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ABSTRACT 

The energy density of the central products in the 

ultra-relativistic heavy ion collisions are calculated. In our 

estimation, the special attention is paid to the space-time extension 

of the emission points of the secondary hadrons which are originated 

in the successive nucleon-nucleon interactions within the finite size 

of colliding nuclei. The average collision number per produced 

*On leave of absence from Institute for Nuclear Study, University of 
Tokyo, Tanashi, Tokyo 188. 
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particle, in the final state interaction. is also calculated and is 

used as a criterion whether the system is thermalized or not. It 

turns out that the attainable energy density in the central heavy ion 

collision is sensitive to the space-time extension of the emission 

points. However, if the incident energy and the mass numbers of 

colliding nuclei are high and large, we can get high enough energy 

density for the phase transition from a hadronic state to a 

quark-gluon plasma state. 
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1. Introduction 

It is now widely expected that the quark-gluon plasma (QGP) state 

may be created through high energy heavy ion collisions [IJ. The 

Monte Carlo lattice gauge theory calculations [2-6J show the existence 

of the phase transition between the confined hadronic phase and the 

deconfined QGP phase. The bag model calculations [7J also give the 

similar prediction [7,8J for the existence of such a phase transition. 

It should be inevitable, as a next step, to investigate (i) to 

what value the energy density of the produced system reaches through 

the collisions between heavy nuclei of finite sizes and (ii) whether 

the thermalized state can be really obtained. If the QGP state is 

formed, it becomes important to address (iii) what the clear signals 

are. From the experimental viewpoints, both in the future accel

erator physics [9J and in the non-accelerator cosmic ray physics [10J, 

not only the problem (iii) but also the systematical investigation on 

the incident energy per nucleon and the colliding nuclear mass number 

dependences of the points (i) and (ii) may become very important. 

In the theoretical predictions, however, there seems to be some 

ambiguities in the estimation of the maximum energy densities that may 

be realized in both the fragmentation [11-14J and the central [15-17J 

rapidity regions of the ultra-relativistic nucleus-nucleus (A-A') 

head-on collisions. One of these uncertainties comes from the unset

tled A-dependence of the rapidity density at the central rapidity re

gion [15,18J. Another significant origin of these ambiguities seems 

to be in the treatment of the space-time extension of the emission 
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points (STEEP). Namely, particles are emitted from the extended 

space-time region due to the finite sizes of the colliding nuclei. 

This STEEP effect may be seen in every rapidity region [13,14,17J. In 

addition, once we take account of the STEEP effect in the calculation 

of the energy density, it also becomes crucial [17J how to treat the 

frame-independent finite hadron size, -1 fm, conjectured by Bjorken 

[19] . 

As for the thermalization of the system produced in high energy 

A-A' collisions, the investigation has not been fully developed yet 

[8,12,17J reflecting the complexity of problems in soft QCD theory. 

In most of the works, the thermalization of the produc'edsystemis 

preassumed or only qualitative explanation to attain such a ther~ 

malized state is ho~efully stated. However, under the circumstance 

that the inside-outside space-time structure of the hadron production 

holds well, the thermalization of the system is not necessarily ob-

* vious [17J and it shoul d be investigated anyhow, quantitatively. 

In the present work in terms not of soft QCD but of hadrons, we 

have systematically investigated the attainable maximum energy 

density, €max' of the system produced in the central rapidity region 

through the various A-A' collisions at various incident energies. The 

average collision number per particle, C , within the system is also 
'If 

calculated and is used as a criterion for the thermalization of the 

system. On the assumption that the system is thermalized when C 
'If 

exceeds certain value, say three, we can estimate the energy density, 

*Recently, an interesting explanation is given by Van Hove [20J al
though still being qualitative. 
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£th' at the thermalized stage of the system. In these calculations 

the STEEP effect is, of course, taken into account. The two energy 

densities, £max and £th' are shown in A-AI plane for various inci

dent energies. From the results we can say that the QGP state is cer

tainly created through the high energy heavy ion collisions if the in

cident energy and the mass numbers of the colliding nuclei are high 

and large enough. Moreover, from the study of the space-time evo-

lution of the centrally produced system, we are able to estimate the 

spatial volume and the four~dimensional volume that the QGP state oc-

cupies in the A-AI collision processes. 

This paper is organized as follows: In the next section, basic 

formula for the energy density, £, is given as a function of the pro-

" per time t of the system. The STEEP effect is considered in 

Section 3. In Section 4, the hadron multiplicity in the system is 

obtained by using the multi-chain model (MCM) [21,22J for A-AI 

collisions [23]. Our results are given in Section 5. The final 

section is devoted to the discussions and conclusions. 
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2. Path to the QGP State Formation in A-AI Collisions 

2.1. Basic Picture 

We take the viewpoint that the QGP state is created through soft 

hadronic interactions in the A-AI collisions. In the follo~ing in~ 

vestigation, we will make use of the knowledge obtained from the study 

of the soft hadron-nucleon (h;,..N) and hadron-nucleus (h-A) interactions 

at high energies. 

At first, we assume th at the whole processes of an A-A I i nter

action are divided into three stages:' (i) The nucleons in the pro

jectile (target) nucleus successively collide with th~ nucleons in the 

target (projectile) nucleus. (ii) The secondary hadrons ~re produced 

at a proper time TO ~ 1 fm/c after each N-N coll ision. (The finite 

value of TO corresponds to the formation, zone concept [24J and leads 

us to what is called inside-outside space-time structure of the hadron 

production.) (iii) The third step is the final state interactions 

among the produced particles which are relevant for the thermalization 

of the system composed of them. 

In this three step picture, it is implicit that the finally ob

served hadron spectra may be different from the one expected by the 

naive superposition of each N-N collision. Especially, once the QGP 

state is realized, the fluctuation of the number density in the 

finally observed hadron spectra may be expected [25J when the phase 

transition from the QGP state to the hadronic state is first order 

[2,6J. This reminds us of the formation of galaxies following the Big 
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Bang [26J. Moreover, the density fluctuation might be produced also 

due to the explosive process as suggested by Gyulassy et al. [27J. 

Further, we will pay particular attention to the facts on N-N col

lisions that (a) the rapidity density and the inelastic cross section, 

a~~, markedly increase with the incident energy above TeV region 

[28J and (b) the correlation length of produced particles in rapidity 

space is 1-2 [29]. 

2.2. Formulation for the Energy Density of the System 

Let us consider the system composed of N(Y1' Y2) hadrons that 

are produced within the rapidity interval between Y1 and Y2 (Y1' Y2) 

in an A-AI central collision. The rapidity variables are defined in 

the center of mass frame of the initial N-N collision. Suppose that 
A A 

at proper time t, N(Y1' Y2) hadrons occupy the space volume V(t) 

in the comoving frame (COMF) of the system with velocity vc; 

Vc = th 
dN dy ch y Oy (1) 

where dN/dy is the superimposed rapidity density of all the N-N inter-
A 

actions in the A-AI collision. The time t = 0 is defined as an in-

stant when the hadronizations of all particles in the rapidity inter-

val (Y1' Y2) are just completed. 
A 

The number density of the system at t is obviously given by 
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Then, the energy density of the system at t becomes as 

A A 

E(Yl' Y2; t) = EO n(Yl' Y2; t) 

where EO stands for the mean transverse mass of secondary hadrons 

within the system and is taken to be 0.4 GeV. 
A A 

The sjstem expands ~ith t along the direction z of the incident 

(2) 

(3) 

nuclei. The transverse expansion of the system may be negligibly 

small, at least, during' the early stage of the e~pansion [30] of the 

system •. Then 

(4 ) 

where SAA
' 

is the overlapped area of the colliding nuclei ,with radii 

RA and RA' given by 1.2 A1/3 fm andZAA(y1, Y2; t) is the longitudinal 

extension of the system. ConSidering the fact (b) of N-N collisions, ' 

we restrict the rapidity regions of the centrally produced system 

within (Yl' Y2) = (-0.5, 0.5) hereafter. 

·W 
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3. Space-Time Extension of the Emission Points of Hadrons 

3.1. Longitudinal Extension of the System in the Inside-Outside Cascade 

Picture 

Based on the inside-outside space-time picture of hadron 

production, we will get the explicit formula for ZAA(Y1' Y2; ~). For 

this purpose, it may be instructive to consider firstly the case that 

all hadrons produced in A-AI collision are emitted from one point 0 in 

Fig. l,. According to our assumption (ii), hadrons of rapidity y 

appear after TO ch (y-n) and away TO sh (y-n) from the point o. 

Because we take t = 0 when all the particles in the system appear as 

hadrons, the time difference between the point 0 and t = 0 is given by 

TO ch (Y2 - n) (TO ch (Y1 - n)) provided IY2- nl > IY1 - nl 

(I Y2 - nl < IY1 - nl)· In our case, A ~ AI and then IY2 - nl > 

IY1 - nl, the system has already extended at t.= 0 by 

A 

The system continues to expand and the longitudinal extension at t > 0 

becomes* 

*The expression (6) corresponds to the free expansion [31J of the 
system and gives the upper limit of the longitudinal size of our 
system. 

(6) 
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However, once we try to take the STEEP effect into account, the above 

expression for the longitudinal extension of the system becomes insuf

ficient. 

3.2. Geometrical Explanation of the STEEP Effect 

Even if we take account of the Lorentz contraction of the col-

liding nuclei, they still have finite sizes. In addition, if we adopt 

the conjecture of Bjorken [19J that any hadrons never shrink less than 

1 fm at any reference frame, the nucleons within the colliding nuclei 

and also nuclei themselves do not contract less than 1 fm. As a re-

sult the emission points of secondary hadrons, which stem from mul

tiple N-N interactions within a A-AI collision, inevitably spread in 
A A 

t - z plane over the diamond region OPQR as shown in Fig. 2. 

The hadrons of rapidity Yl (Y2) originated at point R(P) de-
A A 

termine the boundary of our system on z-direction .. The time t = 0 is 

taken to be the instant when the particle of rapidity Y2' which is 

emitted at point Q, appears within the system as a hadron. 
A 

Accordingly, the longitudinal extension of the system at t > 0 is 

given by 

(7) 

There are two factors that make the longitudinal distance of the sys-

tem prolongate compared with the case in which emission points degen

erate to the point O. One is due to the extension of the emission 
A 

points to t direction; 

(8) 
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where 

tA = OR' = to - tp = (2RA + Sh ch (Yin + n))ch (Yin - n)/sh (2Yin) (9) 

tA'= QTRT = tQ - tR = (2RA' + Sh ch (Yin - n))ch (Yin + n)/sh (2Yin)· 

(10) 

As is clear from Fig. 2, the difference of the emission time between 

points 0 and Q is just tA + tAl which leads us to (8). The other 

origin of the prolongation of zAA is due to the extension of the 

emission points to the z direction. It is nothing but the last two 

terms in (7) and is given by 

AZZ = LA + LA I 

where 

LA = OF = RRI - TRI = - {th(-Yin-n) - th(Y1 - n)} tA 

and 

LA' = CE = ppl - Spl = {th(Yin-n) - th(Y2-n) }tA, . 

(11 ) 

(12) 

(13) 

The factor Sh in (9) and (10) comes from the frame independent size 

[19J of nucleons. For the comparison we have also investigated the 

case of Sh = O. In the latter case, the STEEP effect is only due to 

the finite sizes of the Lorentz contracted nuclei and it would dis-

appear in the high energy limit. 

Before going to the next step, one should note the following: The 

distance between hadrons within the system at t = 0, ZAA(Y1'Y2;0)-Sh' 

is about the fireball size observed by the pion interferometry [29J. 

Considering our path to the thermalization of the system (iii), our 

choice of AY = Y2 - Yl = 1 may be reasonable. 
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3.3. Average Collisioin Number per Particle in the System 

During th~ longitudinal expansion, the hadrons in the system in-

teract with each other and the system tends toward the thermalized 

state. If the interactions take place so frequently, the system will 

be thermalized~ . For simplicity, we assume that all the hadrons in the 

centrall y produced system are pions. The mean free path of a pion in 

the system is given by 

( ") {11"1I' ( ")} -1 A Yl'Y2: t = O'in n Y1'Y2;t • 

As for the cross section of w-w interaction, we take the. value of 

O'i~ = 20 mb which is rather the modest value in comparison with 

that expected from the phase shift analysis of w-w scattering [32]. 
" The average collision number per pion, Cw(Y1' Y2;t), within the 

",. " 
time interval 0 < tl < t will be obtained as follows; 

" 

C. (YI'Y2 ;f) = It dt' V(YI'Y2 ) 'A (YI'Y2;t-J 

(14 ) 

(15 ) 

The mean relative velocity v(Y1'Y2) among pions in the COMF is taken 

to be the di spers ion Il, where 

2 dN /fY2 
th (y-n) ay 

. Y1 

dN dy cry • 

In our calculation, v(Y1'Y2) = 0.27 is almost independent of the 

incident energy and of the combinations of A and AI. 

(16) 
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Before the final hadrons of rapidity Y2 appear within the sys-
A 

tern, namely at t < 0, the collisions may begin to take place among 

pions which have already produced. In addition the collisions, that 

* may take place in the transverse direction [15] , are not included 

in (15). From these reasons, we will take rather small values of Cw, 

say three, as a criterion of the thermalization of the system. 

It should be noticed that the role of the STEEP effect is very im

portant in the thermalization of the system. If the emission points 

of hadrons shrink to one point, particles of larger rapidities always 
A 

exist in the larger z regions. The resultant velocity gradient in the 

system is unfavorable to make it thermalize. While the STEEP effect, 

somewhat, randomizes the initial state of the system in the sense that 
A 

particles of different rapidities occupy the same z space region. 

*The collisions in the transverse direction may become effective for 
the thermalization of the system due to the STEEP effect. 
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4. Rapidity Density as a Superposition of N-N Collisions 

4.1. Mean Collision Numbers in A-AI Collisions 

The remaining point for the numerical calculation of £ and C1T is 

to get N(Y1'Y2) in the ultra-relativistic A-AI collisions. In the 

high energy limit, N(Y1' Y2) may be given by the product of the multi

plicity NNN(Y1'Y2) in N-N collisions and the average total inelastic 

N-N collision number, C,at the stage (i). Namely, at the high energy 

1 imit, 

N(Yl'Y2) = c (17) 

However, in the real case of A_AI coll is ion the constraint of energy . 

momentum conservation in the successive collisions becomes very im-

portant. For this reason we employ the MCM [21,22] in order to get Ii 

plausible N(Yl'Y2) [23,33] "everi for the cases where no experi-

mental data is available yet. 

In the scheme of the MCM, A-AI collisions are considered as fol 

lows [23]: WA (WAI ) nucleons in the projectile (target) nucleus are 

wounded and each of them repeatedly interacts on average, with VAl 

(VA) nucleons in the target (projectile) nucleus. In total, C in

elastic interactions take place in an A-AI collision where 

C = WA 'VAl = WAI . 'VA· 

As usual, W and ~ are calculated by using Glauber formula [34] for 

A-AI collisions [23,35J; 

AJmd\ 11 - jd
2
b tA(b - bj)[I-a~~ tA.(bj)]A'} 

lilA = -r-b -----!.....--=---------------=---

jmib j 11 - [1_a~~jd2b tA(b - bj ) tA.(bj)]AA'} 

(18) 

(19 ) 

.. 
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VAl 

(20) 

and 

(21) 

j bm 2 { NNf 2 AA I I d bI 1 - [1 - Gin d b tA(b - bI) tAI(bI)J 

where tA(b) is the nuclear thickness defined by 

tA(b) = !ooOOdZ PA(b,z) /A (22) 

and is normalized as 

(23) 

For the nuclear density, PA(b,z) we use the parametrization in [36J. 

By exchanging the role of A and AI in (19) and (20), we can get the 

expressions for WAI and vA. 

In (19) - (21), the impact parameter bI is restricted to 0 ~ 

IbII < bm (= 2 fm) to select the central A-AI collisions. Due to the 

restriction on bI' even in the N-AI collision we get much larger 

mean collision number than the value obtained by the well-known re

lation 

VNAI = AI G~N/G~AI. 
ln ln 

(24) 

In the A-AI collision, the above effect is prominent especially in the 

cases of small A and large AI. This is because most of the nucleons 
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in the smaller nucleus A pass through the central region of the larger 

nucleus AI. This inclination can be clearly seen in Table I wherenu-

merical values of vA' vAl, C and SAAI are tabulated, for various A-AI 

collisions at E = 1.0 TeVIN, together with N(Y1'Y2) which will be ob-

tained just after this subsection. Here 

and SAAI(b I ) is the overlapped area of A and AI in the transverse 

plane at impact parameter br. When we consider the case of A = AI 

(25) 

a-
and parameterize C = kC A C, aC becomes larger than 4/3 due to the restric-

tion on bI. This can be seen in Fig. 3, where C, SAA and N(Y1'Y2) 

are plotted as a function of A at E = 1.0 TeV/N. The values of a and 

k for C, SAA and N(Y1'Y2) are obtained by fitting the numerical results 

with straight lines. The numerical values of a and.k are shown in 

Table II. 

4.2. Rapidity Density and Multiplicity 

From the analysis of h-A collisions it turns out that the ra

pidity density at the central region depends little on the way of the 

energy partition to the particle production in each collision [22]. 

Therefore, only for the simplicity of calculation we take the view of 

the equipartition of the energy momenta to the multiple collisions 

[21,22]. As a result, the desired rapidity density and the integrated 

multiplicity N(Y1'Y2) are expressed in the following simple for-

mula [23J: 
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1 1 

('+ , :J dNch 
= c J J (x~) (x I ) (26) dx I dx'F F 

G . x~ ay + 
x+ X vAl vA 

and 

(27) 

The probability density for the equipartition distributions of the 
I 

light-like momentum fraction x% is given by 

{

. r (vQ) 
r( Q ) r q v-I) Q ) 

0(1 - x%) 

x~Q-l (1 _ x~)(v-l)Q-l (v ~ 2) 

(v = 1) (28) 

where the free parameter Q is taken to be unity [22J which corresponds 

to v-body distribution according to their phase spaces [21J. 

In (26), we parameterize G as follows; 
I I I I 

G(x+/x+, x_/x_) = a (1 - x+/x+)Y (1 - x_/x_)Y (29) 

and choose the parameters a and y so as to reproduce the experimental 

data of N-N interaction without cut of low velocity particles. Taking 

account of the breaking of the scaling, we put a = 2.8 y = 3.9 [23J 

and a = 2.0 y = 2.5 [22J above and below the incident energy of 5 

TeV/N, tentatively. The numerical values of N(Yl'Y2) are tabulated 

* in Table I with other quantities. Finally it should be noted that 

aN is less than aC. This is due to the constraint of the energy 

momentum conservation and the effect of this constraint is clearer in 

lower incident energy as are shown in Fig. 3 and Table II. 

*In the resultant rapidity density of (26) with (28), it may be 
slightly underestimated at both fragmentation regions and be slightly 
overestimated at the central rapidity region [37J in comparison with 
the results of the energy partition L38,39J that can reproduce well 
the leading particle spectra in h-A collisions. 
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5. The Numerical Results 
A 

5.1. Energy Density and the Average Collision Number as a Function of t 

The energy density of the system, composed of N(-0.5, 0.5) had-

rons, are given as a function of proper time t in Figs. 4 and 5. Both 

of the cases, Sh = 1.0 and 0.0 fm are exhibited for Fe - Fe and 

U - U at E = 0.4 TeV/N (---) and 10 TeV/N (---) in Fig. 4 and for He 

- C (at 7 TeV/N) [40], Si - Ag (at 3.6 TeV/N) [33] and Ca - Pb (at 100 

TeV / N) in Fi g. 5. The va1ue~ plotted along the lines are C IS. We 
1T . 

can judge from these figures whether the therma1ized high energy den

sity matter, the QGP state, is realized or not. We can also guess how 

long does such a QGP state last. One should notice that there are 

cases where the energy density of the system at t = 0, £max' is well 

above the critical value, say EC - 1 GeV/fm3, but it becomes less 

than €c at the time of therma1ization. In such cases, we do not 

consider that the QGP state is created. 

5.2. Contour Plots of the Energy Density in A-AI Plane 

Instead of giving full information like Figs. 4 and 5, we show 

the contour plots of £max and €th (E at the time C
1T 

= 3). These 

energy densities are depicted on A-AI half plane in Fig. 6 (Sh = 1.0 

fm) and Fig. 7 (Sh = 0.0 fm) for the incident energies of E = 0.4, 

1.0, 10 and 100 TeV/N. At a glance of these figures, it becomes clear 

how much incident energy and what kind of combinations of call iding 

nuclei are needed to realize the QGP state. In the contour plot of 

£th, shaded is the region where Eth is greater than EC (=1.0 

GeV/fm3) and then the QGP state may be realized. 
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5.3. The Volume of the QGP State 
A 

We can get the longitudinal extension of the system at time t 

from (7) - (II). Therefore, we can estimate the spatial volume and 

4-dimensional phase volume which are occupied by the QGP state within 

the A-AI collision processes. As a function of t, ZAA (-0.5, 0.5;t) 

is given in Fig. 8 for both cases of Sh = 1.0 and 0.0 fm. Because 

there are no significant difference among the combinations of A and 

AI, only the results of U - U collision at E = 0.4 and 10 TeVIN 

are shown. The difference of ZAA between the cases of Sh = 1.0 and 

0.0 fm is almost independent of t and is about 1.5 fm. We can see 

that this difference, 1.5 fm, is essential in the calculation of £ and 
A 

C at smaller t values. See Figs. 4 and 5 and compare £ and C w w 

between the cases of Sh = 1.0 and 0.0 fm. 

max The maximum spatial volume, VQGP ' of the QGP state is obtained by 

(30) 

The results are shown in Fig. 9. As a reference, the volumes of U and 

Fe nuclei are about 17 x 102 and 4 x 102 fm3, respectively. Some 

contours in Fig. 9 disappear abruptly at halfway of the line. It 

means that due to the constrain of £ > £c' there is no region of the QGP 

state. Vmax is at least 2 x 102 fm3 and comes up to 25 x 102 fm3 in QGP 
the very high energy and heavy nucleus collisions. Because V~~~ is 

determined by the value of £c' it is independent of Sh only if the 

QGP state is realized. 
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In Fig. 10, 

of 103 x fm
4/C. 

.. 4 
4-dimensional QGP phase volume VQGP is shown in the unit 

4 VQGP is defined by 

where 

From V~GP and V~~~, we can guess the time interval of the QGP 

state lasting without breaking into the hadronic gas phase. In our 

calculation, the life time of the QGP state is (0.1 - 10) x 10-23 

sec. 

5.4. Features of E, A and Sh Dependences of € and C". 

(1) E dependence: In our formulation, the incident energy de
NN pendence has been incorporated through crin' the rapidity density 

I I 

(31) 

(32) 

G(x+/x+, X Ix ) in N-N collision and Lorentz factor in (9) and (10). The 

increase of a~~ with E brings us to the increase of C through (21) and 

therefore of N(Y1'Y2). The rapidity density G also increase with 

E, although it has upper limit determined by B in (29). Moreover, the 

more the radii of colliding nuclei are contracted, the less the STEEP 

effect is. All of the energy dependences of cr~~, .G and Lorentz factor 

affect to make € increase with E. C given by (15) also increase with E 
". 

through the increase of N(Y1 'Y2). These incl inations agree well with 

our results. 

(2) A-dependence: There are three competing elements which affect 

the values of € and C. As A becomes larger, C increases according 
". 
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to (21). This is the only element to increase £ and C with A. 
'11' 

SAA 1 in (4) increases with A and makes £ decrease with A. In ad

dition, the STEEP effect may become remarkable with the increase of 

A. Therefore, contrary to the literal meaning, the STEEP effect makes 

the increasing rate of £ with A gentle. Taking all these factors into 

account, however, £ and C still increase with A. Namely, 
'II' 

From Table II, aN - as > 0.57. aSTEEP may be less than 0.33, 

then a is positive definite. 
£ 

It should be noted if we take aN = 1.0 [41-43J and fully take 

account of the STEEP effect, the increase of £ with A becomes much 

weaker than our case. In such a view, we have to rely upon the large 

fluctuation of the multiplicity [44J to share in the benefit of enlar

gening the nuclear mass numbers. 

(3) Sh dependence: The inclusion of Sh in our calculation of 

£ gives rise to large STEEP effect. This is very clear in Fig. 8. 

However, as time elapses the effect of Sh may become obsecure due to· 

the relation; 

/ .. 1 . (34) 

A1 though C depends on 
'II' 

ZAA only logarithmically (see (15)), the 

effect of including Sh is still large. This is due to the large 

numerical factor, which depends on A as AaN-aS , in front of the log 

arithmic function. 
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6. Discussion and Conclusions 

Our essential points in this paper are the following. One is to 

take account of the STEEP effect in the calculation of E: in A-A' col

lision~. The other is to impose the thermalizationcondition on the 

estimation of E:th. 

(1) Difference with and without the STEEP effect: The energy 

density, achieved in ultra-relativistic heavy ion collision, has been 

frequently estimated as follows; 

(35) 

In the calculation, the colliding nuclei are considered as infinitely 

thin pancakes. As a result, the emission points of particles in A-A' 

interaction shrink into one point in z direction. Therefore, we have 

the following one to one correspondence between y and z; 

(36) 

Then, we get 

- dN / A 

E: = E: 0 cry S AA'· t. (37} 

This relation is essentially the same as [15]. However, once the 

STEEP effect is taken into account, above simple formula, especially 

(36) does not hold. Thus our numerical results on E: are diluted con

siderably compared to the one obtained 'from (37} with putting 

t = 1 fm/c. 

(2) Path to the Thermalization of the System: As for the ther-

malization of the system, we resort to the final state interactions 

among hadronized particles, pions. Suppose the thermalization of 
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the system realizes at much earlier stage of the collision, t « 1 

fm/c, it should be asked what are the quanta which compose such a 

system. At least, the interactions among those quanta should be 

rather strong for their thermalization. However, the experimental 

data of high energy h-A collisions, where naive intranuclear cascade 

picture does not work at all, teach us that such strongly interacting 

quanta shortly'after the collisions do not exist. Therefore, we have 

recognized the strongly interacting quanta that appear at proper time 

TO - 1 fm/C after interaction as hadron and have fully used the 

knowledge on hadron interaction in our calculation of E and C • 
~ 

It may be possible to replace pions in our view by the constituent 

quarks or valon which staisfy the quark additivity. In this case, due 

to the following replacement, 

~~ qq 1 ~~ 
Gin ~ Gin = 4 Gin 

N~ ~ Nq = 2N~ 

1 
EO ~ 1 EO 

the results of E does not change but Cq, the average collision num

ber per valon in the system, becomes half of C~, if TO - 1 fm/C 

also for valons. 

(3) On the freedom of the transverse direction: In our calcu-

(38) 

lation the transverse expansion of the system is neglected in spite of 

incorporating PT of pions through EO = /m~2 + PT2• If we 

assume, however, that final pions are produced via resonances or 
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clusters which have small transverse momenta, our idealization seems 

to be not so unreasonable. In this case the collisions of the reso-

nances or clusters in the transverse direction, which may take place 
A 

about the same frequencies as collisions in z direction, compensate 

the reduction of C due to the clusterization of pions. Then final 
1r 

results of Eth may not be altered by this modification of the sce

nario. 

(4) Miscellaneous points: (i) We have not inc)u~ed the particle 

production due to the possible cascade interactions of the secondary 

hadrons produced within the colliding nuclei. They may become 

plausible to take place especially if we adopt the finite hadron size 

Sh. (ii) By neglecting the finite size of produced hadrons in (5), 

some of hadrons that exist outside the rapidity interval (Yl'Y2) 

but occupy the same space vol ume wi 11 be effect ively counted in our 

calculation of E. (iii) We take a moderate value of EO (=O.4 GeV). 

The change in this value, for example, due to the mixture of the 

baryons in the central region is directly reflected to the final 

result of E. 

We have calculated the energy density of the central products in 

the ultra-relativistic A-AI collisions with taking account of the di-

lution factors, the STEEP effect and the finite thermalization time of 

the system. Even in this case, we can safely conclude that the OGP 

state can be obtained when the incident energy and the mass numbers of 

colliding nuclei are high and large. 

.. 
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Table 1. The numerical values vA' vAl, C, N{-0.5, 0.5) and 

SAA I for various combinations of A and AI at E = 1.0 TeV/N. In the 

calculation, we use the value of cr~~ = 35 mb. Although the results 

are not listed here, we use the values a~~ 33 mb, 39 mb and 48 mb 

for E = 0.4, 10 and 100 TeVIN, respectively. 

C 
C 1.95 CU 
Cu 1.83 3.75 Ag 

VA Ag 1.78 3.53 4.54 Xe 
Xe 1.77 3.46 4.43 4.8/ W 
W 1.75 3.34 4.22 4.63 5.47 U 
u 1.74 3.26 4.09 4.46 5.24 5.95 

C 
C 1.95 CU 
Cu 4.27 3.75 Ag 

vA Ag 5.50 4.87 4.54 Xe 
Xe 6.02 5.37 5.01 4.8/ W 
W 6.96 6.37 5.96 5.79 5.47 U 
u 7.69 7.19 6.79 6.61 6.24 5.95 

C 
C 1.39 CU 
Cu 4.85 20.3 Ag 

C Ag 6.48 29.2 43.7 Xe 
Xe 7.12 33.0 50.1 57.7 W 
W 8.27 39.8 62.1 72 .4 92.9 U 

[ x10] U 9.14 45.1 71.6 77 .7 110. 132. 

C 
C 3.4 CU 
Cu 10.3 38.9 Ag 

N Ag 12.9 53.5 76.8 Xe 
Xe 13.9 59.0 86.4 97.8 W 
w 15.4 68.4 103. 119. 148. U 

[ x10] U 16.5 75.0 115. 134. 171. 201. 
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C 
C 16.5 cu 
Cu 23.7 59.6 Ag 

SAA' Ag 23.7 69.2 87.4 Xe 
Xe 23.7 71.2 93.1 100.5 W 

[fm2] W 23.7 72.4 100.2 110.9 128.2 U 
U 23.7 72.4 102.5 115.5 138.4 153.9 
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Table II. The numerical values of a'S and k's, when we parametrize 

C, N(Yl'Y2) and SAA as kAa . SAA is independent of the 
incident energy E. 

E [TeV/N] 

aN 

kN 

as 

ks [fm2] 

0.4 

1.51 

0.327 

1.32 

1.19 

0.745 

2.65 

1.0 

1.52 

0.350 

1.36 

'1.28 

10 

1.51 

0.387 

1.43 

1.77 

(independent of E) 

100 

1.51 

0.476 

1.48 

2.04 

" 

.. 
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Figure Captions 

Fig. 1. The longitudinal expansion along with the i axis at proper 
1'\ 

time t of the system. The system is composed of particles which are 

within the rapidity interval (Y1'Y2) and are emitted from the 

point O. The emitted particles (trajectories indicated by broken 

lines) appear to be interactable hadrons (solid lines) when their 

trajectories intersect the hyperbora which corresponds to 112 _ z2 = 

TO = 1 fm. 

Fig. 2. The geometrical explanation of the STEEP effect. The 

emission points of hadrons are extended over the diamond region OPQR 

due to finite sizes of the colliding nuclei A and AI. 

Fig. 3. Nuclear mass number dependences of the total collision 

number C, hadron multiplicity N(Y1'Y2) and the overlapping area 

SAA in the central collisions of equal mass nuclei at E = 1.0 

TeV/N. Those quantities are parameterized in the form of kAQ. The -

values of k and Q are given by C = 0.35 A1•52 , N(Y1 'Y2) = 1.28 

A1. 36 and SAA = 2.65 AO•745 as shown by straight lines. 

Fig. 4. Energy density £ of the system as a function of the proper 

time f. The numerical results of £ for Fe - Fe ((a) and (b)) and 

U - U ((c) and (d)) at 0.4 TeVIN (broken curves) and 10 TeVIN (solid 

curves) are shown in cases of Sh = 1.0 fm ((a) and (c)) and Sh = 

0.0 fm ((b) and (d)). The values written on curves are the average 
"-

collision numbers per particle, Cw, by the time t. 
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Fig. 5. The same as in Fig. 4 except combinations of A and AI and 

incident energies which are (a) He-C at 7 TeVIN, (b) Si-Ag at 3.6' 

TeVIN and (c) Ca-Pb at 100 TeV/N. The solid and broken curves 

correspond to the cases of Sh = 1.0 fm and 0.0 fm, respectively. 

Fig. 6. Contour plots of £ of the system at t = 0, which 

corresponds to £max and is shown in the upper triangle and at the 

time C~ = 3, which is £th and is shown in the lower triangle. 

Sh is taken to be 1 fm. In the shaded region, the QGP state may be 

rea:l ized. 

Fig. 7. The same as Fig. 6 except that Sh = 0.0 fm. 

Fig. 8. ZAA (-0.5, 0.5; t) versus t of U-U colliSions at (a) 0.4 

TeVIN and (b) 10 TeVIN for the cases of Sh = 1.0 fm (solid lines) 

and Sh = 0.0 fm (dashed lines). 

Fig. 9. Contour plots for the maximum spatial volume of the QGP 

state, namely the spatial volume at £ = £c (=1.0 GeV/fm3). There 

is no region of £ ~ £c at E = 0.4 TeVIN, then no contour in (a). 

The unit of the numerical values on the contour is 102 fm3• The 

upper triangle is for Sh = 0.0 fm and the lower for Sh = 1.0 fm. 
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Fi g. 10. Contour plots fOr the 4-dimens ional phase volume of the 

QGP state, V6GP which is defined in the text. The unit of the 

values written on the contour is 103 fm4/c. The upper triangle is 

for Sh.= 0.0 fm and the lower for Sh = 1.0 fm. By comparing Figs. 

9 and 10, we can guess roughly the life time of the QGP states. 
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Unit (x 102 .fm3) 
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Unit (x 103fm4/c) 
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