reflections of the Q bump, a threshold enhancement in the K,.,. sys­

tem.
17

•
18 

Similar discrepancies have been observed in other re­

actions,1 e. g., ,.+p .... ,.+,.-,.+p and pp .... rr prr+p, and could similarly be 

explained by the reflections of the A1, a p1r threshold enhancement in the 

tr1T1T system which, like the Q, is related to a diffraction phenomena. 

* . + The Dalitz plots for the final-state K (890) ,. p for all events and for 

some t' cuts are shown in Fig. 10. The Q enhancement can be clearly 

seen at all values of t' and all values of rrp mass; however, it is 

relatively less important for small rrp masses, especially in the ~ ++ 
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band. It is plausible that the discrepancies in the high trp mass are 

due to the Q because: 

(1) The Q is prominent at higher 1rp masses. 

(2) Q events populate the small-angle scattering in the trp angular 

distribution, making all the moments more positive. 

(3) The Q is still present at small values of 't' 1. so it might affect 

the extrapolated values. 

These points can be checked in a reaction where there are no strong 

diffraction phenomena, for example, the reaction pp- p1T +n. In this 

+ case the agreement between the high-mass tr p moments and the on-shell 

0 d 19 moments 1s very goo . 

For the Ktr moments the analogous problem would be with the ~ ++ lT 

threshold enhancement. + - ++ The Dalitz plots for the final-state K tr ~ 

for all the events and some t' cuts are shown in Fig. 11. Although the 

~ ++ lT- enhancement is less dominant than the Q, we might expect that 

the Ktr moments at high K'IT masses would be somewhat too positive. 

However, the ~ ++ tr enhancement is relatively less important for low Ktr 

mass and small I t'l , so we do not expect distortion of the lower mass 

Ktr .moments. 

+ In summary, we find that we can reproduce the rr p on-shell moments 

in the ~ ++ region either by using a small I t' I average or a simple 

extrapolation. It is reasonable to assume that similar methods will 

approximate on-shell results at the Ktr vertex in the K*(890) mass region. 

However, for Ktr masses much larger than 890 MeV, one might expect, 

in analogy with the n- + p system, that the extrapolated moments are poor 

estimates of the on-shell moments. 
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2. + -K 'IT ·Moments 

We will be cons1dering in detail the Krr mass region 0.80< M(Ktr)< 100 

GeV, where there are 3267 events. The Ktr angular distribution in this 

mass region for I t I < 0.1 GeV
2 

is shown in Fig. 12. Figure 13 shows 

.•' the first four moments of the angular distribution, (Y~) through (Y~), 

plotted versus Ktr mass up to 2 GeV. In calculating these moments we 

have used events with a .6. ++ .and with I t' I < 0.1 GeV
2

• Near the 

K*(890) (Y~) is::::: 0.2, which indicates a large amount of p-wave, since 

we expect (Y~) = 0.252 for pure p-wave. The moment (Y~), which is 

large below the K*(890), measures the s-p interference. The (Y~) 

and (Y~) moments are consistent with zero for Ktr masses less than 

1.2 GeV, which indicates that waves higher than p are not observed in 

the data at these masses. 

Since at the trp vertex in the .6. ++ region, both the I t' I < 0.1 GeV
2 

and the extrapolated moments are a good approximation to the on-shell 

trp scattering, we try using both sets of data at the KTT vertex. We use 

overlapping KTT mass bins, 20 MeV wide, whose centers are separated 

by 10 MeV. This choice allows a direct comparison with previous 

analyses. However, it. should be kept in mind that only one -half of the 

points are statistically independent. For the extrapolation we use data 

up to values of It I = 0.3 or 0.4 GeV
2

, depending on the KTT mass bin; 

this I t.l interval includes about 95% of the events. We find that linear 

2 . 2 
extrapolations give reasonable X 's (average X /ND = 1.1, where ND' 

is the number of degrees of freedom). The linear extrapolations for 

(Y~) and (Y~) are shown in Figs. 14 and 15, and the results are 

summarized in Table II. The extrapolated moments versus Krr mass 

are shown in Fig. 16 and the imextrapolated moments with ! t' < 0.1 GeV
2 

(hereafter called the small I tl, moments) in Fig. 17. The extrapolated 
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and small I tl moments have similar mass dependence, but the extrap-

olated moments are systematically higher. 

We also perform a quadratic extrapolation and find that the x2
•s per 

degree of freedom do not improve (average x2 
/ND = 1.2). The quad~ 

ratic extrapolations are summarized in Table III. 

B. Cross-Section Extrapolation 

The extrapolation of the total eros s section to the pion pole is more 

elaborate than the extrapolation of normalized moments since the cross 

section has a rapid t dependence. Wolf
20 

has studied the t depen­

dence of the differential eros s section (dO' /dt) for the reaction 

+ A++ . . . "d d I 'IT p-'"" p at vanous 1nc1 ent momenta an found that dcr dt was 

adequately described by the one -pion exchange formalism modified by 

Durr and Pilkuhn form factors
21 

and by a slowly varying factor G(t). 

This DP-OPE model for dcr /dt has been successfully used for many 

reactions 15 and finally applied to extrapolations to the pion pole by 

Ma et al. 22 They studied the reaction pp- .6. ++ n and found that a con­

ventional Chew-Low extrapolation procedure
23 

did not reproduce satis­

factorly the known on-shell TT + p cross section in the .6. ++ region, where-

as the introduction of DP form factors and Wolf's G(t) factor gave very 

good agreement. This procedure has since been used by many 

h 1-6,8 
aut or s, and we use it to extrapolate our data. 

1. Total Cross Section 

In the case of one -pion exchange, the differential cross section, 

modified by Diirr-Pilkuhn and Wolf form factors, is 

2 2 
_-=--'1""=-----=- m q(m)cr (m) M Q(M)cr (M) Fl M t) 

3 2 2 2 2 m, • • 
4TT mpPL (t-f.L ) 

(1) dmdMdt 

where F(m, M, t) is a form factor which is 1 at the pion pole and has 



-11-

the form 

F(m,M,t) (DP) X(DP)K t X G2(t) . rrp vertex TT ver ex (2) 

with (DP)Krr = 1 for s -wave, 

1 2 2 

(DP)Krr = 
[ .,(m.•lr 

q (m) 

+ RK*q (m) 

2 2 for p-wave, 
1 + RK*qt (m, t) 

2 2 
(M+m ) -t [Qt(M, t)] i+ R~ Q2

(M) 
(DP) = E 

2 2 Q (M) 1 + R~Q;(M,t)' rrp 
(M+m ) -f.l. 

p 

(3) 

2 
G(t) = ~ 

c - t 

Here the symbol DP has been used for the Diirr and Pilkhun form fac-

tors and G(t) for the slowly varying additional factor introduced by 

Wolf. 
20 

The remaining symbols used in Eqs. (1)-(3) are as follows: 

m = proton mass 
p 

P L = lab beam momentum 

+ -C1 (m)= K rr cross section 

C1 (M)=rr + p cross section 

+ -m = M(K rr ) 

M = M(rr+p) 

fJ. =pion mass 

+ + -q(m) = outgoing K momentum in the K rr c. m. 

Q(M) . t . th + . = outgo1ng pro on momentum 1n e rr p c. m. 

qt(m, t)= virtual rr momentum in the K\r- c. rn. 

Qt(M, t)= virtual rr momentum in the rr + p c. m. 

The values of the numerical constants were taken to be: 

. -1 
R~ = 3.97±0.11 GeV , 

-1 
R *=1.25±0.20GeV , 

K 2 
c = 2.29±0.27 GeV . 

R~ and c were obtained by Wolf, 
20 

who fitted many reactions over a 

large energy range. The value R ·*has been obtained by Trippe et al. 3 
K. 
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. . + ++ * - *o . by fitting data of the reactions K p - ~ K and K p- K n at var1ous 

I 15 
momenta between 3 and 14 ·GeV c. 

For each Krr mass interval and t interval we define a quantity 

= (~) exEerimental 

\~nDP-OPE 
(4) "CJ " m,t 

where (_dcr) stands for the integration of the right-hand side 
\dt DP- OPE 

of Eq. ( 1) over the ~ ++ mass region and over a K rr mass interval and 

t interval: 

2 2 m q(m) M Q(M) C1 (M) 
2 2 

(t -f.l. ) 

X F(m,M,t), 

. + w1th C1 (M) taken to be the on-shell rr p eros s section, and C1 (m) set 

equal to 1. For each Krr mass interval we calculate "C1 t" for m, 

several t intervals, fit a straight line through these points (Fig. 18), 

2. 
and calculate a value of the cross section at t = 1J. This value, 

crT' should be the on-shell Krr cross section averaged over the mass 

interval under consideration, assuming that there are no rapid varia-

tions within the interval. 

These results are shown in Fig. 19 and Table IV. The peak at a 

mass of about 895 MeV exceeds the p-wave unitarity limit, which is 

consistent with the presence of some s -wave. 

2. P- Wave Cross Section 

Since there: is no indication of d-wave in our data at these Krr masses 

(Sec. III. A. 2), we can write the total cross section and momenfs in 

terms of only s and p waves as follows: 



.· 
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( y~) = __;;;_3 -
. ...{5"; 

The p-wave cross section is then 

CTP = ,.[5; (Y~) CTT 

Is I I pI cos .t '!sp 

We can extrapolate this expression to the pion pole and isolate CT , 
p 

(5) 

which allows us to obtain the best p-wave parameters that describe our 

data for use in the subsequent partial wave analysis. This also gives 

us the opportunity to check independently the validity of the extrapola-

tion procedure. 

To obtain CT we multiply 11 0" t"• defined in Eq. (4), in every t p m, 

and m interval by .f"5Tr (Y~) and then make a linear extrapolation 

of "CT " to the pion pole. The results are shown in Fig. 20 and 
p 

Table V. The maximum value of C1 is in agreement with the unitarity 
p 

limit for the I= 1/2 p-wave [p = (2/3)p
1; 2 J. and this gives us confidence 

in the extrapolation. The values of CT . are fitted by a Breit- Wigner 
p 

resonance with the form
24 

1 
with cot 6 1 

where r 
2mR 

rR m +m 
R 

16'1T 1t 
2 

sin 
2 

6 ! (6) 

1 + 

1 + 

where mR and r R are the mass and width of the resonance, respec­

tively, and R = 2 fermi. 
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We obtain the parameters 

mR = 896±2 MeV, 

rR = 47±3 MeV, 

2 
with X = 5. 5 for 6 degrees of freedom. These fitted values are con-

sistent with the average value quoted by the Particle Data Group for 

* 25 neutral K, MR = 896.7±0.7 MeV, and rR = 51.7±1.0 MeV. 

IV. PARTIAL WAVE ANALYSIS 

* The KTI s-wave can be easily studied in the K (890) region; in fact 

* . K (890) 1s a p-wave resonance with well-known behavior which can be 

used to study the s -wave through the s-p interference term. As al-

ready noted, we see no evidence for the presence of d-wave for 

M(KTI) < 1.20 GeV. The phase shift analysis, therefore, will only in-

volve s and p waves. The relations among the extrapolated quantities 

(Y~), (Y~), CTT and the s and p amplitudes have already been 

given in Eq. (5), Sec. Ill. B. 2. 

We will confine the partial wave ana:lysis to M(Krr) < 1.0 GeV, be-

cause the extrapolation to the pion pole is more reliable at low KTI 

masses, as discussed in, Sec. III. A. 1, and also because at these low 

masses all the amplitudes can be assumed to be elastic. This last 

point has been discussed in the review of Trippe. 
2 

In our data we find 

a total of 34 events for M(K1m) < 1.0 GeV in the reactions 

+ ++ ± ± 0 I I K p ... b. K TT 'IT- for all 1 t values, to be compared with 3436 events 

. h . K+ A++ + - + -m t e reaction p ... u K TT with M(K TT ) < 1.0 GeV and the same 

It I values; we therefore can safely assume the 1nelasticity to be zero. 

A. Partial Wave Amplitudes 

The partial wave amplitudes for K+ rr- scattering can have two !-spin 

components, I = 1/2 and I= 3/2. The !-spin composition is as follows: 
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s = (7) 

2 1 
p = 3 ~1/2 + 3 p3/2 . 

In terms of the phase shifts, oil, the partial waves are: 

·~ 2! 
lU Q • 2! 

s
1 

= e s1n 6 
0 

, 

.0 2! 
1 1 . ·2r 

p
1 

= e s1n o 
1 

. 

(8) 

There are four parameters in these amplitudes, two I = 3/2 and two 

I = 1/2 phase shifts. 

The I = 3/2 amplitudes have been studied in K+,/ and K TT inter­

actions by various authors
26 

and reviewed by Trippe. 
2 

Two groups 

have attempted to extract phase shifts for the s and p waves and found 

the p 3; 2 to be very small or consistent with zero, for M(Krr) < 1.0 GeV. 

For the s -wave the two analyses are consistent with an I = 3/2 s -wave 

parametrization of the form 

3 4rr 2 3 u
0 

= -y sin 6
0 

=1.8mb. (9) 
q 

' 5 
We use this form, which has already been used by Bingham et al. , 

with a negative sign for 6 ~ as determined in experiments that used 

both K + rr- a.nd K0 rr0 data. 4 ' 5 

For the l = i amplitudes we have already shown in Sec. III.B that 

the p-wave in our data can adequately be described by a Breit- Wigner 

* amplitude for a K resonance with m = 896 MeV and r = 47 MeV. This 

implies that our data do not show any need for a p 3/ 2 partial wave, in 

- - + + 2' 26 agreement with the results from K TT and K TT data. Since we 

use the BW parameterization [·Eq. (6)] for the p-wave, we are left 
i61 

with only one partial wave, s 
1

; 2 = e 0 sin 6 ~, to determine. 
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B. Calculation of the Phase and Magnitude of s separately: 
Check of Unitarity · 

For real K+ rr- scattering we expect the phase and magnitude of an 

amplitude to be related by Eq. (8), which constrains the amplitude to 

lie on the unitary circle in an Argand plot. 

In order to check if the data satisfy unitarity we can use two mea­

sured quantities, (Y~) and (Y~), to determine the phase and magnitude 

of s 1; 2 , using Eqs. (5)-( 9) and setting p 3; 2 = 0. Figure 21 shows s 1; 2 

calculated in this way for several Krr masses. The results from the 

extrapolated moments are shown on the left, those from small It I mo-

ments on the right. As expected there are two s -wave solutions at each 

Krr mass except where cj> ;, 0 (in the first mass intervals for extrap-
sp 

olated moments), since only the absolute value of the s-p phase dif-

fe renee, cj> , is determined. 
sp 

The amplitudes calculated from the extrapolated moments satisfy 

unitarity reasonably well, while the ones from the small t data give a 

magnitude for s 
1

; 2 which is too large. This shows that the small 

It I data do not obey unitarity and that they are likely to be less repre-

sentative of on-shell Krr scattering. This may be due, for example, to 

some constant background in the Krr angular distribution which could in-

crease the magnitude of s 1; 2 · 

C. Fit of o6 to (Y~) and (Y~) 

We now do an overconstrained f:U;_,f()_r 6 ~, using the extrapolated 

(Y~) and (Y~) and using eq. (8) fo~ the s 1/ 2 amplitude, therefore 

imposing unitarity. From Eqs. (7)and (8) we obtain: 
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11
2 1 [ .21 .2 3 1 3 1 3 

s = 9 4 sm 6
0 

+ sm 6
0 

+ 4 sin 6
0 

sin 6 0 cos(6 0 -6 0 )J , 

I 1
2 4 . 2 1 

• p = 9 sm 6 1 , (10) 

" 
Re(sp *>=~sin 6! [2 sin 6~ cos(6~-6!) +sin 6~ cos(6~-6!U. 

3 
Here 6

0 
is given by Eq. (9), the p-wave by Eq. (6) as previously dis-

cussed, therefore 6~ is the only free parameter. From these equations 

and Eq. (5) we calculate (Y~ (6~)) and (Y~ (6~ )). Then, for each K1r 

mass b . " 1 . . d t . . . h 2 
1n, u 

0 
1s var1e o m1n1m1ze t e X • 

2 

X2 = ~ j(Y~(6~)) - (Y~)ext J 
!=1 [ ~ (Y~) ext 

where the subscript ext refers to the extrapolated values. 

The results of this fit are shown in Fig. 22 and summarized in 

Table VI. 
2 . 1 

Plots of X versus 6
0 

for each KTT mass interval are shown 

in Fig. 23. There are two distinct solutions (i.e. , X 
2 

has two minima) 

at some KTT masses between M(KTT) = 860 and 960 MeV, although Table 

VI shows that the "up" solution is never missing in two adjacent mass 

intervals. There is only one solution below M(Krr) = 860 MeV, and 

above 960 MeV (not shown). Figure 22 is a plot of the values of 6
1 

cor-. 0 

responding to the x 2 
minima. It shows a slowly varying "down" solu-

tion, which (see Table VI) fits the moments with an average X 
2 

of 1.5 

per degree of freedom. Starting at 860 MeV one could also draw a 

rapidly rising "up" solution which has no point at 870 MeV, a point with 

2 
large X at 880 MeV, and above 960 MeV can be continued through the 

"down + 180• solution." Therefore, there seems to be a twofold 

ambiguity for the s -wave phase shift, although the "up" solution has 

l 2 t . arge X a one po1nt, no solution at all at another, and lacks smoothness. 

In the next section we. will discuss the nature of this ambiguity. 
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D. Discussion of the "Up-Down" Ambiguity 

The discussion which follows will show that the ambiguity observed 

is characterized by two factors: 

(a) Information on the size of the s -wave amplitude is crucial in 

solving the ambiguity. In fact if the moments (Y~) and (Y~) used in 

the previous section had very small errors and if the I= 3/2 s-wave 

were zero, by knowing the size of the amplitude we would expect an am­

biguous solution only at the mass of K*(890). 

* (b) The K (890) plays an important role in the ambiguity. If an s-

wave resonance like solution really exists, it has to be at a mass very 

close to 890 MeV, in order to produce a slowly varying smooth solution 

like the "down" solution. 

To illustrate point (a) we will assume that 6~ is given by a straight 

line (s
1 

in Fig. 24) similar to the 11 down" solution, and then calculate 

(Y~) c and (Y~) c using Eqs. (5)-(8) and assuming s 3; 2 = p 3/ 2 = 0. We 

now take the ratio of the (Y~) c and (Y~) c' thus discarding information 

on the magnitude of I s I . Multiplying this ratio by I p \ , we get 

I PI (Y~)c / (Y~)c =Is I cos <l>
5

p; this quantity is clearly the projec­

tion of the s-wave on the p-wave (Fig. 25). If we now recalculate 6~ 

we find two solutions, s
1 

and s 2 , at every KTT mass; that is, we get 

both the slowly varying 11 down" solution that we started with and a 

sharply rising 11 up" solution (Fig. 24). In Sec. IV -C we used ( y
0

) 1 

and (Y~) separately, and this provided enough information to eliminate 

the "up" solution for M(K1r) < 860 MeV and M(Krr) > 960 MeV (Fig. 22) 

but not enough information to eliminate it completely between 860 and 

960 MeV. By using (] T in the fit we should be able to add further infor­

mation on the magnitude of the s -wave and be able to narrow down the 

mass region of the ambiguity; this fit will be discussed in the next sec-

tion. 
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However, eveh if O'T is used in the limit in which s
3

/
2 

= 0 (Fig. 25), 

both magnitudps and both projections of s
1
; 2 on the p-wave would be 

the same at M =- 896 MeV; therefore, the ambiguity could not be re­

solved at thia mass. For a small s 3; 2 and limited statistics we still 

expect an ambiguity near the K*(890) mass. 

To illustrAte point (b) we will assume that the a-wave is a resonance 

with a certain mass M
8 

and r
8 

=50 MeV; we then calculate (Y
1

)c and 

(Y2 )c' take their ratio as before and again calculate 6~. Figure 26 

shows the two sol:'_ltions obtained for various values of M
8 

Figure 26c 

shows the case in which the input 11 up" solution has M = 880 MeV, which 

gives an acceptable "down" solution. However when we start with 

resonances with M = 840 or 860 or 900 or 920 MeV (Figs. 26a, b, d, e 

respectively) the 11 down" solution no longer has smooth behavior, and 

at some K1r mass is 11 unphysical. 11 In fact, in each case for some K1r 

masses the phase shift decreases at a rate that violates Wigner's 

al . d' . 27 In h d caus 1ty con 1hon. ot er wor s, if a resonant solution is the real 

one, the resonance occurs in a narrow mass region near the K*(890), 

where we will get two physically acceptable solutions. 

E. Energy-Independent Fit Using (Y~), (Y~), and <TT 

As discussed in the previous section we need as much information as 

possible on the magnitude of the s -wave amplitude in order to resolve 

the up-down ambiguity. Therefore we do a fit using (Y~), (Y~), and 

aT as input. The results are shown in Figs. 27 and 28 and Table VII. 

2 
Figure 2 7 shows plots of X versus 

interval. For the 11 down" solution the 

6~ for the fits in each mass 

2. average X 1s 2.0 for two degrees 

of freedom. The "up" solution follows an interesting pattern. For 

* masses much below the K (890) the second solution is absent. It be-

gins to appear with a slight asymmetry in the l plot at 870 MeV, and 
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2 
at 880 MeV where there is a shoulder with a very large X • At 890 

and 900 MeV the solutions are equally good. At 910 MeV, the second 

solution is already beginning to have a large X 
2

, and at 920 MeV the 

2 x becomes unacceptable. 

Figure 28 shows the plot of the values of 6 ~ corresponding to all the 

X 
2 

minima obtained in the fit's, including the points with large X 
2

, 

shown in parentheses. Figure 29 shows a comparison of the quantities 

(Y~), (Y~), and O'T with the result of the fits; the 11 up 11 solution is 

shown also for the points which give large X 2 , and it is easily seen _ 

that the major contribution to the large x 2 
comes from the total cross 

section. Figure 28 shows that the 11 up" solution is reduced to only two 

overlapping points at 890 and at 900 -Mev, as expected for the previously 

discussed ambiguity at the K*(890) mass. To obtain a continuous solu-

tion with these two points one has to draw a curve which connects 

them with the 11 down" solution below 890 MeV and with a "down + 180" " 

solution above 900 MeV. 

We have investigated the dependence of these results on the parameters 

* used for the K (890) by altering the mass and width of the resonance. 

F 3 ( 0 0 
igure 0 shows the results of a fit using Y1), (Y 2 ), and <TT' and a 

p-wave Breit- Wigner with M = 900 MeV and r = 50 MeV (respectively 

two and one standard deviations from the fitted values discussed in 

Sec. III. B. 2). Although the X 
2 

for some of the points of the 11 up" solu­

tion has improved, we still find that only two overlapping points in the 

up solution could meaningfully be connected to the down solution below 

890 MeV and the "down+ 180•" solution above 900 MeV. 

We now discuss the two solutions separately. 

1. The " Down" Solution 

The phase shifts of the down solution have a smooth and slowly 
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varying behavior and therefore can be parametrized by an effective-

range formula: 

1 
k cot o

0 = -

where k is the K+ momentum in the K+ 1T- center of mass, 

(11) 

1 . th ao lS e 

~ scattering length, and r~ is the effective range. We have done a fit to 

1 
alternate values of o0 from Table VII and found 

1 
a

0
-- 0.31±0.05 F, (12) 

1 
r

0 
= - 1.4±0,5 F. 

We used only every other entry starting at 810 MeV, since the mass 

bins overlap. Figure 31 shows the fitted curve to this set of 6 ~· The 

fit is reasonably good, the chi-square being 10.6 for 8 degrees of 

freedom. The phase shift rises from 20• to 60• between 810 and 990 

MeV and, if it were to follow the energy dependence of this fit, it would 

cross 90° at M = 1114 MeV. 

We have searched the complex energy plane for poles of the T 

matrix 
1 

T = cot 6 -i 

and found a pole in sheet II, defined according to the convention of 

Frazer and Hendry, 
28 

at M = 1062 MeV and r/2 = 234 MeV, which cor-

responds to the crossing of 90" in the physical region. However, since 

1 
we are not using any values of 6

0 
above 990 MeV this result is not con-

clusive. 

Griffith29 has used current algebra techniques to estimate the s-

wave K1r scattering lengths. The results are 

2 and 
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where f = f1T is a coupling constant. Taking for f the value 

f = 126 ± 6 MeV from the compilation of Ebel et al. , 
30 

we find the pre-

dieted values to be 

1 
(a0 ) = - 0.22 ± 0.02 F, 

3 
(a

0
) = 0.11±0.01 F, 

in agreement with our experimental value a~ = - 0.31 ±0.05 F from 

Eq. (12) and the value a~ = 0.12 F obtained by using Eqs. (9) and (11). 

2. The 11 up" Solution 

The up solution is obtained only at two overlapping points, at 890 

and 900 MeV. As already discussed in Sec. IV.D we expect at this mass 

a phase ambiguity intrinsic to the analysis. In addition the distributions 

of (Y~), (Y~), and <TT as a function of K1r mass do not show any 

sharp variations, which in general are associated with a narrow reso-

nance. Therefore, there is no evidence in our data for an up reso-

nant solution. However, one can still draw a continuous up solution 

by connecting the two points at 890 and 900 MeV with the down solution 

below 890 MeV and the 11 down+ tao• 11 solution above 900 MeV. This 

would correspond to a very narrows-wave resonance at this mass. The 

resolution of this experiment at the K*(890) m~ss is r /2 = 5 MeV;
31 

however, we have chosen to analyze the data in 20-MeV intervals in 

order to have sufficient statistical accuracy for the extrapolation. In 

order to investigate for what width an s-wave resonance is incompatible 

with our data, we perform next an energy-dependent analysis. 

F. Energy-Dependent Partial Wave Analysis 

We parametrize the s 1; 2 amplitude as 

1 
~1 . cotu 

0
-1 

(13) 

Since the amplitude is elastic, a simple way to combine a background 

and resonant amplitude preserving unitarity is to add the two phase 
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shifts as follows:
32 

(14) 

where oB is given by Eq. (11),whichfits the "down"solution very well, 

and oR is the phase of an s-wave resonance of the form 

M-m 
co toR = --Frz: , 

2M 
r =r s 

sM +m s 

(15) 

Here M and r are the mass and width of the resonance, m is 
s s 

the KIT mass, and qs is the momentum of the KIT system at the mass 

M. s 

If we include a resonance, the s-wave amplitude has four parameters: 

a~, r~, Ms' and r s' We have 28 data points as input, (Y~), (Y~) and 

(] T at 10 different non-overlapping KIT mass values, which we use for an 

overall fit (the total cross sections were not extrapolated at the lowest 

and highest mass\. Since the data points are average values over 20-

MeV mass intervals, we calculate an average of the function over 20-

MeV bins and in addition we fold in the mass resolution as a Gaussian 

with a± 5-MeV width at half maximum. 
31 

For each data point we calcu­

late in this way the expected value of the function and then calculate a 

2 
chi-square. We minimize the sum of the X over the 28 data points to 

find values of the parameters. 

We find that the non-resonant hypothesis, that is oR= 0 in Eq. (14), 

fits as well as the resonant hypothesis. However, the width of the reso-

nance for the best resonant fit is r s < 1 MeV, which we canl].ot detect 

since we have 20-MeV bins and± 5 MeV resolution. At two standard 

deviations from the best resonant fit the width is r = 7 MeV. The data 
s 

used in the fit are shown in Fig. 32, where the solid curve represents 

the scattering length fit, oR = 0 in Eq. (14), and the dashed curve 
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represents the fit for r = 7 MeV. A resonance with this width could 
s 

produce a detectable effect especially in the Y~ and (] T distributions. 

The non-resonant fit gives a~ = - 0.33, r~ = - 1.1, X 
2 

= 36.0 for 26 

degrees of freedom, with parameters in agreement with the ones ob-

tained in the energy-independent fit [Eq. (12)]. 

V. SUMMARY AND CONCLUSION 

We have done ~energy-independent phase shift analysis of K+IT-

1 t. tt · · th · + + - ++ 1 e as 1c sea enng 1n e reactlon K p - K IT t:. at 12 GeV c, for KIT 

masses between 800 and 1000 MeV. First we fitted 6~ to the extrapo­

lated moments only. We find a slowly varying "down" solution which 

is approximately a straight line varying from zo• at M(KIT) = 800 MeV 

to 60" at M(KIT) = 1000 MeV. At some Krr masses we found a second 

solution with acceptable X 
2

• This second solution, when connected to 

the lower branch of the down solution and the upper branch of the 

.. 

"down+ 180 • 11 solution, could give a resonant-like "up" solution, al­

though the "down" solution would be favored over such an "up" solution on 

the basis of X 
2

. 

(a) If the" down" solution is the true solution(there is .no narrow reso­

nance), then, due to the mathematical ambiguity discussed in Sec. IV.D. 

there will always be an'up"solution near the K*(890), i.e., the 'tlown11 

solution together with the rapidly changing p-wave of the K* gives rise 

to a spurious "up" solution. 

(b) If the "up" solution is-the true solution (there is a narrow reso­

na,nce), then the "up" solution together with the K*(890)p-wave will give 

rise to a "down'' solution. However, thi~ ''down' solution will not have reason-

able smooth behavior unless such a resonance has a mass close to 890 .MeV. 

In other words, if the "up" solution corresponds to a resonance·, it occurs 
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at just the mass that would allow the spurious 11 down" solution to also 

have reasonable behavior. 

We then made a fit for 6~ using the extrapolated moments and total 

cross section and find that the points of the "up" solution on either side 

of the K*(890) are eliminated or have large X 
2 

The remaining points 

at the overlapping energies M(Krr) = 890 and 900 MeV are at a mass 

where the ambiguity cannot be resolved with the present accuracy of the 
\ 

data. One can still draw a continuous solution by connecting these two 

points with the "down" solution below 890 MeV and the "down + 180•" solu-

tion above 900 MeV, which would correspond to a narrow resonance 

added to a smooth background. However, there is no evidence for a 

narrow resonance in the distributions of (Y1 ), (Y2 ), and O'T' which 

exhibit a smooth behavior. 

In order to investigate how narrow a resonance can be compatible 

with our data we have done an energy-dependent partial wave analysis. 

. We have used in the fit extrapolated values of (Y1), (Y2 ), and O'T 

and parametrized the s-wave with a resonance added to an effec-

range form for the background. We again find no evidence for a reso-

nance, although since we have limited statistics and a mass resolution 

of± 5 MeV we cannot exclude an s 1; 2 resonance with r < 7 MeV. 

The analysis of Bingham et al. , 5 who used the WDST compilation 

data, 9 found two s.olutions that fitted the data equally well: a "down" solu-

tion similar to ours and an "up" solution corresponding to a resonance 

added to background with r < 30 MeV. In our experiment we have 

better mass resolution, and in addition we have included the total cross-

section measurements in the fit, thus adding constraints in the fit. We 

find no "up" solution, but due to limited statistics could not include one 

corresponding to a resonance with r s < 7 MeV. The other analyses 
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discussed in Sec. I which found two solutions had fewer statistics than 

our analysis. Chung et al. , who used a different method of analysis, 

0 h 1 0 10 agree w1t our cone us1ons. 

In conclusion, we find that the s-wave Krr scattering in the 0.8- to 

1.0-GeV mass region is adequately represented by a phase shift slowly 

varying from 20• to 6o•. Its energy dependence is well represented by 

an effective range formula with a scattering length a~ = - 0031±0005 F 

1 
.and an effective range r 0 = - 1.4 ± 0. 5 F. The scattering length is in 

agreement with the current algebra calculation of Griffith: 29 

1 a
0 

=- 0.22±0.02 F. 
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Table I. 1T + p moments at the pion pole obtained by linear extrapolation. 

The reaction used is K+ +p- K* 1T + p. 

+ (Y~) d (Y~) x2/ND (Y~) d (Y~) 2 
1T p mass X IND . 

(GeV) · 

1.15-1.20 -0.100 0.02l 0.8 0.068 0.021 0.8 

l. 20-1.23 -0.022 0.023 0.6 0.109 0.022 o.l+ 

1.23-1.26 ·o.o39 0.024 0.4 0.129 0.022 1.9 

1.26-1.32 0.092 0.022 1.3 0.110 0.019 1.6 

1.32-1.40 0.174 0.02) 1.2 0.153 0.025 L.3 

1.40-1.50 0.318 0.02i 1.6 0.246 0.029 0.6 

1.)0-1.15 0.288 0.020 0.8 0.300 0.021 1.3 

l. 75-2.00 0.253 0.026 0.9 0.337 0.023 0.5 

2.00-2.30 0.373 0.017 0.6 o.4ll 0.021 0.5 

I 
Vol .... 
I 

(Y~) d (Y~) (Y~) d (Y~) 

1.15-1.20 -0.048 0.021 0.6 0.008 0.021 0.7 

l. 20-L 23 -o.ool+ 0.022 0.') -0.003 0.022 0.') 

l. 23-1.26 -0.026 0.023 0.6 0.020 0.022 0.8 

1.26-1.32 0.008 Q.020 1.5 -0.052 0.019 0.9 

1.32-1.40 -0.003 0.028 0.9 -o.o44 0.028 1.1 

l.i+0-1.50 0.122 0.033 l.l 0.059 o.o34 0.9 

l.)0-1.75 0.174 0.027 L3 0.094 0.028 0.5 

l. 7~)-2 .oo 0.303 0.029 0.8 0 .. 268 0.029 1.) 

2.00-2.30 0.435 0.02) 0.9 0.376 0.031 1.3 



Table II. K+ Tr- moments at the pion pole obtained by linear extrapolation. 
. + ++ + -The reactlon used was K +p-6 K Tr • 

Kn mass No. of (YO) 0 2; (YO) I d(YO) 2 
d (Y 1 ) X ND X /N 

(GeV) 
. 1 2 . 2 D events 

0.810-0.830 96 0. 350 0.040 0.4 0.153 0.056 0.3 

0.820-0.840 104 0.343 0.045 1.0 0.210 0.057 0.9 

0.830-0.850 152 0.248 0.040 0.7 0.218 0.042 1.8 

0.840-0.860 190 0.261 ' 0.036 2.4 0.174 0.036 1.3 

0.850-0.870 293 0.204 0.029 1.1 0.161 0.027 0.9 

i 
430 0.026 1.8 0.860-0.880 0.2)0 0.211 0.022 0.9 

0.870-0.890 576 0.193 0.023 0.5 0.229 0.019 0.3 

o.88o-0.900 732 0.1?2 0.021 o.l+ 0.210 ' 0. 018 0 , . 
• l 

0. 890-0. 9~10 719 0.0'{9 0.022 0.7. 0.206 o.orr 0.( I 
w 

0.900-0.9?0 594 0. 06'( 0.024 0.9 
N 

0.207 0.019 l. L~ I 

0.910-0.930 456 0.075 0.027 1.0 0.188 0.022 o. ~~ 

0.920-0.940 324 0.030 0.032 0.6 0.215 0.026 J..l~ 

0.930-0.950 266 -0.021 0.037 0.7 0.199 0.03? l.? 

0.940-0.960 219 -0. 0')0 0.042 1.6 0.224 0.034 l. (l 

0.950-0.970 172 0.009 0.055 0.2 0.192 0.04'( 0.4 

0.960-0.980 166 -0.019 0.052 0.7 0.059 0.048 2.2 

0,970-0>990 I 146 -0.035 0.060 3.6 0.086 0.058 1.0 

.. 
. _, . 
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Table III. K+ 1T- moments at the pion pole obtained by quadratic extrapolation. 

K1r mass (Y~) d(Y~) 2; (Yo)" d (Y~) 2 

_(GeV) 
X ND 2 X /ND 

0.810-0.830 0.35 0.11 0.7 0.08 0.15 0.3 

0.820-0.840 0.37 0.13 2.0 0.29 0.17 1.7 

0.830-0.850 0.33 0.10 0.7 0.36 0.10 1.6 

0.840-0.860 0.30 0.07 3.5 0.26 0.08 1. ~~ 

0.850-0.870 0.14 0.06 1.0 0.19 0.06 1.1 

0.860-0.880 0.11 0.06 0.3 0.23 0.05 1.1 
' 

0.870-0.890 0.17 0.05 0.5 0.23 0.04 0.'5 

0~880-0.900 0.10 0.04 0.4 0.20 0.04 0.6 I 
Vol 
Vol 

0.890-0.910 0.08 0.04 0.9 0.20 0.03 o.n I 

0.900-0.920 0.05 0.0') 1.0 0.15 0.04 1.~ 

0.910-0.930 0.07 0.06 1.2 0.14 0.05 o. '( 

0.920-0.940 0.03 0.07 0.7 0.17 0.05 l.h 

0.930-0.950 -0.02 0.08 1.0 0.22 0.07 1. (~ 

0.940-0.960 o. 12 0.09 0.9 0.28 ·o.o8 ,.., '1 c. .• , 

0.950-0.970 0.00 0.16 0.4 • 0.13 0.12 0.3 

0.960-0.980 -0.09 0.15 1.0 0.20 0.14 3.h 

0.970-0.990 -0.48 0.21 2.8 0.31 0.19 O.f1 



Table IV. + - : 
K rr total cross section extrapolated to the pion pole. 

aT 2 
Krr mass X /ND 

(GeV) (mb) 
-

0.810-0.830 10.9±2-7 1.8 

0.820-0.840 9.9±2.9 2.9 

0.830-0.850 19. 7±2.4 0.9 

o.84o-o.86o 26. 7±2. 7 1.2 

0.850-0.870 39.5 ±3 .1 0.7 

0.860-0.880 51. 7±3. 7 0.4 

0.870-0.890 66.1±4.0 0.5 

0.880-0.900 84. 7±4.5 L1 I 
w 
~ 

0.890-0.910 84.8±4.1 2.3 I 

0.900-0.920 67.1±3.7 2.9 

0.910-0.930 49.9±3.2 1.7 

0.920-0.940 34.7±2.6 1.7 

o. 930-0.950 22.7±2.9 1.3 

0.940-0.960 16.8±2. 7 1.6 

0. 950-0. 970 15 .9±3.3 l.O 

0. 960-0. 980 17.6±3.1 0.9 

I ! 

.. • 
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+ - . ' Table V. · K rr p-wave cross section extrapolated to the pion pole. 

(] 2 
Krr mass p X /ND 

(GeV) (rob) 

0.810-0.830 6.3 ± 3.7 0.1 

0.820-0.840 10.3 ± 4.0 0.3 

o. 830-0. WiO 13.9 ·'· ).) l.j 

0.840-0.860 15.7 ~t 3.3 1.2 

0.850-0.870 21.6 ± 3.7 2.0 

0.860-0.880 39.7 ± 4.8 1.9 

0.870-0.890 56.5 ± 5.4 1.0 I 
w 

0.880-0.900 67.2 ± 6.0 0.6 
Ul 
I 

0.890-0.910 64.1 ± 5.3 0.5 

0.900-0.920 50.0 ± 4.7 2.0 

0.910-0.930 34.5 ± 4.1 1.1 

0.920-0.940 26.7 ± 3.4 0.6 

0. 930-0. 950. ..... ' 19.3 ± 4.1 !..,. 0.2 

0.940-0.960 15.9 ± 3.8 0.4 

0.950-0.970 12.8 ± 4.3 0.2 

0.960-0.980 3. 7 ± 4. 0 . 2.0 



Table VI. Values of the phase shift 6~ obtained in the fit to extrapolated 

(Y~) and (Y~) 

Kll' mass "Down" z "Up" z 
1 t" X 1 . X 

(G ~) sou1on (N = 1) souhon (N _ 1 ) 
e 1 D 1 D-

60 (degrees) 6
0 

(degrees) 

0.790-0.810 31 ± 8 0.9 

+ 11 0.800-0.820 19 - 4 0.9 

0.810-0.830 2'5 ± 5 4.5 . 

0.820-0.840 26 ± 6 3.9 

0.830-0.850 23 ~ ~ 0.6 

0.840-0.860 34 ~ ~2 o.o ~' 
+ 44 + 10 "' 

0.850.:.0.870 34 _ 7 2. 9 64 • 16 l. 9 I 

0.860-0.880 37 ± 6 0.2 

. 4 + 8 
0.870-0.890 37 ± 5 0.3 9 - 12 11.7 

0.880-0.900 34 ± 5 1.6 130 'i" 5 0.3 

0.890-0.910 36 ± 5 2.2 153 ± 5 2.0 

0.900-0.920 43 ± 5 0.1 167 ± 5 2.9 

0.910-0.930 53±6 0.1 170±5 7-5 

0.920-;-0·9~0 45 ±8 3.3 183' ± 5 1.4 
. + 9 . + 40 . . 

o. 930-0.950 41 - 12 1.3 192 - 6 2.3 

+ 10 0.940-0.960 15 - 5 0.4 

o. 950-0.970 53 ± 14 3.1 187 ± 6 1.5 

0.960-0.980 59 ± 11 0.2 

6 + 14 0.970-0.990 5 - 12 o.o 

0.980-1.000 36 : ~ 0.6 

~ " ' ' . . 
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'J'able VII. Values of the phase shift obtairied in the fit to extrapolated 

(Y~), (Y~), and <1 T' ' 
--

"Down•• 2 ••up••· 2 
K1r mass solution X solution X 

(GeV) 1 (ND = 2) 
o ~ (degr'ees) 

(ND = 2) . 
o 

0 
(degrees) 

0.790-0.810 30 ± 7 1.0 

0.800-0.820 ~9 ~1g 1.0 

0.810-0.830 24± 4 4.6 

o.82o-o,84o 23 ± 4 5·3 

0.830-0.850 29 ± 5 2.4 

0.840-0.860 37 ± 5 0.1 

0.850-0.870 48 ± 6 3.0 

0.860-0.880 43 ± 6 1.7 

0.870-0.890 38 ± 5 0.6 shoulder at 33.7 100 

0.880-0.900 36 ± 4 2.7 .133 ± 5 2.3 

0.890-0.910 39 ± 5 3.7 151 ± 5 3.2 

0.900-0.920 45 ± 4 0.9 .163 ± 5 10.3 

0.910-0.930 54 ± 5. 0.1 164 ± 5 21.3 

0.920-0.940 48 ± 5 3.6 179 +7 
-6 21.8 

0.930-0.950 4o ± 6 1.3 

0.940-0.960 31 +B . 
-16 2.4 

0.950-0.970 45' ± 8 3.5 187 + 8 
'- 6 

6.6 
';, 

0.960-0.980 56 ± 7 0.4 

0.970-0.990 58 ± 9 0.1 

0.980-1.000 56 ± 9 2.5 

I 
vv 
-.J 
I 
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Figure Captions 

Fig. 1. (a) K+ TT mass distribution for all the events 

Fig. 2. 

Fig. 3. 

(b) K+TT- mass distribution for D.++ event~ [ 1.16 < M(rr +p) 

< 1.36 GeV] 

(c) TT + p mass distribution for all the events 

(d) TT + p mass distribution for the events used to study Krr 

scattering. 

+ - + Triangle plot of M(K TT ) versus M(rr p), all events. 

Four-momentum transfer squared between the target and the 

outgoing TT + p system: (a) -t for all the events, 

++ * ++ + -(b) -t for D. K events, (c) -t for D. K rr events for 

+ -M(K TT ) = 0.8-1.0 GeV, (d) -t' + = -t + + t . for all the events, 
p, TT p p , TT p m1n 

++ * + * I (e) -t' for D. K events, (f) -t' for prr K events. w 
00 

2 + - I 
Fig. 4. Chew-Low plot. (a) M (K TT ) versus -t + for all the events p,TT p 

. 2 + - ++ 
(24 266). (b) M (K TT ) versus -t D. for the D. events (10 101). 

. p 

·Fig. 5. (a) One-pion exchange diagram, (b) t-channel coordinate 

system (Jackson frame) for the Krr vertex. <j>Krr is the Treiman- Yang 

angle. An analogous frame can be defined for the rrp system. 

Fig. 6. Treiman and Yang angle <j>Krr in the K+ rr- center of mass for 

+ ++ * . ,. I 2 K p-A K (890) events. (a) Events w1th t <0.1 GeV (1551), 

(b) events with/ tl = 0.1 to 0.2 GeV
2 

(460), (c) events with 

2 . • . 2 
It I = 0.2 to· 0.3 GeV (198), (d) events with It I = 0.3 to 0. 5 GeV (156). 

Fig. 7. Treiman and Yang angle for <P in the 'IT+p center of mass for 
~~ rrp 

+ ++ * . K p- A K (890) events. · (a)-(d) same t intervals as for Fig. 6. 

Fig. 8. Extrapolated moments of the TT + p angular distribution versus 

+ + + * 
'TT p mass for events of the reaction K p -rr pK (890). The dots 

represent the unextrapolated values forlt 'I< 0.1 GeV
2

; the points at 

the lowest rr+p mass are the unextrapolated values since the statistics 

were not enough for ah extrapolation. / 

• • .. 
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Fig. 9. Kn scattering angle, coseKn. K*(890) ~++events. 

(a) - (d) same t intervals as for Fig. 6. 

.. 

Fig. 10. * + Invariant mass squared of the K (890) n system versus ;r p 

invariant mass squared. 

Fig. 11. Invariant mass squared of the ~ ++ n- system versus the invari-

+ -ant mass squared of the K n system. 

Fig. 12. Angular distribution of the K+ n- scattering angle for the re-

t ++ + - + - I I 2 action K p -+ .C:.. K TI for M(K n ) = 0. 8 to 1.0 GeV and t < 0.1 GeV 

(2038 events). 

Fig. 13. + - + -K TI moments versus K TI mass for the events of the reac-

tion K+ p -+ ~ ++K+ n- and with It' I < 0.1 GeV 2 . 

Fig. 14. 

(Yo) 
1 

Extrapolation of the K+ n- moments to the pion pole. The 

moment is shown versus -t for different K+ n- mass intervals. 

The t bins are chosen for each K+ n- mass interval in such a way 

that each bin contains at least 25, and on the average 60, events. 

Fig. 15. Extrapolation of the (Y~) moment; see the caption for Fig. 14. 

Fig. 16. + -K TI extrapolated moments versus Kn mass. Values for 

overlapping Kn mass bins are shown. 

Fig. 17. K+ n- moments with It I < 0.1 GeV
2 

(small I t I moments) 

versus Kn mass. Values for overlapping Kn mass bins are shown. 

Fig. 18. Extrapolation of 11 O" 11 to the pion pole, t = f.L 
2

, for different 

Kn mass intervals, The leftmost point, "0" 11 (t = f.1.
2

), is assumed 

to be the K+ TI- total cross section· at the pion pole. 

Fig. 19. 
' + -

Ex,trapolated K n total cross section versus Kn mass. Values 

for overlapping Kn mass bins are shown. The curve is the p-wave 

unitarity limit . 

. Fig. 20. Extrapolated p-wave cross section versus Kn mass. The 

curve is a Breit- Wigner fitted to the data, M = 896 ± 2 MeV and 
I 
l 

I 
\.1-l 
-..!) 
I 



r = 47±3 MeV. 
2 

X = 5. 5 for 6 degrees of freedom. 

Fig. 21. Argand plots for the KlT I = 112 s-wave. The phase and 

magnitude of s 112 are calculated from ( Y~) and ( Y~) ; unitarity is 

not imposed. Extrapolated data, left, and small I t I data, right, 

for several KlT mass intervals. The p-wave is a Breit- Wigner and 

the I = 312 s -wave is given by Eq. (9). 

Fig. 22.. I = 1/2 s -wave phase shift from an energy-independent fit of 

o~ to (Y~) and (Y~). The p-wave is a Breit-Wigner with par am-

eters determined from the data, 
3 

M = 896 and r = 47 MeV, and o
0 

corresponds to Eq. (9). A solution with unacceptable x 2 
is plotted 

with parentheses and the X 
2 

is given. 

Fig. 23. X 
2 

versus o ~ for the fits of Fig. 22. 

Fig. 24. Illustration of the" up-down" ambiguity. For each KlT mass, 

o~ is calculated from (Y~)I(Y~) (which in turn has been calculated 

from s 1 , a straight-line approximation to the 11 down" solution). At 

all KlT masses we obtain a new solution s 2 in addition to s 
1

. Informa­

tion about the magnitude of s 112 is not used. 

Fig. 25. Illustration of the "up-down" , ambiguity. Calculation of o ~ 

from (Y~) I (Y~) giving twos-waves, s 1 = sdown and s 2 = sup" 

(a) M(KlT) = 870 MeV, I sil f. I s21; (b) M(KlT) = 890 MeV. 

Here I s 1 I = I s 2 1 and the ambiguity cannot be resolved. 

Fig. 26. Effects of varying the mass of a resonant 11 up" solution. 

Starting with s -wave resonances at various masses with ~ = 50 MeV, 

the ambiguous solutions are calculated using (Y~) I (Y~). For 

M = 880 MeV, the two solutions approximate those of Fig. 22. For 
s 

other values of M we no longer get a physically reasonable" down•• 
s 

solution. 

. '2 £1 . 1 < Q, < 0> F1g. 27. x versus v 0 for the flt of 6
0 

to Y 1 ), Y 2 , and O'T· 

~ 

' ' ' .-: 

I 
~ 
0 
I 
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Fig. 28. s -wave phase shift, 6 ~· from an energy-independent fit to 

the extrapolated (Y~), (Y~), and aT with p-wave parameters 

M :: 896, r = 4 7 MeV. Solutions with large X 
2 

are plotted with 

par.entheses and the X 
2 

is shown. Average x 2 
for the 11 down" solu-

tion is 2.0 for two degrees of freedom. Values for overlapping K1r 

mass bins are shown. 

Fig. 2 9. Comparison of ( Y~) , ( Y~) , and aT calculated from the 

phase shift solutions of Fig. 28 with the extrapolated moments and 

total cross section. 

Fig. 30. s-wave phase shift 6~ from a fit like that used for Fig. 28, 

except with p-wave parameters M = 900 and r = 50 MeV. 

Fig. 31. Effective range fit to the phase shift of the 11 down 11 solution. 

Fig. 32. Extrapolated ( Y~) , ( Y~) , and (] T" The curves are the re­

sults of energy-dependent fits. The solid curve represents the best 

fit for the nonresonant hypothesis; the dashed curve is the fit for an 

s-wave resonance with r = 7 MeV added to an effective-range back-

ground. 

I 
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This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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