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ABSTRACT

The longitudinal coupling impedance of a cyiindrical tube with
pillbox cavity is computed by means of ¢cavity mode equations derived
in Part I. The equations are solved by a method in which the resonant
mode is first eliminated. The method leads to a rapidly convergent
iteration which takes account of cavity-tube c¢oupling in a stepwise
manner. A similar procedure should be effective in other electrof
magnetic problems with resonances. Numerical results are given for a
wide range of parameters, with full account of wall resistance. The
resistance of the cavity end walls is more effective in reducing the
Q than was previously supposed. The formula for the impédance in
the limit of small tube radius, modified by a simple factor, approxi-
mates the numerical values and provides an overview of parameter
dependences. For possible applications to heavy ion beams we give
results for non-relativistic velocities, and study the exponential

decrease of impedance with cavity depth -which occurs at low velocity.
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1. INTRODUCTION

In part I we began a stﬁdy of longifudinal stability of a coasting
beam in a model vacuum chambér consisting of a round tube with a cavity
formed by double-step discontinuities of radiué.l Extending earlier
work of Keil and Zotter,zlwe foun& equations_for the Foﬁrier cpeffi—
cients gf the éléctric field inside the cavity. A'éolution of those
equations leads directly to the coupling impedance, whicﬁ,in tufn'yielas
stabiiity criteria and rise-times of instabilities throﬁgh-the dispersion
relation. We transformed the kernel matrix of the equations so as to
make it easier to compute and to make explicit its behavior in the limit
of small tube radius. Also, we used a non—harmonic Fourier series in
the cavity region, in order to include resisti&ity'on the cavity end
walls as well as on cylindrical surfaces.

!

In f;e>present paper we apply the equations to obtain numerical
résults and an analytical formula for the impedance. The analytical
result is accurate for small b/d (b = tube radius, d = cavity radius),
but with a simple modification it also leads to good estimates for
larger b/d and provides general guidance about parameter dependences. -

Fo; an accurate numerical solution at a cavity resonance we make
a further transformation, in which the resonant cavity mode amplitude is
eliminated in favor of all the non-resonant ones. Being devoid of large
resonant amplitudes, the new equations are.eésiiy solved by iteration;
in fact, the lowest iterate provides a good approximate solution.

To deal with the infinite set of unknowns that the equations
entail we employ a mapping and interpolation technique to approximate

the effect of all high coupled modes in terms of just'é few of them.

_4_

Thus wé take advantage of the smooth dependence of high modes on mode
number, and avoid the customary truncation in which only the first few
modeé are retained. We find that in fact.the high modes do not have
much effect. We cémpare the impedance computed with the, ten lowést
modes to that computed Qith all modes and find a &ifference‘of only 1%
(at maxima of the impedance). Initiﬁlly it was not obvious that high
modes would be unimportant, since the asymptotic decrease of amplitudes
with méde number is_ﬁét véry rapid.

Iﬁ Section 2 we derive the expression for the impedance in the limit
of ;mall tube radius from the general equations of Part I. The formula
obtained, Eq. (2.24), includes én important efféct of non-zero tube
radius; namely the exfonential cut-off of impedance at small beam
veloéity.

. In Secfion 3 we show how to eliminaqe the resonant mode amplitude
from the general equations. The resulting iterative method for
calculating,the impedance is summarized in Eqs. (3.12)-(3.15).

In Section 4 we review our numerical procedures, including the -
interpolation method for high coupled modes. The latter may be of some
general interest. '

In Section 5 we describe scaling laws and other features which

simplify the problem of specifying the parameter dependence of the

impedance.

‘Section 6 contains graphs of numerical results and a formula,
(6.11), which roughly summarizes the results in a quasi-analytic form.
A reader not interested in derivations may directly comsult

Sections 5 and 6 for values of the impedance.



We have changed the organization of the paper since Part I was
written. We now plan a Part III, to include calculations of the rise
times of instabilitiés, stability limits, and the Fredholm theory of
the infini£e—dimén§ional mode equations. It will.alsd include some
graphs of the smooth resistive tube impedance, which are relevant in the
case of'non—relétivistic beams.

References to equations in Part I will have I as a prefix; for

’instance (I-4.23).

L1
-~
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2. LIMITING CASE OF SMALL TUBE RADIUS

We treat the limit b > 0 with a/b heldrqonstgnt, where‘b is the
tube radius and a the beaﬁ radius.‘ Actually, we pass to the limit
only in certain‘elements of the general formula for the coupling
impedance, and thereby obtain avsimple expression which is>valid for

small but non-zero tube radius. The full formula for the impedance as

calculated from the cavity mode equations is given in (I1-4.23) and

(I—4l24).‘ It consists of the impedance Zt of a smooth tube with
resistive wall, plus the main term Zc dqe to the ca&ity. Of‘coufse,'
Zc'contains al; effects of coﬁpling.between tube and‘cavity, and becomes
a pure cavity iﬁpedance only in the limit of small b. For present

purposes Zc may be written for tube mode n in the form

-iZ 2gd Il(xna)

. -1~
12 (x_b) ( NARE) RN m (2.1)
%@L, (xy L

Here ZO = (uo/e:o)l/2 = 120r @ is the impedance of free space, 2g and d

are length and radius of the cavity, respectively, and f is the

dimensionless frequency

£ o= 2= . _ (2.2)

We have dropped terms proportional to the dimensionless tube resistivity

Nes which vanish at small b. We have used the plasma resonance condition

(w/kn =2 g8c) to repiace kn in (1-4.235 by f in the first factor of (2.1).



The arguments of the modified Bessel functions IO, Il are given

in terms of the radial wave number Xp of the tube region, namely

xi = ki - (w/c)2 s kn = /R . (2.3)

The fields have longitudinal period 2yR, so that R may be interpreted
as the ring radius. The quantity in brackets in (2.1) is a matrix
made up of the infinite dimensional matrices N, ¥, E, and R; the sub-

script nn denotes the n-th diagoﬁal element. The matrix N (related to N

by N =N__ = (—l)ans), is defined in (I-3.53,I-3.55); the element
an represents the degree of overlap between axial mode s of the cavity
and axiél mode n of the tube at the tube~cavity interface. The diag-
onal matrix R = {Rssst}, associated with radial variafion of the
field; in the cavity region, is defined in (I-3.60,I-3.30). The

matrix E is the kernel of the equations for cavity mode amplitudeg. It
was derived initially in the form (I-3.69), and was then transformed by
the Watson-Sommerfeld ﬁethod to give expression (I-5.18). The trans—
formation has several advantages; one being that it‘puts E-in the form
E=A+F, where 8 is diagonal and F vanishes in the limit b ~ 0.
Iﬁdeed, a 'simple b§und on the summand of the sum (I-5.18) defining F

shows that F = 0(b), b > 0. In the small-b limit the last factor in

(2.1) is then simply

Ienie, ——
s " 1R A @28

The condition for a resonance in cavity mode s = r at frequency w = wr

is that the r-th term of this sum have a ?ole, or

1 - Ar(wr)Rf(wr) =0 . (2.5)

The frequency W, has a small negative imaginary part, which vanishes in
the limit of zero cavity wall resistivity. Stability limits or rise

times of instabilities are determined by solutions  of the dispersion

- relation with Imyw zero or slightly positive. As will -be clear later

when we compute rise times, w is so close to one of the resonance poles
and so far from the others that énly the term in (2.4) with the close
pole need be retained. Moreover, the term retained (say the r-th term)
may be adequately represented as purely a pole in the y plane at Wy

Thus, the resonant impedance takes the form

: - r 2
) ) -21Zogd Il(xna)(—) NnrRr i (2.6)
© L w2 fxnalg(xnb) LD ) )
wsw
r
where
Dw) = 1 - Ar(w)Rr(m) .

2.7)

The imaginary part of W is significant only in the small demoninator
factor & - w3 elsewhere we may put wo = Rewr:

To put (2.6) in a tractable form for small b we first recall the
definitions of Ar and Rr in (I-5.19) and (I~3.60) to obtain

Il(Frb) ‘ Ro(rrb,Frd)—(nc/prb)so(rrb,rrd)

D = 1-
I (T b)=(n /T YT, (T b) R (T b,T d)=(n /T b)S (I b,T d)

(2.8)

Q. e



The Ri and Si are "cross products' of Bessel functions defined in

(1-3.17, 3.18), and Q is the radial wave number in the cavity region,

o= ~w/o)? + ai, = —w/e)? + (n/2g)? - (28 e /g? + 06H)

(2.9)
The small dimensionless parameters ”E" rk'rgfer’to cylindrical tube
and cavity surfaces, respectively, whiie k is ; similar parametef
for the planar cavity end walls. The Aefinitioné are -

- 1/2 2
n, = -eo(u/c)t{c b P3/ > K= _Eo(U/o)i(2 & p3/2 (2.10)

where y and ¢ are magnetic permeability and electrical cénductivity

of Ehe'appropriate‘wélls labeled t, c, e. The Laplace tfansform vari-

1/2

able p is equal to -iw, and the function p is defined so that its
real part is positive in the right-half p-plane, as follows from the
demand that fields decrease eprnentially within the conductors-

(Appendix B, Part I). Thus forw in the upper half-plane,

1/2

0 <argw < m, we have 'Rep > 0 and the representation

1-i

/2 lw
21/2

pl/2 1/2

= (—im)1 | éxp(—%—argux) . - (2D

Near a resonance frequency the expression (2.8) may be represented

-at small b as

4
)
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. » 2.
D = [2d1, (T d)/T b7]:[1 + 0(b) ]
. 3 (2.12)
(L) - (nc/rrb)xl(rrd) + 0071

This result is deri&ed by combining the twé terms of (2.8) with the
help of (I-3.21); the denominator of tﬁe resulting gxpression is then
evaluated at the point where the ﬁumerator vanishes to yield éhe
approximation (2.12). To determine w_ we drop the terms that vanish with .

b and find the zero of
£w) = I (T d) - (n /T D)L (T &) S (2.13)
by Newton's method. Since n, is small compared to 1, a good point to

start a Newton iteration is w = {, where Io(Pr(&)d) = 0. Then to

sufficient accuracy,

S ey = e - £@/EW@) . (2.14)

We determine ¢ in turn by a separate application of Newton's method,

. beginning at wy s which is the value § would have if the end walls

" were perfectly conducting; namely,

o = He/dl 3E + anp? ML @A)

Here joi'is the i-th zero of the Bessel function JO. A short

calculation yields
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s

. 2, 2 (2.16) . '
w_ = @ -n @) /bdd + 0(n", n «) - CoL2 2.1/4 -1/2 1/2
r e’ ¢’ ¢ _ Imu)r = ~(c/d) [JOi + (rrd/2g)°) [ZZOG cd] [T+ d(GC/Ge) /(l+5ro)8]
and (2.20)
. It remains to determine the constants Rr(wr) and D'(wr) of (26 ).
N - 2 ; 2 2
wooT ey K(wo)c /(1+6r0)g Wy + 00T, _ (2.17) Evaluating the derivative of f(w) for small b, we find
2 2
‘ ‘ . d"J3.(3..)
: 1
hence D'(w) = 20 — + 0., &) 5 | (2.21)
’ becj .
oi
W= w - (20 [ n (w)/bd +xw)/ (48 g2 1 .  (2.18) .
r o o7t eto o T ro’®. where J1 is the ordinary Bessel function. In view of (2.5), we may

‘calculate Rr as l/Ar which at small b has the value

By (2.10)and (2.11) this result may be written-as

. : ' /A = & - 28 b » 0. 2.22

wp = uy - e Lol 2l wien e+ il 2ars s 1 " o’ 22
(2.19) . This result follows from (I-5.19), (I-3.57), (1-3.41), and (I-3.42).

Here and in the following we negléc£'terms of second and highef order From (I-3.55) and‘(I—3;63) it is seen that

in resistivity, which are indeed negligible in the frequency range of

interest. In (2.19) the choice of éign in the second term is to ) 7 ) (_)rNﬁr = anr(K=0)]2 + 0() .- (2.23)

agree with the choice in the definition (2.13) of w, The two signs of

w, give the same value of -Im wrand opPosite yalues of Reu%, and ' With the help of (2.29)—(2.23) we evaluate (2. ) on the real

hence lead to the same rise time. We may then restrict attention to m—éxis.at the peak of the resonance to obtain .

the positive values of eéch of which is indexed by a radial mode )
p wys : . y _ 4z g (Zoczod)llz ioi )2
number i of the Bessel function zero and an axial mode number r. The Zc(m=Rew r) = 5/2 [ ] )
nd (wod/c) Jl(Joi)

difference between Rewr'and wgs being 9o (n ,k), is not significant in
c .

. 1 _ I, (x,2) )
the following; we put Rewr = w If we take Mo T Hg = Ho» then (2.19) x - 73 3 !Nnt(K=0)’
+
Jields % § , + (d/g)(o [a) xpaly (x,b)
(2.24)
SR «



Here Xn is to be evaluated by (2.3) with w = @ and W is given in
terms of the mode numbers (i, r) by (2.15). In (2.24) ﬁe have ‘dropped

a bomplex factor 1 + O(nc,K), which differs from unity only by terms

which are typically of order 10
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4

‘The Bessel function factor of (2.24) has a small-b limit of

1/2:

I, (x é)
1n hd 1/2 >

2
x,aT, (x,b)

b » O

(2.25)

We purposely avoid taking this limit, however, because at non-

relativistic velocities and small but non-zero b, the factor may

differ greatly from 1/2. When formula (2.24) for the impedance is

left as it stands, it agrees approximately with the exact results of

Section 6, for small non-zero b.

The factor iNnrl of (2.24) is similar to the transit time factor

as usually defined for active r.f. cavities. It is proportiomal to

the energy change of a particle, due to the beams's own field, as the

particle traverses the cavity. We have
-2 -
]Nnr(K—0)| =
. . 2
K g 2 sin kng N
n
2 2| 2
(kng) -(mm/2)". cosk g .

r even

r odd

(2.26)

The formula (2.2) providés insight as to how the impedance

depends on parameters, even at' large b/d; see Sections 3 and 6';

-14-

From (2.20) and Rew =~ w
r [o]

in the familiar form

we obtain the quality factor

Re w d/s
Q = _r o=
, l2tmo_ | L1 a (%12
1+3 g o]
ro e

where the skin depth §

/2

§ = (uoowoﬂ)_1

is defined by

2.27)

(2.28)
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3. AELIMINATION OF RESONANT MODE AMPLITUDES Since we must evaluate the impedance near the pole in treating beam

stability, our problem is to solve the system (3.1) when it is

In Part I we gave two different formulas for the impedance, one nearly singular. From a numerical point of view it is not advisable

based on solving equations for the cavity mode amplitudes and the ta attack directly an ill-conditioned (almost singﬁlér) system.

‘other on equations for the tube mode amplituges. Although both Accordingly we seek to replace (3.1) by an equivalent well-conditioned

formulas are exact, the former is best suited to the case of deep system

cavities, and the latter to shallow cavities. In the present paper The components of X are labeled by s =1, 2. ..., the axial

we use the.cavity mode formula, but actually apply it to shallow as field mode number in the cavity region. In fact, X is proportional to

well as deep cavities: we work in the interval .2 < b/d < .9. From g the cavity electric field ampliﬁude in mode s, due to a charge pertur-

physical viewpoint it seems questionable to use this formula for b/d bation in tube axial mode n.- Numerical calculations show that a

as large as 0.9, but we experience no difficulties of convergence in resonance is largely confined to a single mode s = r even at large

doing so. 7 b/d; i;e.,'Xr becomes much larger than all the other XS for w near

As is seen from (I-4.24) or (2.1), the main problem in finding a zero of the determinant. That suggests that -the sinéularity could be

. . R -1 5 .
th? }mpedance'of arbitrary b is to compute [(1-RE) ‘RN]sn; l.e., to avoided by eliminating the large amplitude Xr from the equations to

solve the following system of equations for the vector X: be solved.

The matrix E has the form
(1-RE)X = (RN) _ - 3 (3.1)

E = (F+A)(1-nth_1) , ) (3.3)

We use the notation (RN) n for the vector with components Rsﬁsn’

s=1,2, et A cavity resomance is associated with a pole of the where F is given by an infinite series, the first term of (I-5.18),
impedance just below the real w-axis, which arises from a zero of the and the diagonal matrices A, v, and R are defined in (I-5.19),
determinant, _ ‘ ‘ (I-3.65), and (I-3.60). The term nth—l, which we could neglect in

det(1-RE) =0 . (3.2) comparison to 1 at small b/d, is in gene;al_not very imporﬁant, but

we retain it anyway. We substitute (3.3) in (3.1) and rearrange to

obtain
(1-QM)X = (QO) (.8

where

« &
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F = . F(l—nth ) s (3.5)
Q = R[l-A(R—ntv)]_l . (3.6)

Since the components of F aré small compared to the &iagonal
components of A, we have separated F and A in (3.4), to prepare for
a later expansion in powers of F..

We take the resonant mode number to be s = r, and solve (3.4)
for the non-resonant amplitudes in terms of the resonant onme, er
x = I'{1 - qF} ;t Q (F_X + ﬁtn ) ., s # r". R

t#r
Here the curly brackets mean that the'matrix within the brackets
is restricted to thé non-resonant subspace. If we now substitute
(3.7) in (3.4), and take the r-th cémponéﬁt of (3.4), we obtain a
1ingar equation for Xr alone. That equation. ﬁas the solution
fF +7 F {l—Qf‘}-lQI:I
rn t,ufr rt tu’u un

T r = nd 1eanl ~1n &
1-Qr [Frr+ ) Frt‘{l QF} tuQuFurJ
t,ufr

< (3.8)

The non-resonant components of X are now constructed by putting this
result for Xr into the right-hand side of (3.7).
By expanding the resolvent matrix {1 -_Q?}-l in powers of F,

we obtain the desired perturbative method:

f1 e} ¢

1+QF  + 7 QF QF
ufr

+ § oF QF QF +....., s#r . (3.9)

. s suu uv v vt
u, V#r

~18-

Thus by (3.8) and (3.9) we express Xr as the ratio of two series,
each in ascending powers of the matrix {Qﬁ}m A resonance pole of
Xr in the w plane comes from a zero of the series forming the

denominator D, namely

D = 1-QF - ] QfF oF
t#r
=l QT T Qe o (3.10)

f,u#r

The same pole occurs in Xg,_s # r, but in general with a smaller
residue due to an extra factor of F. Notice.that we could not have
obtained a pole by attempting a simple iterative solution of the
original equation (3.4). Our procedure is analogous to the method

of Jost in quantum mechanical scattering theory.3 In the latter

- the. numerator and denominater in the so-called N/D representation of

the'scattefing amplitude, rather than the amplitude itself,bare

- expanded in perturbation series. Resonances or bound states

correspond to zeros of D in the energy plane, and are not accessible
by the Born perturbation series for the amplitude itself.
Using the solution (3.8), (3.7) of equatiom (3.1). we can evaluate

the formula for the impedance (I-4.23, 4.24) as follows:

z = z. +12 o (3.11)

where Zt is the impédance of the smooth tube and
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-ZiZOgd Il(Xna)
VA =
c 2 2, - 2
b al”(x b)(1-n_1) i
. Xn o' n tn (3‘12)
x 1 an(l_ntvsRs )(As+Ber)
s=0
where
Ar =0, ‘ Br =1, ) (3.13)
A = ¥ 1- 71 -1 5 .
s L ‘{ QF} st Ny str , (3.14)
t#r
- =1-1 . = :
35 =7 { 1“QF} st QtFtr s s#r . (3.15)
t#r S T
I, T LPY/x P (D) - (3.16)

The resonant amplitude Xr is given in terms of the same AS and Bs:

X = Q . (3.17)
l-Qr(Frr+ z 1:‘1:5]33).
s#r
We have reduced the calculation of the impedance to the solution

of two linear systems, both with the same well-conditioned matrix of

coefficients:

1-oF}a - Qﬁ; (3.18)

‘{1 - Qﬁ}B = QF . = (3.19)

o

i

~20-

Of course, these equations éould be solved by a non-iterative method
(say Gaussian elimination), butbwe have found that the iteration (3.9)
is an efficient way to prodeed. In fact we find that a good approxi-
mation to Zc is obtained, even at large b/d, if just the zgroth order
values of A and B are used; namely, AS = Qsﬁsn’ BS = Qstr’ s # r.
In that approximation only the r-th row of the matrix F is needed
to calculate the impedance, and the required computer time is very’
small.

In Section 6 we give numerical results from evaluation of
(3.12). Near the resonance energy, Zc may be represented a;curately

as a pole plus a small constant background:

(3.20)

Since stability limits or growth times of instabilities are
determined by a region of the w-plane very‘close'to w., We can
neglect. the background Cye The imaginary part of ¢y is negligible
‘compared tovits real part, so that Zc in the relevant region is

determined by three real numbers: c1» Rewr, Imwr. We tabulate the

equivalent three numbers

cl Re Wy

Z (w=Reg_) = —— , Q = ———— , f = (Rew_ )d/c
¢ r |Imwr! 2|Immr| : r

(3.21)

= o



Notice that only the term in (3.12) pfoportional to Xr involves the
pole; the rest may be dropped.

The relevant tube mode number n for the stability question is
given by the plasma resonance condition w/kn * Bc. For evaluation

of (3.12) we take the non-integer value

n = (Re wr)R/Bc . ) (3.22)

Thus, in our graphs of Zc(w = Rewr) versus geometrical parameters
the value of n varies cpntinuousl&,along a curve, since W, changes
with geometfical parameters. Had we properly taken the integer
closest to (3.22) for n, the;e would be step discontinﬁities.in the
:curves where n changes by one unit. The value of n is typically so
large that the discontinuities are of negligible magnitude.

For non-relativistic high current beams there is a special
situation {occurring in a narrow range .of parameters) in which two
neighboring Eube modes participate. A 2 x 2 submatrix of an
infinite-dimensional impedance matrix is'thep involved. This case
will be discussed in Pgrﬁ IIl; as far as calculation of thgliﬁpedance

is concerned it presents no new problems.
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4. NUMERICAL METHODS
We review those aspects of our computer program which have been

crucial in minimizing computer time and ensuring accuracy.

(1) Coefficients &f the Mode Amplitude Equations.

A large fraction of the computation tiﬁe is used in calculating
the matrix F of. (3.5), which is given by the cubically convergent

infinite series, (I-5.18). The series can be computed to adequate

'accuracy by retaining 1000 terms, but that becomes rather expensive

when we evaluate F at many different frequences while locating.the
pole of the impedance in the frequenéy piane.—'Fértunately, only the
first few terms of the series depend‘appréciably on frequency, so
thét the remainder need be recomputed only when a large change of
parameters is made. Better yet, the tail of the series is well
approxiﬁated by a simple integral, which can be evaluated as a

logarithm. This approximationbisvuniformly valid over the parameter

range of interest, and allows us to write F as N terms of the series

(I-5.18) plus the reméinder,

1 A2+x:
2 ) n ( 2 2 ] s S # t »
X -X ATHx
R st t
PR -(alzmb) x | -
i 1
—_—_—, s =t .
. l A2+x2
s
A o= (N + 1/2)ng/b (4.1)

Here X, = 0.8 = en/2+0(); éee (2.6) or (I-3.41,1-3.42). A rather
small value of N can be used. The graphs of Section 6 were computed

with N = 25, and are virtually indistinguishable from graphs
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obtained with N = 1000.

(2) Finding the Pole of rhe Impedance.

TQ locate a pole of the impedance (equivalently, to find a
cavity. resonance frequency and Q factor) we have to solve the non-

linear equation

W) = 0 , ' (4.2)

‘where f = pd/c and D is the denominator function (3.10). We do so
by the method of regula falsi,4 ﬁhich is Newton's method modified so
that the derivative is approximated as a difference quotient. Thus,

the iteration to find a root is given by

iyl
]

fﬁ -D(£) ————— - (4.3)

ntl n
D(fn)—D(fn_l)

For b/d <.5 and g/d > 1, the iteration converges quickly if the
zeroth approximation fo is taken to be the value of f for b = 0 as
given in (2.15). (Once fo is chosen, f

3. 10-4.) Starting in the region

is taken to be £ + Af
1 o
with Af any number of order 10~
of small b/d and large g/d, we vary b/d and g/d in small steps to
cover the entire parameter range. We begin each iteration with a
linear extrapolation from a previous solution of (4.2). If

b is the parameter to be incremented, then differentiation of

D(f, x) = 0 gives

-24- .
of aD/ax
= - — - (4.4)
3x aD/3f
and the desired extrapolation is
‘ aD/ax
f(xtax) = f(x) - ——— ax . (4.5)
aD/af

For the derivatives in (4.5) we use an. approximation to 3D/3f

already obtained in the iteration for parameter x, and

aD D(£ (%), x+0%) =D (£ (x) ,x) (4.6)

X : Ax

Since D is the difference of two terms each of order 1, the

best solution of (4.2) with the 32 bit”anithmetic used corresponds to

|2] ~ 10_6 - 10-7. We usually obtain' a solution of that accuracy

. in 3 or 4 steps of iteration (4.3). .The value of the derivative

D', obtained as a difference quotient at the last step of the

iteration, is not reliable due to round-off error: D(fn) and P(fn_l)

are too close together. Since we need a good value of D' to compute

the impedance at the resonance ﬁaximum (to find the residue of the
resonance pole), we finally recompute the derivative at the solution
f obtained, by usihg.larger increments of f in a 4-point formula
from cubic splines.5 The accuracy of f and D'(f) was checked by
doing some double-~precision rums, and was found to be more than

adequate.

& ¢
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(3) Treatment of High Coupled Modes

The equations of Section 3 involve infinite sums over axial

cavity mode munber s,

(4.7)

it~ 8
&
)

s

where ¢s is'any one of several functions appearing in (3.7)-(3.19).
All of those functions have in common that they decrease more

rapidly than g3t

, 8> o for ény e > 0. 'ihig assertion may.

be verified directly for those-cages in which ¢s is known explicitly
(as in any ferm of (3.9)). yhen ¢S involves the unknown As or Bs’
the assertion follows from the Fredhdlm theory of equations (3.18),
."(3.19), to be deveioped in - Part III. -The ¢s are smooth (in fact
ahalytic)-functions of s, although they are .evaluated only at integer
s in <4.7); We take advantage of the smooth s-dependence to approxi-
mate the‘tail of.(4.7) in terms ofI¢S at jus; a few large non-integer
" values of s.

A smooth function f(x) on a finite interval [0, m], where m is
" a positive integer, may. be éﬁproximated in tefms of'caréinal spline

functions Sp(x),as’follows:5

m .
£ = ] EEB 0 . . L (4.8)
p=0 :
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In (4.7) we leave the first few terms of the suﬁ as they stand, and
map the remaining infihite interval of s, say s > Sy onto the.finite
interval [0, m] by some mapping s(x) with inverse x(s). For s > s,
we first multiply ¢S by (s + a)3-€, e small and a > 0, to remove

most of the asymptotic variation with s. We then represent the

product by splines,

3= T : 3- '
bg(y (SCOH T = pZO¢S<P)(S(p)+a) B0 - (4.9),

Finally we put (4.9) into (4.7) and reverse the order of s and p

sums to obtain

. So-l m
S£0¢s i _s£0¢s * p§0¢S(P)WP e (4.10)
v, = (s(p)+a)>® | Bp(x(s))(s+a)‘3+€ . (4.11)

S=3
o

The ¢s depend on various parameters, but the weights wp are
independent of ¢S and may be computed and stored once for all.

The accuracy of (4.10) will depend strongly on the choice of
the mapping s(x). For guidance in.ﬁaking a rational choice, imagine

that we had to evaluate the trivial ‘integral,
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ds .
Jv . (4.12)

by ﬁumerical quadrature. Any quadrature rule ;ould give the right
aﬁswer if we first made the chanée df‘variab;e X = 1)32; which renders
the integrand coﬁstént and maps.the infinite:interval onto a fini£e one.
In parficular, a ‘rule based on equally épaced mé;h ppints'in the variable
x‘would be good; Since our éums are roughly cubically convergent, a
corrgspoﬁding inverse square mapping seems appropriate for our spline
approximation. We take

X [ so+a 2 )

————*J . (4.13)

m L s+a

Actually, we use a refinement of the above formula (4.10), to make
the function approximated by splines as nearly constant as possible.
The functions ¢s have another matrix index t which we have suppressed

heretofore; in fact, the sums to be evaluated have the form

| ~1 8
=
<

es¥s (4.1?)

0]

where F is the matrix of coefficients discussed in Section 3, and by

I+e for any € > 0. The behavior of Fts at

decreases faster than s
large but not asymptotic s depends considerably on t. The dependence
on s and t is similar to that of the function th of (4.1), which

suggests that it would be useful to divide the summand of (4.14) by

th before making the spline approximation. Accordingly we define

s
L)
Sy
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(s+a)l_g . C :
w(s,t) = ) : (4.15)

R =
P o (=0, 787/2)

and ﬁake a spline approximation to Fts wsw(s,t), in the manner of (4.10).

We then get t-dépendent weights instead of (4.11),

.§= o wisst) ’ (4.16)

and our final approximation to the sum (4.14) is

=1

m
s OFtsws + pZOFts(p)ws(p)wp(t) : (4.17)

The weightS(up(t) depend on g/b, but the results for the impedance are
virtually insensitive to ghanges of g/b within the function wp(t);
therefore we t;ke an average value (g/b = 2) in wp’ even though the
impe@ance is calculated for a wide range of g/b:

. For .the ﬁp we take.cubic splines represented as

800 = g, tayx by laal? s

The coefficients a- , a,_, b are taken from the tables of Sard
op’ "1p’ “pq

and Weintraub.s The calculations reported in Section 6 were done with

m = 10, and with 10 low modes (s > so) not treated by splines. Since
p = 10 corresponds to s = <, and Ftwww = 0, we then have 20 mode

amplitudes. The infinite-dimensional equations (3.18), (3.19) have
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been approximated as 20 equations in 20 unknowns. The sums (4.16),
which converge absolutely at a roughly cubic rate,vare computed once
for all with 5000 terms retained. Modes of even and odd parity decouple,
so that only modes with the same parity as the resonant mode enter the
calculation.

A test a posteriori to see if our procedure is reasomnable is to
solve the approximated version of (3.18) or (3.19) and then see whether
the solution is consistent with the hypothesis that the function
approximated by splines is slowly varying. In the case of (3.18)
that means that As(s + a)l-eshould vary slowly over the spline knots
s(p), p=0,1, ..., m - 1, since we already know by an independent
check that ist/th is almost constant. With a = 50, ¢ = 0.1 (the
values used. in Section 6), the variation of As(s + :a)l_e and Bs(s + a)l—e
is indeed agreeably ﬁild, as shown in the example of Table 1. The
quantities of Table 1 should tend slowly to zero as s > » (with a
behavior differing from s ° by an arbitrarily small power) and the’
data seem to be consistent with that tendency.

(4) Bessel Functions

Bessel functions of complex argument are computed by power series
at small argument and asymptotic series at large argument. Bessel
function evaluation is not an important factor in the total computation
time. -

(5) Estimate of Accuracy

There are two issues concerning accuracy:

(i) Areé the equations themselves physically correct for the model

studied?

(ii) Have the equations been solved with sufficient accuracy?

Regarding (i), we recall that our only approximation in applying
Maxwell's equations was the use of the standard resistive wall boundary
condition. The latter entails the assumption that fields within the
conductor donot vary in a direction parallel to the surface. That
assumption may be faulty if the cavity is very short and/or very
shallow. In fact we find evidence that our'equations are inconsistent
with Maxwell's equations in such a case; namely, when both 2g/d < .1
and b/d 2 .7, with Ue < =, See the discussion at the end of Section
6. The resistive wall boundary condition appears to be adequate in
almost all cases of interest, since the difficulty occurs only in a
parameter region where the impedance is very small.

With regard to item (ii), we believe that the only potential source
of significant error in solving our equations is the treatment of high
coupled modes. To judge that error, we have tried dropping all the
modes beyond the 10th (of a given parity), which is to say the infinite
set of modes treated by the method of item (3) above. The resulting
change in the impedance is so small (less than 0.5% at maxima of
impedance) tha£ it would hardly show up in the graphs as plotted in
Section 6. Table 1 shows the correéponding small change in the
first ten components of the solutions A, B of the (3.18), (3.19).
Similarly, changing the way of treating the high modes (changing the
mapping, etc.) has negligible effect. Our rather elaborate method
was motivated by the observation that the high modes do not decrease
very rapidly with mode number. In spite of that, and somewhat
surprisingly, their cumulative effect appears to be much less than that

of the first few modes.
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A convincing check against gross errors isprovided by runs with
Oy = % which can be compared with results of Keil and Zotter2
obtained by quite a different route. We reproduce the curves of
their Figure 4, almost to the accuracy with which we are able to
read the cufves. The Keil-Zotter curves were computed with 10 cavity
modes.

(6) Computation Time

With only.the first ten modes retained, computation of all
quantities (impedance, frequency, Q factor) for one choice of geo-
metrical parameters and five velocities takes about 3.2 sec of CPU
time on a VAX 11/780. Doubling the number of modes triples the time.
We have solved (3.18) and (3.19) by iteration, which usually requires
six or seven steps for a single-precision solution. The resulting
impedance differs little from that obtained with zeroth-order iterates

for A and B; one could save time by using the latter.

-32-
5. DEPENDENCE OF IMPEDANCE ON PARAMETERS: GENERAL FEATURES

The equations for the impedance entail the following parameters:
a = beam radius
b = tube radius
d = cavity radius

2g = cavity length

R = "ring radius" (2nR = longitudinal spatial period)

Bc = average particle velocity

(Oc,Gt) = conductivity of cylindrical surface of (cavity, tube)

O, = conductivity of planar cavity end wall
There are scaling laws and other features which simplify the task
of describing the pafameter dependence . We must distinguish the
resonant impedénce ZC and the smooth-~tube impedance Zt. We discuss
only Zc as described at resonance by the three quantities (3.21), in
the mode n given by (3.22). The tube impedance Zt will be taken up
in Part III. The'general properties of ZC may be summarized as
follows:

(a) All quantities are independent of R if R is appreciably bigger
than d (say R > 5d). Henceforth we suppose that R/d is
indeed large.

(b) The resonant frequency in dimensionless form, f = (Rewr)d/c,
depends only on g/d and b/d.

/2

(¢) If g=¢g =g, = 9, then Q(Zood)_1

c c depends only on

g/d and b/d.

@ If =0, =0, =o,, then Z (u = Rew) * (Zocd)_l/z

c N depends

only on g/d, b/d, and a/d for a fixed value of B. [Usually
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the dependence on a/d is negligible, however, since it

enters only in the factor Il(xna)/xna which is normally

close to its small-a asymptote of 1/2. This factor differs

from 1/2 only for very small 8 and/or unusually large a.]
(e) Aside from the a-dependent factor just mentioned, the §

dependence resides entirely in the Bessel function factor,

1
(5.1)

2
I (x b)
and in the numerator function of the pole term,
N= (N 4] F_AJ-IN _(1-nv R 4] N _(1-n v R D)B_]
rs s nr trr si ns t ss s

Medr T

(5.2)

The latter may be approximated by the transit time factor squared:

N = ‘Nnr¢:= O)|2. The approximation ranges from excellent
at small b/d to rather crude at large b/d; it is good enough
for practical purposes in most cases (see Section 6 for
quantitative details) d4nd in any case we have the useful
inequality N < lNrn(K = O)|2. Thus, the velocity dependence
is described in terms of simple explicit factors.

(f) For fixed b/d, the dependence on g/d is similar to that of the
small-b impedance given in (2.24), provided that g/d is
sufficiently large. This useful fact will be stated more
precisely in Section 6, and will be used to get an
approximate formula for the impedance.

Keil and Zotter2 noted property (a) as a result of their numerical

calculation. As we remarked in Part I, the validity of their method
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at large R is not obvious, so that the basis of their numerical

result is not clear. Using our new form of the kernel E, obtained by
a Watson-Sommerfeld transformation, one can easily see that the R
dependence falls out at surprisingly small magnitudes of R, and that
the method is valid at all R. ' To illustrate the point, we write the
expression for the kernel with resistivities put equal to zero;

(that simplifies notation without affecting the issue). By (I-5.18, I-

5.10), E = F + A where

I 1 1
2
F = -(g/b)" )
st i=1 (gui/R)2+(sn/2)2 (gui/R)2+(t1T/2)2
gu,/R
X ———— [ cosh mu, + (-)S+lcosh (my, —2gui/R) 1 (5.3)
sinh LU . B

b = RL G2 - we? M (5.4)

The i-th zero of the Bessel function J° is denoted by joi' Since R
enters the equations only through F, we have only to show that (5.3)
becomes independent of R. Now wd/c at resonance is of order 1; for

instance, in the lowest mode wd/c. = = 2.4, Consequently, the R

» jol
dependence appears only in THY within the arguments of the hyperbolic
functions. But Ty is large compared to 1 if R is very large,
exp(ﬂui) dominates both numerator and denominator of the summand of
(5.4), and the R dependence goes away. Numerically we find hardly any
change in Z, between R/d.= 5 and R/d = .

Property (b) follows from the equation D(w) =.0 which defines the

resonant frequency, if we neglect all the small complex terms
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proportional to resistivities. Since resistive terms are typically
smaller than the non-resistive background ﬁy a factor of 10-4 or so,
the neglect is justified so far as determination of Remr is concerned.

Property (c) is evident in'the b = 0 iimit, as (2.24) shows. It
is not so easy to see why it should hold at larger‘b/d, but our

calculations show it to be true to high accuracy (say one part in 103)

even at our largest values of b/d. Since Zc(w = Rémr) is proportional

to Q, it is not éurprising that (d) holds as well as (c); but again
there are additional factors which might have spoiled the result but
do not. -

That the velocity enters only in the Bessel function factors and
in the N function (5.2) is rigorously true, and may be read off from
the equations. The fact that N is approximated by the transit-time
factor, and the validity of (f), are numerical results that are not
obvious from inspection of the equations.

Although we have observed no significant violation of properties
(@), , (, (d),'it is perhaps prudent to do the calculations with
reasonable values of those variables that are alleged not to matter.
Thus we take d = 1lm, R = 100m, ando = 106&m)-l % (conductivity of

stainless steel) for the calculations of Section 6.
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6. NUMERICAL RESULTS FOR IMPEDANCE, FREQUENCY, AND Q FACTOR

According to Section 5, the principal parameters required for a
global description of the resonant impedance are b/d, g/d, and g.
Unless one is interested in a case in which the ;onductivities of the
different parts of the chamber walls have different values, the
conductivity need not be considered. To an excellent approximation it
appears only in a removable factor if o = O, = 0Oy = O- We indeed

e t

take equal conductivities, but note that the case o, = 9, # o, may

be treated approximately by a fornula to be given presently.

/2

In Figures 1-41 we plot Zc(w = Remr)(Zo od)-l as a function of
2g/d for various values of b/d and 8. The graphs are computed with
the factor Il(xna)/xna put equal to 1/2, its limit for a - 0. This is
usually a good approximation; when not the reader may correct by

including the exact factor using Xp@ obtained from (2.3) and (3.22);

namely,

a
xa = o (6.1)

We give results for the cavity mode of lowest frequency (i = 1, r = 0)
for 0 < 2g/d < 5, and for the next higher(axial mode (i =1, r = 1) for
0 < 2g/d < 10. ' As would be expected from the b = 0 formula (2.24),
the relative maxima of the r = 1 impedance are larger than the corres-
ponding maxima for r = O when g/d is large (say 2g/d 3 4). For
smaller g/d the r = 0 mode is larger at maxima.

The oscillations of Zc as a function of 2g/d may be understood as

oscillations of the squared transit time factor (2.26), since the latter
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approximates thée numerator function N of the impedance as

‘defined in equation (5.2). By (3.22) and (3.21) we have

- _f g (6.2)
Kn8 8 d

Since f varies slowly with g/d, the oscillation of the transit time
factor comes from a nearly sinusoidal variation ofsinkng (cos k#g)
Vwith frequency inversely proportional to 8. Eor the ¥ = 0 mode we

~ have (sin kng/kng)'2 fof thé squared transit—time factor, and thg
(kng)-2 contributes a factor 82 to the impédance. This explains the
52 variation at fixed geometrical parameters observed by Keil and
Zott:er2 over the interval .5 < B < 1. At smaller values of 8 the
variation can be very different from 62, because of the factqr
I;z(xnb). Because of the exponential behavior of Io(x) at large x

-1/2

(Io(x) ~ (2m) exp(x)), (6.1) shows that there is an exponential

cut-off of the impedance at small B,
exp(—Zf%——] , B0 . ' (6.3)

Consequently the cavity must be fairly deep (b/d < .3 ) to give an
appreciable impedance for 8 as small as .3. Our graphs of Zc are for

~ the paramete? range B = .3, .5, .7, .9, y= 30 (B = 0;9988)

) B/é = .2, .3, ..., .9 but with omission of those choices (large b/d/

-1/2 is less than about 1

small B) for which the maximum of Zc(Zodd)
ohm. Because there is a v in (6.1) but not in (6.2), the velocity

dependence of the impedance for relativistic beams is almost entirely

from I;Z(Xﬁb). Thus, to get the impedance for any Y>> 1 from our
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results one merely has to scale the graphs for y.'= 30 by the factor

I _(£b/30d) |2
-—-°

(6.4)
Io(fb/'Yd) .

Thebappropriate value of f in (6.4) is to be taken from Figure 1.

The r = 1 impedance becomes negiigibiy small for small g/d. The
transition to negligible values becomes sharper and occurs at larger
g/d as b/d increases. The cut off has to do with the sharp increase
of thé rv= 1 resonance frequency at small g/d, and with the fact that
the derivative of the denominator D of (3.10) also increases sharply.
Because of the lérgelderivative D' it is relatively hard to locate the
resonance freduencyvnear and beyond cut-off. The frequency can be
found by using damping6 in the iteration (4.3) while taking very
small steps in g/d. That procedure does not lend itself to automatic
parameter variation énd plotting, however, so we are led to truncate
the curves presented at values of g/d where the computation becomes
difficult. The impedance‘is always negligible beyoﬁd the point of
truncatipn.

In Figures 42 and 43 we illustrate the effect oﬁ Zc of putting
o, = = while keeping o, = g, < e, With 0,=® andY = 30 our

t

values are comparabler to those of Keil and Zofter, which were given

" for 2g/d ¢ 23 (noté that our g is one half of theirs by definition).

Our values agree with theirs,- essentially to the accuracy with which
we are able to read their graphs.
The effect of end-wall resistivity is important, of course more

so when the ratio of end-wall area to side-wail area is relatively
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large. It does not obey a rule-of-thumb suggested by Keil and Zotter‘,2
némely that it could be accounted for roughly by augmenting the
cylindrical wall resistivity .I./cc in the ratio of new to old resistive

surface areas. For a déep cavity (b/d << 1) that would mean

L (HZL] 1 (6.5)
[} 8 OC

By the deep cavity formula (2.24) with O, = = that change of O

would give

/2 2

-1
Zc > (1 + d/2g) c

(6.6)

whereas the correct change obtained ¥rom (2.24) with 9. ='cc is

148
ro

c (6.7)
1+6r°+d/g

[

In Figures 44-47 we plot the dimensionless resonance frequency
f = (Rewr)d/c versus 2g/d for variéus b/d. Again. some of the curves
are truncated at small g/d; beyond each tfuncation the-impedance is
negliéible and the frequency’is hard'tovcompute.

/2

The reduced Q factor, Q(Zocd)_1 , is graphed in Figures 48 and 49.

In some cases these curves are cut off at slightly higher values of
g/d than the corresponding curves of f. The reason in that Q(Zocfd)“l/2
~hits a minimum and then begins to increase sharply with decreasing g/d

shortly beyond the truncation point of its graph. Such behavior

seems unphysical, and appears to be due to inaccuracy of the
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resistive wall boundary condition (I-B.12) when b/d is large and g/d

small. In the case of the r = 0 mode‘the behavior is without doubt

unphysical, since Q goes to infinity.and then becomes negative (Iﬁf

changés sign) as g/d goes to zero. In the r = l'moﬁe Q stays

positive, but still increases abruptly without apparent physical

reason. This phenomenon disappears if we make the éavity end walls

perfectly conducting «’e =), That makes the end wall boundary

condition rigorously  correct, since a perfectly conducting wall

cannot support field variations transverse to the wall. On the

other hand, if Oe <= and the cavity is both shallow and short a

significant transverse variation probably exists, but is not allowed

in the standar& boundary éondition that we ﬁave employed. The

r=1 mode,linvolving faster field variations than r = 0, is probably

less cémpatible with the boundary conditions than‘r = 0; hence the

bad behavior of Q ;hoﬁld show up at larger g/d as itAindeed does.

Since the field of the beam is primarily radial,-one wpuld expect that

the boundary condition on the qylindrical cavitj wall would be relati-

vely accurate; indeed, we can retain a, < ® yithout any ill effect.
It‘would be worthwhile to check our calculations at large b/d

by using the formalism based on tube modes rather than cavity modes

(namely the impedance formula (1—4.26)), which is more appropriate

for shallow cévities; If the same bad behavior of Q for short,

shallow cavities were obtained, one could then be rather

confident that it is due to crudeness of the boundary condition

rather than to a simple.mistake in computation. We might add that our

cavity mode equation for determining wr'is difficult to analyze for

small g/d and large b/&, since it involves several rapidly varying
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functions of thgsg'parameters, One needs a better approach to the
case of short and shallow cavities, which ought to be provided by
the tube mode equations.

To sumﬁarize the results given in. the graphs, as well as to .
provide a rough interpolation of the pafameter values chosen, we
shall now concoct ; quasi-analytic representation of the impedance.

' We wish to study the ratio of ZE to its small-b value (2.24), but

i 2

the simple ratio will not be well-behaved, since the zeros of !Nnrl

are slightly displaced from those of its large-b counterpart N. Let
us then extract the latter factors and form a dimensionless ratio

which we call the "reduced impedance™:

o z /N _
Z..4 = (6.8)
red z (small b)/|N__|?
. . c “nr :

By definition Zfed is independent of velocity, and it has the interesting

feature of being roughly constant as a function of g/d when that variable

is sufficiently large. Furthermore, that constant is nearly a linearly

decreasing function of b/d over a large interval. Pretty closely,

- 1175 - b
Zreg = 1-175 - 1.35 — (6.9)

.2 < b/d < .8
The approximation (6.9) is good for 2g/d 2 1 in the lowest mode
(i=1, r=0) and for 2g/d 2 3 in (i = 1, r::‘l). This is seen
in the graphs of Zred,shown in Figures 50 and 51. Now since

N is approximated by [anlz, we can apply (6.8) to get the desired
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estimate of Zc’

Z = 7 (small b)Z (6.10)
¢ r

ed

Since AV|Nﬂr|2 is not uniformly close ‘to one, this formula should be

: . , s A . 2 ;.
_used for quantitative estimates only near a maximum of anrl . Notice

also that (6.10) is not a completely exﬁlicit formula for Zc’ since X
and kn involved in Zc (small b) must bé evaluated at the correct value
of £ = f(b/d, g/d),'ﬁot at the value ofﬂf for b = 0. Interpolation

or extrapolatién of fhe graphs 6f Figures 44—47'éhou1d'give an
adequate estimate of f, however. -

The accuracy of (6.10) is illustrated in Figures 52-54, which dre

~ computed with the exact value of Zred’ not (6.9). Thus, the graphs

compare Zé computed‘with |Nnrlz replacing N to the exact Zc' For
r-= 0 the error ranges from abéut 22 at b/d = .3 and 2g/d = 1 to about
40% at b/d = .7 and 2g/d * 4. 1In all cases, including r =vl,“formula
(6.10) gives an'upper bound on Zc’ and the largest error (which occurs
for b/d and g/d large) is abou;_SOZ if b/d < .7. At the first
maximum for r = 0 (always the largest value of the impedance for a
given b/d) the approximation is always fairly good;

To sgmmarize, from (6.9), (6.10), (2.24), and (2.26), the resonant

impedance is given approximately in mode i = 1, r = 0, 1 near one of

its relative maxima as’
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. 228 (202 Y2 igp )2 - |
Z = . (1.175-1.35 —) —2 co o b/d = 0.5, the change in 2 is only about 25%, if we replace g, =g
c d’ md .2 2,574 . ; red Tt e
(3 H(xmd/28)%) 3G
. ° ) : o by 0, = = Generally speaking, the tube connected to the cavity has
1 1 k g 2 sinzk g, r=0 a moderate to negligible effect if b/d < 0.5, but for b/d > 0.5
. n° n -
1+6_ +(d/g) (o /o )1/2 12( b) (k g)z—(rn/Z)z coszk g, r=1 its effect increases rapidly.
ro c e o' ¥n n n~’ . :

Formula (6.11) illustrates a fact mentioned in Ref. 2: for very

.2 < b/d < .8 - (6.11) - long cavities (2g/d >> 1) the r = 1 impedance is nearly twice the

r = 0 impedance. This is a special circumstance arising from the
2g/d > 1 (r=0) ; 2g/d > 3 (r=1) ’ P &

anomalous status of the constant term in a Fourier series, and does

Here jol z 2.405 is the first zero of Jo» and Jl(jol) = 0.519. The not indicate a trend in thé behavior of higher modes. At small b/d

wave numbers X and kn are determined by (6.1) and (6.2), with f it follows:from (2.24) that higher modes will give a smaller impedance
taken from Figures 44-47. _ than the two modes we have considered. (It is understood that impedances
Although (6.11) was derived from the computations with Ut = Uc = ae’ are evaluated at maxima of transit time factors for‘comparison of
furthér computations show that it holds pretty well for o, = oc'#. Ot different modes. Of course, at a minimum of the transit time factor
We shall not atteﬁ#t to describe the degree of approximation globally, for a low mode_séme higher mode could give a bigger impedance). It
but to give an indication we mention that an increase of decrease of seems likely that the same situation holds at large b/d, but we have
O by a factor of 10 produces a chaﬁge in Zred less than 17 if b/d = .2, not studied the question numerically. A difficulty arises in following
less than 10% if b/d = .5, and less than 307 if b/d = .7, when the aspéct higher mode solutions as b/d increases. One encountérs "tube resonances",
ratio 2g/d is of order 1. The frequency f is affected negligibly. The which is to say frequencies at which Io(xmb) = 0 for low m, the resonant
quantity Qred’ defined By . - frequencies of a smooth tube of radius b. This resonance condition ié
o \1/2 equivalent to sinh T = 0 in (5.3), which implies the presence of a
Qeqg = Q (Zocd)'l/Z 1+ 1+éro ﬁ; fgiq J (6.12) pole in the kernel matrix Foor (Here we neglect resistivities, which
‘ do not effect the essentiai point). The presence of the pole gives a
undergoes about the same fractionmal change as Zred when Oq is varied rapidly varying D, which makes it hard to follow the cavity resonance.
at fixed g ' = 0;- This property is suggested by the small-b formula At least temporarily the latter is close to the tube resonance;
for Q, Eq. (2.27). Variations due to changing o, seem harder to " perhaps the two eventually separate as b/d increases. Techniques
‘describe. We mention only that for small b/d (say 0.2 or so) it is ) could be devised to investigate this situation, for instance by using
a good approximation to put gy = provided o, > ccl. Even for the tube mode equations with a resonant mode elimination like that of

Section 3.
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7. CONCLUSIONS

In computing the coupling impedance‘from the cavity mode
equations we have demonstrated the value of two techniques: (1)
transformation of the kernel matrix of the equatioﬂs by the‘Watson—
Sommerfeld method (Section 5, Part I); (é) elimination of the resonant
mode amplitude (Section 3). Perhaps these methods provide more power
than is necessary for the relatively simple problem at hand, but
they érovide more mathematical and physical insight and easier
computational problems than the'straightfbrward approach of solving
the otiginél mode equations. More importantly, we believe that
similar methods could offer real advantagés in more complicated
pfoblems, for instance in findiﬁg transverse cbupling impedances
or longitudinal impedaﬁces fér a cyiindrical tube with three or
more disééntihuities-éf radius per period. The perturbative method
that follows from item (2) ab&ve,.carried to lowest érder, should
provide a very-siﬁple approximate solution of ﬁhe relatively compli—

cated equations that would be obtained.
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Table 1 Solutions of equations (3.18), (3.19) for r = 0, b/d = .5,

2g/d = 2, y = 30. Only the real parts are tébulated, the imaginary
parts being smaller by a factor of about 10_4. The last two columns

are for the case in which the high modes (s > 20) are dropped.

s - (s + a)l—eA (s + a)l_EB (s + a)l-EA (s + a)l_
. S » s s
2 12.8 1.35 12.8 1.34
4 5.77 "2.49 5.74 2,45
6 4.09 2.39 4.05 2.35
8 3.32 2.23 3.26 2.17
10 2.86 2,09 2.79 : 2.02
12 2.56 C o 1.97 2.48 1.90
14 2.34 _1.88 2.26 .1.80
16 2.17 : 1.80 2.09 1.71
18 2.04 1.73 1.95 1.64
20 1.94 1.68 1.84 . 1.58
23.7 1.79 1.60. - -
28.2 1.66 - 1.52 - -
33.7 - 1.56 1,46 - -
40.4 1.46 1.40 . .- -
49.0 1.38 1.35 . - ’ -
60.7 1.32 1.30 : - -
77.8 1.25 . 1.27 , - -
©106. 1.20 1.24 - -
171. 1.17 1.23 - -
o 0 0 - -

s



—49-
FIGURE CAPTIONS

/2

Fig. 1 to Fig. 27: Zc-(Zocrd)_l in ohms, at resonance; for cavity

aspect ratio in the range 0 < 2g/d < 5. The solid curve is for
mode (i = 1, r = 0), while the dashed curve is for (i =1, r = 1).
The impedance is for tube mode n given by (3.22).

/2

Fig. 28 to Fig. 41: %;(Zood)_l in ohms, at resonmance , for cavity

aspect ratio in the range 5 < 2g/d < 10. Both curves on each
graph are for mode (i = 1, r = 1), the higher one being for the
lower of the two values of b[d indicated. The impedance is for
tube mode n given by (3.22).

Fig. 42 to Fig. 43: The effect of cavity end wall resistance on the

impedance. The solid curve is with end wall resistance, the
dashed curve without.

Fig. 44: The dimensionless resonant frequency f = (Rewr)d/c for the
lowest mode (i = 1, r = 0). Ordered from top to bottom, the
five curves are for b/d = .2, .3, .4, .5, .6.

Fig. 45: The dimensionless resonant frequency f = (Remr)d/c for the
lowest mode (i = 1, r = 0). The three curves (solid,dashed, dot-
dashed) are for b/d = .7, .8, .9, respectively.

Fig. 46: The dimensionless resonant frequency f = (Rewr)d/c for the
mode (i = 1, r = 1). Ordered from top to bottom, the five curves
are for bjd = .2, .3, .4, .5, .6.

Fig. 47: The dimensionless resonant frequency f = (Remr)d/c for the

mode (i = 1, r = 1). The three curves (solid, dashed, dot-dashed)

are for b/d = .7, .8, .9, respectively.
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Fig. 48: The reduced Q factor, Q(Zocd)—llz, for mode (1 = 1, r = 0).
Ordered from top to bottom, the eight curves are for b/d = .9, .8,
.7, .6, .5, .4, .3, .2.
~1/2 . .
Fig. 49: The reduced Q factor, Q(Zo d) , for mode (i = 1, r = 1).

Ordered from top to bottom, the eight curves are for b/d = .9,

.8, .7, .6, .5, .4, .3, .2.

'Fig. 50: The dimensionless ''reduced impedance" Zred’ defined in

Eq. (6.8), for mode (i = 1, r = 0). Ordered from top to bottom,
the eight curves are for b/d = .2, .3, .4, .5, .6, .7, .8, .9.

Fig. 51: The dimensionless 'reduced impedance" defined in Egq.

Zred’
(6.8), for mode (i = 1, r = 1). Ordered from top to bottom, the
eight curves are for b/d = .2, .3, .4, .5, .6, .7, .8, .9. All
of the curves drop abruptly in some region as g/d is decreased.

We have not plotted that region for the top four curves.

Fig. 52 to Fig. 54: A comparison of the exact impedance (solid curve)

with that computed from the approximation N :INnrlz (dashea curve).
The two curves represent the left and right sides, respectively,
of Eq. (6.10), if the exact value of Zred is used. Notice that

the approximation gives an upper bound for the impedance.
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