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PREFACE

During the past year, the first data from the SPS collider at
CERN have become available. The initial results are only a glimpse at
a new énergy regime and we can reasonably expect an increase in the
extent of the data by a factor of 10* to 10°. Moreover, within a few years,
the Fefmilab Tevatron Collider will be in operation with a center of . mass
energy nearly four times as great as that at CERN. Beyond these machines
are other possibilities: a high luminosity pp machine at Brookhaven with a
center of mass energy of 0.8 TeV; a pp or pp machine in the LEP tunnel at
CERN; a “desetron” in the southwestern United States with many TeV
in the center of mass. The purpose of these lectures is to provide an

orientation for the wealth of data that these machines will provide.‘

It is quite impossible to cover comprehensively the topic of high
energy hadronic collisions in two lectures or ten. As a first step in reducing
the scope of the subject I have omitted any discussion of multliparticle
productioh at low. momentum transfer. Since these events make up the
bulk of the cross section, this is a serious omission indeed., Nevertheless,
the remaining topics are so extensive that a complete review of them would -
probably require the entirety of the Summer School rather than the two
lectures I have available.

To reduce the task even further I have relied on a particular
advantage I bring to the assignment: I am not an expert on the'topic of
hadronic interactions. In deciding what material to include in the lectures,
I'simply asked myself what I woul-d'like to know about the subject, with the
hope that this would correspond to the wishes of most of the participants
in the Summer School. In this way I decided to restrict myself to two
topics: very soft physics and very hard physics. The first lecture, then,
Is devoted to-total cross sections, the ratio of the real to the imaginary
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part of the forward scattering amplitude, and the slope parameter. The

second discusses, at the most elementary level, lepton pair production, Z° -

production, high transverse momentum, and heavy flavor production.

The first topic is so old that it has almost become new. Many
younger physicists are unaware of the very beautiful work on analyticity,

which once played such a central role in the concerns of high energy

physics. Indeed, many who were once familiar with this topic may enjoy
refreshing their memories. Moreover, the colliders are taking us a long
way toward the elusive asymptopia where most of the rigorous theorems
apply. ' '

The second topic is by comparison new, but runs the risk of
becoming worn out, so much has been said of high transverse momentum
and the like. The intent here is to use the most direct means available for
estimating the cross sections of interest while eschewing all considerations
of theoretical refinements such as higher order corrections in QCD. This
is dictated both by lack of space and time and by my lack of expertise; it
is justified by the inherent uncertainties in the best of calculations.

How interesting are pp colliders? Aren’t the Z° factories about

to be built at SLAC and CERN much more interesting? My own bias-

is that if nothing unexpected happens, the results from the Z° factories
will be cleaner and thus more susceptible to interpretation. But if nothing
unexpected happens, we shall not have learned very much. We should
hope for the unanticipﬁt,ed which may give us the new clues we need.
In these lectures I show what we should expect, in the hope that it will
provide a standard against which we can measure to find disérepziucies
that will lead to a better undeistanding. .

These are truly lectures, not reviews. Consequently, I have not
tried to give complete references to the original literature, but instead
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have often chosen to cite reviews that I found useful. I apologize to the

:-many authors whose contributions have thus been slighted.

‘ I would like to thank CERN and the A. P. Sloan. Foundation
which provided support during the time the lectures were initially written.

" Also, I would like to thank Jacques Prentki for the hospitality of the

Theory Group at CERN. Thanks are also due to Maurice Jacob and Andre
Martin for t.he_ir_interest and assistance. Most especially, thanks are due
to Marty Block with whom most of the material in the first lecture was
prepared jointly. This work was also sﬁpported in part by the Director.
Office of Energy Research, Office of High Energy and Nuclear Physics,
Division of High Energy Physics of the U.S. Department of Energy under
Contract DE-AC03-76SF00098.



I. Elastic Scattering

1.1 Geometrical Picture

We begin our study of elastic scattering at very high energies by
recollecting some basic concepts from ordinary scattering theory [Schiff,
1968;Eden, 1967;Jackson, 1973 ]. We neglect spin even though we are
interested primarily in pp and pp scattering. The intent here is to develop
a geometrical picture of the scattering which will provide a suggestive
language and some intuition for the subject.

The standard partial wave expansion for the scattering amplitude
is

16, ) = £ 321 + DP(eos D)au(k), 8y

i

where
__exp(2id) — 1
=

ai(k) 5

2

and §; is the phase shift in the /*! partial wave. At very high energies,
elastic scattering involves very many partial waves so it is convenient to

convert the sum over ! into an integral. Let & be the center of mass:

momentum, § the center of mass scattering angle, and ¢ the momentum
transfer. Then g2 = 4k2(sin8/2)°. A classical description of the scat-
tering would introduce the impact parameter, b, which is related to the
angular momentum by 4

bk =1+ % _ B

The extra 1/2 is thrown in for convenience and in recognition of its
appearance in the WIKB approximation.

To convert Eq.(1) to an integral, we replace 3, — [ dl — [ kdb
and a;(k) — a(h, k). We need also to express Py{cos #) in terms of b and q.

s

For large [, we have [Erdélyi, 1953 ]
Pi(cos8) — Jo((2l 4+ 1)sin 8/2) (4)

With these replacements, Eq.(1) becomes

s0.0=2% [ sabio(at)aCs, i) (5)

or, using the integral representation of Jo [Abramowitz and Stegun, 1964,
p. 360 ] '

21
Jo(z)=§1;r- | dpexplizcosg) 6)

it is simply
k 2 .
f(6,k) = — ] @b exp(iq - b)a(b, k) (M

With the standard non-relativistic normalization, we have

2
Ool = / Q| f|? = f dzq%‘:“ / d2bla(b, k)2, (8)
and
oot = T Im, f(0 k)—4/ d2b Im a(b, k) (9)
tot = k 3y = y ).

where the‘ latter follows from the optical theorem ([Schiff, 1968 ]. The
amplitude in impact parameter space, a(b, k) is still of the form of Eq. (2).
Thus it lies in the usual Argand plot shown in Fig. la. Elastic scattering
corresponds to § being real. If there is inelastic scattering as well, then ¢
has a positive imaginary part and a(b, k) lies inside the Argand circle.

Total absorption corresponds to Imé = oo or a(b, k) = i/2.
Thus a black disc of radius R gives a total cross section (see Eq.(9)) 2mR?
and an elastic cross section of TR? (see Eq.(8)).
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Im a We can translate the scattering amplitude into an amplitude in
impact parameter space by inverting the Fourier transform in Eq.(T). Thus
we find

a0, k)= 1 | dqexp(—ia-B)f(6, ) (10)

Let us apply this simple geometrical picture to elastic pp scat-
tering using the parameters appropriate to ISR data. The amplitude will

i be taken to be purely imaginary (the ratio of the real to the imaginary
Z part is less than 0.1 at these energies) with a dependence on g2 of the form
exp(— Bg¢?/2). The value measured for B at the ISR is around 13 GeV—2
[Giacomelli and Jacob, 1979 |. Using the optical theorem, Eq.(9), we find
the amplitude
iko
f == 2 exp(—Bg*/2) (11)
R and the elastic cross section
: e a 2
Fig. 1.a. The Argand circle inside which the partial wave amplitude, Ool = / an|f]? = / Tik mdg? _ ot (12)
ai(k), Eq. (2), must lie. _ k2~ 167B
Moreover, we can calculate the profile of the proton in impact parameter
Lo} space.
io
alb, k) = 7% _/ d2gexp(—Bg?/2)exp(—ib- q)

_ 0tot E_ 32

=T B exp(—b°/2B) (13a)
2iae[ 2 .
= —exp(—b*/2B) (13b)
—t ’ Otot
1 2 b (fm)

At zero impact parameter, a(0, k) = i0¢,¢/(8mB) = {43 mb (8-m-13GeV—2)—1.
(0.389 mb GeV?)—! = 0.34 . This is 68% black. As the impact parameter
increases, the proton becomes progressively more transparent. See Fig.ib.

Fig. 1.b. The profile of the proton, I' = [2a(b, k)| vs. b, for a
purely imaginary Gaussian elastic amplitude. See Eq. (13).
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1.2 Analyticity

Having begun with a very physical approach to the scattering
of high energy particles, we reverse our direction completely to consider
the most abstract techniques, those based on analyticity [Eden, 1967;
Martin and Cheung, 1970; Jackson, 1973 }. Analytic properties of the
scattering amplitude seemed a central aspect of hadronic physics before
the advent of QCD [Chew, 1966 ]. While dynamical calculations based
on QCD seem more compelling than approaches based on analyticity,
there remains a truly impressive edifice built by Gell-Mann, Goldberger,
Lehmann, Martin, Mandelstam, and others which is part of the cultural
heritage of particle physics. Here we shall treat the topic in a brutally
simplistic way, striving only to reveal results of direct applicability to high
energy scattering. ) o

The forward scattering amplitude for pp scattering is a function
of s, the square of the center of mass energy.! It is the boundary value of
an analytic function. By this we mean that there is an analytic function
of s, say F(s), such that if we let s be just above the real axis, say z +
i€, then F'(z + ie) is the scattering amplitude for center of mass energy
squared z. The function F'(s) is analytic in the s-piane, except for cuts
(and poles) along the real axis. See Fig. 2a. One cut begins at 4m"; and
extends to infinity along the positive real axis. There is also a left hand
cut. Below the left hand cut, F(s) represents the scattering amplitude of
pP scattering. If the value of s is —z — i¢, F(s) represents the scattering
amplitude for pp scattering at a center of mass energy squared of a:+4m§.
‘When s is just below the left hand cut, it corresponds to the value of u
for the pp scattering. It is often useful to use a variable v = (s — u)/4m,
which has nicer symmetry than u or s, but at high energies and fixed t
we can just as well use s itself. ‘

-0

PP PP

Y
PP PP

Fig. 2.a. The complex s-plane with left and right hand cuts.
The pp elastic amplitude is evaluated just above the right hand cut and
the pp elastic amplitude is evaluated just below the left hand cut.

Fig. 2.b. The cut complex s-plane for the function g+ of Eq.(16).
The value of the function is

g4+-(s) = |so + s|* ¥ 4|5 — 5| e *%2,



‘We shall consider the Lorentz invariant amplitude M ,which for
convenience we normalize so that the optical theorem reads

o=—ImM/[s v (14)

where we have ignored mf, relative to s.2 It is very useful to define two

amplitudes which are combinations of the pp and pp elastic amplitudes:

1
My = E(Mﬁﬂ: Mopp). ‘(15)

The amplitude M 4 is even under s — —s , while M_ is odd
(again, we really should be using the variable v). As a prototypical
example, consider the function

04(5) = (s0 — 8)* + (50 + )7, e

This function has branch points at 4 s5. We can take the branch cuts to
extend from s¢ to infinity and from — s¢ to negative infinity along the real
axis. We define the function so that it is real along the real axis between
—sp and s9. See Fig.2b. ’

Just above the right hand cut, for s » s,

g+(s) ~ |s|*(1 4 exp(—ira)) = 2 cos(7ra/2)|s|°’ exp{—imaf2), {(17)

while just below the left hand cut

g+(s) N [s]*(exp(—ima) + 1) = 2 cos(me/2)|s|* exp(—ima/2), (18)
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This function is even and real analyﬁc (that is, it is real on the real axis).
Moreover, (since it is real analytic) its value just above the cut is just the
complex conjugate of its value just below the cut, as one easily verifies.
It has all the properties we want for the forward scattering amplitude. Its
imaginary part would be related to the cross section. Just below threshold,
it is purely real. From this example, we infer that even amplitudes which
behave asymptotically as s* have the phase exp(—ira/2). This inference
can be made rigorous with the Phragmén-Lindelof theorem [Titchmarsh,
1939 ]. The corresponding analysis for odd amplitudes shows that their
phase is exp(im(1 — «)/2) if their power behavior is s*.

Of course, not all amplitudes need have power law behavior. An
example of an even function of a different sort is

4(6) = lin((s1 + 9)/50) + (51 — /so), 19)

which has the same sort of cut structure as before and which we can define
so that it is real on the real axis between the two branch points. We then
find that above the right hand cut (and below the left hand cut), for s >
So

74 (5) ~ In(s/s0) — 2. (20)

1.3 The Froissart Bound

Before the operation of the ISR , it appeared that all hadron-
hadron total cross sections might become constant at high energies (this
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was believed inspite of the apparent rise in the K+ p cross section). It was
known on fundamental grounds that the cross sections could not grow
faster than In® s - the Froissart bound [Froissart, 1961 ]- but this limit
seemed quite irrelevant. Now the pp cross section appears to be growing
as In? s, though that may not continue.

We present here a derivation of the Froissart bound based on two
fundamental results which we take as given [Martin and Cheung, 1970]:

i. The scattering amplitude M ~ /5f grows no faster than s2.

ii. For fixed s (i.e. ¥2), the amplitude is analytic in the region [g|> <
4m2. ' '

We use (2) and evaluate M at ¢ = 2im, using Eq(7).

M~ sf d?b exp(iq- b) a(b, s)
~ s/ bdbd¢ exp(—2mbcos @) a(b, s)

~s / bdb exp(2mb) a(b, s) < Cs?. (21)

The third line is a rough approximation valid for m.b > 1.

We seek to maximize the cross section, subject to this constraint.
Clearly it is best to make a(b, s) purely imaginary. Alsd, it is best to keep
all the contributions at the lowest possible value of b in order to minimize
the above integral. Thus we take a(b,s) = i for b < b, and a(h,s) = 0
for b > b.. A rough evaluation of the integral gives us a limit for b:

exp(2myb,) ~ Cs,

13-

1 .
be v ——1 2
¢ ™ g In(s/s0), | (22)

where sg is an unknown scale.

Now using Eq.(9), we find

Orot = 4 / d2bIm a(b, s) = 4mb?

’—,‘;T?(ln(.s/so))2 A 60mb - (In(s/s9))>. (23)

Of course, all the hard work has been done for us by our friends like

~ Martin who proved (i) and (ii).

1.4 Pomeranchuk Theorems

When the highest energy data available came from Serpukhov,
it seemed that the pp total cross section was becoming constant. In such
ciréumstances, the Pomeranchuk theorem would apply [Pomeranchuk,
1958 ]. This theorem states that if pp and pp (or more generally, ab and
ab ) cross sections become constant asymptotically and if the ratio of the
real to the imaginary part of the forward scattering amplitude increases
less rapidly than Ins, the two cross sections become equal asymptotically.

It is easy to understand this result by considering examples. If
pp and pp cross sections become constant, then M4 ~ —is. If M_
grows slower than this, then surely the difference cross section falls with
s. Suppose then that M_ grows as s(In(s/se) — im/2)f. If § = 1 the
difference cross section is asymptotically a non-zero constant, but the ratio
of the real to the imaginary part grows as lns. If § < 1 ,the real part
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over the imaginary part grows as (Ins)? , that is, less rapidly than Ins,
but then the cross section difference goes as (Ins)?—!, that is, it falls to
zero. Certainly § cannot be greater than one. Thus, we see that the
Pomeranchuk theorem holds for amplitudes of this class.

This lovely theorem is of no use if the cross sections rise. There
are useful theorems, however, that speak to this situation. Suppose the
pp and pp cross sections grow as (lns)?. Then we can show that the
difference of the cross sections cannot grow faster than (Ins)(7/2) [Eden,
1966; Kinoshita, 1966 ]. '

The proof goes as follows. Referring to Fig.1a, we see that since

the amplitude a(b) must lie in the Argand circle (we drop the indication

of the energy at which the amplitude is evaluated),
|Re a(b)]? < Im a(b).

In the previous section, we showed that the impact parameters
that contribute significantly to scattering must lie within some value b,
which grows as Ins. Thus we can approximate the scattering amplitude,
Eq. (7) as

be

flg=0)= l;”f d*b a(b) ~ 2k A bdb é(b). ' (24)

It follows that

~15-

bc
|Ref(0)] ~s 2k| /0 bdb Re a(b)]

T pbe
< 2k bdb|Re a(b)]
0

. be )
< 2k /0 bdb[Ima(b)]'/? (25)

Next we apply the Cauchy-Schwartz inequality

4. be 1/2r b, 1/2
[Ref(0)] < 2k[ bdb Im a(b)] [ / bdb] ,
‘ 0 0

1/2 1/2
< o#(Z2t)*(302)

< constant - k- (Ins/50)"/2(In s/s0). (26)

Now the generic form for the odd amplitude is

f ~ k(lns/so — in/2)7 (27)

S0

7 <v/2+1 (28)

But the difference of the cross sections goes as

Ao ~ (Ins/se)"—! < constant(In s/s0)"/2, (29)
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as we wished to show.

1.5 Testing Analyticity

An analytic function has real and imaginary parts which are
intimately linked. The relation may be expressed by Cauchy’s equations or
by the vanishing of a contour integral around a region free of singularities.
Traditionally, analyticity of scattering amplitudes has been tested using
dispersion relations, that is to saj, using the contour integral. In this
way, the real part of the amplitude can be calculated from the imaginary
part, which is known from the measured cross section. A behavior must
be postulated for the cross section above the energies where it has been
measured. Another problem occurs when the amplitude can have an
imaginary part in an unphysical region. We shall use a simpler approach
that is effective in the high energy domain where the cross section is
relatively smooth.

The real part of the forward scattering amplitude is measured by
observing the interference between the hadronic and Coulombic scattering.
‘A naive analysis indicates that at small momentum transfer squared, t,
the full amplitude is a sum

i 2a
gtttz 4 22 (30)

k1 f (s: ‘t) =
where the first term is hadronic and the second Coulombic. See Fig. 3.
The ratio of the real to the imaginary part of the hadronic amplitude is
indicated by p and a = 1/137 is the fine structure constant. By fitting
this form, the valuec of p can be deduced.

-17-

Fig. 3. The elastic pp amplitude as a sum of hadronic and
Coulombic interactions. The interference is used to determine the phase
of the hadronic amplitude.



In fact, this treatment is not really adequate. The Coulomb
amplitude is not precisely as we have written it because there is in addition
the mysterious Coulomb phase. In fact, the Coulomb amplitude is not well
defined because the scattering wave function contains in the exponential
a term In k7 as well as the standard £ term. This technical complication
is well understood and the appropriate corrections established. [Bethe,

1958; West and Yennie, 1968; Cahn, 1982b ]

The recent use of the ISR to study pp interactions has provided
a unique opportunity to measure p for this process, with a high intensity,
monochromatic beam. Some data collected by the Louvain- Northwestern
collaboration are shown in Fig. 4 [Louvain -Northwestern Collaboration,
1982 ].

Rather than using dispersion relations, we shall test analyticity
by fitting the data directly with complex amplitudes with the proper
behavior [Eden, 1967; Bourrely and Fischer, 1973 |. We parameterize
the even amplitude in terms of real constants {Cahn, 1982a; Block and
Caln, 1982a | ‘

B(lns/sg — im/[2)?
1+ a(ln s/sq — im/2)2

M4 = —is|A+ +c, (31)

and first consider the case @ = 0 . Then, from Eqs.(30) and (31),

ot = A+ B(n® s/so — 72 /4), o (32)

which saturates the form of the Froissart bound, and which has often
been used in fitting the pp cross section data. Permitting the parameter
a to take on small positive values allows for a deviation from this form.

-19-

do/dt (mb/GeV?

" r Tt T— —r—r—r——t—r—r—
% fittad: o m42.242.11 mb
p = @812, 085
B =12,284,27 GaV*
i tnputs N =087 7
ah ==, 845 na
1
"
o

Fig. 4.a. Data on elastic pp scattering at the ISR taken by
the Louvain-Northwestern Collaboration, 1982. Below —t = 0.002 GeV?
the sharp Coulomb peak is visible. The gentle slope is due to hadronic

scattering Between these is the interference region. The data were taken
at /s = 52.8GeV.



do/dt (mb/GeV?

Fitted opedd.245.36 ab ]
p = 1312.015
8 138,51 Geve :

tnputs N =987
ah ==, 045 ma

Fig. 4.b. Data for elastic pp scattering at-the ISR. [ Louvain-

Northwestern Collaboration, 1982 |.
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Indeed, asymptotically the form gives a constant cross section, 04.(00) =
A B/a. The constant C is permitted by the requirements of analyticity
for the even amplitude and corresponds to a subtraction constant in the
usual dispersion relation treatment. We shall show that C is unimportant
in the region of interest, as we might expect since it lacks the factor of
s present in the dominant terms. We shall also see that very fine fits are

-obtained with ¢ = 0. Thus, just three parameters, A (in mb), B (in mb),

and‘so(in GeV?), are needed to parameterize the even amplitude 3. The
parameter a is useful, however, for it will provide a means of estimating
our uncertainty when we try to extrapolate our fit to higher energies.

The odd amplitude is known to be dominated by a piece with
the approximate behaviour s1/2 ( that is, 0,5 — 0pp ~ s~1/2). We take
the power, a and the magnitude, D, of the amplitude as parameters and
write

M_ = Ds®exp[in(l — a)/2). (33)

Later, we shall consider odd amplitudes with unconventional asymptotic
behaviour in an attempt to establish limits on the presence of such terms.
For the purpose of finding an adequate fit to the present data, they are
unnecessary.

The cross sections and p values may be obtained directly from
Eqs.(31) and (33). If @ = 0, the resulting forms are especially simple:

iy
LT



Opp = A+ B(In® s/so — % /4) + Ds*~! cos(ra/2),
op5 = A+ B(Iln® s/sq — m2/4) — Ds*™! cos(ra/2),

a—1
Ppp = ﬂln sfso + Ds sin(ra/2),
Opp Opp
a—1
P = gln sfsg — Dsﬁ sin(ma/2). {34)

In Fig. 5, we show the result of fitting Eqs.(31) and (33) to the available
data above s1/2 = 5 GeV. It is clear that the fits are quite successful
and there is no apparent violation of analyticity since our fits incorporate
analyticity in their very form (at least far from the actual thresholds ). In
Table I are displayed the values found for the various parameters, together
with those for some additional fits to be discussed shortly.

The simplest fit (#1 in Table I) gives an acceptable x2 /d.f. and
provides a reliable means of interpolating the available data for the cross

section and g values. The second fit allows a non-zero value for a and the -

best fit is obtained for ¢ = 0.0050 + 0.0031. We can say that the data
do not require a # 0, but that a small value is permitted. The third fit
allows for C' £ 0, but the result shows that little is gained by allowing
 this freedom.

Extrapolating the present fit to collider energies is a speculation,
but it is more than just curve fitting because of the constraints imposed
by analyticity. However, a bias is introduced by our choice of the In?s
parameterization of the existing data. The present rise in the cross section
need not persist indefinitely. The introduction of the parameter a > 0
yields a cross section which has a In? s dependence near the minimum of
the cross section but which is asympfotically constant. Of course, that
the data slightly prefer a small positive value for e is not necessarily an
indication that the cross sections are going to become coustant asymptoti-

-23-

55

(mb)

o

35 ’e 1 1 A L ]

s (Gev)

Fig. 5.a. Fit to pp (solid curve) and pp (dot-dash) total cross
section data using the five parameter fit, #1 of Table I. See Eq. (34)
[Block and Cahu, 1982a ] .
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Table I. Parameters for the best fits to the cross-section and p
values for pp and pPp data.The even amplitude is given in Eq.(31) . The
parameters a and C are set equal to zero except in Fits #2 and #3. The
odd amplitude for the first three fits is given by Eq.(33). For the last three
fits, the odd amplitude is a sum of this term and one term from among
the three Odderons, Egs.(37a)-(37c). [Block and Cahn, 1982a]

.15

.10
P #1 #2 #3 #4 #5 #6
0.00 A(mb) 4177 | 4174 | 4177 | 4177 | 4174 | 41.70
4004 | 4004 | +0.04 | 4004 | 4004 | +0.05
-85 B(mb) 0.68 0.66 0.68 0.69 0.69 0.66
& g , 4001 | 4002 [ 4001 | 4002 | +0.01 | 4-0.01
50(GeV?) | 343. 338. 344. 345. 350. 356.
- 15 +38. +8. +38. +38. +8. +10.
- o8 D (mb —39.0 | —38.7 | —39.2 | —41.7 | —40.8 [ —35.2
GeV2—2%) | 1.7 +16 | +1.8 +2.4 +1.8 +2.2
-.25 a 0.48 0.49 0.48 0.46 0.49 0.50
- 1 4001 [ +001 | 4001 | 4002 | £0.01 | $0.02
a 0.0050 | -
1s (Gev) ' , . +0.0031
. e C(mb 5.0
GeV?) 410.6
: AP E(mb) —0.26 | —0.10 | —0.04
Fig. 5.b. Fit to p values for pp (solid curve) and pp (dot-dash) 40.13 | 40.04 | 0.02
using Fit #1 of Table I See Eq. (34). [Block and Cahn, 1982a ] x2/d.f. |86.7/73 | 84.0/72 | 86.5/72 | 82.6/72 | 80.1/72 | 81.8/72
-26-
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cally. We consider the difference between the a == 0 and a # 0 fits as
providing an estimate of the uncertainty in our extrapolation.

In Fig.6 we show the five parameter fit (¢ = 0, C = 0) and the six
parameter fit (¢ = 0.0050, C' = 0) extrapolated to collider energies. These
fits are simultaneously constrained by data for cross sections and p values,
for both pp and pp . In Table II we display some values obtained in these
fits, including extrapolations to collider energies. The uncertainties quoted
are just those due to the uncertainties for the parameters as determined
by the fits. We note that the a 4 0 fit predicts a cross section at s1/2 =
540 GeV of 66.0 mb 4- 2.8 mb, while the ¢ = 0 fit gives 70.9 mb -4
0.6 mb. This difference is in rough accord with the result that the best
fit for o differs from zero by a little less than two standard deviations:
¢ = 0.0050 4 0.0031.

Preliminary data from the CERN SPS Collider are now available.
The UA-4 Collaboration has reported that it finds, by extrapolating the
differential cross section to the ¢ = 0 point [UA4 Collaboration, 1982D ]

(1 4 p?)0tot = 66 + Tmb. (35)

Referring to Fig. 5, we see that at s1/2 = 540 GeV, p2 ~ 0.02 — 0.03, if

the cross section is nearer to 65 mb than to 70 mb. Thus we interpret the
UA-4 result as

Otot = 64 4 Tmb (36)

which is in agreement with either the @ = 0 or @ = 0.0050 fit. Clearly,
higher precision measurements will be of great interest.
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Table TI. Values of 0 and p at selected energies.

Fit #1 has

a = 0. Fit #2 has a = 0.0050. See Table I for a complete listing of the
parameters.[Block and Cahn, 1982a]

pp(mb) | opp(mb) Pop Pop

Vs =235GeV

Fit #1 39.24-0.03 | 41.34-0.07 | 0.004.0.001 { 0.054-0.003

Fit #2 39.24-0.04 | 41.34-0.07 | 0.004-0.002 { 0.054-0.003
Vs = 62.5GeV

Fit #1 43.740.1 | 44.540.1 | 0.1140.003 | 0.124-0.002

Fit #2 43.840.1 | 44.640.1 | 0.104:0.005 | 0.124-0.005
/s = 540 GeV

Fit #1 70.94+0.6 | 71.04-0.6 | 0.2040.002 { 0.204 0.002

Fit #2 66.04+2.8 | 66.142.8 | 0.1440.03 0.144-0.03
Vs = 2000 GeV

Fit #1 99.64-1.2 [ 99.641.2 | 0.204-0.001 | 0.204-0.001

Fit #2 82.34-8.0 | 82.3+8.0 | 0.124-0.03 0.124-0.03
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Fig. 6.a. Extrapolations of Fits #1 and #2 of Table I."Atl high
energies, the upper curve is Fit #1 (a=0) and the lower curve is Fit #2
(a=0.0050). At lower ehefgies, the fits -are'indistinguishable.' At high
energies, the pp and pp cross sections are nearly equdl , but at Tower
energies the pp cross section exceeds that of pp. [Block and'Cahn,
19822 ' :
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Fig. 6.b. Extrapolations of Fits #1 and #2 for the p values. At

high energies, the upper curve is Fit #1 and the lower is Fit #2. At low
energies, the fits coincide and the upper curve is for pp . See Table IL
[Block and Cahn,1982a ]
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1.6 The Odd Amplitude

Even before the recent ISR running with antiprotons produced
very high energy cross sections which could be compared with pp cross sec-
tions, there was impressive evidence that the difference cross section,o,7 —
0Opp , fell about as s—1/2. The recent data confirm this. See. Fig. 7. This,
however, does not rule out the possibility that the cross section difference
might turn out to be asymptotically a small constant value, say a fraction
of a millibarn. In fact, we have seen that in principle, if the cross section
grows as (In s)?, the difference cross section could grow as fast as Ins. An
even more subtle possibility is that the odd amplitude grows asymptoti-
cally as s, which according to our earlier discussion would be purely real
{odd amplitudes go as s* exp[in(1 — )/2] ) and would thus not contribute
to the total cross section, but would affect the p values.

To investigate such possibilities, we introduce [Lukaszuk and
Nicolescu, 1973; Kang and Nicolescu, 1975; Joynson et al.,1975; Martin,
1982a]

ML =E"s, (87a)
ML = E! s(lns/s; — in/2), (370)
M2 = E? s(lns/s; — in/2)?, (37¢)

where the E’s are real constants. We shall refer to the amplitudes in
Eqs.(37) as Odderon-0, Odderon-1 and Odderon-2, respectively. The full
odd amplitude is given by the sum, M%f of M_ from Eq.(33 ), and one
of the terms from Eq. (37). Odderon-0 affects the p values but not the
cross sections, being entirely real. Odderon-1 gives a constant cross section
difference, while Odderon-2 gives a cross section difference growing as In s.
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Fig. 7. The difference, 055 — 0pp Vs. /5. The curve is from Fit
#£3. See Eq. (34) and Table I. | Block and Cahn, 1982a ]
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If the scale, s1, in Odderon-1 or Odderon-2 is too large, the magnitude of
the amplitude may fall with increasing s, contrary to our intent in using
this parameterization. To prevent this distortion, we constrain s; to be
the same as sg, the parameter in the even amplitude.

There is a theorem, due to Fischer and co-workers [Fischer et
al., 1978; Fischer, 1981 ] ,which states, in part, that if above some energy,
the signs of ImM£°t and ReM?%* remain the same, then the difference of
the cross sections tends to zero. Clearly this theorem is satisfied by the
amplitude M_ of Eq. (33) for 0 < a < 1. The addition of an Odderon-
1 or an Odderon-2 amplitude can be seen to lead to opposite signs for
ImM£* and ReM?®t in the limit of high s. This is of course in accord
with the Fischer theorem, since these terms lead to non-vanishing cross
section differences.

We have made three separate fits to the data using successively
Odderon-0, Odderon-1, and Odderon-2. The results of these fits are
shown in Table L In all three cases, the value of E is about two standard
deviations away from zero and there is thus no proven need for these
amplitudes. It is of interest to examine quantitatively the limits that can
be placed on their presence. For Oddqron-O, an appropriate comparison
is that between A and E, the coefficients of the purely imaginary odd
amplitude and the purely real even amplitude with the same s-dependence.
The magnitude of E is less than one percent of that of A. This is an
impressive limit since this odd amplitude cannot contribute to the cross
section. The limits on thé other fits are comparable. Altogether, then,
we conclude that these amplitudes which are allowed by analyticity, if
present at all, are less than one percent as strong as the dominant portion
of the forward scattering amplitude.

Using the values for Odderon-1 found in Table I, we note that
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since D and E are both negative, ReM®’ is negative for s > sp. On
the other hand, /mM®t is negative and dominated byM _ [Eq.(33)] at
ISR energies. It does not change sign until s!/2 = 200GeV. Thus any
attempt toinvoke the Fischer theorem at present emergies is premature.
The corresponding sign change for the Odderon-2 would be at s1/2 = 75
GeV. Since these sign changes occur'in ImM!°, they reflect a change in
the sign of Ac = 0,5 — 0p,. The existing data are thus compatible
with such a sign change, and using Table I we extrapolate the Odderon-
2 fit to s1/2 = 540 GeV, where we find 0,5 — 0pp, = —1.6 + 0.8 mb.
The unconventional sign of the difference is possible because the Odderon
contributes oppositely to the amplitude M_, Eq. (33), which dominates
the odd amplitude at lower energies. The magnitude of this difference and
its uncertainty show clearly the desirability of making both pp and pp
cross section measurements at collider energies. At the same time, these
numbers provide a quantitative estimate of the required precision. The
presence of Odderon-0 is especially difficult to detect experimentally. Data
at very high energies would not particularly improve the situation. For
example, using our values for Odderon-0 from Table I, we would predict

CAp = ppp — 5 at s1/2 = 540 GeV to be 0.008 4 0.003, whereas the

fit without any Odderon gives Ap = 0.0009 4 0.0002 at the same s, a
difference too small to be detected.

1.7 The Slope Parameter

In addition to the total cross section and p value, the nearly
forward elastic scattering cross section has a third measurable feature,
the slope parameter: '
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Frequently, it is the value at t = 0, B(s) = B(s,t = 0) which is of
interest. For the simple amplitude of Eq.(11), B(s) is the constant B.
Back in the days when the total cross sections were believed to become
constant asymptotically, the elastic scattering amplitude near the forward
direction was parameterized as ’

M~ sa(t) e—iwa(t)/2eﬂt’ (39)

where a(t) ~ 1-4a'(0)t was the Pomeron trajectory, and § was a constant.
In this model then

B(s) = 28 + 2¢/(0)lus. (40)

Thus the canonical expectation was B(s) ~ alns -+ b.

It is easy to see that this is not going to work if instead the cross
section grows as In” s. If B is independent of t and the amplitude is purely
imaginary, we can use Eq.(12): '

2
Ttot

et = {61 B’ (12)

We see that since o, cannot grow faster than In? s, certainly B(s) must
grow at least as fast as In s in the small ¢ region.

Returning to our impact parameter representation
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M~ s/ d%bexp(iq- b)a(b, s), ‘ .(41)

we expand about ¢ = 0. Thus, if the phase of a(b, s) is independent of b,

_ J dbbBa(h, s)

Bs) = ST dbbatv, s)

(42)

This again shows that B(s) measures the size of the proton.

We know that a(b,s) must drop off for b > b, ~ Ins. It is
surprising to learn that a form like

a(b, ) ~ expl—(b/bc)?, (43)
is not permissible. Remember that even for imaginary ¢ (if |¢| is small
enough) this amplitude must be bounded by s2. However, setting ¢ = iQ
we find from Egs.(41) and (43)

M ~ sb? exp(Q3b2/4). (44)

This grows faster than any power of s. We conclude that we need a(b, s)
to cut off very sharply, essentially as a(b, s) = 0 for b > b,.

We can model this by supposing that a{b,s) = @(b/b.) where
b = Clns and @z) =0 for z > 1. Then

1
M~ sb? fo dz zd(z)Jo(gb.z). (45)
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The remaining integral is an entire function of gbe, that is it
has no singularities in the finite gb. plane. This is a consequence of the
integral being confined to a finite range. Moreover, as gb. goes to infinity,
the amplitude grows no faster than exp(constant X gb.). This result is
a general one for total cross sections growing as In?s. We can state
the conclusion by writing for the amplitude [Auberson, Kinoshita, and
Martin, 1971 ]

M~ —isln? sf(tln?s), (46)
where f(z) is an entire function of order one-half, that is, for large ||,

|f(2)] is bounded by C exp(C’|z|}/2) where C and C' are constants. This
form is correct as s — oo. If ¢ is fixed, then we see that

B(s,t) < %c'mlﬂ Ins
< C"lns. A (47)

On the other hand, if we want the slope parameter at { = 0, we can
expand Eq. (46) in powers of tln®s

M ~ —isin® sla+ btln%s -], (48)

so that

B(s,0) ~ In? s. | | (49)
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This non-uniform behavior was discovered recently by Martin
[Martin, 1982b]. As a practical matter, it still seems reasonable to use the
form for B(s,0) even at non-zero values of ¢ since the other form, Eq.(47)
is derived on the assumption that tIn? s , or equivalently {0y, is large.

On the basis of the above discussidn, we choose to parameterize
the amplitudes near the forward direction as [Block and Cahn, 1982b ]

Mg (5, 8) = My(5,0) exp(b.4 1/2), (50a)
M_(s,t) = M—(s,0)exp(b—1/2), (508)
where
by =ct +d4 Ins+eq 0 s, (51a)
b =c—~+d_Ins, (51b)

The amplitudes at ¢ = 0 are just those in Eqs.(31) and (33) with
a = 0 and C = 0, and the remaining parameters at ¢ = 0 are fixed to
be those of the first fit in Table I. The five parameters left to describe the
slope are then fitted using the available data. Unfortunately, the data are
not mutually consistent. However, with a suitable choice of data sets, the
results are sensible, as shown in Fig. 8. The value of the slope parameter
at —t = 0.02 GeV? is predicted to be 16.74-0.7 GeV ™2 at the SPS collider
energy, s1/2 = 540 GeV. The result reported by UA-4 is 17.24-1.0 GeV—2
at —t = 0.05GeV? [UA4 Collaboration, 1982a ].



B (Gev/c)™2

s s .
1608 3008

Fig. 8. The slope parameter, B(s, t = —0.02GeV?) vs. /5. The

upper curve and data are for pp and the lower are for pp. [ Block and
Cahn, 1982b ] ' v
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2. Hard Scattering Processes
2.1 Perspective

Quantum chromodynamics provides a means of analyzing hard
scattering processes including the production of high transverse momen-
tum jets, high invariant mass dilepton pairs, and heavy quarks. These
processes are imagined to proceed through the scattering of partons (quarks
and gluons). If we look only at this scattering process, which takes place
in a volume of about 1 fm®, perturbative QCD should be reliable (see
Bjorken’s SLAC Summer School Lectures of 1979 on QCD). It is conven-
tional to view the full scattering event as having three stages: the break-
down of the initial hadrons into partonic constituents, the scattering of
the partons, and the transformation of the final state partons into hadrons.

We shall adopt this view in an extreme form. We shall use

“the term “beam” to mean the flux of partons arising from the physical

beam. The “scattering” will refer just to the partonic scattering event.By
the “detector” we shall mean not just the physical apparatus, but also
the space outside the tiny region - the “femto-universe” - in which the
“scattering” occurs. Thus, for example, the hadron cascade inside a
calorimeter and the hadronization of a high momentum quark will both
be regarded as characteristics of the “detector”. This is a description in
keeping with Bj’s notion that a really good detector would be able to
detect quarks and gluons. Our inability to make such measurements will
simply be regarded as a flaw in our detector. Of course, we may hope. to
compensate for this by obtaining a very complete understanding of our
“detector”, meaning that we may hope to find signatures that will iden-
tify the outgoing parton type and its momentum. Such an understanding
would naturally require great advances both theoretically and experimen-
tally.

-40-



This separation may seem perverse. It pushes off the diflicult
problems into the experimental factors: the “beam” and the “detector”. In
fact, this separation is dictated by QCD . The concept of “factorization”
tells us that the infrared singularities we encounter in calculating can
be relegated either to the process by which the initial hadron turns into
partons (the “beam”) or to the process by which the final partons become
hadrons( in the “detector”).

2.2 The Beam

For colliding beam machines, the fundamental equation is

Rate = Lo, (52)

where L is the luminosity. If the two physical beams have “transverse”
densities (i.e. partlcles/cmz) of p1(r) and po(r), and cross n times per
second, the luminosity is

L=n ,/ @r p1(r)p2(r). | - (s8)

For the CERN SPS collider, the design values of [ d2r p, and [ d2rp, are

about 10! with an effective area of 3 X 10—3cm?2. With six beam-beam

collisions per cycle at cach intersection point (that is, six bunches each of
protons and anti-protons) and a machine radius of about 10 m, we have

_6-3-10%m/s

27r.103m ’ (54)
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and a design luminosity of 103%cm—2sec—!. The maximum luminosity
achieved before Julyl, 1982 was about 1.8 X 1028cm—2sec™

The “beams” we are concerned with are the beams of partons -
quarks, anti-quarks, and gluons. These partons are not monochromatic
of course. In fact, each proton carries a distribution of quarks and gluons
which depends on :c,‘ the fraction of the proton’s momentum carried by the
parton: fi(z),({ = u,¥,...g). This function is also weakly a function of the
momentum transfer in the subprocess of interest ( this dependence is called
“scale breaking” or violation of “ Bjorken scaling”). Ignoring this “Q3"
dependence for the moment, we ask what is the effective luminosity for,
say, u-quarks on anti-u-quarks, per unit of center-of-mass energy squared
(of the quark anti-quark system)? If we indicate the contributions from
the two incident physical particles by the subscripts 1 and 2, we have

dLuu

= / dzy dz26(3 — sz122)[f1(z1)fou(z2) + fl—(zl)fzu(zz)]: (55).

where § is the parton-parton center of mass energy squared. Let us call
7 = §/s so that

dL uv

= f dzldz26(f - 3132)[f1u(1l)f2u(z2) + fis(z1)f2u(22)]. (56)
The quantities 7,%, "—f,-;i, ceny yg,ﬁ, ceuy %—,ﬂ- are the fundamental charac-
teristics of the “beam”. The functions Ju(2), fa(2Z), ..., fo(z) are deter-
mined by experiments including electroproduction and neutrinoproduc-
tion, and by theoretical considerations.

Some of these luminosity spectra hiwe been calculated by Horgan
and Jacob, 1981, and by Duke and Quigg, 1982. See Fig. 9. Their results
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Fig. 9.a. The luminosity spectrum 'r%%— vs. W = /75 for pp
collisions at /s = 540GeV. The dashed lines are the approximations
Eq.(57). [after Duke and Quigg, 1982 |
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Fig. 9.b. The luminosity spectrum r% vs. W = /7s for pp
collisions at /s = 2000 GeV. The dashed lines are the approximations
Eq.(57). [after Duke and Quigg,1982 ]
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can be approximated by analytic forms. For pp collisions at /2 =
540 GeV we take

dr
p3Lun g 5—2007
dr
P8Las _ 4ge—s0v7
dr
dLoyg
= 90e—20VT 57
dr Pf (57)

For simplicity, we have chosen forms with no scale breaking. It is apparent
from Figs.(9.2) and (9.b) that this is an adequate approximation for the
energy range between the CERN and Fermilab colliders.

When valence quarks are present (u and d in a proton, anti-u and
anti-d in an antiproton), they dominate the distribution. Very roughly, in
a proton, f, = 2f4. Thus for pp collisions, we take

dLuE,V ldLuE

dr 2 dr
deE ldLuE
dar ~ 4 dr . (58)

If we have a cross section do for a partonic subprocess which depends on

5, we can find an effective cross section by integrating over 7:

dLsj

. (59)

doesris) = / d'rz doi (s = 1)
%)
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Here the sum is over the various parton types, i and j. We shall use
this basic formula to estimate the cross sections for the important hard
scattering processes.

23 Cross Sections

We first consider the production of high mass dilepton pairs in
hadronic collisions. The partonic cross section is simply related to the
usual et e~ — putpu— cross section at center of mass energy squared s,

__ 4mo?
T 8s

(60)

The only change required is that we must take into account the charge of
the annihilating quarks and their color. A quark and an anti-quark can
annihilate only if they have opposite colors. Thus we use

dra?
3s ’

_ 1
o7~ wTr7) =3¢ (61)

where eg is the quark charge. The effective cross section is given then by

d0esy  4ma? l[é dLyz

16L 3
dr 35 3 )

-+ =

9 dr 9 dr (62)

Using our approximations for the luminosity spectra, Eq. (57), we find

(63)

steff_47ra2 17 2e—10V7
dr 97 |36 T )
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This is displayed in Fig. 10. As an example,we calculate the Drell-Yan
cross section (i.e. p+pu— production) for M2 = 100GeV? at s1/2 =
540 GeV. Thus /7 = 0.0185. From Fig. 10, we find sdo/dr = 5 - 102,

Thus we estimate

4o _ o9

dM ~— 7 sdr . .
— 1 2 2
= 20 GeV 10 Gov)t 5-10%.(0.389 mb GeV?)
=0.5-10"34cm? GeV 1. (64)

We can use our expression to compare the expected performance
of the colliders at CERN (s/2 = 540 GeV) and at Fermilab (s!/? =
2000 GeV). Let us compare do/dM at M=50 GeV. Referring back to
Eqs.(63) and (64), we see that do/dM ~ f(M)exp(—10/7) so that

(do/dM)pyaL == ¢!%VTeorRN—=VTrNAL)

(do/dM)cprn
— ¢10(0.093—0.025)

~ 2. (85)

We can also make the comparison with CBA (née Isabelle) where
s1/2 = 800 GeV, but where we must use the luminosity spectrum for uu
in pp to represent the luminosity for ut in pp.

(do/dM)cpa 1.5¢—20V7 _ 1.5¢720d 0.3 (66)
(do/dM)pnaL 2¢—10VT 2¢—10- 7500 o

-4T7-
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Fig. 10. The dimensionless Drell Yan cross section, sdocsy/dr

vs. /7. See Eq. (63).
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CBA is the clear winner if it has, as designs suggest, 10° times the
luminosity of the Tevatron collider. At a sufficiently high invariant mass,
the Fermilab cross section makes up for the three orders of magnitude
difference in luminosity. That mass is M = 330 GeV. This is too late.
There are no events at this mass.

Just how large an invariant mass can we expect to reach? The
cross section to produce a dilepton pair with m,, > mo = \/7s is, for
PD machines '

do
o(myuy > /708) =_/ dr%, (67)
4ra 172 e—10V7T
=% 8 J T = (68)
[540Gev’
== 0.94- 10~ cm? ——-) (7o), (69)
s .
where the function g(7) is given by
2 v
9(7) = ;Es(los/? )- (70)

where E3(z) is an exponential integral [Abramowitz and Stegun, 1964,
p.228 ]. The function g(7) is shown in Fig. 11.

In the domain of interest to us, a simple but adequate approgima-
tion is '

Ey(a)~ 527, (1)

so

10

TTTT

10

T lll[lll

10
g(7)

T T

10 .

T IIIIIII

T 1 IHIHl

10 1 I { 1 —L I

Figr. 11. The dimensionless function g(7) vs. /7. See Eqgs.(69),
(70),and (72). :



2
o Myu-> /T08) = 10*37cm2(§i(-)\7g_e—v) %2—20\/5‘ (12)
s

For mu, > 54 GeV at the SPS collider, 0 = 0.01 and 0 ~ 2.5
10—%6 cm?. For m,, > 100 GeV at the Fermilab collider, 7o = 0.0025
and 0 = 1.5- 10— cm2. These invariant masses are thus near the limit
of what we may expect to see.

2.4 Resonance Production

We are especially interested in the production of W's and Z's,
but without much extra effort we can find general expressions for the cross
sections for production of any resonance in terms of its basic parameters.
Naturally, we begin with the Breit-Wigner formula for the cross section
for producing a resonance of mass M and width I'. If the initial particles
have spins S; and S,, while the spin of the resonance is J, and if the
branching ratio of the resonance into the initial channel is B, then

o 2i41 Br?
Pem 251+ 1252 + 1) (/5 _ My 4 (r/22

o(s) = (73)

The factor (25; + 1)(255 -+ 1) is just the total number of initial spin
orientations, which is four for two spin one-half particles. Actually, we
must also use the value four if the two initial particles are massless vectors
since the longitudinal degrces of freedomn are missing. If the resonance is

narrow, we can approximate Eq.(73) as
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21 2l +1
Pem (251 +1)(252 + 1)

o(s) = BT §(Vs — M). (74)

The effective cross section is obtained by integrating this cross
section together with the luminosity spectrum:

aL
T~

472 r
= —(2J —_
Oeff M2 (2 + I)BM( ar )1-=M2/3’

(75)

where we have taken the initial spin multiplicity to be four and assumed
the incident particle (parton) masses are small compared to the resonance
mass.

The expected properties of the Z and W are derived in Appendix
A. The results are summarized in Table III. The branching ratio of the Z
into a ud pair of a given color is 0.11/3 and into a dd pair is 0.13/3. In
addition, we must multiply by a factor of 1/3 since only quarks with the
proper color can annihilate. We can combine the ul and dd production if
we assume the luminosity spectrum for dd is simply 1/4 of what it is for
ut . Putting all these factors together, we obtain an effective B:

1 013
= t1 T] = 0.016. (76)
At the CERN collider, we have for Z production, /7 = 0.17, while at the
Tevatron collider it will be 0.046. Thus we have using Eq.(57) for Ti’ﬁ;ﬁ

472
(92GeV)?

0.37 = CERN

2.8
Z) = 0. Vv?)-3- (0. ey
oess(Z) (0-389 mbGeV™)- 3- (0.016)- o5 {1.3 FNAL



Table III. Basic characteristics of the intermediate vector bosons
according to the standard model with sin? 6y = 0.21.

Z w
mass 92 GeV 81 GeV
width 2.8 GeV - - 28GeV

branching ete— 0.03 etv, 0.08
ratios ptu— 003 ptv, 008
r+r— 0.3 v,  0.08

Ve, 0.06
vuUy, 0.06
v,U, 0.06
vz 0.11 ud 0.5
cC 011. = ¢3 0.25
it 0.11 th 0.25
dd 0.13
s5 0.13
bb 0.13

that is

Oerr(Z2) =2.7-10"%3cm? x {0'37 CERN (77)

1.3 FNAL

If we now include the sum of the branching ratios to e+e= and to y+u—
which is 0.06, we find cross sections into these modes of

~ 0 - - _ J6-1035¢cm? CERN
Oers(PP — Z°4X — ptp—andete+X) = {21 10=%em?  FNAL
(78)
The cross section for W production is calculated analogously.
The W+ is produced by annihilation of a » and a 4.We take the luminosity
for ud to be one-half the luminosity for u@.The branching ratio of W+
into ud of a single color is 1 /12, which we again must divide by 3 to insure
that the colliding quarks have the same color. Thus the eflective value of
B is 1/36. The value of /7 is 0.15 at CERN and 0.0405 at FNAL. We
thus compute the cross section for W+ production as

: 472 128022 CERN
= w——(0.38 b v2 c 3 —=—
oest W) = GiGevp0-389mbGeV?) - 3. oo {0.67 FNAL

022 CERN

(79)
067  FNAL

=6.7-10—3¢m? x {

If we insist on a leptonic decay of the W+, we must add a factor of 1 /6=
1/124-1/12 for the et v and g+ v modes. The result is

-54-



2.5.10—3%cmn? CERN
7.5-10—3%4cm? FNAL
(80)

Oers@P = WH + X - ptrandetv) = {

Of course there is an equal cross section for W™ production. The sum
of the two is about one order of magnitude greater than that for the
production of Z° with a subsequent decay into ete™ or utp—.

The formula for the cross section for the production of a resonance
has much broader applicability. Let us consider the production of p-wave
quarkium (i.e. QQ) states by the collision of two gluons. The fac-
tor B should be set equal to 1/64 if we presume that gg is the only
important channel. This is the product of one factor of 1/8 for the
branching ratio into a single gluonic color channel and one factor of 1/8
to insure that the gluons colliding have the right colors to annihilate.
For the width of the state, let us take 5 MeV, a figure representative
of the values for the charmonium system. The spin of the produced
resonance should be zero or two since two truly massless gluons can-
not make a spin one state (by Yang’s theorem). Thus 2J+4-1 is either
one or five. Altogether then, we have for a resonance with a mass of 5 GeV

472

Oers(pP — P — state) = B0GeV)E

(0.389 mbGeVz){ ;}

15. 10—3 {2.5 CERN

64 50 19 FNAL
4
sJl19 = FNAL :

‘While at first, the production of 1000 such particles in a standard
run at Fermilab might sound encouraging, we must-remember that the
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only useful signature would be a cascade into an s-wave state followed by
a decay into ete— or ytu—. For simplicity, let us take as a guide, the
branching ratios in the ¢t system. The 1982 Particle Data Booklet lists
B(x2 — %) = 0.157 4+ 0.017 and B(y —» ete™ )4+ B — ptpu—) =
0.148-4-0.012. Thus we would expect about 1000 x 0.15 % 0.16 ~ 25 events
with a good signature. This appears to be observable since we estimate
only eight Drell-Yan pairs above 50 GeV for the same standard run using
Eq. (72). Increasing the mass of the resonance to 60 GeV decreases the
yield by about 0.5, aﬁd increasing it again to 70 GeV decreases it by an
additional factor of 0.25 . There is no hope of finding quarkium above the
Z mass this way.

2.5 High Transverse Momentum |

We wish to use our ubiquitous formula

does; = / dT(;—i_' do, (82)
to estimate high transverse momentum jet cross sections. For the partonic
cross sections we shall use the lowest order QCD results [Combridge,
Kripfganz, and Ranft,1977; Cutler and Sivers, 1978; Owens, Reya, and
Gliick, 1978; Feynman, Field, and Fox, 1978 ]. This is not simply a con-
sequence of laziness. As long as the problem of higher order QCD correc-
tions to the Drell-Yan process is unresolved [Bodwin and Brodsky, 1981;
Collins and Soper, 1982 ], it is pointless to take seriously QCD corrections
for much more complicated processes. The lowest order differential cross
sections for various partonic scattering processes are listed in Table 1V
and displayed in Fig. 12.



Table IV. Differential cross sections for partonic scattering. The

differential cross section in the parton-parton center of mass is do/dQ} =

(a2/45)x. The cross sections are color averaged and the expressions are

derived from the results of Owens, Gliick, and Reya, 1978 .

Process x
gg — gg 18[(1 — cos8)~2 + (1 + cos §)™2?]
—9{(1 — cos8)™! + (1 + cos§)™1)
+99/8 + (9/8)(cos 6)?
99 ~ 49 (1/3)[(1 — cos8)~! + (1 + cos8)~!]
—(25/48) — (3/16)(cos §)2
97 — g9 (64/27)[(1 — cos 9)~! + (1 + cos§)™!]
—(100/27) — (4/3)(cos 6)2
g9 — gq 8(1 — cos )2 — 4(1 — cos)—!
+(8/9)(1 4 cos 6)~! +4-(11/9)
qq¢ — q¢' (32/9)1 — cos8)~2 — (16/9)(1 — cos§)!
+(4/9)
99 - 99 (32/9)(1 — cos )2 + (1 + cos §)—2]
—(64/27)[(1 — cos )14+ (14 cosd)" 1]+ 16/9
q3 — q7 (32/9)(1 — cos 0)™2 — (32/27)(1 — cos §)~*
—+(2/9)
a7~ 7 | (2/9)1+ (cos6)?)
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Fig. 12.a. The parton differential cross sections in the center
of mass (4s/a2)do/dQ vs. cosd, gg — gg(solid), gyg — qg(dashed), gg —
gg(dot-dash), g¢’ — gq'(dotted). Here q and ¢ represent different flavors.
The cross sections are color averaged.
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Fig. 12.b. The parton differential cross sections in the center
of mass (4s/a;)do/dQ vs. cosd, qq — gg(solid), g7 — gg(dashed), qq —
77 (dot-dash), g7 — gg(dotted).
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The quantity of physical interest is the differential cross section
with respect to the transverse momentum of the jet, p¢. If the final state in
the partonic scattering has unlike particles (i.e. all except ¢7 — gg,99 —
gg and gq — gg), there are two contributions to consider: if a scattering
angle 4 gives a contribution, so does 7w — 8. Thus we can add these two
contributions and then restrict ourselves to scattering angles between 0
and /2. We indicate this modified cross section by d&/df} and display it
in Table V.

These differential cross sections are for the center of mass of the
parton-parton system. The colliding partons have a momentum V78/2 in
this reference frame. Thus the center of mass scuitering angle is related

to the transverse momentum by

. 2pe z¢ '
sinf = — = —. 33
NTEEEN o (83)

At fixed p¢, varying 6 is equivalent to varying 7:

__ 27%cosd

dr = df. (84)

sin® @

On the other hand,

do 27 sin? 6 do

I pr cos dl’ (85)

so that



Table V. The differential cross section for partonic scattering
with scattering angles between 7/2 and 7 folded back to the region 0 to
7/2. The diflerential cross section is given by d&/dQ = (a2 /4s)T.

Process ' z o i
99 — g9 18[(1 — cos 8)~2 4 (1 4 cos )2
—9[(1 — cos )~ + (1 + cos §)~!]
+99/8 + (9/8)(cos §)?

99 = q7 (2/3)[(1 — cos6)~ 4 (1 4 cos )™ !]
' —(25/24) — (3/8)(cos 6)?

qq — g9 (64/27){(1 — cos )~ + (1 + cos 8)~!]
—(100/27) — (4/3)(cos §)2

99 — gq 8[(1 — cos 8)~2 4 (1 + cos 8) 2
—(28/9)[(1 — cos8)™! + (1 4 cos )] 4 (22/9)

g9 = g9¢ | (32/9)[(1 — cos6)=2 + (1 + cos §) 7
—(16/9)[(1 — cos8)~! + (1 4 cosd)— ']+ 8/9"

99 — 99 (32/9)[(1 — cos0)™2 + (1 + cos 8)~2]
—(64/27)[(1 — cos 8)~1 + (1 + cos9)—1] 4+ 16/9

qq9 —~ qq (32/9)[(1 — cos )2 4 (1 +cos 6) 2
—(32/27)[(1 — cos8)~ 1 + (1 + cos§)™!]
+(4/9) + (4/9)(cos 6)?

@ —¢7 | (4/9)(1+ (cos8)?)
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Dett _ [ qpdlte
dps - dr dpy -

_41r/ . dL\do
o dﬁsm0(1'a_-)dn. (86)

In principle, this integral goes from 7/2 from sin™! z; but it is
not a bad approximation to let the lower limit be zero since this extends
the range of 7 to 7 = 1 where the luminosity spectrum is very small
anyway.

To proceed further, we need to make some assumptions about
the luminosity spectrum. Rather than use the particular values given in
Eq.(6), let us simply assume a parameterization

dL —_ —b\/;
T o = Ae , (87

so that our results will be useful even if we want to vary 4 or b to
consider another parameterization of the parton distributions, as might

be appropriate at very much higher energies, say. Our general formula is
thus ’

do 4w /2 . —bzy/sin a? . 2 S
E = E o dd sin 6 Ae W Sin 02(0)
TA /2 o
=70 ), d0sin® et/ ), (83)

The values of the functions ¥ for the various fundamental par-
tonic processes are given in Table V. It is useful to define the dimensionless
integrals



Table VI. Values of the functions g(z) for z = 0.1 — 4. used to

/2 s ' determine do/dp: for hard scattering processes. See Eqs.(89)-(90).
Geg—qq(2) = /0 d9 sin® ge—=/5in ¢ Yog—qq(0), etc. (89)

- which can, in fact, be done analytically in terms of modified Bessel func-

tions and the like. Some representative values for these functions are given

. . z | 01 o2 [o4 [ 1. | 2 [ 4 |
in Table VI and shown in Fig. 13. - :
In terms of these pry T 110 90 pr 3 " 04
99— q7 0.5 0.4 0.3 0.1 0.04 0.004
does TA g7 — gq 60 40 24 8 2 0.2
dptf - Eagg (bz). (90) P —— 26 17 10 3 0.8 0.07
. qq — qq 25 17 10 .3 0.7 0.06
For example, consider jets with p; = 27 GeV at the SPS collider. T — a7 o7 13 i1 " 08 0.07
The contribution from the subprpcess g9 — gg is determined by noting G — 77 03 03 0.2 01 0.04 0.004
that z; = 0.1 and inserting the values (see Eq.(6)) b=30, A=40, and the 47 — 99 17 15 11 05 0.13 0.013

nominal value a; = 0.2 to find, usink Table VI,

Jgg—g9(3) = 1.3,

and i
ACeff _ - 40 R 2 2
dp — A2TGeV (0.2)% - 1.3(0.389mbGeV*?)

=3.2-107*2cm2GeV 1. (91)

For small z¢, gg — gg dominates jet production, but at high
enough z;, ¢ — ¢¢ dominates in pp collisions. 'We can estimate that
value of z; as follows: For large bz, from Eq.(89),

—— m — »
g(bz¢) ~ T(90°), /%:e bae (92)
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Fig. 13.a. The functions g(z), Eq. (89), vs. z for gg — gg(solid),

gg — qg(dashed), g¢ — gg(dot-dash), and g¢’ — gg¢’(dotted).

10

[ TTTH

10

10

T lllfﬁr T rrllll]‘

g(z)

- -_— .

T llllll‘

T Illllll

Illlllll

10 1 10

Fig. 13.b. The functions g(z), Eq. (89), vs. z for gq — gq(solid),
¢7 — qg(dashed), g7 — ¢'7’(dot-dash), and g7 — gg(dotted).
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Now ‘ Table VI Selected values of the functions h(z) ,for z = 0.1—4,,
used to determine the cross section to produce a jet with greater than a
given value of the transverse momentum. See Eq.(95).

daeff
i " Ag(bze), (93)
50
z [ ot [ o2 | o4 | 1 | 20 | 4 |
(doess/dpt)sg—gs _ Aso—g9 Tgg—gg [ bai—e7 (bgg—aqz—b Yoo
(@018 gGoe7  Agioas Sggargs | bovmge 70— g9 |34-10°[2.9-10°[22-102] 6 |23-10-1] 4-10—=
4030 f . g9 —qg |1.2-103|1.3-100} 1.2 [4-10—2 2.10=3 | 3.10—5
o w gc""”‘ 99— gq |15-10°[1.3-10%] 1-102 | 25 01 |1.5-10—3
A TOe—20%+ ' (94) q¢ = q¢ | 6-10% | 5-102 | 4.10! 1 4.102 [ 6-10—%
gg—+qq | 6-10% | 5-10% | 4.10! 1 4.1072 | 5.10—%
qg—qq { 7-10% ] 6-10% | 4.10 1 4-10—2 } 7.10—%
e g7 — ¢7 | 8-10! 9 09 [4-1072%}2.1073 | 4.10—°
This is unity if z; &~ 0.21. g 417 57107 4 03 =7 T 10=3

The cross section to produce a pair of jets, each with z; > z;
is

wAa? /'°° 1 ,
s dz: Eg(bzg)
wAa2b?

R |
= du—
S /b;l:.q b ua g( u)
TAa2b?

s

o(ze0) =

h(bz¢o) (95)

The functions h(z) for the various processes are displayed in Table
VIIand Fig. 14. For example, the cross sections for producing jets through
g9 — g9, gu — gu, and % — u7¥ at the Fermilab collider with p, >
100 GeV are calculated as follows:
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Fig. 14.a. The functions h(z), Eq. (89), vs. 2z for-gg — gg(solid), ,
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g9 — gg9: A=140,b=230,2s = 0.1, hgg-rg4(3) = 41072

- 40 - (0.2)2302 ) o
= 5000 Gevig U V2.0.04 = 1.8- .
(2000 GeV)? 0.389mb GeV* - 0.04 = 1.8- 10~ **cm

_ 7-20-(0.2)2202

- —(m—o.%gmb Gev2.0.1 = 1.0- 10—2cm?

T = uU: A=2,b=10,2; = 0.1, hggg5(1) = 1.

_ m-2-(0.27102

(2000 GeV)2 0.389mb GeV?.1. = 0.25- 1032 cm?

For large values of bz; there is a simple approximation for h(z)
based on Eq. (92):

= T 1
h(2) ~ /; du{90 )\/ 5y o3¢

~ f(QO")\/g 272z, (96)

Inserting this into Eq. (95) we have

TAQ

o(ze > z40) ™

252
sb (ane E —7/2 ,—bzse
2(90 ) 2 (b.’tto) 4 . (97)

S
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For ui in pp colllisions or uu in pp collisions, A = 2,b = 10, %(90°) ~ 5,
S0

. 2
Y o(ze > zy) 2 6.6 10_35cm2(§£G—ev) 1237/ 2¢—1020  (gg)
s

For example, the cross section at the Fermilab collider p; = 300GeV or
more from such ut collisions should be about 16 - 10—3%c¢m?2.

2.6 Heavy Flavor Production

A number of mechanisms have been suggested for heavy flavor
production. One obvious possibility is ¢7 — QQ. Another is gg — QQ.
Of course, at a minimum the effects of the heavy quark mass, mg, must
be retained in our QCD analysis. Although the naive predictions based on
these processes are not especially successful, we shall restrict ourselves to
this approach since it fits with the unified presentation of hard processes
given above. While the absolute cross section predictions may not be
accurate (even by the lax standards we believe are appropriate for the
predictions in the previous sections), the general dependence on the center
of mass energy may not be too far from the truth.

'We begin then with the cross sections calculated by Combridge(1979)
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Let us write

Then in this model, the total heavy flavor production is

995 =

where

990 =

TaZA
1“7*‘2

4m2

. Q

x=\1-—
2 3
qq—*QQ(S) 47,%
1ra2 5

TQa

[ du——-exp( by/4mBHu/s ){

u = s7/4m3,

<73~

SR GO

Fg(u)
Fyg(u)

b

b

(100)

(101)

(102)

(103)

(104)

(105)

and where
8 1 1
_ 1 1+x _ 1 3t T
Fog(u) = ( 16u2)1n T—x 4)((7 + 4u)’ (107)
X = = (108)

Having reduced the problem to quadrature, we can simply do the
integrals numerically to find

00 —evE 1
Gﬁ(z) == L due ;‘—2- ,ﬁ(u),

« —aym 1
Gw(z)=/; due \/_u—ngy(u), (109)

in terms of which

(110)

o (o) = ra24 [ G a(bv/AmBTs)
T 12my g, /AT )

The functions Fgz and Fy, are shown in Fig. 15. At high energy
(i.e. large u), the gg mechanism is more eflective since it is suppressed only
by the t-channel exchange of the heavy quark, rather than the s-channel
single gluon pole. The integrated functions, G4z and Gy, , are shown
in Fig. 16. As z — 0, these functions approach constant values, so as

T4~



- Fig. 15. The heavy quark productlon cross section functlon, qu
(SOlld) and Fyy (dashed) vs. u. See. Egs. (99) (102)
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Fig. 16. The heavy quark production functions Gz (solid) and
Gy (dashed) vs. z. See Eq. (109).



§ = 00 , 0oy becomes a constant, dominated by the gg contribution. Table VII. Heavy quark production in pp collisions through the
In Table VIII, we show predictions based on this simple model for ¢ and mechanisms discussed in Section 2.7. See Eq.(110).

b quarks with masses 1.5 GeV and 5 GeV and for hypothetical t-quarks

with mass either 20 GeV or 40 GeV. We see that the predicted charm

cross section is quite small, suggesting that these mechanisms are not the

only ones contributing in the Fermilab and ISR range. Thus we regard Vs 97— QQ 99 — QQ
these predictions as conservative estimates for the production of heavier
quarks. cc: m = 1.5GeV
60GeV 1-10—3%m? 5.10—30%cm?
540GeV 3-10—3%cm? 40-10—3%cm?
2000GeV 4.103%¢cm? 50-10—%0cm?
bb : m = 5GeV
60GeV 1.5-10~3%¢m? 6-10—%3cm?
540GeV 2.103em? 2-10~%%cm?
) 2000GeV 3.10—3cm? 3-10—3%¢m?
tt: m == 20GeV
 540GeV 4.10™3%3¢m? 1-10~%2¢m?
2000GeV 1-10~32¢m? 1-10—31cm?
tt: m = 40GeV
540GeV © 3.10—%cm? 2.10—34cm?
2000GeV 2.10—3%3¢m? 1.10—3%2¢m?
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Appendix

Here we summarize the major points of the SU(2) x U(1) theory
of electroweak interactions which are needed for deriving the fundamental
properties of the W and Z bosons. The SU(2) x U(1) theory is a generaliza-
tion of the usual theory of electromagnetism in which the coupling of
fermions to the photon, h

EGQ AX'VX 1/1, (Al)

(where @ measures the charge of the fermion destroyed by ¢ in units of
e) is replaced by

BT W + ¢ LBl 0, (42)

: ivhere T represents weak i.so'spin and contains implicitly a factor (1—~5)/2 2

to project' out the left-handed piéée of the _t:érmion.' The weak hypercharg’e
is represented by Y which is related to the usual electric charge by

Q=.T3+%Y. I (43)

-79-

Assigning all left-handed fermions to doublets of weak isospin, and right-
handed fermions to singlets, we derive the following table:

€& €er VL uL urp dp dr
Q@ «—1 —1" 0 _2/3 2/3 =1/3 =—1/3

Ts —1/2 0 1/2. 12 0 —1/2 o

Y -1 —2 -1 1/3 43 1/3 —2/3

' If we define

Wi = —};(Wl LW), TE=T i, - (A4

we have the couplings

S R | 1 Y o
Wo(TsWat —TTWy + —T-WH)+ ¢ 2B |79, (45)
The charged W cpuplings produce the usual charged current interactions.
Consider, for example, =~ — e~ U, v,. The usual V-A theory interaction

is

%vm.l =W En (= (46)

On the other hand, putting in 1/M?%, for the W propagator, our modél
gives



N2 B

g1 - 1 w1 _ 1,

(:/—5) Uu7)\'2'(1_75)”@‘6’7)\5(1—75)’/43: - (AT
W

50 we can make the indentiﬁcation»

Gr_ ¢

= Yo (A8) »

J2  8My

The gauge vector fields W and B are also coupled to scala.i's
according to

2
. (49)

I(gw,, T+ ¢B, 3V

Here ¢ is a multiplet with T=1/2 and Y=1:

o=(%) o

- and the electriéally neutral part has a vacuum expectation value:

) <¢>= (2) o | ’(All) |

Thus

1 LWy o
(gW- T+ g’—YB) <¢p>=| V2 . (A12)
2 —49Wsv + 4g'Bu
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The scalar intéraction, Eq. (A9), through this vacuum expectation vaiue, .

produces masses for some of the vector bosons:

. .
%W‘W’*‘vz + i(gwg — ¢'B)%2. (A13)

This term gives equal masses to the W+ and W

. 2,02 . )
M2, =17 — (A14)

~ The massive neutral vector field with proper normalization is seen from

Eq.(A13) to be

)
Vg2 + g7
Thus the Z mass is given by
a2 2
M2 = #ﬁ. : (A16)
The orthogonal linear combination of neutral fields is massless:
A= M (A17)

NZET T

Defining tand = g¢'/g, we have

A=sin0W; Fcos0B ; Wa= sinfA-+cosfZ

: Al8) -
Z=cos0W; —sindB ; B= cos§A—sindZ (418)

.89



and the relation between the W and Z masses

M% = M35,/ cos?0. ‘ (A19)

Now we can express the original gauge interaction in terms of

the physical fields W+, W—,Z, and A . The term in square brackets in .

Eq.(A5) becomes

I (r+w— 4+ T~ i I (T3 — sin?
‘/E(T W4T W"‘)—i—gsmGQA-j—cos B(Ta sin® 0Q)Z.  (A20)

Thus we conclude

e=gsind, (A21).

which we can summarize with the mnemeonic

Using the measured value for sin? § = 0.21, we can find the W mass:

’~ - -
o —V20' _ T (g1 Gev]. (A22)

w= —
8Gp V2sin? G r

M
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We can calculate the partial widths of the Z and W. The W decays into
et v, with a matrix element (¢ is the W polarization vector)

7

M= Lo 21— ). (A23)
V2 2

Quite generally, a vector of mass M decaying into two light fermions with
a matrix element

= -;-Exf"/)‘(gv +gans)f!, (A24)

has a width
1
= (v T oM. (425)
Thus we find the partial width

aMw
12sin® 0

(W — ev) = = 240MeV. (A26)

For the full width of the W, we add three times this for the ud A
{to account for color) and multiply by three for the number of fermion:
generations, to obtain a full width

- Ol]\/fw
sin” @

(W) = 2.8GeV. (A27)

Tor the Z,\the appropriate couplings to a given fermion pair are,
from Eq.(A20)
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gy = (Ta — QQ sin? 0),

_ m o
=), (aw)
Thus the partial width to Ve, is.
T(Z = vp) = —22 _ 170Mev. (429)
: . 24 sin” 0 cos? §
The partial widths to v; e, u, and d are in the propc;rtions

1: 1—4sm 0 4-8sin*9 : 3(1—§sm 9+ sm oy

3(1—§sm 0+—-sm (9) _
~1:0.5:1.8:23 A (A30)

Includmg a factor three for the number of generatlons, we find the branch—
ing ratio into e+e ' i

12 4sin? 0+ 8sint 0

B(Z — e+e )=
; 24(1—-2sm €+§sm 6)
A 0.031 - (a3
and the tdtal width of the Z
UL OZJWZ o, . 2..". 8 . 4
T(Z) = . 1— 25in® 8 - =sin® @
( sin? 0 cos? ()( E 3 )
~ 2.8GeV , ' (A32)

If the Z and W widths are equal, then sin® 6 = 0.2196.

1.

2.

Footnotes

For a two-body to two-body scattering process with initial momenta

_ _pa and.p; and final momenta p. and pg, the standard Mandelstam

variables are s = (pa + po)?, t = (ps — pc)?, and u = (pa — pd)2

,R.eall‘y, we should have peg, NE 1n.place of s. The diflerence is of order

m3/s.

The erudite a_nd/ or older reader may wonder why there is no f-trajectory,
~ that is, an.even amplitude with s1/2 behavior. Its effect is simulated by

o the log s/so Ppiece when s < so. We' found we could do Wlthout any

addltlonal even terms, so they were omitted.
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