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Abstract

Josephson junctions, contafning one or two proximity systems (e.g.,
Sa=M8—I—SY, SG-MB—I—MY-S 5 MB(y) is a normal metal or superconductor)
are studied. An ana]ysis'of the thickness and temperature dependences of
the maximum dc Josephson current I, is carried out. The curvature of

the function IM(L js found to depend strongly on the ratio of energy

g)
gaps sY/ea and on the temperéture. The analysis is based on the
method of thermodynamic Green's function, and the effect of strong
coupling is also taken into account.

| If the proximity system contains two superconductors Sa and SB’

then it appears that the electron-phonon interaction described by the

_ constant g contributes noticeably even if T > TCB'



Introduction

The present paper is concérned with properties of the Josephson
junction containing one or two proximity systems. As is well-known (see
Refs. 1-11 and the Review 12) the presence of a proximity system affects
very noticeably the properties of the junction and, first of all, the
behavior of the maximum dc Josephson current. We are going to consider
junctions of the type Sa—MB—I—SY, containing the proximity sandwich SG—MB,
where Sa and SY are supercqnductors, I is insulator, and MB is a normal
metal or a superconductor. We will a]sb consider a junction containing
two proximity sandwiches. Lately, these systems have attracted a lot of
intereét, particularly in connection with the investigation of Josephson
junctions with an artificial barrier, like Nb—A1—A10x_Pb. Even usual
niobium-based Josepﬁson junctions are characterized (see, e.g., Ref. 8)
by the existence of the proximity layer at the Nb and oxide interface,
and the proximity effect has to be taken into account. Hence, it is
important to develop a theoretical approach which allows one to describe
Josephson tunneling ihto the proximity sandwich. Moveover, the Josephson
current is very sensitive to the pfoperties of the proximity system and,
in princib]e, one can change its behavior in the desired direction.

Consideration of the Josephson tunneling into a proximity system is
interesting also from the point of view of investigation of the proximity
effect. The corresponding experimental data contain very interesting

information about the proximity effect.



The Josephson tunneling in proximity system has been studied e.g.,
inl'll and interesting experimental data describing thickness and

temperature dependence of the maximum Josephson current Iy have been

1-3

obtained. Theoretical consideration is based on the Ginsburg-Landau

theory and results in a good agreement. As is known, this apprbach is

7

applicable in the region T ~ Tc. A. Gilabert, et al., _carried out

numerical calculation of IM based on the McMillan tunneling mode]13

for the systems Nb-Nb 0, -Cu-Pb and Nb-Nb 0,-A1-Pb. This mode]l

y y
gives a good description of experimental data (see also the experimental
study of the proximity effect14"16). As is known, lead is a super-

7 used the correction ~20%

conductor with strong coupling and the authors
which was obtained17 for the usual Josephson contact. The calculations
for the pure specular tunneling (x; = 0) were carried out by Gallagher.

13

He used a method different from assuming a spatially constant order

8 used the McMillan approach in order to

parameter. A. Matsuda, et al.,
describe the properties of Nb-based Josephson junction. .

In this paper we analyze the behavior of the Josephson current in the
presence of proximity system. We evaluate the thickness and temperatUre
of the maximum current IM. It turns out that it is possible to develop
a theoretical approach based on the thermodynamic Green's function method
(see, e.g., Ref. 19) which allows one to describe the Josephsonrtunneling
for different systems (Sa'SB'I'Sy’ Sc'Ne'I'Sy’ Sa"NB‘I'Ny'Ss and so on).
One can introduce the universal functions and investigate the effect of

different factors on the thickness and temperature dependence of IM'

18 -
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The effects of strong coupling are also taken into account. It turn§ out
that the cdrrection caused by strong electron-phonon interactions depends
not only on the properties of the superconductor Sa'but also on the
thickness.LB. The}thermodynamic Green's function method has been_used

by the authorzo

in order to evaluate T, of proximity system.

We also evaluate the Josephson current in Sa-SB-I-SY junction
containing a proximity system Sa-SB with two suberconductors. It
appears that this.contribution is very noticeable even if T > TCB

(T.. is the critical temperature of the isolated 8 film).

(o]
The plan of the present paper is as follows. Section IT addressess
the problem of obtaining the main equations. As was mentioned, we-usé
the method of thermodynamic Green's function and, moveover, we take into
account the electron-phonon interaction directly. We consider the
thickness and temperature dependence of IM in Sections III and IV,
correspondingly. The junction containing Sa—SB proximity system wj]]
be considered in Sec. V.

II. Main Equations

Let us consider the system Sa'MB'I—Sy (see Fig. 1) Qhere S, and S8
are superconducting films, I is an insulator, and MB ijs a normal metal
(or semiconductor), e.g., Pb-Cu-PbO-Pb or a superconductor (e.qg.,
Nb-A1-A10 -Pb). We assume that T < Tg. The contact S -Mg
forms a proximity sandwich and this sandwich is a part of the Josephson
junction. One can consider a more génera1vcase of the system
SQ-MB-I-MY-SG containing two proximity sandwiches. The maximum

Josephson current is equal to (see, e.g., Ref. 21)
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T :E : B + | | -
IM = W_QR- fdgp dg; Fs(p’wn) F‘Y(q’-wn) (1)
w
n

Here w, = (2n+1)=T and FB and FY are the anomalous thermodynamic
Green functions describing the Cooper pairing.

AN 2 .2
Fe(y) = :E:: (P up) [“n Zg(y) (Psup) *

28(v)
2

Sa(v)(P) * 28(7)(p’”n)-r] | (2)

Where EB(Y) is the energy of an ordinary electron in the film 8(y)
referred to in‘the Fermi level, 28(7) is the renormalization function,
228(7)15 the self-energy part describing the Cooper pairing and R is
the normal resistance of the.barrier 1. The equation of continuity
allows one to calculate the Josephson current through any section of the
junction, and we have chosen the current flowing through the insulator I.

It is worth noting that the expressions (1) and (3) (see below) are .
valid for systems with strong electron-phonon interaction. Equation (1)

can be reduced to the form

bgluy) a (o)
Iy eR = «T (3)
" Z Log? + 8 (o) 1172 Lo+ 8, 2021

w
n n
n 8

Here by = Z:B(mn)/Z8 and s, = §:Y(mn)/zY (p = pF) are the renormalized

self-energy parts (order parameters).



Hence, in order to evaluate the maximum current IM, we should
calculate thg order parameters AB(wn) and AY(mn). In this ;hapter
we restrict ourselves to the consideration of the system Sa-MB-I-—SY
(see Fig. la). The generalization for the system containing two proximity
sandWiches is straightforward (see below, p. 16). We consider a general
case SG—SB-with g #0 (AB describes the electron-phonon coupling
in the g film).

The contact Su-SB forms a proximity system. The superconducting
state in the g film is caused by the electron-phonon interaction in the
film and by the proximity effect. Hence, the quantities Au(wn) and
AB(mn) should be.evaluated on the basis of the theory of the proximity
effect. ‘

Suppose that the thicknesses La and LB‘satisfy the conditions
La >> LB’ L8 << Eﬁ, where EB is the coherence 1ehgth. Moreover,
suppose that the a film is "dirty" in thé Anderson sense..22 Undef
these conditions we can use the well-known McMillan tunneling approach to.
the.broximity effect.13 The electron-phonon interaction can be included
in the McMillan model (see Ref. 23). The description of a proximity
system based on the use of the thermodynamic Green function was given by
the author.20 As is well-known (see, e.g., Refs. 7-9, 14-16), the
results obtained on the basis of the McMillan approach are in very good
agreement with experimental data.

The equations for the order parameters are seen in Fig. 1b or in

analytical form:



-1 .
(w ) = T Z/dﬂg Qw-wn,)

XK c'l (mn,) Aa(mn.) + Za'1F°BK8'1(wn)AB(mn) (4)
AB(wn) = ZB-ITTT Z/dﬂge(ﬂ) D(Qs“’n-wnl) .
u)n| ’
0 o) Bluna) + 2,70 B () o (o) e

Here D = Q?/[Qz + (mn—mn.)2] is the phonon thermodynamic
. 2 .
! Q) = v
Green's function, gu(B)( ) aa(a)(Q) FG(B)(Q) (FG(B)(Q) is
the phonon density of states in a(g) film and aZ(B)(Q) describes the

electron-phonon interaction), Ka(mn) and « are defined by

5 (ug)
the relation:

| 2, | 1/2 '
K“(B) (mn) = [m Aa(B) (“’n)] , (6)

The quantities r*® and TB® are equal to (see Ref. 13): red _

wTZvBSLB, rée _ .12, SLa(vg.v, are the densities of

states and T js the tunneling matrix element, S is the area of the

contact). Hence, reé réa - LB/L(x and, generally speaking,

reBrée ¢ 1, since Lg << L. This means that one can neglect

 the effect of the 8 film on the superconducting properties of the « film,
that is, one can neglect the second term on the right-hand side of Eq.

13

(4). It also is worth noting that according to™~ the quantity rée ¢

equal to



°% = Vp o/28L, | (7)

where VF is the Fermi velocity, o fs the bérrier penetration
probability and B is a function of the ratio of the mean free path to the
film thickness LB' If.e film is clean, then B is constant with value
B =2.13
Consider Eq. (5) in detail. The renormalization function Z8 is

equal to (see Refs. 13, 20):

2, =14 (P (o) - (D le) (8)

Here Ele is connected with the self-energy part describing the
electrqn-phonon scattering (see, e.qg., Refs. 24-26). If g film is a

normal metal or a superconductor with weak coupling then

~

2glon = = % (9)
where
_ - |
A =fdQ 9, ()9 (10)

Substituting (8) and (9) into (5), we arrive, after simple manipula-

tions, at the following equation:

Ae(wn) = g(wn) nT Zﬁﬂggo(ﬂ,mn—wn,)
W



xc g age) Bgluns) + S(ap) (11)
Here

9a,) = & (u,)/IT* ()] (12)

S(ag) = (1 - glay)) s (ey) = [I(T+ e (a )] 8,0u) (13)

ra 189 (10,) = Vel 28L; (14)

VF = Vg (1+x8) and g; = 98/(1+AB) are the renormalized Fermi velocity

and the e]ectrqn—phbnon coupling. As it should be, Eq. (11) contains only
renormalized quantities.

If the coupling 9g = 0, then the order parameter Ae(mn) is equal to:
8g(un) = S(a), (15)

where S(wn) js defined by Eq. (13). The function Au(wn) is described

by the usual Eliashberg equation:24
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We assume now that the 8 film is a superconductor with weak electron-
phonon coupling (e.g., Al, Zn, etc., we do not 1imit the strength of the
electron-phonon interaction in the « film). In the weak coupling

approximation, one can disregard the terms of the order of ~ Tg/ﬁg,
~ D D '
QB QB’QB

coupling approximation allows one (see Ref. 27) to neglect the term wy in

is the Debye ffequency of the g film. The weak

the denominator of the integrand in Eq. (11). We obtain

Bglun) = glug) ogrT D < Hap) aglens) Xlop.) * (1-g(wn)) 8y lw,) (17)
wn,

Here o = Ae/(1+AB), Ag and the function K(wn) are defined by Egs. (6-10),

B
and
e ) = ot [ dagt(2) D(Ru.) (18)
nl 8 B _ 9. n
Approximately, /
= 521(32 & 2y § ~ oD .
X(wn,) QB /(»QB o ), QB QB | (19)

In order to make the transformation to the BCS.description, which is va]id
in the weak coupling approximation, one should put X(wn.) =1 in

Eq. (17). Then we obtain the well-known logarithmic diversity which has
been avoided by the cut-off at the frequency S2~S2g. The presence

of‘the function X(mn.) in Eq. (17) results in vanishing of the

diversity, and one can obtain the same solution of Eq. (17) as in the BCS

approximation.26’27



10

Our goal is to find the solution of the non-linear equation (17) and

then to evaluate the current IM according to Eq. (3). One can seek the
solution of Eq. (17) in the form:

85(s,) = g(u )8 + S(u) (20)

where g(wn) and S(mn) are defined by Eqs. (12) and (13) and the quantity

8 does not depend on w. Substituting (20) into (17) we arrive at the

following equation for the parameter 8:

, _ g(w)s *+ S(w)) |
8 = ognT :E:: w2y 557172 Xen) (21)

e [0,% + (S(ay) * 9lap)
n

Let us introduce the dimensionless quantity

6:8/5,.
a

(22)
where e& = eu(T) is the energy gap of the superconductor a. Using
Egs. (6), (12), and (22), after some manipulations one can reduce Eq.
(21) to the form:
= fo ot (xpe) (23)
§ =p, — — X\X €
B oo TR Ix© (1t )8+ (£ +stR)?HE TN e
Here
Xq = wn/ea = (?n+1)wT/ea; f, = Aa(xnea)/sa (24)
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a = ea/'nTc o (26)

The function fu can be obtained from the theory of strong coupling
(see below, p. 17). In the weak coupling approximation fa = 1.

We introduce a parameter t which is defined by the relation

t = 'Q'/So | (27)

Here £ = LB/LO is a dimensionless quantity, L0 is some fixed

. thickness (we have chosen Lo = 102 R). The parameter S0 is defined

by the relation

wm
]

RNLINE | o (28)

where»TO = VEF/ZBLO (cf., Eq. (14)) |

Solving Eq. (23), one can find the quantity & and then, according to
(6), (12), (13), (20) and (22) the order parameter As(mn). The
soiution of Eq. (23) will be obtained below (sée p. 25).

Now let us turn to the evaluation of the maximum current IM'

According to (3), (20), and (22), we obtain after simple manipulations:

| (f *ot)f
I,eR = r2aT — — . (29)
v E : P 217 22 2T
et [, 2(1410)° + (£ 268917 (xSorF©) !

-~

Here r = eY/ea; the quantities x,, t, ¥, and fa are defined by

n
Eqs. (24-27), f_ = AY(Xnea)/ey, the parameter & is the solution

of Eq. (23).
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If T » 0 one can pass from summation to integration, according to the

rule (see, e.g., Ref. 19) (2nT/ea)nZ-->fdx and we obtain

m | £ (x) + ste(x)
IueR = ¢ (0 d — po , X
e )[ " DR + (F (x)ete T
0 ,
fy L (30)
(x2+f"Y21"2)1/2

Using the Poisson formula, it is easy to prove that the expression
(30) is valid if‘T << ea(T), that is, up to-T/Té ~ 0.5. A more detailed
discussion of Egs. (23), (29) will be given be]ow (see Sec. V).

Eduations (29), (30), and (23) are the basic equations of thé theory.
They allow one to evaluate the Josephson current IM in the SG—MB-I-SY
Jjunction. It is easy to get an expression describing the system Sa'MB'I‘My'Ss
containing two proximity sandwiches (see below, p. 16). The expressions’
describing the junction SafNB-IesY, where NB is a normal metal

and p, = 0, can be be obtained from (29) and (30) if we put § = 0, that

B
is

IMeR|s N -5 =
a B Y

s f f
! aY

n>o [xn2 (1 + t;)Z + fa2]1/2 (xn2 + rszZ)l/Z

rnl (31)

and
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IR 1S N 1.5, t 50"
a B Y

© ¢ Folf, 0 '
€ X ~ y
t ./o [x“(1 + tR(x))% + £ 212 (F + rff 2(x)) 1%

(32)

The Eqs. (23), (29)-(32) describe the thickness ahdvtemperature
dependence of IM. As one can see, the behavior of functions IM(LB)
and IM(T) depends on the strength of the electron-phonon interaction
(sée EqS. (16),'(24), and (29)) on the ratio r= eylea, and on the
properties of the Sa—SB contact (see Eq.‘(23)). In the weak coupling
approximatioh, one should put fa = fY‘= 1. If LB > 0, we obtain
(see Egs. (29) ana'(30)) the expression describing the usual Josephson
contact Sa-I-Sy. Note that if L8 - O.and f, = fY = 1 (weak

coupling), we get the well-known expression that was obtained by

28 and by Ambegaokar and Baratoff.2

Anderson
| Hence, the maximum Josephson current in thé presence proximity system
is described by Eqs. (29) and (31), and in the Tow temperatdre region by
Eqs. (30) and (32). The parameter &, appearing in Egs. (29) and (30), is
the solution of Eq. (23). Now we turn to evaluation of the dependences

IM(LB) and IM(T) for different systems.

III. Thickness Dependence of the Maximum dc Josephson Current

A. Sa'Ne'I'Sy System

Consider a Josephson junction containing the proximity sandwich Sa'Ne
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where NB js a normal metal and the electron-phonon coupling Pg = 0.
Then the paramenter & = 0 (see Eq. (23)) and, according to Eq. (32), the
current IM in the low temperature region (T << €, that is, T'<>0.5 TC)

js described by the following expression:

n = 6,(£)/6,(0) (33)

Here n = LR/(IyR) 3 (IyR), = IyR(Lg = 0), and

6 (t) =/ o [x2 (1+at VX2+1)% + 177172 _(x2+r2)'”2 (34)

r
)
The quantities a and t are defined by Egqs. (26) and (27) and

r= EY/EG_ ' (35)

is the ratio of the energy gaps. Equations (33) and (34) are written in
the weak coupling approximation (the effect of strong coupling will be
consideréd be]ow, p. 19) so that fa = fY =1 and a = agcg = 0.56.
The thickness dependence of Iy, as obtained from Eds. (33) and
(34), is shown in Fig. 2a. We see that IM decreases with inéreasing
LB and that the sharpness of,this decrease depends on the ratio r.
Curve "2" in Fig. 2acorresponds to the simplest structure
Sa-NB-I-SG (r=1). Hence, this dependence is described by a
universal function of the parameter t = z/So. The vaTue of the

parameter SO depends on the quality of the proximity contact and on the

critical temperature Tc (see Eq. (28)), and this value determines how
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rapidly IM drops with increasing LB‘ A decrease in S0 results in
a slower decrease of IM(LB)‘ The numerical value of So'can be
obtained expefimenta]]y (see‘Refs. 14-16). As is known, if the g film is
c1eah, the parametér So does not depend on L. The simplest method is
to measure IR at definite'LB}.aFor example, if we investigate tﬁe
properties of the junction S;-NB-I-Su and we know the value of ut
=n (LB = 102A) (then 2=1, t = So-l), we can use curve "b" in
Fig. 2a to determine So. Indeed, in this case this curve describes the
dependence n(So-l) .and this allows us to find So directly by
measuring n. This value caﬁ be used subsequently in order to obtain the
dependences IM(LB) and'IM(T); Moreover,‘the Josephson tunneling
appears here as a method of investigating a proximity system.

Thus,, IM decreases with increasing L8 and the sharpness of this
decrease depends on the ratio of the eneray gaps r and on the parameter

S.. The asymptotic dependence IM(L

o turns out to the non-trivial.

g)
This asymptotic dependence can be evaluated analytically in the general

form (see Appendix). It appears that in the region of small thicknesses

(2> 0)

A(IMR) ~2eng (36)
where

B(IR) = LR(L,) - (I,R),

One can also determine the dependence of IM for t » ©. According

to Eq. (27), large values of t correspond, for example, to small values
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of So (e.g., small values of the probability o). Analytical evaluation

of the integral (34) (see Appendix) results in the dependence

IR |t 5 o~ 2L/ | | (37)

B. Josephson Junction with Two Proximity Systems

We have described (see above) the thickness dependence of IM in the
SafNB-I-SY system. Let us consider a more complicated structure
Sa'Ns'I'Ny'Ss containing two proximity systems. The approach
developed above (see Sec. II.) can be generalized for the case when both
electrodes are proximity sandwiches. IM js described by Eq. (3) and
Ae(mn) can be found from Egs. (11) - (13) (va= 0). An analogous
equafion can be used to determine AY(wn) and finally we obtain (cfe,

Eq. (33)):

n=f(t,t')/f(0,t") (38)

where n = IMR/(IMR)O, (IMR)g = IMR(LB=O) and

£(t,t') =f°:1x [x2(1+at Vil+1 )2+177H2 [ (1+at /524 ¥2)+r2171/2 (39)

0
Here a = 0.56, (see Egq. (26)) r = es/eu, the parameter t is defined

by Eq. (27) and t' is the same parameter as for the system Ss-Ny.

One can see that the behavior of n has become more complicated than in
the picture considered in Sec. III. A. The decrease of n with increasing
t depends parametrically not only on r, but also on the properties of the
Ss‘Ny sandwich (parameter t'). The dependence n(t) for different

values t' (if r = 1) is shown in Fig. 2b.
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A specific dependence n(t) appears in the case when t = t', thét 15;
in the case when the Josephson tunneling between two identical proximity
systems is studied. The equality LB = LY should be kept during the
experiment. In this case the function n(t) drops more rapidly with
increasing LB, One can obtafn the asymptotic dependence of I\R (cf.,
Sec. III. A, Eds.-(36) and (37)). Evaluation of the 1nfegrals (see:
}AppendiX) results in the dependence A(IMR) ~t fort>0and )R~
t'1 fof t »o (cf., Eq. (37)). For systems with t = t' (see above),
the asymptoticvbehavior is different. Néme1y, A(IMR) - tet (t >0,
or 2> 0, see Eq. (27)) and IR ~ ant/t (t » »).

- C. Strong Coupling Effect

Let us consider again the system Sa"Ne'I'Sy and take into account
the strong coupling factor. The correction due to strong electron-phonon
interaction-is.noticeab1e (see below) if we considér junctions containing
such éuperconductors as Pb, NbN, N, etc. In the Tow temperature regfon

T <« €0 €y one can use the general expresssion (32), and we obtain

IR = ¢ (0) G, (t) | (40)

Here

Gi(t)j/do; £ £ DR ()2 20T 2P 2000 (an)
0

where fG(Y)(x), E(x), t, r are defined by Eqs. (24-27) and (35). In

the weak coupling approximation f& = fY =1 and (if r = 1) we obtain
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the well-known expression IyeR = (n/2) ea(O) (see Ref. 29).
According to Eq. (40), the ratio n = (IMR)/(IMR)o is described by
the relation (cf., Egs. (33) and (38)):

f t
n =-Gr (t)/Gr (0)3

where G: is defined by Eq. (41).
The freqdency—dependent order-parameter Aa(wn) is the solutibn of
the Eliashberg eq. (16) (wn = (2n+1)nT; AY(wn) satisfies an
analogous equation). In the 1ow temperature region, in accordance with
the Poisson equation, w_ becomes a continuous variab]e but the
functions Aa’(Y)(m) have to be éva]uated on the Basis of the method of
the thermodynamic Green's function. As is known, the problem of
evaluation of the usual Green's function is connected with the analytical
cdntinuation of the thermodynamic Green's function (see, e.g., Ref. 19).'
The function a{w) can be calculated on the basis of the theory of strong
coupling developed by Scalapino, et a1.25’30 For our purpose it is
convenient to use the method of the theory of strong coupling which has
been developed by Geilikman, Masharov, and the au'chor.zi6 This method
is based on the theory of the thermodynamic Green's function and allows
one to evaluate directly the functions of interest a (w,) and AY(wn).
The main feature of the theory of strong coupling is that physical
quantitites are not described, as in the weak coupling approximation, by

universal functions but depend on the phonon spectrum of the
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superconductor. The corresponding corrections usually are of the order
~ Ti/ﬁz where § is the characteristic phonon frequency (see below).
According to the theory26 the function a(w) is described by the

expression:

V(w)

NO‘I/ng (Q) D(2,0) [1+ cwlfu® + 698)] | (42)

where

V{w) = 8(w)/a(0), Ny = /dﬂ 9(2); 9(2) = o*(Q)F(2)

(see Eq. (5)), ¢ = 1.4 p, 6 = 1.5,

D = 92/(522 + w2), p=Aa(1+12), =")[ dg(2)Q -1

i

The function g(Q) is known from tunneling measurements (see Ref. 31 ).

The energy gap ea(Y)(O) can be obtained from the relation:26’32
. T 2 ~
c {2 _
e(0) =1.76 T_|1 + 5.3 (E) an o (43)
c
where Q = Qt (Qt corresponds to the tranverse branch) is the

frequency of the lowest peak (the presence of the highest peak near Qh
results in a correction of the order ~ Tgﬂﬂﬁ which is usually
smali). Equation (43) is in good agreement with experimental data (see
Refs. 33, 34).

One can prove (see Ref. 26) that the function fd(Xea) (see
Eq. (24)) for superconductors like Pb (TSAQ% is negligibly

small and Pp << pt) can be written with high accuracy in the form
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Flx,e ) = A2/ (xEA0), (44)

where A = Eﬂea, €y is-defined,by Eq. (43); for example, for Pb Q=

4.5 meV, ¢(0) = 2.1 Tc and A = 3.45. Nb is characterized (see Ref. 35)
by the presence of two clqsely situated peaks. In this case one can use
the general expreséion (42) which a]so_can be rewritten as a sum of two
parts éorresponding to different peaks (see Ref. 25, Eq. (6.24)).
Equation (44) also can be taken'as a good approximation with the value of
the frequency @ intermediate between Q, and Qh. .Orlando, et al.,lo
used measurements of the heat capacity in order to find the value of the

~

frequency 9. Their method is based on the relation obtained by

Parchomenko and the author:36

(CS-C™)/yT_ = 1.411 + 1.8 [2n(R/T ) + 0 5]<“TC)2 (45)
e e/!Te T : “e ’ ' _

Q

Based on this method, the authors35 found the value Q= 11.4 MeV for
Nb3Sn and Q= 24 meV for V3Si‘ This method is very efficient in
the absence of tunneling data.

Substituting (44) into Eqs. (40) and (41) one can evaluate the
maximum current IM' Based on Eqs. (40) and (41), we have calculated
the thickness dependence IM for the syétem Pb-Cu-I-Pb (see Fig. 3).

For comparison we also show the thickness dependence of IMR obtained in
the weak coupling approximation (see Eqs. (33) and (34) and Fig. 2a).

One can see that the correction caused by strong electron-phonon



21

interaction also depends on the thickness LB (if LB = 0, this
correction is ~ 20% in accordance with Ref. 17).

D. Thickness Dependence in the Region of T ~ T,

Consider the Josephson junction SG-NB-I-NY-SQ, where NB and

NY are normal films and Ag = A, = 0, and S, is a superconductor.

IfT > Tc’ the order parameters AB, a, > 0 and one can neglect

their values in the denominator of Eg. (3). Then we obtain:

I,eR = 1T ZAB(%) Ay(wn)/wnz (46)

“n

The quantities a, and a, can be evaluated accohding to Egs.

8
(11)-(13). In the weak coupling approximation (the generalization for

strohg coupling is straightforward and will be given elsewhere), we

obtain (in our case A, =B85 =€, € js the energy gap in the

§

" superconducting films):

:E ; 1 A1 )
IMeR T e T wn, (T + Wy ) (r + wn) (47)

n

where T = 183 I =TY% (see Eq. (7)) and correspond to the systems
Sa'Nb and SG—NY, respectively.

Summing over w_, we arrive after cumbersome calculations at the

n’

following result:
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t W(Z Ztl) - (t+t') ‘{/(-%-)]

(49)

Here ¥(x) is the digamma function and t, t' are defined according to (27)

(cf., Eqs. (38) and (39)). In the special case of t = t' we obtain .

IyR

Ty = $(tat) = 1 - (8t/7) [¥3+70) - ¥P] -7 ¥(3* ) (50)
If we put LY =0 (then t' = 0)'in Eq. (48), we obtain an expression

describing the thickness dependence of Iy for the SG—NB-I-SY

system:
In(R) _ g(¢,0)
iIMRlo
or
IR
M 1
TR, ) G 5 | il

It is worth noting that according to Eq. (51) A(IMR) gyw ~ 2 ng,
like for the low temperature region (see Eq. (36)). If t » =, one can

obtain, after simple calculations

IR ~ ezt-l (52)
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(cf., Eg. (37)

Equations (48)-(52) are valid if T ~ Tc'- As is known, the
de Gennes-Werthamer (GW) theory (see, e.g., Ref. 37) also describes this
region. It is worth noticing that the GW theory is valid in the "dirty"
limit, whereas our method, based on the McMillan tunneling model,

describes the case of clean g film.

IV. Temperature Dependence of IM

The general expression (29), whfch has been obtafned on the basis of
the theory of fhe thermodynamic Green's function, is valid for any
‘temperature. Based on this equation, one can evaluate the temperature
.dependence IM(T) for fixed thickness LB.} For the system |
'SQ—NB-I-SY (the contact Sa-S8 will be considered below, see

p. 25), we obtain

I,(T) ®
M 2n T
2 T Zv(x )/fv(x)dx (53)
Iy0) " @ ™ w0 Tk )
Here
o(x,) = £F [x 21vatvx Beg 2 )2 + R A PR (54)

where X fa, fy, a, r are defined by Egqs. (24), (26), (35),
respectively.
In the weak coupling approximation one should put fa=fy=1. Then

the function IM(T) parametrically depends on t, that is, (see Ea. (27))



24

on the thicknesé LB' The behavior of IM(T) for different values of t
is shown in Fig. 4. One can see that deviation from the well-known
Ambegaokar and Baratoff formu1a29 (this formula can be obtained from
(53) if we put t = 0) increases with increasing t. This increase in t
can be achieved (see Eq. (27)) by increasing the thickness Le or by
decreasing the value of So' The small value of S0 can be connected
with smallness of the probability of penétration 5. Moreover, if the 8
film is a degenerate semiconductor (or a semimetal), S0 can be
decreased by decreasing the electron concentration and, correspondingly,
the Fermi velocity Vg (see Eq. (14)).

If one or both of the films a and v ére~superc6nductors with strong
couplihg, one should take into account. the corresponding correction.
Based on Eqs. (44) and (53), we have calculated the dependence IM(T)
for the Pb-Cu-PbO-Pb junction (see Fig. 5, 6). One can see that the
dependence described by Eq. (53) and (54) is in good agreement with

experimental data obtained by Greenspoon and Smithl

for the_junction
with thin Cu film (Fig. 6) in low temperature region.

The condition LB << EB (see p. 5) can be satisfied in low
temperature region only, because a decrease in temperature results in an
increase of 58.38 Hence, the good agreement of the theory with

experimental data (see Fig. 6) can also be considered as evidence of the

increase of Eé with decreasing T*,

*] am grateful to Prof. J. Clarke for this remark.

-~
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V. Junction Containing Sa-SB Proximity System

~In this section we consider the properties of the Josephgon junction
SG-SB-I-SY, where the proximity system Sa-SB contains two superconductors.
Then one should use Eqs. (23) and (29) (if T << €, One can use Eqs. (23)
and (30)). We consider the case pg << ;a (correspondingly, TCB << Tes
TCa(B) are the critical temperatures of isolated fj1ms). We assume, that
g film is a superconductor with weak coupling (see the discussion follow-
ing'Eq. (16)).

In.the first place, we consider Eq.v(23) which allows one to evaluate
the parameter 8. The value of § depends on temperature, on thé va1ue of
t and, hence, on the thickness of the g film, and on the function gB(Q)
(see Eq. (10)) describing the electron-phonon interaction in the g film.
It is worth noting that, generally speakihg, the function gB(Q) also

.depehds on the thickness LB. For AL films, for example, it has been
observed that this function changes noticeably as the thickness of the
film decreases and this results in an increase of Tc (see, e.g., Ref. 39):
Measurementsvof TC allows one to determine the dependences of gB(Q)-

and p. on the thickness LB.

8
Equation (23) is non-linear. If L8 >0 (t >0, see Eq. (27)) we
obtain the expression describing the usual Sa-I-SY Josephson junction.
Let us consider the opposite case t » = (e.g., the coefficient o > 0, see
Eq. (28)). Then T » O, S(wn) > 0 and g(mn) > 1 (see Egs. (12), (13)).
Then we obtain (see Eq. (21)):
8 = ognl rz's—rm (55)

wn ® +8°]
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that is, we obtain the equation describing the energy gap of isolated 8

film. We put X =1, as in the BCS approximation, see p. 9. Hence, if
t » «, the quantity ¢ » eeleu’ and § = 0, if T >T.. If t » o,

vK. (29) becomes

of
Y

IM eR = (ex/eu) 2nT E 17

172 - (56)
n>0 [x§+62]

2
2, 2.2
[x, (eY/ea) fY]
Based on Eq. (24) and using the relation Sty = eB/ea, we obtain
EB Ay(wn)

1z, , 12

. 2
mn>0 [wﬁ*eB] [Qn+A7/wn)]

IM' eR = 2xT

" and, hence, we obtain the expression (cf. Eq. (31) describing the
SB-I-SY contact (we have not made any assumption about the
electron-phonon strength in the y film).

Equations (23), (29), (30) can be solved for any t, that is, for
different thicknesses LB‘ For example, the curves 1 in Fig. 5a and
Fig. 5b correspond to t = 0.9. We would like to emphasize that the
parameter ¢ # 0 (if t £ 0) even if T > Tce’ and the corresponding
contribution to I, has to be taken into account (see Fig. 5). This
result has a clear physical meaning. The electron-phonon interaction

P the superconducting state of

is not equal to zero. If T > T

] ce’

jsolated 8 film is destroyed by thermal motion. In our case the
superconducting state is caused by the proximity effect and the

electron-phonon interaction Pg also contributes to this state. The
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parameter & describes this contribution. Thus, Egs. (23), (29), (30)
allow to evaluate tﬁé-current IM for Sa—SB-I-Sy systems. The
temperature dependence‘of IM for the Pb-A1-I-Pb system is shown in

Fig. 5.

VI. Conclusion and Summary

Based on the method of the thermodynamic Green's function, we have
carried out an ahafysis of the properties of Josephson junctfon with a
proximity system. The junction can contain one (Sa-MB-I-SY) or two
(Sa'MB'I'Ms"Sy) proximjty systems. Moveover, the film MB(G)
can représent a_hormal metal or a supercondqctor (e.q., Sa'SB'I'SY
system; Tcs < Téu).' The problem is to evaluate the thickness and
tempeirature dependences of the haximum Josephson current IM in the
presence of a proximity system.

The main.resuits can be summarized as follows.

1. The value of 1M'decreases with increasing thickness LB‘ The
sharpness of this detrease depends strongly on the ratio

r= Tz/Tz and increases as r increases (see Fig. 2).

2. Junctions containing two proximity systems (Sa-MB—I-MG—SY)

have also been considered. The function IM(LB) depends on the
properties of the added proximity system Ms'sv' The sharpest
dependence appears to be in the case when both proximity systems are

identical, or more exactly, if t = t' (see Fig. 2b).
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3. The asymptotic behavior of IM(Ls) depends on the structure of the
system (see Sec. IIla, Eqs. (36), (37) and Sec. IIIb) and on the
temperature (cf., Egs. (36), (37) and (52)).
4. The temperature dependence IM(T) differs noticeably from the usual,
and this deviation increases with increasing L8 (seg Fig. 4).

The obtained dependence is in a good agreement with experimental data
»(see Fig. 6).v : | |
5. The effect of strong electron-phonon coupling on the properties of
the junction has been investigated. Increased of coupling results in a
decrease of the function IMR/ea(O) and the correction caused by
strong cdup1ing also depends on the thickness LB.

6. The behavior of the junction containing a proximity system with two

re(8)

c is the critical

. ' B _ ra,
superconductors (e.g., Sa-SB-I—Sa, TC < TC,
temperature of the isolated a(8) film) turns out to be very interesting.
Equations (23), (29), and (30) describe this system. The presence of the
attractive electron-phonon coupling results in an increase in IM(LB)

(see Fig. 5a). The inequality XB # 0 affects the value of IM(LB)

even if T > Tg.
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Appendix A
1. The integral (34) can be written as a sum

o 0 ] n
| 3y =99, 91+ 3 | (A.1)
Here
Ji = Zt[ ul(x) dx ; J] = — tz'[ uz(x) dx (A.2)
2,0, 2 |
ul(x) = x°/R; uz(x) = X Kb(X)/R (A.3)
R = [x2(1+tx (x))241] K (x) Ko<x>+[x2<1+tKo(x))2+111’2£ (h.4)
< (x) = (£ + 1)H2 (A.5)
Jg = Gl(O) = n/‘2;.J1 = Gl(t) (sge Eq. (34); we consider the

Sa'Ne'I°Sa system .

In order to find the behavior of Jl in the limit of t » 0, we divide

each of the integrals (A.1) and (A.3) into two parts, e.g.,

A w |
Ji = 2t [ _ ul(x) dx - 2t f ul(x) dx (A.6)
0. , A

where A has been chosen so that 1 << A ««< t‘l. Then we can neglect the

quantity tKO(X) in the integrand of the first term in the right-hand
side of Eq. (A.6) and write x2(1+t o(x))2+1 = x2(1+tx) in the

integrand in the second term. After a long but simple calculation, we

find that the main term in the limit t » 0 is J1 = tint.
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2. The integral (34) in the limit t » » can be written in the form:

J = fmes(x) dx ' | (A.7)

0

1

8(x) = (¢332 2+ oG )

(KO(X) is defined by Eq. (A.5)) or

@

5y =t _/ d2[ 22(1+221t2)+177 12 (1422 142)"112
. o) -

o '
This integral can be divided into two terms ‘Jl and Jé. The

first term contains integration from zero to B, and the second from B to
infinity, where 1 << B << t. One can neglect the term Zzltz in the

first integrand; the second term is equal to

I, = t-1 /dz z-l(l*"zz/'cz)_1
B8

After simple calculations we obtain in the limit t > o

J~t ~ int | (A.8)
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Figure Captions

Fig. 1. a) SG-MB-I-SY system; b) Self-energy parts.
Fig. 2. Thickness dependence of IMR for a) SB-NB-I-SY system:
1) r=1/6; 2) r=1; 3) r=6;r = eyleavis the ratio of
the energy gaps,_b) Sa'NB'I'Ny'Ss system: 1) t' = 10;
2) t' ' =1;3)t' =0; 4) t' = t; t'= 0.56t t = zh/sgs;
"o ay. -
t' = 2 /5575 n = IR/ (LR),.

Fig._3. Thickness dependence of IMR for 1) Pb-NB-I—Pb, A, = 03

B
2) Pb-Zn~I1-Pb; 3) Sa-NB-I-Sa (weak coupling). The
difference between 1) and 3) caused by strong coupling in Pb;
the difference between 1) and 2) is due to the coupling Ag in
Zn. |

Fig. 4. Temperature dependence of IM (SG—NB—I—SG junction) for
1) at = 0.3, 2) at = 1, 3) at = 5; the curve AB corresponds to
S-I-S contact [Ref. 29]. |

Fig. 5. The effect of strong coupling and inequality AB # 0 on thg
dependence IM(T): a) Temperature dependence of IMeR/ea(O)
for 1) Pb-A1-Pb0O-Pb; 2) Pb-Cu-Pb0-Pb, at = 0.6 (e.g., LB =
IOOA, SO =1.1; aps = 0.67). One can see difference between
Sa—NB-I-Sa_and Sa—SB-I-Sa junctions. 2) Temperature dependence
IM(T)/IM(O) for Pb-A1-Pb0-Pb (at = 0.6).

Fig. 6. Dependence IM(T) for Pb-Cu-Pb0-Pb junction; solid line is the

1

theoretical curve, © - experimental data (Lcu - 10° A,

S0 = 0.12).
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