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Abstract: The multifaceted aspects of deep-inelastic heavy-ion 
collisions are disdussed in terms of the statistical equilibrium 
limit. It is shown that a "conditional" statistical equilibrium, 
where a number of degrees of freedom are thermalized while others 
are still relaxing, prevails in most of these reactions. The 
individual degrees of freedom that have been explored 
experimentally are considered in their statistical equilibrium 
limit, and the extent to which they appear to be thermalized is 
discussed. The interaction between degrees of freedom on their 
way towards equilibrium is shown to create complex feedback 
phenomena that may lead to self-regulation. A possible example of 
self-regulation is shown for the process of energy partition 
between fragments promoted by particle exchange. 

Introduction 

Statistical mechanics, undoubtedly a pinnacle of scientific 
achievement, was spawned by the 19th century extension of the 
illuministic tradition as an embarassing illegitimate off~pring. 
The firm belief in a nature where integrability was the rule 
rather than the exception created a strongly biased view towards 
the problem of ergodicity. Chaos and randomicity were introduced 
more or less as "ad hoc" assumptions to accommodate a devious and 
reluctant nature, and the concept of ensembles betrayed the under
lying belief that each element of an ensemble could not escape 
from the constraints imposed by t~e elusive "first integrals". 

The modern renaissance of classical mechanics is about to 
make amen~for the past and the legitimization of statistical 
mechanics is, to all practical purposes, about to be 
accomplished. Exponential instabilities, frequency doubling, 
strange attractors, and associated lexicon have made their 
appearance in the headlines of Physical Review Letters and in the 
fashionable quarters of physics. From this remarkable development 
we have learned two lessons. The first is that chaotic or random 
behavior can be achieved in extremely simple systems with 
·apparently innocent nonlinear couplings~ the second is that the 
evolution towards chaos does not necessarily occur smoothly but 
may be associated with-interesting phenomena of self-organization, 
as in oscillating chemical reactions where feedback and 
self-regulation features seem to appear almost miraculously.l) 

Statistical features were observed in nuclear systems very 
early in the development of nuclear physics. The understanding of 
the neutron resonance spacings and partial widths reaches deeply 
into the complexities of quantum statistical mechanics, while the 
theory of particle evaporation from a compound nucleus shows the 
elegant simplicity of the thermodynamic answers to apparently 
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~omplex questions. At present the statistical theory of compound 
nucleus is accepted as a "classical" chapter of nuclear physics. 

The advent of heavy-ion reactions has opened a vast new area 
where much broader and more complex features seem to be amenable 
to a statistical treatment of some sort. Widely different 
relaxation times associated with different degrees of freedom are 
responsible for extensive phenomena of partial equilibration.2) 
In other words, a number of nearly equilibrated modes appearsto 
coexist with other modes that are still far from equilibrium. The 
understanding of these features has developed along two obvious 
lines. On one hand, the totally relaxed modes have been dealt 
with in terms of equilibrium statistical mechanics. Such an 
approach has been quite successful in describing (or at least in 
approaching) a rather complex and rich variety of phenomena. From 
an aesthetic point of view one cannot help but marvel at the 
striking increase in richness of the phenomenology as one moves 
from a mononuclear system (compound nucleus) to the dinuclear 
system associated with heavy-ion collisions. On the other hand, 
the partially relaxed modes have been treated in the framework of 
nonequilibrium statistical mechanics in terms of transport theories 
of various sorts.3-6) This is, of course, a more ambitious 
undertaking as it requires a more detailed understanding of the 
dynamical properties of the system. The appreciation of this 
problem has led to a more profound study of the potential energy 
involved in the physics of fusion and reseparation,7) as well as 
of the complex and hitherto unknown viscoelastic properties of 
nuclear systems.8) The possibility that one-body properties 
dominate not only the static but also the dynamic behavior of the 
system is particularly interesting with regard to the latter 
point.5,7) If this is borne out experimentally, we shall be 
confronted with a rather unique form of matter where viscoelastic 
properties depend not only on its bulk properties but on its 
surface boundary conditions as well. It is easy to prophesy that 
this point will be heavily explored in the immediate future. 

In the limited space/time available here, I shall try to 
quickly survey the landscape of deep-inelastic processes from the 
"minimal" point of view of equilib~ium statistical mechanics with 
occasional forays into the time-dependent regime when some point 
appears to be worth making. In particular, in the case of the 
coupling between mass exchange and energy dissipation, I shall 
point out the exciting possibility of feedback and self-regulatory 
phenomena that have not been considered so far. As a general 
approach, I shall consider a list of degrees of freedom that 
experiment has shown to be relevant,I shall discuss the 
expectations in terms of equilibrium statistical mechanics, and I 
shall confront such results with the available experimental data. 
Inevitably a lot of exciting developments will be given the 
brush-off or will be altogether forgotten in such presentation. 
Hopefully, these sacrifices will help to make the presentation 
more intelligible if not more interesting to a broader audience. 

A brief reminder of the mononuclear case 

The statistical studies that can be performed with a compound 
nucleus are relatively few indeed, although quite important. On 
one hand, we have the measurement of the level density and of the 
fluctuations in level widths and spacings. On the other, we have 
the classical evaporation experiment, If a compound nucleus is 
allowed to evaporate, what is the particle and energy distribution 



: 

-3-

of the "vapor" ·in equilibrium with the residual nucleus? The 
answer to this problem is quite straightforward. In particular, 
if one neutron at most can be evaporated from the nucleus, the 
energy distribution is P(E) ~IE e-E/T while the probability of 
emission of a particle with energy E is P(E) a: E e-E/T. -
Experimental results show that the statistical predictions are 
beautifully verified in many instances. 

The dinuclear case 

The variety .of the thermodynamical features that are 
potentially observable increases dramatically as one goes from the 
mononuclear case to the dinuclear case. We can immediately see 
that a large number of microscopic or thermodynamic degrees of 
freedom can be called into play. Let us mention some of the 
associated problems, which we are going to consider in some detail. 
a) Given a fixed amount of en-ergy made available to the internal 
degrees of freedom of the system, what is the resulting partition 
of energy between the two fragments? 
b) If the two nuclei are allowed to change their mass, what is the 
resulting mass distribution? 
c) If the two nuclei are constrained to a fixed mass, what is the 
distribution in the neutron-to-proton ratio? 
d) Finally, if the system is given a fixed amount of total angulat 
momentum, what 1s the resulting distribution of the components of 
the angular momentum in each of the fragments? 
We can give a straightforward answer to each of these questions in 
the limit of statistical equilibrium, and we can verify to what 
extent nature complies with these predictions. 
e) A problem related to d) is the angular distribution of the 
products. While the role of statistical mechanics in this problem 
is not unique and not necessarily dominant, we shall illustrate 
some interesting interplay between statistical and quantum mechan
ics in the determination of the shape of the angular distributions. 

a) The energy partition between fragments 
Two nuclei of mass Al,A2 are given an amount of energy E 

to share. Let us calculate the statistical weight of an arbitrary 
partition x and E - x to be assigned to fragment 1 and 2, 
respectively. The statistical weight is, of course, the overall 
number of states associated with this partition, which is clearly 
equal to the product of the level densities9): 

(1) 

The most probable partition can be obtained from the condition 

( 2) 

The equality of the temperatures implies that the energy is divided 
proportionally to the mass of the fragments (if the fragments can 
be assumed to be two homogeneous pieces of the same substance) 
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( 3) 

Otherwise E:x 

The variance of the distribution can also be easily calculated: 

1 
02 

=- ~ ln P(x) = Q___(l:_) + ~ (.L) - .L (-1
- + -c1 )(4) 

dx2 dx Tl T dx T2 T - T2 CVl V2 

~he quantities CVl'cV2 are the heat capacities of the two 

fragments. For a homogeneous Fermi gas CV = 2aT, where a is the 

level density parameter. The variance is therefore 

The first prediction appears to be verified by experiment beyond 
any reasonable expectation. Not only does the energy divide 
proportionally to the mass when all the energy available has been 
:1i ss ipatedlO, 11) (namely for fully relaxed or fully damped 
events) , but it does so also for incompletely relaxed events where 
Cnly a fraction, at times quite small, of the available kinetic 
energy has been dissipated.l2-14) 

In fig. 1 the preevaporation masses A* as well as the mean 
humber of neutrons vn are given as a function of the preevapora
tion charge Z* for the reaction 340 MeV 40Ar + Ag.lO) Masses 
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Fig. 1. Pre-evaporation mass~s A* (upper points) and average 
number of evaporated neutrons vn (lower points). The dashed 
line is an evaporation calculation assuming an energy partition 

' proportional to the masses.lO) 
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and neutron nu~bers are obtained from a kinematic analysis of the 
experiment. The dashed line is an evaporation calculation 
~erformed assuming an energy partition proportional to the preeva
?oration masses. The very good reproduction of the data proves 
the isothermicity of the fragments for fully relaxed collisions. 

Similar results are obtained by a direct measurement of the 
neutrons emitted by the fragments.l2-14) Figure 2a shows the 
isothermicity of the neutron spectra emitted by complementary 
fragments; fig. 2b shows the equality of the ratio of the emitted 
neutrons to the ratio of the masses; fig. 2c shows that the ratio 
of the emitted neutrons is practically independent of the energy 
loss, suggesting fragment isothermicity at all Q-values.l2) 
Concerning the variance, no direct experimental evidence is 
available as yet. What is needed is, for instance, a correlated 
measurement of the neutrons emitted by both fragments. The 
presence of fluctuations in the energy partition should appear as 
a strong inverse dependence of the mean number of neutrons emitted 
by one fragment as a function of the number of neutrons emitted by 
the other. A Monte Carlo simulation9) of this experiment is 
shown in fig. 3. 
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Fig. 2. Neutron emission in the reaction 400 MeV Cu + Au.l2) 
Top left: neutron kinetic energy spectra from the two fragments; 
top right: neutron multiplicity ratio as a function of mass 
asymmetry; bottom: neutron multiplicity ratio at fixed mass 
asymmetry (dashed line) as a function of energy loss. 
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Fig. 3. Probability dis
tribution for the number of 
neutrons emitted by the two 
fragments for a Q-value of 
-100 MeV. The fluctuations 
in the energy partitions 
are incorporated in B.ll) 

Some indirect evidence of these energy fluctuations has been 
inferred from the high-energy tail of the proton spectra emitted 
in coincidence with the deep inelastic fragments in the reaction 
252 MeV 20Ne + Cu.l5) The energy fluctuations between the two 
fragments in contact can lead to strong variations in the 
excitation energy (and thus in the temperature) of the Ne-like 
fragment, which are manifested in a more energetic energy tail of· 
the proton spectrum (fig. 4). 

While we may be well pleased by the simplicity of the 
statistical result and by its pervading success, we cannot dismiss 
the question: how does nature manage to obtain such an extensive 
thermalization·in the short times indicated by the Q-value 
intervals under consideration (~lo-21 s)? We shall deal with 
this question extensively later on. 

b) The mass distribution 
Two nucle1 1n contact can be characterized by the potential 

energy: 

V(Al) = ELD(Al,Zi) + ELD(A2,Z2) + EProx + ECoul + ERot ( 6 ) 

where ELD arc the liquid drop masses, EProx is the nuclear 

interaction between the two nuclei, ECoul is the Coulomb 

interaction, and ER
0
t.is the rotational energy. A plot 

of this potential energy vs Al for various angular momenta is 
shown in f i g . 5 . 

The topology of these energy surfaces has been extensively 
discussed with regard to the fission problem. For us it suffices 
to observe that, for rather heavy systems, the potential shows a 
minimum at symmetry-ana two maxima .at intermediate--asymmetries. A 



. -

: 

-7-

- 102 > 
Q) 

:::E BzT = 14• 
I 

8 = + 14° PT 

C\1 
~ 

101 (I) 0 6-7 
' .c 

0 c 8-9 
E -,.---, 
w 
It) 

C\1 

~ 
It) 

~ 
10-1 

It) 

' b lo- 2 I'() 
It) 

L-.-...J 10 30 50 10 

Eproton (MeV) lab 

XBL 806·1322 

Fig. 4. Proton kinetic energy spectra in coincidence with a 
light fragment in the reaction Cu + 20Ne at 252 MeV bombarding 
energy.l5) The dashed lines are calculations peformed using a 
fixed energy sharing proportional to the masses, while the solid 
lines allow for thermal fluctuations in the energy partition. 
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scission equilibrium model would lead to a mass distribution of 
the form: 

This form has a symmetric, fission-like peak and a light (and 
heavy complement) evaporation tail. Such a distribution is 
qualitatively reproduced in the fission and evaporation decay of 
compound nuclei, though the fission~like peak results from an 
oversimplified treatment that does not include the effect of the 
saddle-to~scission descent nor of shell and/or deformation 
energies. Nonetheless, it is legitimate to wonder whether a 
tendency towards equilibration of the masses near scission is 
visible in deep inelastic collisions. 

(7) 

The typical mass distributions are characterized by a target 
and projectile-like peaks plus a symmetric peak, which may or may 
not be present, and which is due at times to ordinary fission but 
more frequently to a process bypassing the compound nucleus stage 
and called fast-fission. The symmetric peak does indicate an 
extensive equilibration presumably occurring near scission. Some 
understanding of the 90nditions leading to such a process seems to 
have been obtained in Swiatecki's theory of fission and resepara
tion.7) On the other hand, the deep inelastic peaks seem to be 
so1idly anchored to the initial asymmetry without any indication 
of 'VOlution towards symmetry. This is more evident when we look 
at the dependence of the mass asymmetry on energy loss as exempli
fied in fig. 6. We see-that the entrance-channel mass asymmetry 
persists with i ncreas ina energy rli ss ipa tion despite--the- -presence 
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Fig. 6. a) Contour plot of the cross section in the total 
kinetic energy-atomi6 number plane for the reaction 86Kr + 
166Er. The parallel lines between Ecoul and Ogg are 20 MeV 
apart.l6) b) Center-of-mass charge distributions for various 
kinetic energy bins at various labortory angles in the reaction 
197Au + 86Kr. The energy bins start 50 MeV below the Coulomb 
barrier of two touching spheres and increase in steps of 25 
parallel to the Coulomb barrier.l7) 
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of strong driving forces towards symmetry. Only at the greatest 
energy losses, when the relative motion is totally damped, one 
observes a tendency of the system to move in the direction of the 
driving force. The lack of response of the system to the driving 
force towards symmetry is puzzling. Its causes can be searched in 
the inertia or in the friction associated with this mode o~ in 
some more complex dynamical effects. Be as it may, the reluctance 
of the mass asymmetry to equilibrate is as remarkable as the 
ability of the dissipated energy to reach a thermal distribution 
between the two fragments. In fact, these two apparently 
contradictory features may have a heretofore unsuspected relation. 

Correlation and self-regulation in the dissipative particle 
exchange process 

We have already commented on the remarkably rapid 
thermalization of the dissipated energy on one hand and on the 
reluctance of the mass asymmetry to move towards equilibrium on 
the other. We shall show here that the two relevant degrees of 
freedom are strongly coupled together and that such a coupling, 
rather than allowing the two modes to relax smoothly towards 
equilibrium, leads to a complex behavior of self-regulation. 

The most obvious coupling between energy dissipation into 
each individual fragment and the mass asymmetry is the process of 
particle exchange. This coupling can be evidentiated in the 
correlation between the energy loss and the variance of the mass 
distribution. 

The energy loss per particle exchanged is given by ~E = m E 
where m is the particle mass and ~ is the reduced mass, while~the 
variance, assuming a random walk, is given by a,2 = N, where N is 
the number of exchanged particles. A classical calculation along 
these lines substantially underpredicts the energy loss for any 
given value of a2 if nucleons are assumed to be the exchanged 
particles. The inclusion of the Pauli blocking in a2 and not in 
the energy loss, as required by the fact that the former quantity 
is the expectation value of a two-hody operator while the latter 
is the expectation value of a one-body operator, seems to 
~eproduce the data satisfactorily.l8) This agreement, shown in 
fig. 7, single-handedly pi=-oves that the particles exchanged.are 
nucleons and manifests one of the very rare macroscopic quantal 
effects in the field of deep-inelastic processes. 

What the experiment seems to prove is that a) there is mass 
transfer, b) that the mass transfer is associated with nucleon 
exchange, and c) that the nucleon exchange accounts for a good 
fraction of the dissipated energy. 

Let us now turn to the self-regulatory effects that may be 
associated with the coupling of the two degrees of freedom.l9) 

The obvious coupling, as we have seen, is the particle 
exchange, as it is naturally involved in the evolution of the 
fragment masses on one hand, and it is thought to be thP. major, if 
not the entire cause of energy dissipation on the other.l8) For 
simplicity, in our explanation we shall assume that: 1) particle 
exchange is the only means of energy transfer; and 2) intranuclear 
equilibration is immediate. We shall also assume that the 
particle fluxes are substantially temperature-dependent, as is 
~learly the case when a sufficiently high barrier is present 
between the two potential wells. This regime in fact prevails 
when the nuclear overlap is incomplete, which is also when the 
energy is dissipated most rapidly.l9) 
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Fig. 7. Correlation between energy loss and charge variance for 
two reactions.l8) The dashed line and the solid line correspond 
to calculations without and with the Pauli principle, 
respectively, in terms of a one-body theory . 

The particle transfer process deposits the same energy in 
both fragments when the two one-way fluxes are the same. If the 
system is asymmetric, the smaller fragment must then grow hotter 
because of its smaller heat capacity. The temperature gradient 
that ensues creates an imbalance in the particle fluxes, the large 
fragment receiving more particles than it gives away. The energy 
deposition on each fragment is proportional to the number of 
nucleons t-hat land on it. Therefore, more energy will now be 
deposited on the heavy fragment, and this will tend·to correct the 
~emperature gradient. In other words, we are observing a feedback 
effect that leads to a self-regulation in the energy partition. 
In different words, the initially generated thermal imbalance 
tedirects the energy deposition towards the larger fragment and 
controls the thermal gradient, but at the expense of the light 
fragment mass!l9) 

This explanation is particularly satisfactory because: a) the 
energy thermalization does not arise from the heat conductivity, 
which is in fact quite small, but from the fast redirection of the 
energy being dissipated; b) it creates a drive towards increasing 
asymmetry that may resist an opposite conservative force; and c) 
these e-ffects rely on the presence of energy in the relative 
notion and disappear rapidly after the two fragments are at rest. 

A calculationl9) performed for an asymmetric system (Al = 50, 
A2 = 150) at 300 MeV center-of-mass energy is shown in fig. 8 
for the following values of ~ - B (where ~ is the chemical poten
tial and B the barrier between the two wells): 0.5 MeV, 10 MeV, 
20 MeV, 30 MeV, and 40 MeV. The temperature dependence of the 
one-sided flux goes from very great at the lower range of this 
interval to minimal at the upper range. The upper part of fig. 8 
shows the temperature ratio T1/T2 as a function of kinetic 
energy. For very low barriers ie.g., ~- B = 40 MeV) the tempera
ture ratio goes rapidly up to ~ consistently with equal energy 
deposition and weakly declines thereafter. The effect of thermal 
conductivity is visible in the very late decline associated with 
t~e largest energy losses. In this regime there is little 
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ll - B from right to 
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self-regulation and a very slow thermalization. For a barrier 
very close to the Fermi surface the result is dramatically differ
ent. The initial rise in-temperature ratio is quickly controlled 
by the feedback effect and kept within a narrow range above unity 
throughout the Q-value range. In this case we see that the 
feedback effect is present and that it leads to a very nearly 
thermalized energy partition even at moderately low energy losses. 

The lower part of Fig. 8 shows the dependence of the mass of 
the light fragment on energy loss. For low barrier values the 
mass remains fixed near 50 for most of the Q-value range. Only 
very late in the collision does one observe a decrease in mass as 
a late and slow response of the system to a great temperature 
gradient. For barriers near the Fermi surface the fluxes become 
substantially imbalanced at once, and the light fragment loses 
mass steadily throughout the Q-value range. This calculation 
quantitatively verifies our expectation. When the barrier is 
close to the Fermi surface, the temperature dependence of the 
fluxes is sufficiently strong to set a strong feedback effect in 
motion leading to a fine control of the temperature gradient on 
one hand and to a steady mass loss suffered by the light fragment 
on the other. 

In fig. 9 the effect of a progressively greater driving force 
towards symmetry is studied. The curves shown represent the light 
fragment mass as a function of kinetic energy for the followinq 
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Fig. 9. Light fragment mass vs kinetic energy for increasing 
driving forces (see text) (left to right) .19 The inset shows the 
experimental pre-evaporation mass in the reaction 84Kr + 
166Er.20) 

driving forces: 0, 0.5, 1.0, 1.5, 2.0 MeV/A, the lower Fermi 
surface being·o.s MeV above the barrier. For nonzero driving 
forces we observe an initial tendency of the system to move 
towards symmetry. This tendency i~ readily controlled and even 
inverted by the feedback process' as soon as a temperature gradient 

.is established. Only very late in the collision, when lack of 
energy in the relative mo~ion prevents the feedback process from 
operating, can the system follow the driving force towards 
symmetry once again. As a whole, we see that the mass asymmetry 
can be readily stabilized near its initial value throughout the 
Q-value range, in agreement with experiment. The wiggly curve 
predicted by the theory suggests that a similar structure may be 
seen experimentally. In the inset of fig. 9 the pre-evaporation 
light fragment mass vs Q-value for the reaction Kr + Er20) shows 
a behavior that is not unlike that predicted by this theory. 

The response of the system to a driving force depends rather 
strongly on the difference between average chemical potential and 
the barrier ~ - B. Large values of ~ - B lead to a small mass 
drift when observed against energy loss. The relation between 
energy losg and light fragment mass is shown in fig. 10 for ~ - B 
= 50, 10, 0.5 MeV with a driving force of 1.5 MeV. The systematic 
increase of the mobility with decreasing ~ - B is readily seen at 
small energy losses. However, at the smallest values of ~ - B the 
increased mobility is compensated by the feedback effect, which, 
~s was already seen in fig. 9, stabilizes the mass near the 
entrance channel value. Consequently, while a small mass drift 
could be consistent with either large or small ~ - B, the ne~r 
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Fig. 10. Light fragment mass vs kinetic· energ'y for different 
values of-~ -· s· and a fixed driving force.l9) 

thermalization of the dissipated energy is consistent only with a 
small value of ~ - B. 

c) The distribution ~n the neutron-to-proton ratio_ 
Two nuclei with masses Al,A2 and charges Z1,Z2 are 

allowed to come into contact. Assuming that the masses cannot be 
altered but only the charges, what is the expected equilibrium 
distribution in charge? Let us write down the potential energy of 
the system as a function of the charge of one of the fragments: 

z1z2e 
V(Zl) = ELD (Zl,Al) + ELD (Z2'~2) + R

1
+R

2 

The most probable charge at fixed mass is given by 

av(zl) I = o 
azl A 

1 

2 

(BJ 

(9) 

This result predicts that the collision between a (neutron-rich) 
heavy nucleus and a (neutron-poor) light nucleus should produce 
neutron-rich light fragments. This result has been amply verified 
experimentally, and this kind of reaction has been used to produce 
some new neutron-rich light nuclei. The thermal distribution can 
be immediately derived. Eq. (9) can be rewritten as 

: 



v ~! c (Z- Z) 2 
2 
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and the classical thermal distribution is 

C(Zl-Zll 
P(Z 1 ) ~ exp - 2T 

or a G . . h . 2 T auss1an w1t var1ance a = C 

(10) 

(11) 

Some experimental data21) seem to confirm such a prediction as 
shown in fig. 11. The classical result of eq. ( 11) holds also in 
the quantum case if T >> hw. Otherwise one sho~ld have 

( 
h ) 1/2 

P(Z 1 ) = :h tanh 2~ exp 

A 

where q = zl- zl. 
result 

2 hw 
a = 2C 

I 

In the limit hw >> T one obtains the simple 

(12) 

(13) 

If the mode we are considering can be identified with the giant El 
vibration of a very deformed nucleus along its major axis we may 
expect 

hw ::::: 94/d MeV (14) 

where d is the semimajor axis of the dinuclear system in Fermi. 
Under these circumstances the limit of eq. (13) should prevail, 
and a variance nearly independent of excitation energy should be 
expected. This seems to be reflected in some experimental 
data22) shown in fig. 12. From a theoretical standpoint there 
are several difficulties associated with this quantal result. For 
instance, it is doubtful that the phonon energy can be obtained in 
such a trivial generalization as in eq. (14) since the role of the 
neck constriction in the dinuclear shape should be very important 
in increasing ·the inertia-and thus in decreasing the phonon 
energy. Furthermore, more than one multipole may be playing an 
important role, and the various multipoles may contribute in a 
different way depending on the mass asymmetry.23) Finally, a 
strong damping may spread the mode(s) so much that no 
characteristic frequency can be associated with it, in which case 
eq. (11) would be again the correct limit. 

d) The partition of angular momentum 
Two nuclei in contact can carry angular momentum both in the 

form of intrinsic spin and in the form of orbital motion. For two 
equal spheres in contact it is easy to identify the angular
momentum-bearing normal modes. Their traditional names that arose 
in dealing with an analogous problem in fission are: two bending 
modes, one twisting mode, two wriggling modes, and one tilting 
mode. 

The statistical mechanics of such a system is quite 
simple:24) In particular, the distribution of the three angular
momentum components of each of the two equal nuclei is a Gaussian: 
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P(Ix,Iy,Iz) ~ exp- I::~~ ::;-~(~~::?) 2 

(15) 

The y-axis is chosen to be the symmetry axis and the z-axis is 
chosen parallel to the total angular momentum. The average 
z-component <Iz> is the expected contribution to the spin of one 
fragment from rigid rotation. In this particular case, it amounts 
to one-seventh of the total angular momentum. The variances can 
be expressed in terms of the temperature T and of the moment of 
inertia~ of one of the two fragments • 

2 6 2 6 . 2 6 
ax = 5 JT; a Y = 7 ~T; a z = 7 ,..fr ( 16) 

The formalism can be easily generalized for shapes different from 
spheres and for asymmetric systems.25) At zero temperature we 
recover the secular equilibrium result of rigid rotation. At 
temperatures larger than zero, the thermal fluctuations become .. 
important. Their effect should be particularly visible in the 
misalignment of the fragments' spins. 

The limit of rigid rotation has been verified in two ways. 
One method uses the gamma-ray multiplicity associated with a 
heavy-ion collision to infer the sum of the moduli of the 
fragments' spins. When the measurement is performed as a function 

iof the exit-channel mass asymmetry, one should observe a rise of 
:the multiplicity and thus of the sum of the fragments' spins with 
!increasing asymmetry. This has been observed in some reactions 
:like Ne + Ag26), Ar + y27), and Ag + Ar where deep-inelastic 
,processes are confined to a narrow ~-wave window (fig. 13). In 
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Fig. 13. a) Gamma-ray multiplicities vs atomic number for the 
reactions 175 MeV 20Ne + Ag at 90° (lab) 26) (o) and for the 
reaction 237 MeV 40Ar + 89y (•) .27) In the lower part of the 
figure the average gamma-ray energies for the latter reaction are 
also given.27) b) Gamma-ray multiplicity vs atomic number for the 
reaction 107,109Ag + 288 MeV 40Ar (crosses) and 107,109Ag 
+ 340 MeV 40Ar (open squares) (author's unpublished data). 
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Fig. 14. a) Gamma-ray multiplicities vs Z for the deep inelastic 
component in 618 MeV B6Kr + l07,109Ag, 165Ho and 
197Au:28) o 20°, o 30°, ..- 35°, 1:::. 40°, • 55° + 70°. b) Same 
as in a) for the reaction 470 MeV 56Fe + 10~,109Ag (author'·s 
unpublished data). Notice the angular dependence of My. c) Same 
as in a) for the reaction 340 MeV 40Ar + Tb (author's 
unpublished data). Notice the precipitous drop of MY at low z•s. 
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reactions like Kr + heaVy- targets, 28) where ·a.· large --~-.::.window i~ 
involved, a flat dependence of the gamma-ray multiplicity on mass 
asymmetry is interpreted as due to rigid rotation associated with 
angular-momentum fractionation along the mass asymmetry 
coordinate. This is shown in fig. 14. In other words, the high 
£-waves remain confined near the entrance-channel mass asymmetry 
while the lower £-waves spread more and more away from the 
entrance-channel mass asymmetry. An intermediate and more complex 
situation is shown in fig. 14c. 

A second and more powerful method involves the determination 
of the spin of an individual fragment from the out-of-plane 
angular distribution of the sequentially emitted alpha particles. 
Th~ results from such an experiment on the reaction Kr + Ag29) 
are given in fig. 15. In this figure the spin of the heavy 
fragment (full circles) is plotted as a function of the atomic 
number of the light fragment in coincidence. The rapid rise of 
the spin with increasing asymmetry as well -as the comparison with 
a calculation (lower line) indicate the presence of rigid 
rotation. The open circles represent the sum of the spins 
obtained from a gamma-ray multiplicity measurement in the same 
experiment, while the solid squares represent the sum of the spins 
inferred from the heavy fragment spin. The comparison between the 

,open circles and the solid squares indicates the high reliability 
of the two methods. One can conclude that rigid rotation is 
indeed attained in the studies illustrated above, and that it 

·prevails in the Q-value region corresponding to complete 
relaxation of the kinetic energy. 

. As we have mentioned above, the presence of in-plane fluctuat
ing components must lead to a misalignment of the fragments' spins. 

,We have performed a particularly thorough study of the angular
momentum transfer and misalignment by measuring the gamma-ray 
multiplicity and angular distribution as a function of Q-value for 

'a series of reactions. We report here the results obtained for 
'the reactions 1400 MeV 165Ho + (17~Yb, 148sm, natAg) .30) 

b) 

40i-

30i-

20i-

10 -

o~~~~~~~~~~~~~~~~~ 
22 26 30 34 38 42 

ZL 
IlLlO'· J4~1A 

Fig. 15. Spin of the heavy 
fragment as a function of the 
atomic number of the 
coincident fragment 
determined from alpha 
particle angular 
distributions (dots). The 
sum of the spins inferred 
from the previous measurement 
is also shown (squares) as 
well as that determined from 
y-ray multiplicities (open 
circles). The lines 
correspond to the rigid 
rotation limit for two 
touching spheroids with the 
ratio of axes equal to 
2:1.29) 
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Figure 16 shows the sum of the fragments' spins as a function 
of Q-value for the three reactions as inferred from the gamma-ray 
multiplicities. We observe an initially rapid increase of the spin 
with increasing negative Q-value, due to the relaxation towards 
rigid rotation. Eventually, the spins saturate and actually tend 
to decrease with increasing negative Q-value, as rigid rotation is 
attained and progressively lower i-waves are sampled. The 
prevalence of rigid rotation can be seen in fig. ·17. In the upper 
part a scaling based on the rolling limit is used, while in the 
lower part the scaling assumes rigid rotation. The abscissa is 
scaled in terms of the nuclear temperature. It can be seen that 
under the assumption of rigid rotation one obtains an essentially 
perfect scaling for the three reactions. 

The in-plane/out-of-plane anisotropy of the stretched 
quadrupole component of the gamma-ray spectrum should be infinite 
if one has perfect alignment, 5 followin~ the expected angular 
distribution pattern w(e)-= 4(l- cos 8) where e is the angle 
between the spin vector and the gamma-ray direction. The 
anisotropy is rapidly reduced if the spin is misaligned by the 
presence of in-plane fluctuating components. Of course, in real 
life one has to worry about the presence of stretched and 
nonstretched El components and about a secondary misalignment 
arising from particle evaporation. In fig. 18 the gamma-ray 
anisotropies are shown as a function of Q-value for the three 
reactions. In all the three cases, the anisotropy rises sharply 
with increasing negative Q-value, reaches a maximum where the 
gamma-ray multiplicity begins to saturate, and falls beyond that 
point until is6tropy is reached once again. 

A qualitative understanding of this rise and fall of the 
anisotropy can be easily reached. At the very lowest Q-values the 
angular momentum fed to the fragments is so small that it is 
easily misaligned by any tiny in-plane component. As the energy 
dissipation increases, spin is rapidly fed to the fragments while 
the fluctuations increase very slowly (remember a~ y x ~~T, 
so ox y x increases with the fourth root of the Q-~aiue) and the 
syste~ 6ecomes more and more aligned. Beyond the maximum of the 
anisotropy, the z-component of the fragment spin actually 
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decreases, while the fluctuations-keep-- iricreas ing. As a 
consequence, the spin becomes seriously misaligned and the 
anisotropy falls. The squares connected by lines in fig. 18 
represent a calculation where the theory [eq. (15,16)) provides 
the fluctuations and the experiment, in a self-consistent way, 
provides the average z-component. Corrections for the presence of 
El components, for the misalignment associated with particle 
evaporation, etc. have been incorporated. The agreement with the 
data shows that, even in the region of incomplete angular-momentum 
relaxation, the fluctuations calculated in terms of a thermal 
model give an adequate explanation of the data. The success of an 
equilibrium .model in evaluating the fluctuations in an obvious 
nonequilibrium regime is not surprising, as the_fluctuations reach 
within a few percent of the equilibrium value in a fraction of 
relaxation time. The primary spin misalignment associated with 
each fragment can be obtained if one assumes that the angular 
momenta are partitioned according to rigid rotation as suggested 
by fig. 17. The diagonal component of the polarization tensor, 

< I2> 
3 z 1 P = 2 ---2- - for each fragment is shown in fig. 19. It is 

zz <I > 2 
interesting to notice that in an asymmetric system it is the light 
fragment that becomes more misaligned. 

~) Angular distributions: quantal and statistical fluctuations 
In the stat1stical limit of full relaxat1on and long 

interaction times, the angular distribution of the fragments 
should be similar to that of an equivalent fissioning system, 
namely symmetric about 90° in the center of mass and approaching 
l/sin8 for large angular momenta. 

0.5 

I 

• Ho 
OYb 

I I 

-o------o.._ .... -----...... -----&.. ......... _ ..... 
--~:-~ ............... ~ o-------o-: __ _..... --.;\ .. -----..... \\ ,, ,, 

\' ,, ,, ,, 
\0 

a) 

-

I · 1 1' 
~--+~------~·+-:-------~~-------~~·----~ 

• Ho _..------- ...... __ ....---,D" ___ ..o... ___ '"O... ............ o Sm b) 

__ _....-- ..13" .... ~ ', '"" ... -- __ ,- .... , \ 

o-- ___ ...o- ''tl. \ 
N 

Cl..N 0.5- -

' ' ' \ 
\ ' 
\• 
' 

I I I b 
r---+,--------+-~-------~~-------~,------~ 

• -Ho _ _._ __ ..._ 
~--....-- .... , o Ag ____ _...-- ,, 

' 
c) 

,A .... _ \ 
p--- '"<\ \ 

0.5- -

// \ \ 
.,(!' \ \ 

o---4'---- ' " 
\., 

L-~~~------~~----~~~------~~~-~',~----~ 
-400 -300 -200 -100 0 

Q (MeV) 
XBl B24.33C 

Fig. 19. Alignment 
parameter Pzz as a 
function of Q-value, 
for each of the two 
deep-inelastic 
fragments in the three 
reactions. 

.. 



-23-

Experimentally, the. angular distributions observed· in deep 
inelastic processes vary from side-peaked to forward~peaked, 
frequentlY in the same reactions. The side-peaking is found at 
relatively low Q-values and near the entrance-channel mass 
asymmetry, while the forward-peaking is apparent with increasing 
inelasticity and for mass asymmetries far from that of the 
entrance channel.2} Such a remarkable evolution must find its 
counterpart in a great variation in the interaction time on one 
hand, and in a rapid change in the width of the orbital angular 
momentum distribution on the other. 

When a side-peaked angular distribution is present, it can be 
parameterized in terms of a center angle e and of its width cr8. 
What information can be obtained from these two quantities? The 
.center angle e can be of use in constructing the deflection func-
tion if it can be associated with some average angular momentum. 
This can be tried by assuming a monotonic dependence2,31) of the 
energy on angular momentum and by finding the 1-space bin corre
sponding to the energy bin under consideratiori by means of the 
associated cross section. The width of the distribution arises 
from two contributions, as pointed out by Strutinski,32) namely 

.a "diffractive" contribution, associated with the width of the 
1-packet, and a "dynamical" contribution associated with the 
!classical deflection function. More precisely: 

0 2 __ 1_ (d8)2 0 2 (l?'
1 8 - 4 2 + dl 1 

crl 
~he first term can be readily derived from·the indetermination 
!principle, while the second propagates the width of the 1-packet 
;in angle through the deflection function 8 = 8(1). An interesting 
application of the above equation is in provtding a simple 
explanation to some complex calculations. A Wilczinski diagram 
generated with a diffusion calculation33) is unable to reproduce 
the width of the angular distribution at small energy losses as 
sho~n in fig. 20a. This is due to the fact that the fluctuations 
in 1 depend on the temperature, namely, crf ~ T. The 
introduction of quantal fluctuations results in a greatly 
broadened and more realistic diagram as illustrated in fig. 20b. 
The quantal broadening is, of course, arising from the narrow 
thermal !-distribution. ~n the other hand, a Wilczinski diagram 
generated with a one-body diffusion model (fig. 21) is quite 
realistic even at small Q-values without quantal fluctuations. In 
fact, the introduction of quantal fluctuations does not broaden 
the angular distributions appreciably.34) The explanation lies 
in the fact that the one-body theory predicts a large "dynamical" 

- 01 even for low Q-values, which is, of course, responsible for 
the broad angular distributions. But a large cr1 implies a small 
quantal fluctuation. Therefore, the introduction of quantal 
fluctuations hardly changes the results. This illustrates how 
from true experimental data one can extract cr1 and compare it 
directly with theoretical predictions. Of course, one trivial 
component of cr1(isldue to the energy binning or 

0 2 = dl 2 0 2 (lS) 
1 dE E • 

The remainder of t e width arises from true orbital angular 
momentum fluctuations. 

An obvious source of !-fluctuations is the coupling with a 
"wriggling" mode.24) In this coupling, orbital angular momentum 
can be traded for spin and vice versa. The thermal limit is easy 
:to calculate, especjally for two touching spheres.35) 
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If -I is· the total angular momentum,- ·the total·· r6tational 
energy is 

I
2 

Il .. 1 1 + 1 
+ y - ~ where ~* = - 2 ~ 

]JR 

and~ is the moment of inertia of one of the spheres. The orbital 
angular momentum distribution at fixed I is · 

. -1/2 ( 1
2 

I 1 2 ~* ) P(l)al = (2n~T) exp - 2~*T - 2JT + I ~2T 

Introducing a 2Idi weight, remembering that the exit channel 
kinetic energy above the Coulomb energy is E = 12/2)JR2 and 
introducing the reduced variables E: = E/T, A = I/ (~T)l/2, one 
obtains A [7 5 5 ,2]· P(E:,A) ~ E: exp - 2 E: - 2 A E: + 28 A 

At constant energy E: the most probable value of the angular 
momentum is 

+/fe) '7 ( A=VlQ/S 1+ 1 

while the variance, in which we are mainly interested, is 
2 14 2 14 

aA = s- or a 1 = s-~T 
A further source of 1-fluctuations is due to shape fluctuations in 
the dinucleus.35) Calculations in the thermal limit show that 
very substantial fluctuations in orbital angular momentum can be 
expected at fixed energy if shape fluctuations should occur. 

In both cases considered above, we have an interesting corre
lation: the leading edge of the angular distributionAcorresponds 
to 1 > f while the trailing edge corresponds to 1 < 1. This dis
cussion suggests some possible experimental tests. For instance, 
the fluctuations in 1 measured from the angular distribution 
widths should find their counterpart in the spin fluctuations in 
the same ene~gy bin. The spin fluctuations can be obtained, for 
instance, from a measurement of th~ spin misalignment. 

Perhaps even more interestingly, one could measure the spins 
(e.g., gamma-ray multiplicities) to the left and to the right of 
the angulai distribution ~eak and verify that the gamma multipli
city to the right is greater than the gamma multiplicity to the 
left. 

Conclusion 

Perhaps it is worth trying to write two conclusions rather 
than one. The first deals with the deep-inelastic processes and 
the second with the statistical approach. Deep-inelastic 
processes have succeeded in creating or at least in enhancing the 
awareness that nuclei are not only spherical or slightly deformed, 
but can exist, at least temporarily, in extremely peculiar shapes 
and in conditions far removed from equilibrium. The associated 
problems of energy dissipation, mass transfer, and charge 
equilibration have kept many of us busy for the last few years and 
have created a lexicon that now is an integral part of the 
language of a nuclear physicist. 

The statistical approach has shown that a "conditional 
equilibrium., prevails for many degrees of freedom and that an 
equilibrium or a nonequilibrium statistical treatment is, at least 
phenomenologically, able to account for most of the experimental 
data. At the _yery ___ least the. __ statistical. -~pproach __ .has .. g iyen_us ... a 
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solid reference, an effective pedagogical guid~, and not a small 
number of explanations. 
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