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ABSTRACT 

We compute the n+nO and K+KO mass splittings in the standard 

SU(3)c x SU(2)L x U(l) theory of strong, electromagnetic and weak 

interactions of quarks, The only additional tool is PCAC, dealing 

with the covariant (with respect to the group SU(2)L x U(l» 

divergences of the corresponding hadronic currents. The questions 

of cancellation of infinities and the gauge dependence are worked out 

in detail. All computations are reduced to those of self energy type 

diagrams in which the strong interactions can be easily resumed, This 

leads to the recovery of the results of Daset al., and Dicus and 

Mathur, and their justification in a modern approach. The achievements 

and limitations of the method are discussed. 

0' :J' 
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I. Introduction 

The notion of symmetry has always possessed a great power of 

simplification in physics. Unfortunately, Nature provides us only 

very seldom with exact symmetries, and, as soon as one of the most 

accurate was discovered, strong isospin SU(2), it was eviden~ from 

the observation of the proton-neutron and n+ - nO mass splittings, 

that it was broken and that a quantitative understanding of its 

violation was, not an easy problem. 

In the continuous search of more and more exact symmetries, the 

physicists have been led to use them at more and more fundamental 

levels. Mesons and baryons are no longer thought as elementary 

objects, and nature was hoped to be conceptually simpler at the 

quark level. However, the isospin symmetry is now well known,from 

the up-down quark mass difference, to be also broken at this level, 

and the physicists are now challenged in two directions: is there 

exact symmetry at a deeper level of still more elementary constituents 

and, staying at this one, how to go up the hierarchy of particles and 

explain hadron physics from quark physics? 

Leaving completely aside the first speculative idea of an ulti

mate simplification, we shall in this study address ourselves to the 

question of computing, in our present state of knowledge of quark 

interactions, an effect of isospin breaking at the hadron level. We 

choose the simplest objects, the pions (and ,the kaons), thus showing 

our ignorance to deal with the (still too) complicated baryons and the 

proton-neutron mass splitting. 

.. 
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As will become, 'clear throughout this study, "this is ,a new type 

of approach by the fact that the starting point is the now standard 

model of strong, electromagnetic and weak interaction of quarks, 

showing that one can deduce isospin breaking effects from this unifying 

gauge theory. The result itself cannot pretend to be new since we re-

cover the old and good result of Das et al., [1] based on simple elec-

tromagnetic interactions of pions treated as fundamental objects. 

As the rr+_rr O mass splitting has now a rather long history, we 

shall first in this introduction review the main steps, contributions 

and problems which marked out many efforts toward its comprehension 

during the last 25 years. We shall after that briefly describe the 

main characteristics of the method used here, its achievements (finite-

ness, recovering of a good numerical result, detailed study of the 

gauge dependence), and also its limitations: a complete gauge in-

variant computation for physical (massive) 'pions is out of reach 

of our present computational ability~ this will in particular con~ 

strain us to evaluate the electroweak contribution to the mass 

splittings only at the chiral limit. 

At the time where one had no theory of hadrons as composite par-

ticles, it was natural to consider the electromagnetic interactions 

as the only responsible for the rr+rrO (and p-n) mass difference. This 

lead to the pioneering work of refs. [2). The dispersion technique 

[3] appeared here as the first of a long series of, technical tools 

which were to be applied to this specific problem. The evaluation of 

the electromagnetic self-mass of pions was linked to the rr, electro-

magnetic form factor; saturation by the lowest 2rr resonance at 

) , 
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'M 750 MeV" (the p), gave the very good value m -m 
rr+ rrO 

4.95 MeV. 

However, it was immediately recognized that the K+KO mass splitting, 

with its opposite sign compared to the rr+rrO was a challenge to the 

present status of the theory. 

The next step was taken by Coleman and Glashow [4a], and Socolow 

[4b], in the 60's, contemporary with the great development of the 

SU(3) symmetry [5]. The computation of the rr mass splitting is 

refined by taking into account higher intermediate states, and the 

K mass splitting problem is tried to be solved by incorporating the 

so-called "tadpole" diagrams, where a scalar meson octet (rr') induces 

virtual isospin breaking transitions to the vacuum. While this addi-

tion does not modify the result for the pion mass splitting, it makes 

the great improvement of reversing the sign of the kaon one, though 

giving only half of its experimental value. Let us mention at this, 

stage that the present translation of the "tadpole" term in the 

language of QCD is a product of a quark mass difference times some 

non perturbative vacuum expectation values of bilinear quark oper-

ators [6a). They indeed solve the problem of the kaon mass splitting 

[6b) without affecting the pion one. They will be displayed ex

plicitely in this study. 

After dispersion relations and symmetry conSiderations, the most 

powerful tool to be applied to the problem was Current Algebra and 

PCAC [7], with the' success of ref. [i], relying heavily on the newly 

disc~vered hadronfc stim rules of Weinberg [8]. The underlying theory 

is still scalar electrodynamics for pions and the quantity computed 

the electromagnetic self-energy of the rr'S. Relying on the electro-

magnetic gauge invariance of the pole of the pion propagator, the 
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choosen gauge is the Yennie gauge [9], which simplifies the computa

tions by suppressing the ~~yy vertex. The 3 (linked) features of 

this approach are: (putting aside the fact that the pion was then 

formally treated as a fundamental field) 

* it is, performed at the chiral limit m~ 

on soft pion techniques; 

0, and relies 

* it, relies on ,both Weinberg sum rules, which are vital to 

ensure the convergence of the,integrals involved. From the present 

QCD pOint of view, both are valid at the chiral limit; however, at 

that'time, the use of the 2nd Weinberg sum rule was a problem because 

it was known, to be model dependent. Consequently, there was a need 

to obtain convergence without it. 

The next five years saw the outstanding development of gauge 

theories and the const~uction of models unifying the eiectromagrietic 

and weak interactions [10]. In this framework, Weinberg ella] 

and ~ Hooft [lIb] draw the attention to the fact that ,the weak inter

actions are fundamental in determining mass splittings~especially' 

in the cancellation of divergences; but most of ,the paper deals 

with'the'fundamental fermionic fields of the theory, and it is 

only in this case that the mechanism of cancellation of divergences 

is explicitly displayed; the question of composite particles is 

hardly mentioned. However, as the notion of quarks as fundamental 

fields was still a hypothesis, it was ,natural to transpose those 

ideas directly to the ,pions: five years after ref. [1], Dicus 

and Mathur,[12a] and Yang [12b] showed that finiteness could,pe 

achieved in the ,so-called now Glashow-Weinberg-Salam model,[lO], 

introducing not only the photon but also the massive Wand Z 

. • ~ 
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bosons, without using the 2nd Weinberg sum, rule. The mass of 

the Z was shown tOlact as an ultraviolet cut-off. The ques-

tions which arise nowadays about this approach are the following: 

* it is still performed for soft pions; 

* the choice of the unitary gauge for the Wand Z propa-

gators seems hard to justify as soon as ,one is not sure to com-

pute a gauge-invariant quantity in a gauge invariant electroWEAK 

theory of pions; (1) 

* one can check easily that the final formula doesn't give 

any sensible result unless one plugs in the values of masses and 

coupling constants extracted from both Weinberg sum rules, that 

is the same as obtained at the chiral limi4 in which case one 

recovers the result of Das et al. up to negligible corrections. 

Trying to avoid the 2nd Weinberg sum rule and working with mass-

less pions is contradictory in today's point of view; 

* the mechanism proposed therein to cancel divergences is 

not enough in QCD (which could not be seen at that time): diver

gences arise from the high energy of the current-current propaga-

tors involved, while only their low energy behaviour was there 

plugged in (using vector meson or pole dominance). 

From a modern point of view, the works that have been done up 

to that time suffer consequently from several drawbacks: the 

pions are treated as fundamental and massless, the question of 

the gauge is very unclear and the finiteness not established (see 

for example ref. [13] for a review on the subject at that time).' 

The years 70-75 have seen a big interest in light-cone 

physics, [14] and it was applied to electromagnetic and weak 

J ' 
,; 
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mass shifts [15]; as an alternative to soft pion techniques. The 

Glashow-Weinberg-Salam model is by now a usual ingredient, together 

with the explicit quark realization of Current Algebra [7]. In 

those still prior-QCD works, one conclusion seems generally ad-

mitted: the divergences, originating from the deep-inelastic 

electron-hadron scattering region, may be removed by a suitable 

quark mass renormalization. The question of the gauge is seldom 

mentioned [lSa]. 

The two last works [16] resolutely tackle the problem from the 

point of view of Quantum Chromodynamics. In both of them, the weak 

interactions are ignored and the computations performed in the 

Yennie gauge. However, as soon as the quarks are the fundamental 

fields and no. longer the mesqns, the mass splittings can in general 

receive contributions from diagrams which are not of the form of 

2 
m a meson self-energy and contribute to gauge dependence at order 

Consequently, we think that those computations are only justified 

at the chiral limit, in which case the 2nd Weiberg sum rule is 

perfectly valid [17]. While it is true (see the remark in Section 4) 

that in a pure QED approach and in the Yennie gauge the infinities 

do disappear, we shall show that it is only an artefact and that one 

can consider the cancellation of infinities as a consequence of 

the renormalizability of the SU(3)c x SU(2)L x U(l) theory of strong, 

electromagnetic and weak interactions. In the first of those two 

approaches [16a] where pion and kaon mass splittings are dealt with 

simultaneously, Dashen's theorem [18] has to be put by hand, and 

the numerical final values are emphasized to depend essentially on· 

the asymptotic behaviour of QCD, which we show to be irrelevant 

, . 
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because of going away in the procedure of renormalization. In the 

second approach, the authors advocate for some dubious cancella-

tions of infinities, and make use of a nice variation of the 

Shankar method [19], but whose stability and reliability can be 

hardly checked. And, again, we do not agree with the claim that 

the pion and kaon mass differences are determined by the asymptotic 

behaviour of QCD. 

It seems so clear that, up to now, there is no satisfactory 

finite computation of those mass splittings in the standard model 

of quarks, and that the question of the gauge has not been inves-

tigated. 

In the new approach that we propose here, we shall partially 

fill this gap, and that between meson and quark physics. One of 

the main reasons why the mesons are more tractable than baryons 

(p,n) is that we have in this case at our disposal the powerful 

tool of PCAC [7], stating that the covariant, with respect to 

SU(2)LX U(l), divergences of hadronic quark currents are the 

interpolating fields of the corresponding mesons. However, as 

already emphasized, we shall not be able to achieve this goal 

completely and to obtain a complete gauge invariant computation 

valid for physical (massive) mesons. Briefly, the reason for that 

is the following: 

The mesons propagators that we study (linked by PCAC to the 

propagators of the divergences of the hadronic currents) have no 

reason to be by themselves gauge independent, but only their 

. 2 2 
poles (mIT'~)' and the residues of those poles (f

2
m 

4
, f~~). IT IT K K 
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Identifying these poles or residues i~plies computation~ performed in 

QeD at Q2 = m;(~), untrac;table because they involve diagrams which 

cannot be reduced to that of simple hadron self-energy and where 

strong interactions cannot be resumed (see Fig. 1). The com-

(, promise that we shall take is to compute those propagators at 

'Q ==' 0, that i's with mesons off mass shell. So doing, it turns 

out 'that, arid this is the big advantage of this method, all elec-
'. ','. ! 

troweak contributions 'to the mass splittings "can be expressed as 

self-energy type diagrams (see Fig. 2), involving 2 quarks and ,a 

'gauge (or Higgs) bOfOon, with'exte~n~l en~rgy moment~m 0, identical 

'to'vadllim fhictuatiorts, and where all strong interactions can be 

very 'easily r'estm;ed at all orders. As a consequence, they can be 

h~lIidled by introducing the appropriate hadronic resonnances. We 

"obtain trivially in addition the "tadpole" terms. The price to 

pay for this 'simpliEication is tha,t, not computing with pions 

(kaons) 'on mass shell, one 'expects . <l: g~uge dependence of the 

electroweak terms of order 2 2 
mTT(~)' The explicit computations show 

that this is indeed 'what happens, and we recover in the pion case 
" .. 

the old result of Das et al. [1), and 

2 gauge dependent terms of order m
TT

, 

, .t 

Dicus and Mathur [12aj up to 

correctipns of order (m
u 

+ md)2, 

and the "tadpole" terms. As we are computing a physical quantity, 

this is the Signal that our calculation is only valid for massless 

pions, which also makes the (mu + md)~ corrections irrelevant 

except for giving an order of magnitude of the uncertainty of our . . '. ,( . 

result. The tadpole te~, gauge independent, is sho~ to p~ay ~Q 

role in the pion case and at the opposite to be crucial f9r th~ 

kaon case. It displays explictly the role of the up and down quark 

-: 
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imas's difference in the hadronic mass shifts. The electroweak con-

tribution in the kaon case is also to be computed at the chiral 

limit, whi'ch puts it '~qual~ 'to the pion one, as stated by Dashen's 

theorem [18j. 

We>obtain m ..; m 0 = 4.95 MeV, which, taking into account 
TT+ TT, m2 

the expected 'incertitude of order t-, is in good agreement 
p2, 

with the experimental result of 4.6 HeV. 

The paper is organized as follows: 

* in the second section, we present a general overview of the 

method together with considerations about the problem of gauge 

invariance; 
I'~' 

* the third section is devoted to technical computations: 

detailed computation of the divergences of hadronic currents in 

the standard model, of the 2-point function ~(O) relative to 

those divergences, detailed discussion of the Higgs sector and 

fts non cancellation of the gauge dependence of the electroweak 
.', ..... -

sector. The results will be seen to be still plague~,with in-

finities, proportional to 2 
(md + mu) , originating from the 

asymptotic behaviour of current-current correlation functions 

in QeD; 

* the fourth section studies the cancellation of infinities 

and recovers the result of Das et al. [1] and Dicus and Mathur 

[12a]; 

* the fifth section deals briefly with the kaon case, where 

the same treatment has been applied; 

* finally, we conclude with a general discussion, and possible 

extensions of the work. 

J • 
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II. General Overview of the Method 

The purpose of this section is to present in a non technical 

way the main features of the method and to provide a qualitative 

understanding of it. 

We shall deal explicitly with the pion case; the kaon case 

can be treated exactly in the same way. 

Starting from the SU(3)c x SU(2)L x U(l) Lagrangian of the 

strong, electromagnetic and weak interactions of quarks, we 

identify by the PCAC hypothesis the propagators of the charged 

and neutral pions with those of the covariant (with respect to 

the gauge group SU(2)L x U(l» divergertces of the appropriate 

hadronic axial currents: 

All (l+i2) (x) = u(x) /ys d(x) 

(2.1) 
1l(3) 1 - II -ll 

A (x) = 2 (u(x)y ysu(x) - d(x)y Ys d(x» 

While in a pure Quantum Chromodynamics approach, the (ordinary) 

divergences receive contributions from the quark mass terms only, 

they may be written in our general approa'ch in the form: 

a All 
II 

M+ G + H, 

where M represents the contribution from the mass terms (gen-

era ted through Yukawa couplings to a doublet of Higgs fields), 

G from the gauge bosons of the SU(2)L x U(l) group, and H 

from the Higgs fields. Accordingly, the covariant derivative 

of any axial current All with respect to SU(2)L x U(l) may be 

(2.2) 

written: 

D All 
II 
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a All> - G - H = M 
II ' 

(2.3) 

which is the same expression as that of the ordinary derivative in 

a theory of only strongly interactive massive quarks. Equation 

(2.3) ensures the conservation of the axial current at the chiral 

limit. (The only discussion can be about the Higgs contribution: 

it turns out (as will be shown in Section 4) that the removing of 

divergences dictates the presence of M only in D All.) 
II 

Defining the ~(q2),s as the propagators of the. covariant 

divergences of the hadronic currents: 

~(i)(l) if d4xeiq •X {OiTD All (i) (x) D AV(i)+(O)10 }, 
II \J 

(2.4) 

and 
2 

1jJ(q )'s as those of the ordinary a All,s 
II ' 

they are related 

through Eq. (2.3) by: 

~(q2) .= 1jJ(l) - ifd
4

xeiq •X
{{ OIT(G + H)(x)(G +H)+(O) lo} 

+ {OIT(G + H)(x)M+(O)lo} + {OITM(x)(G +H)+(O)lo}}. 

The advantage of making the 1jJ' s app.ear explicitly is that 

they will easily generate the "tadpo~e" terms through the use of 

the Current Algebra Ward Identities [7] that they satisfy. On 

the other hand, as they can also be thought of, by PCAC, as the 

propagators of pions, the 1jJ' s may be written as: 

~(1+~~)(q2) 

2 4 

2f +m + (1+i2) + continuum, 11 11 + G.T 
2 2 

-q + m + 
11 

(2.S) 
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~(3)(l) TI2 TI 2 + G.T(3) + continuum. 
-q + m 0 

(2.6) 

TI 

We shall always in the following ne"glect the contributions of 

the continuum. 

The presence in Eq. (2.6) of SU(2)L x U(l) gauge dependent 

terms (GT) is a priori unavoidable in any propagator, and only the 

poles and the corresp<;mding residues are expected to be gauge in

dependent. So, a gauge independent computation of the pion mass 

splitting would necessitate an identification of the poles or the 

residues of the ~'s, which unavoidably requires computations, per-

formed at 2 
q 

2 
m , 

TI 
of diagrams involving two quarks and one gauge 

or Higgs boson line (at the order 2 
g of electroweak interactions 

we shall be working at). Those cannot in general be reduced to 

self-energy type diagrams (Fig. 2), and we do not know how to 

tackle those depicted in Fig. 1, whose resummation at all orders 

of strong interactions is untractable. ~e consequently need a 

method in which strong and electroweak interactions factorize at 

order 
2 

g of SU(2)L x U(l), and where we can safely resume the 

first, leading to diagrams of the type depicted in Fig. 3. 

This tremendous simplification can be achieved by working 

at Q = 0, that is slightly off mass shell. However, the price 

to be paid for that is a gauge dependence of order 

electroweak contribution to the mass splitting: 

2 m 
TI 

in the 

~(1+i2)(0) _ 2~(3)(0) 2 2 
2(f +m + 

TI TI 

2 2 2 
f Om 0) + GT(O(m ». 

TI TI TI 

;;..' ~.;,: 

(2.7) 

16 

As we are evaluating a physical quantity, this means that the elec-

troweak part of our result can only be computed and trusted at 

the chiral limit. 

The tadpole term is not subject to this restriction; we shall 

see that it is proportional to the gauge invariant and renormaliza-

tion-group invariant combination of (m
d 

- mu) times some quark 

vacuum condensates. Actually, defining the chiral limit as the 

limit where the Yukawa couplings go to zero does not mean that the 

tadpole terms are absent. Once we admit the presence of a quark 

condensation, the quarks are expected to acquire non vanishing 

masses from this non perturbative mechanism, and, subsequently, a 

difference between u and d quark masses may be understood as 

an effect of the electroweak interactions. A deeper discussion 

[20] of this point is outside the scope of this work, and for 

practical computations, we whall maintain the tadpole term, essen

tial in the understanding of the kaon mass splitting. 

However, the limitation mentioned above for the electroweak 

part makes our computation only trustable up to a relative in

certitude of order m2/M2, where M is a typical hadronic 
TI 

scale involved in the calculation (the mass of the p or Al 

meson). 

It is also clear from Eq. (2.7), that in order to display 

h 
. 2 2 

t e quant1ty m + - m 0' we shall have to make the assumption 
TI TI 

of the equality of the hadronic parameters f + and f 0' 
W TI 

that we are unable to compute in our present state of knowledge. 

The program that we shall fulfill is accordingly the computation 

of 



2 2 
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11 11 

2 
m 0) 
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1/!(l+i2)(0) _ 21/!(3) (0) _ iJd4X e iqx 

{(OIT(G + H)(x)(G + H)+(O) lo} + {OIT(G + H)(x)M+(O)IO} 

+ {OITM(x)(G + H)+(0)10}}(l+i2)-2(3} 
'q=O ' 

and the extraction of a finite result from the above formula. 

Indeed the resummation of diagrams displayed in Fig. 2 into 

those of Fig. 3 is not enough to ensure finiteness before work-

ing at the chiral limit; while the contributions from low energy 

(2.8) 

hadronic poles and resonances give back the result of ref. [12a], 

the high energy contributions of the corresponding current-current 

hadronic propagators extracted from the asymptotic behaviour of 

Quantum Chromodynamics [17]giverise to divergences proportional 

to (mu + md)2. We shall show, and this will be the purpose of the 

fourth section, that one can indeed obtain a finite result 

before working at the chiral limit, condition that we shall have 

finally to fulfill due to the finite gauge dependence that we 

shall be left with afterwards (in this respect, Section IV has 

no influence on the final result). 

As we are working in a renormalizable theory, all infinities 

which may appear in the computation of a physical quantity from 

the bare Lagrangian can be eliminated by only a suitable redefini-

tion of the parameters of the original Lagrangian. This can be 

achieved by introducing suitable counter terms respecting its 

symmetries, the contribution of which may be simply subtracted 

from the bare (infinite) result to obtain the physical (finite) 

result. NOW, the counterterms associated to any parameter may 

,I. 
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be computed at a given (for example 2nd) order of the coupling 

constant by evaluating the contribution of 

. f 4 i d yLint(x)Lint(y) (2.9) 

to this parameter. In the case we are concerned in, we shall 

directly ~valuate the contribution of the T-product Eq. (2.9) 

to the mass splitting, thus short cutting the lengthy step of 

working out explicitly all the conterterms needed in the 

SU(3)c x SU(2\ x U(l) theory, and consider that as strictly 

equivalent to the usual procedure. It turns out that this con-

tribution to the mass splitting is exactly of the same form as 

the bare result; we shall consequently obtain the p'hysical 

(finite) result by simply subtracting from the last one its 

infinite part. 

We shall next have to operate technically the removal of 

the infinities; in the absence, in this special case of vacuum 

fluctuations, of a well defined algebraic procedure, we shall 

only be able to achieve this up to corrections of order 

(m
u 

+ md)2, which anyhow are irrelevant according to the 

expected uncertainty of our computations, as mentioned above. 

After those many comments, we now turn to detailed computa-

tions displayed in the next sections. 
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III. Computation of the 2-Point Functions 

of the Current Divergences 

We shall develop in this section all the formal apparatus lead-

ing to the formula: 

~(1+i2)(0) _ 2~(3)(O) = (m
u 

- Md){uu - dd) 

2J ~ [(DY (q) - D
Z 

(q» + e 4 JlV JlV 
(211 ) 

[ 

(3) (1+i2) ]] ~ :v JlV (q) - 11 Jlv(q) . 

(3) 
[(D

P 
(q) 2ilZ GF(m + m )2 f ~ 

u d (2'rr)4 

S ~3 
- D (q»D (q) 

2 S ~+ ) + c l D (q)D -(q) , (3.1) 

where the first term represents the "tadpole" contribution, the 

second the SU(2)L x U(l) gauge bosons contribution and the third 

that of the Higgs bosons. 

c1 

y 

DY 

The notations in (3.1) are the following: 

GF 

GF 

is the Fermi constant: 

1.02 10-5 

2 
Mp 

(M is the mass of the proton). p 

is the cosine of the Cabibbo angle. 

and Z denote respectively the photon and Z gauge boson, 

and DZ their propagators,and the doublet of Higgs fields 

is chosen as follows: 

. ' r( 

(3.2) 
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~ = ~ + i~ 

[ 

+ 1 2 

~ = ~ ~ 0 = V + H + i~3 
such that the vacuum expectation value of ~ is: 

~3 
D and 

+ 
~-

D 

~ = r v~l2l 
are the corresponding propagators. 

(3.3) 

(3.4) 

p(3) 
D is the propagator of the pseudoscalar bilinear quark operator. 

(3) .1 - 5 - 5 
P (x) = 2 (u(x)y u(x) - d(x)y d(x» (3.5) 

S 1 8(0) 1 S(8) 
and D the sum 2 D + 3 D 

the scalar bilinear quark oper~tors 

1 S(15) 
+6"D 

S (0) (8) , S 

of propagators of 

and 8(15) 

carrying the flavor SU(4) indices 0, 8 and 

expressions may be found in Eqs. (3.19). 

15, whose 
(i) v 
II Jl and 

VV 

complete 

(j) JlV 
II are 

AA 

the two point functions of the hadronic vector and axial currents 

respectively, carrying the flavor SU(4) quantum numbers i or 

j, for example: 

(1+i2\V 
II (q) 

AA 
if txe

iq 
x 01 Tu(x)yJlysd(x) d(O)yVysu(O) I 0 

(3.6) 

In order to simplify the formulas, all quark mass differences 

will be dropped in the electroweak contributions. We shall 

furthermore restrict ourselves to 2 generations of quarks. 

The Higgs sector will be investigated in detail, in connection 

with the question of gauge dependence • 

J' , . 
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For the sake of completeness and self-sufficiency of the 

paper, we shall write in detail the notations and conventions 

used throughout the paper, esp'ecially for the Lagrangian. We shall 

also write in full generality the expressions for the divergences 

of the hadronic currents as obtained from the complete Lagrangian 

[211. 

We_shall show how,from Eq. (3.1) the result of Ref. [12a1 

may be recovered, but no longer justified due to infinities 

arising in particular from the asymptotic behaviour of the rrVv,s. 

1) 

G(a) 
vv 

F 
llV 

The Langrangian 

a) The kinetic terms and thegiuge field sector 

We have the following contributions: 

°L 
Y.M 

_ l G(a) Gvv(a). 
4 vv ' 

is the gluon field tensor and a color index (a 

° L _ l F FllV. 
Y 4 llV ' 

is the electromagnetic field tensor. 

°L 
~in.fermions 

iljly allljl 
II 

°L w,z 

IjI [;]. 
_l w+ w-{ll,v1 

2 [v,v] 

1 l z[ ]Z[ll,V] 
ll,V 

2 2 + • .u-V e W W' --2- II 
4 sin 8W 

2 2 V e 
. 2 2 

8 S:ln 8W cos 8W 

Z Zll. 
V ' 

(3.7) 

1 .•. 8). 

(3.8) 

(3.9) 

(3.10) 

:_'t ,~ ., 
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V is defined in (3.3) and (3.4)" Elw, is the Weinberg 

angle. 

°L 
int SU(3) 

c 

i$Y (-ig l A(a)Gv(a) 
V s 2 1jI; 

g is the strong coupling constant, 
s 

Gv(a) is the gluon field, 

the A (a) 's are the 8 Gell-M,ann matrices. 

(3.11) 

°L 
int SU(2)LxU(l) 

e(A Jvem. 1 1 - Y5 
V + 2 sin 8

W 
cos8

W 
ljIy/

V
- 2-- :N IjI 

+ 1 

12 sin 

sin
2

8 'w - V 
sin 8 cos 8 ljIy V Z ~ IjI 

W W 

$Y Wv+ ~ CIjI + $Y Wv- __ 5_ a;+1jI [ 
1, - Yo 1 - Yo ) ) 

~ V _ V 2 

AP is the photon field, Jem 
II 

the electromagnetic hadronic 

current. 

1 

1 :IN 
-1 

1 

-1J 

2/3 

2/3 

(3.12) 

(3.13a) 

IQ is the charge matrix. 

-1/3 (3.13b) 

-1/3 
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q; [~] , (3.13c) 

wh~re C is the standard Cabibbo matrix, C 
[ 

cl 

-sl 
Sl]. 
C

l 

b) The gauge fixing terms 

We write them in the form 

L =_-..!..... 2 1 2 
GF Za

y 
CA - ~ (CZ + 2C+C) (3.14) 

with C = a All 
A II 

C = d Z II _ M .~3 
z II ~ Z ' 

C+ = a wll+ - aif1w<l>+ II . 

(3.lS) 

C = a/ll - - 'Vfw<l> 

MZ' ~ are the masses of the Z and W bosons respectively. 

<1>1, ~2, <1>3 defined in (3.3) and (3.4) are the 3 Higgs-Goldstone 

bosons. 

c) The Ghost sector 

We shall not need any explicit computation involving ghost 

fields at the order of the electroweak interactions that we 

shall be working at. 

-;.' ... {. 
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d) The Higgs sector 

The quarks will receive masses through Yukawa couplings to 

the doublet of Higgs fields. The process of diagonalization of 

the mass matrix, giving rise to the mixing matrix, is well known. 

We refer, for example, the reader to Ref. [22]. We shall only 

write here the final result using the conventions used by most 

physicists [23]. 

One obtains: 

LW-Higgs --;p 1MW - VIZ GF -;PMWH + i VIZ GF -;P:N 1M Y SI/J<I> 3 

+ 12VzG. [* [Hfl 
-'M[Hfl 1 - ys + 

--I/J<I> 
2 

1 + ys + 
1M -2- W<I> 

- ~[*]1M 1 + YS 

2 [~ll -YS ] 1jXg-+ I/J:M G I a -2- 1jx!> 

where we introduced the diagonalized mass matrix :M : 

1M 

m 
u 

m c 
md 

) , 

m 
s 

(3.16) 

(3.17) 
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For practical computations, it is also very useful to put 

this part of the Lagrangia~ in the following form: 

[ 

, , - (0) (8) (15») 
L = - (m _ m )S(3) + (m + m ) [_s_ + _S_ + _S __ -
ljJ-Higgs u dud 12 13 16 

+ m [s(O) _ ZS(8) + s(15)] 

sl2 13 16 

+ m [s(O) + 11 s(15)]1 (1 +~12 G H) 
c 12 "';2 F 

+ iv'12 G_ (m - m ) .-- + -~ + ---- - (m + m )p -
4 ~ [ [p (0) (8) p(15)] (3) 

Fd ul2 13 16 d u 

+ m [p(O) _ Zp(8~ + p(15)]_ m [p(O) _ 13 p(15)]J <',)3 
sl2 13 16 cl2 12 

_ ~{ (1+iZ) - (l+iZ) 
+ "VIZ GF [c1 (md - m)S + c1 (md + mJ!' 

+ ( _ )s(1l+il2) + . ( + )p (l1+ilZ) 
sl md mc sl md mc _ 

(4+i5 (4+i5) 
- sl (m - m ) S ) - - s 1 (m + m ) B s ~ s u 

+ c (m ~ _m )s(13+il4~ + c (m + m )pH3+ilLl.)j <',)+ 
1 scI s c 

+ [ ( _ )s(l-iZ) _ ( _ )_p(1-i2) 
c1 md mu c1 md mu 

+ ( _ )S(1l-il2) _ ( + )p (1l-il2) 
sl md mc sl md mc 

_ s (m - m )s(4-i5) + s (m + m )P (4-i5) 
1 suI s u 

~ . 
Z6 

+ c (m - m )S(13-i14) _ c (m + m )p(13-i14)]~-} 
1 scI s c 

(3.18) 

where the S's and the p's are scalar and pseudo scalar diquark opera-

tors. We list them explicitly below for the scalar case: 

(l+iZ) ud S 

S(4+i5) us 

(6+i7) = ds S 

S(9+ilO) uc 

(ll+ilZ) = ~d S 

(13+il4) = cs S 

S(3) - ! (uu - dd) - Z 

S(8) 1 - -- (uu + dd - Zss) 
z/3 

S(15) =.~ (~u + dd + ss - 3~c) 
zl6 

(0) 1 - - - -
S (singlet) = - (uu+dd+ss+cc) 

zl2 

(3.19a) 

so that one has in p~rticu1ar 

s(O) S(8) (15) __ .+ __ + _S __ 1 - -
12 /3 16'" 2 (uu + dd) 

s(O) 2S(8) s(15) 
-----+--=ss 

12 13 16' 

(0) fI S(15) = cc _S_ -"';2 
12 

(3.19b) 

Z) Computation of the divergences of the hadronic axial currents2 

Performing an infinitesimal axial flavor SU(n) transfor-

mation on the quark field ljJ, the Lagrangian gets modified by 

an amount oL which is the divergence of the corresponding 

current: 
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aL (i) = d A]1(i) 
]1 

We find the general formula: 3 

d]1A]1(i) = i~Y5[T(i) ,lM]+lji + ief~,(Y5[T(i) ,«IN 

1 1 - y 
~Y5 ~ [T(i),lN]lji + 2 sin e cos e 

W ,W 

sin
2 e 

W - (i) 
lW cos e- ljitY5[T ,1Il]lji 

w 

+ 1 (_+ 1-y 
12 sin e lji¢ Y5 ~ [T(i) ,~]lji 

w 

+ "#fY
5 
~ [T(i) ,~+]lji 1 - Y )} 

+ iVlZG:. {~y [T(i),1M] ljiH - i~[T(i) IN 1M] lji~3 
F 5 + ' + 

_ 12 ~ ----.2i T(i) 1 + '[ 
2 ' (~ ICo-

1
) lMl: lji~+ 

_ 12 ~ 1 - /5 [T(i) , :M [~ / f1)] /~+ 

- 1 + Y5 [(i) (SLLQ) 11] lji~-
+/2lji-2- T 'clo + 

+ 12 ~ 1 -/5 [T(i),11 (~ I ~)]+ lji~} • 

r( 

(3.20) 

(3.21) 
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T(i) is 1/2A(i), where the A(i),s are the generalized 

Ge11-Mann matrices. In the particular cases i 1 + i2 and 

i 3 we are interested in, we get: 

]1(l+i2) = i(m + m
d

)uY
5

d d]1A u __ 

-ie{~Y5d + 21 2 «1-2 sin2. eW)uJy5d-ut d) 
2 sin ,eW cos ew 

c1 [-
12 sin e

W 
U¥-Y5 

1 - Y5 -,Ir-
-- u - dr Y

5 2 
1 ~ Y5 dj 

+ 1 - - - Y5 1 - Y s ( 1 
, 12 sin e

W 
ur{i Y5~2- c + SfY5~ d)J 

- i~.f2 G {-(m + m )p(l+i2)H - i(m - m )Sl+i2~3 
F u d d u 

_( (5(0) S(8). s(15») + 12 c
1 

(m + m
d

) -- + -- + ~ 
u Ii 13 16 

+ c (m - m ) ---' + -- + --
[

p(O) p(8) p(15») 

Iud Ii 13 !6 

_ sl'Cm + m ) S(9+ilO) 
c d 2 

\ (m
c 

- m) p(9+ilO) 
d .. 2 

S(6-i7) p(6-i7») _} 
+ s 1 (m u + ms) '2 + sl (mu - ms) 2 '~ 

J " " 

(3.22) 
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i(m ~Y5U - m dy d) 
u d 5 

+ ~e- - Y5 1 - y . [( 1 
12 sin e

W 
c l UrY5 ~2~ d - drys -2-

5
- u) 

sl - [-.rt' 1 - Y 5' - - 1- - Y 5 
+ - u¥l Y ~~ s - silty ~~ u 

2 5 2 T5 2 

_ + ,,1 - Y 5 _ ,1 + Y 5 )] 
- cij Y5 ~2- d+ d~-Y5 -2-' c 

p +-p-+-
,,' .' (0) , (8) p(15)] 

-i-V12 GF {(md - m) [ 12 13 16 H - (m
d 

: m
u

)p(3)H 

[

5(0) 5(8) 5(15)] (3) 3 
+ i(m + md) -- + -- + -,- <1>3 + i(m - m

d
)5 <I> 

u 12 13 16 u 

+ 12 [+ sl (m + m )(5 (4+i5)<I> + _ 5 (4-i5)q,-) 
2 2 u s 

+ sl (m _ m )(P(4+ i5)<I> + + p(4-i5)<I>-) 
2 s, u 

s 
+ -l (m +- m ) (5 (11+il2)", + (11-il2) -

2 d c 'i' -5 ,<I» 

+ s2l (m
d 

_' mc) (p(11+il2\ + + p(11-il2)<I> -»)} (3.23) 

3) Computation of the propagators 0/(0) of the divergences of 

the currents 

They will be computed by using the Current Algebra Ward 

Identities: [7] 

" f 
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q q ,Il11V( )' _ 2-0( 2) 11V
M 

q =qII q 

tjJ(q2) _ ~Jd4xeiq.Xo(Xo) (OJ[AO(x), AV+(O)llo> 

\ 

- i J d4xe -iq 'x /) (x
O

) ( 01 [a ll1 (0), A 0+ (x) 11 0 >, 

(3.24 ) 

where II 11V has be'en defined in (3.6); 
AA 

we have used its decom-

position: 

·':llV,2 [ llV)_12 llV_02 
II (q) = - g - L9..- II (q ) + ~ II (q ) 

AA 
' llV 2 2 

q q 
(3.25) 

-1 -0 
II and II are ,orthogonal in the J 1 and J = 0 channels. 

From (3.23), one deduces at q 0: 

1/1 (0) iJd4 x/) (x
O

) (01 [allAll(O) , AO+(x)llo> • 

The commutator [a All (0) , AO+(x)] appearing in (3.26) is 
II 

entirely determined by the anticommutation relations of the 

fermionic fields. As already mentioned, we shall omit here-

after the electroweak terms proportional to any quark mass 

difference. We obtain: 

ljJ(l+i2)(0)=_(m + m )(~u +dd > 
u ,d 

+e[ ( ~fu-dtd> 1 1 - 2 sin2ew 

+ '2 sin e, cos e (uJu - d1d > 
W W 

1 
2 sin e

W 
cos e

W 
(u1y5u - dJ.Y5d > 

(3.26) 
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+ 
2c

l 
(dr 

1 - y 
S u ) 

12 sin e 
-2--

W 

s 1 -
1 C~- yS - 1 - y 1 d ---c- - s 12 sin eW 2 s'! ---2--- u) 

--v12 G
F 

[(m
u 

+ m
d

) ( (~u + dd)H ) 

: _ sl -
+ 12 ( (c

l 
(m

u 
+ md)du + T (mc + md)dc 

sl - _] 
- -2 (m + m ) su)<I> ) 

us' 
(3.27) 

~(3) (0) = -(mu(~w + md(dd» 

__ -- -c (~ + S - - - y e [- l-y 1 
12 sin e 1 ~ -2 -d + d~ __ S u) 

w 2 

s 1 _--.!.C,/,+ -ys __ l-y 
4 u,. -2-- s +. s'/t __ S u) 2 

sl 1 - yS 1 - Ys 1 
+ - (cJ6+ -- d + dP- -- c) 4 2 _2 

"-"12 GF [( (m
u 
~u + md dd)H) - i( (mu ~ySU - miYSd)~3) 

12 sl - t - ""\ 
+ T"4" «mu +ms)( uS<!> - su<l> I 

+ (m
d 

+ mc)(Cdt - dcp-» ] ' (3.28 ) 

where the notation means "vacuum expectation value". 

In the last equation, the terms involving charged Higgs field 

cancel by the relations: 

r-( 
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- + --
( us <I> ) = ( SU <I> ) etc. • •• , (3.29) 

easily deducible,for example,from the expansion procedure that 

we shall use in the following. 

The relevant combination for the pion mass splitting writes: 

~(1+i2)(0) _ 2~(3)(0) (m
u 

- m
d

)( ~u - dd 

[ 

2 
1 - 2 sin eW 

+ e (14u - d~d) + 2 i e e (~ju - did) 
s n W cos W 

1 
- sin e

w 
cos e

W 
(4ys u - dtYSd ) 

2c + 1 ( + l-y 
12 sin e U¢ Y d ) 

W 

s 1 -1 (-rp_ yS 1 - Y -- d -+ 12 sin f\v -~2~c - (l¢ ~ d 

+ u~.c+ __ -_S -.L- - yS _ l-y 1 ] 
11 2 s - SVi -~ U ) 

2 

~ [ i(m
u 

+ m
d

) ( (:;;i"ysu - dY
S

d)<I>3 ) 

s 
+ l2(c

l 
(m

u 
+ m

d
)( dU<l> -} + 21 (m

c 
+ m

d
)( dC<l> - ) 

- 2 (m
u 

+ ms)( su<p}) . 
sl __ ] 

# 

(3.30) 
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Now, the meaning of the vacuum expectation values of the type 

<q$q) etc ••. is easily made explicit b~ a perturbative expansion 

at next order of the electroweak interactions. This leads 

immediately to the vacuum fluctuation-type diagrams at zero 

external momentum displayed. in Fig. Z. (as ,we shall treat the 

pure quark vacuum condensates at a phenomenological level, we 

shall not address ourselves in this work to their possible inter-

pretation). 

The above expansion is performed using the Lagrangian exhibited 

in the subsection 111.1. We obtain: 

1jI (1HZ) (0) _ ZljI (3) (0) (m
u 

- m
d

)< -;;u - dd ) 

+ e Z ~4 2(i> y (q) - rjZ (q» II llV(q) 
J
'4 f (3). 

(Z1I) . llV llV vv 

1 s. [ (3)w + ---Z~=---Z-·- u:- /q) . II (q) + 
Z sin a cos a II AA 

!llV(q)] 

1 
-2' 

Z 

W W 

LDw [ 
sinZa

vl 
ll/q) 

(1HZ) . (1HZ) .]} 
II llV(q) + II llV(q) 

AA vv 

ZJ d4 $3 p(3) 
-Zi /2 GF(mu +.md) ~ D (q)D (q), 

(211 ) 

where the propagator of any pseudo scalar diquark operator is 

defined as: 

(3.31) 

DP(q) 

~~ i 

34 

iJd4X eiqx«ql (x) ysqZ(x» (<II (O)YsqZ(O»+) 

-iJd4x eiq~ql(x)Ysqz(x)qz(O)Ysql(O» 

To deduce .i;.q. (3.31), we have used the relation: 

(1 -'Z sinZSw)Z 1 -4SinZsw cosZsw' 

From (3.31), we recover the fact that the contributions to the 

pion mass splitting are to be expected at second order of the 

electroweak interac.tions; the linear dependence in e and VG; 
of (3.30) was simply an artefact· of our method. 

(3.3Z) 

(3.33); 

4) 
. (1HZ) - (3) 

Computation of the other contributions to ~. (0) - Zp (0) 

According to (Z.8) one may write 

~ (1+iZ) (0) _ Z~ (3)(0) = 1jI (1+iZ) (0) _ ZljI (3) (0) _ (4)(1+iZ) (0) _ Z4> (3) (0», 

(3.34) 

with: 

4>(0) = 4>G(O) +4>H(O) + 4>GH(O) + 4>GM(O) + 4>HM(O); 

4>(O)G = if ix < olm(x)~\o) 10) , 

4>(O)H = iJd4X < oITH(x)/t(O) 10) , 

4>(O)GH = iJd4x[( oITG(x)H\O) 10) + (oITH(x)G+(O) 10 >J 

4>(0) = iJd4x[(0ITG(X)M\0)10) + < oITM(x)G+(O) 10 )J, 
GM 

4>(0) = ifd4 x[( olTH (x)M+(O) 10) + (OITM(x)H+(O) 10 »). 
HM 

(3.3S) 

(3.36) 
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We shall show that among those 5 additional contributions to 

~ (l+i2)_2~(3) only <l>G and <l>H are non vanishing at the order 

of the electroweak interactions (e2) and chiral symmetry breaking 

(m
2

) we are working. 

a) Computation of <l>G 

Using the definitions (2.2) and (3.36) and the expressions 

(3.21), (3.22) for the divergences of currents, we get: 

<1>(1+12)(0) - 2<1>(3)(0) = e 2I' ~ 
G G (271)4 

[(D':. (q) 
(l+i2) 

_ DZ(q» II JlV (q) 
JlV vv 

+ 1 
4 'sin2sW cos2sw 

[

(l+i2) (l+i2) 1 
DZ (q) II JlV(q) + II JlV(q) 

JlV AA VV 

2 
c

l 
+ 2 

2 sin Sw 
DW 

(q) 
JlV [

(3)JlV ) 
II (q 

AA 

(l+i2) (3) 
II Jlv(q) +' II Jlv(q) 

AA VV 

(l+i2) ) 
_ IIJl~q) 

VV 

s2 [ + 1 1 W (9+ilO) 
2 sin2S '4 DllV (q) II llV (q) 

W AA 

(1l+il2) 
_ II llV(q) 

AA 

(9+ilO) (11+i12) 
+ ,II Jlv(q) _ II llV(q) 

Vv VV 

(6-i7)llV (4+i5)JlV 
+ II (q) - II (q) 

AA AA 

~I .. 
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(6+i7) 
+ II Jlv(q) (4+i5)JlV )~ - II (q). 

VV vv 

b) Computation of <l>H 

From (2.2), (3.36), (3.21) and (3.22), we obtain 

,.' cj> (l+i2) (0) 
H 

2<1>J3) (0) = 12 G if ~ 
F (271) 4 

2 [ H (p(l+i2) 1'(3») 
(inu + m

d
) D (q) D , (q) - 2D (q) 

3 (s(O) , S(8) S(15) )'] 
- 2D<I> (q) D ~ (q) + D 3 (q) + D 6 (q) 

(3.37) 

± [ ( s(O) S( 8) s(15) 1 
+ D<I> (q) 2c

1
2(m + m )2 D (q) + D (g). + D (q) 

u d 2 3 6 

s~ 2[ S(9+ilO) 
+ :f (m

c 
+ m

d
) D (q) 

S(1l+il2) 1 
- D (q) 

s~ 2( s(6+i7) s(4+i5»)] +:f (mu + ms) D, (q) - D . (q) • 

As the leading mass dependence has already been extracted 

in (3.38), we may compute all propagators at the chiral limit, 

in which case one has the relations: 

p(l+i2) 
D 

p(3) 
2D 

S(9+il~ s(11+i12) 
D = D , 

J • 

(3.38) 



(6+i7) , 
DS 

(q) 

(0) 
DS(q) 

,.( 
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S(4+i5) 
D (q) 

S (8) S (15) 
D (q) = D (q). 

Equation (3.38) consequently simplifies to 

¢(1+i2)(0) _ 2¢(3)(0) = !2 G i ~ (m + m ) f 
4: 2 

H H F (21T) 4 u d 

[ 3 [S (0) 
[2D¢ (q) D _ (q) + D (q) + D ' (q) 

S(8) S(15) I 
3 6 

+ 2c2 DV (q) D (q) + D (q) + D (q), 
+ [S(O) S(8). S(15) lJ 

1 2 3 6' 

c) Computation of ¢GH(O) and ¢GM(O) 

(3.39) 

(3.40) 

* The nonvanishing diagrams which can arise in ¢GH only 

appear at higher order of e1ectroweak interactions. So we forget 

J • 
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¢ (1+i2) (0) _ 2,P)(0) = .-~ (m + m ) 2 Jd4 
HM HM . lV L. b F u d x 

'I (p(l+i2) (X)H(x)p(1-i2) (O)} + (p(l+i2) (X)H(0)p(1-i2) (O)} 

-2( p(3) (X)H(X)P(3) (O)} _ 2( p(3) (X)H(O)P(3) (O)} 

+ 2i (S (x) + S (x) + S (x) <!>3(x)p(3) (O)} 
[ [

. (0) (8) (15) I 
Ii 13 16 

+([S(O)(X) 

12 
+ S (x) + S (x) <!>3(0)p(3) (0) } (8)' (15») ) 

13 16 

[

. ( (0) (8)' (15) ) 
-!2c (p(1+12) (x)<!> +(0) _S -(0) +_S,_(O) + _S - (0) } 

1 12 (j 16' 

_ ( _S_ (x) + _S_ (x) + _S_ (x) <!>-(x)p(1-12)(0)} 
[ 

(0) (8) (15) I . I} 
!2 13 16 

(3.41) 

them here. which expression is as usual to be interpreted at next order 

* In ¢GM' due to the different behaviour of G and M 

under the charge conjugation, the contributions of 

ifd4x(OiTG(X)M+(0) io} turns out to be exactly the 'opposite of 

f 
4 + that of i d ~OiTM(x)G (O)io). SO ¢GM plays no role too. 

d) Computation of ¢HM 

We get: 

of e1ectroweak interactions. This leads to a sum of diagrams 

of the type displayed in Fig. 4. A detailed inspection shows 

that they all cancel or vanish at the chira1 limit, at.which we 

may compute them since the leading mass dependence has already 

been extracted in (3.41). 

e) E1ectroweak corrections to the (qq) vacuum condensates 

Working consistently at the second order of e1ectroweak 

interactions needs looking at the e1ectroweak corrections to 
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the quark condensates appearing in the "tadpole" term. One 

generates diagrams of the type displayed in Fig. 5. However, 

the (m
d 

- mu) factor in this contribution entails its neglect 

as proportional to a quark.mass difference. 

5) Final expression (non renormalized) for ~(1+i2)(O) - 2~(3)(0) 

According to Eqs. (3.3), (3.34), we have to subtract (3.37) 

and (3.40) from (3.31); we get: 

; (1+i2) (0) _ 2~ (3) (0) (mu - md)(uu - dd) 

I 4 {[ ) [ (3)· (1+i2) ] + e 2 ~4 DY(q) - DZ (q) 2 IT \lv(q) _ IT \lv(q) 
(2IT) \lV \lV VV AA 

[ 

2 
-cl W 

+ 2. D (q) + 
4 sin 6

W 
\lV 4 

D~v<q) 1 [ (3)\lV 
2 2 2 IT (q) 

sin 6
W 

cos 6w VV 

+ 

(1+i2) (3) (1+i2)· J 
IT \lv(q) + 2 IT \lv(q) _ IT \lv(q) 

VV AA AA 

2 
sl 

2 
8 sin 6W 

D (q) IT \lv(q)_ IT \lv(q) 
W [(9+ilO) (11+112) 

\lV AA AA 

(9+ilO) (11+i12) 
IT \lV (q) _ IT \lV (q) + 

(6-i7) 
IT \lV (q) 

VV Vv AA 

(4+i5) . (6-i7) (4+i5)]} 
IT \lV (q) + IT \lV (q) _ IT \lV (q) 
AA VV VV 

." 
. 
'( 
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J 
4 I 3 [·5(0) 

+ 2i12 G (m + m)2 ~ D~ (q) D (q) 
F u d (2IT) 4 2 

5(8) 
+ D (q) 

3 

5(15) 
+ D (q) 

6 
(3) ] 

D
P 

(q) 

2 ~± [5(0) 
clD (q) D 2 (q) 

(8) 
D

S (q) 
+ 3 

+ D
S 

6 (q) . 
(15) ]} 

In the approximation of neglecting quark mass differences, we 

consistently take: 

(3.42) 

(3)\lV 
2 IT (q) 

(1+i2) v 
IT \l (q) 

VV vv 

(4+i5) 
IT \lV (q) 
VV 

<Gili7) \lV (q) 

VV 

(9+ilO) 
IT \lV (q) 

(11+112) 
IT \lV (q) 

VV VV 

(and the same in the axial cases), (3.43) 

so that the W contribution and part of the Z drop out, and 

we recover the formula announced in (3.1). 

6) Discussion and comments 

a) From (3.1), one sees that the "tadpole" term, and 

consequently the influence of the tq>-(iown quark mass difference, 

is strongly suppressed in the pion case by the factor «uu)-

( dd» . Indeed, the SU(2) symmetry breaking at the level of the 

vacuum quark condensates is not expected to exceed 1 or 2%. 

[24] 
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contribution is proportional to 2 
e while 

the Higgs is proportional to 2 G
F 

(m
u 

+ m
d

) . One so expects 

a strong suppression of the last contribution with respect to 

the first, and the non-compensation of the gauge dependence 

arising from the y and Z propagators. 

" c) At this point, one must remark the difference 

between the computation we are doing and that of the radiative 

corrections to the pole of a fermion propagator as performed in 

ref. [25]. In this last work, the Higgs and ghost fields play 

a fundamental role in the cancellation of the gauge dependence 

of the gauge fields; the tadpole diagrams (do not confuse with 

the abusive expression of "tadpole" terms that we have been 

using before), were also shown to be essential. Actually, ex-

panding (330) at next order of the electroweak interactions 

does indeed generate tadpole diagrams involving fermions, Higgs, 

gauge'and ghosts fields, as shown in Fig. 6. However, due to 

the always appearing combination (;u - dd) or (;y~u - dY5d) 
w ~ ~ ~ 

on one side of the diagrams, we expect them to be suppressed 

by at least one power of the quark mass difference (many of 

them vanish also by Furry's theorem). 

Now, apart in the above tadpole diagrams, ghosts fields 

can only appear at higher orders of electroweak interactions by 

a loop insertion in the gauge field propagators of Fig. 2. 

d) Forgetting for a while the Higgs contribution, expected 

to be strongly suppressed (it is obviously divergent, but this 

problem will ,be tackled in the next section), let us concentrate 

on the y-Z contribution. 

~ r 
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With the choice of gauge fixing terms (3.14), (3.15), the 

photon and Z boson propagators read: 

D Y (q) 
llV 

~~v (q) 

i (( qll qv) qll qv) - 2 gllv - -2- + ay -2- , 
q q q 

qllqv qllqv 
(IlV - -2- 2 

-i <:1 + a
Z 
~ 

2 2 2 2 q - Mz q - aZMZ 

Using furthermore the decomposition (3.25) of the 

obtain: 

~(1+i2)(O) _ 2~(3)(O}[~(l~i2)(Oj _ 2~(3)(O») . 
1jJ,z 

IT's, 
llV 

we 

4 
= '-ie

2J ~ 
(211) {(-3)(q~ - q2 ~ M;) (2 

q)l 2) 
IT (q 
VV 

(1+P\ 2») - IT (q 
AA 

+ 2- 2 22 (
ay aZ )( 

q q - a'7M'7 

(~)O(q2) 
VV 

(1+.;12) 0 2) } IT (q) , 
AA 

where we can also use Eqs, (3,43) to only make appear the 

combination (3) of the ii's. 

The procedure used in Ref, [12a] is the saturation of the 

IT's by the low lying resonnances and pole. In the narrow 

width approximation: 

(3,44) 

(3.45) 

(3.46) 



(3) 1 2) 
IT (q 
vv 

(~)1(q2) 
AA 

(3) . 

(3)0 2 
IT , (q ) 
AA 
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1 
M4 
....Q.. 

g2 
p 

2 2' 
-q + M 

P 

1 
M4 

Al 
-2 

gAl 
_q2 + M2 

Al 

lm 2 
1T 1T 

..q2 + m2 
1T 

(3.47) 

Using eve to set IT 0 = 0, 
VV 

and taking a 
y 

az = a .for simpli-

fication, we obtain immediately: 

d 4 3MZ ~--
M4 

p 1 [~(1+i2) (0) - 2~ (3)(0) )y,z 2ie
2J I 

2 

4 2 2 2 
(21T)q (q - M

Z
) 

2-2- 2 
g q - M 

M4 ] Al 1 
-2-22 
gA q-MA 

1 1 

+ 2 2 2 
q (q - aMz) 

2 
a 

P P 

1T 1T f 2m
2 

. ·1 
(3.48) 

which gives the finite result of ref. [12a] up to a gauge depen-

dent correction proportional to 
2 

m • 1T 

However, in QeD, one has the relations [17]: 

(~)l 2 
2 IT (q) 

VV 

(1+12\ 2) 
IT (q 
AA f

oo 

2 1 2 
q ;- (mu-tnld) 

[3(mu2: md)2 + 0[::)) 

. . "[ 

dt 
1 3 

---2 121T 
t - q 

(3.49a) 
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(3) 0 2 (l:l-i2) 
2 

21f 2 IT (q) IT (q ) - q -
VV AA 1T (m -tnl )2 

u d 

1 [3 <mu + md)2· [m4]] 
(3.49b) dt --- - - +0 2 

2 81T t t t - q 

When plugged into Eq. (3.46), one sees immediately that they give 

rise to logarithmically divergent integrals proportional to 

2 
(m

d 
+ m

ll
) • The result (3.48) needs consequently some more work 

to be justified. 

Before entering the process of the removal of the divergences, 

let us note that, looking only at the photon sector and taking 

the Yennie gauge a = 3 does result in the suppression of diver-

gences. This makes the link with previous works [1,12a]. However 

as lengthy discussed before, this is no longer justified when the 

weak interactions are turned on. 

It must also be stressed that, as well known, all the diver-

gences disappear at the chiral limit. 

.. ' 
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IV. About Infinities. Final Result 

We shall follow the line of approach described in the second 

section, and show that it is possible to obtain a finite result 

for the pion mass splitting before working at the chiral limit. 

This chapter will however provide only a conceptual improvement 

since, at the end, the chiral limit will be needed in order to 

achieve gauge independence, condition expected from the beginning 

due to our "off mass shell" computation, and the result (3.48) 

recovered. 

As emphasized previously, we shall show that the contribu-

tion to the mass splitting originating from 

i 
S2(x) = "2 f 

4 . 
d y T Lint (x) Lint (y) . (4.1) 

is identical to that obtained from the bare Lagrangian; the corre-

sponding infinities, equivalent to those computed from the counter-

terms of the SU(3)c x SU(2)L x U(l) theory, may be subsequently 

simply subtracted from the bare result. 

The divergences of the hadronic currents receive contribu-

tions from (4.1), that we shall denote C, such that Eq. (2.2) 

must be changed into: 

a A~ 
IJ 

M+G+H+C, 

and the expression of the covariant divergence Eq. (2.3) into: 

D All 
Il 

M + C • 

(4.2) 

(4.3) 

.. 
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Accordingly, in Eq. (2.5), each M, term has to be replaced by 

M + C. All the C terms are second order in the electroweak 

interactions; as this is the order we are working up to, all 

the crossed terms in C x(G + H) in the computation of ~ can be 

dropped, and only the additional contributions to ~(O) from (4.1) 

have to be computed. (1+i2) Let us denote them ~ (0) c , 
and ~(3)(0)" 

'c 

Here again, all quark mass differences will be dropped. 

1) 
(1+i2) , (3) 

Computation of ~c (0) - 2~c~' 

a) The y - Z sector 

For the sake of briefness, we shall omit the' W sector. 

From Eq. (3.20) applied to (4.1), the contributions of (4.1) to 

the divergences of the hadronic currents can be written: 

(1+i2) (x) 
C yZ 2 i f -e 2" d4y A (x) A~(1+i2)(x)A (y)jvem(y) 

~ v 

+ A (x)j~em(x)A ( )Av (1+i2) ( ) 
~ v y y 

+ l.e 2 d4 (1+i2 . 2 \ 
4 sin 6

W 
COS26

W 
f Y [(V~ ) (x)Z~(x) 

- (1 - 2 sin2
6w) A~1+i2)(x)Z~(x) )j~(y)ZV(Y) 

+ jn (x)ZIl (x) (V(1+i2) (y)Zv(y) 
Il v 

2 (1+i2) v )} - (1 - 2 sin 6W)Av (y)Z (y) , (4.4) 



C(3) (x) 
yz-
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0, 

where the A's without isospin index stand for the photon field, 

and In is the neutral weak current. The computation of the, 
~ 

commutators involved in the Ward Identity (3.Z6) is'somewhat 

lengthy but straightforward: it involves only standard Current 

Algebra commutations relations. We get: 

c (1+:iZ) (0) 
1/IyZ 

+ 

Z1/Ic(3)(0) 
yZ 

4 
zf~ 

e (Z1I) 4 

[ (3) (1HZ) ~v ] DY (q) Z IT,~v(q)_ IT (q) 
~v VV AA 

1 ( (3) 
Z 'Z 

nZ (q) Z IT ~v(q) 
4 sin 6W cos 6 ~v AA 

IT ~v(q) _ (1 _ Z sinZ6w)Z Z IT ~v(q) _ IT ~v(q) . (l+iZ) ( (3) (l+iZ»)\ 

VV VV AA 

(4.5) 

Using the relation (3.33), (4.5) r'educes to 

1/1 c(J:!-iZ) 
yZ (0) - Z1/Ic(3)(0)= e Z f ~ 

yZ 4 (Z1I) 
(D~V(q) - D~v(q») 

[ 

(3) (l+iZ) J 
Z ~~V(q) _ ! ~v(q) , (4.6) 

which is exactly the same as the .y - Z contribution in (3.1). 

: '( 
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b) The Higgs sector 

By the same procedure, one finds: 

(l+iZ) (x) CH o 

(3) i ~ f 4 - - 3 CH (x) = 2 vZ GF i d y[(mu uu(x) + md dd(x»~ (x)(mu uy
5u(y) 

- 3 -
md dY5d(y»~ (y) + (mu uy

5u(x) 

- 3 - -3 
- md dY5d(x»~ (x)(mu uu(y) + md dd(y»~ (y)] 

and 

1/I~(1+iZ)(0) _ Z1/I~(3)(0) Zin G (m + m ) Z f ~ 
F u d (Z1I)4 

3 (3) ± 
{D~ (q) (DS (q)-DP '(q» - CiD~ (q)DS(q) J ' 

(4.7) 

(4.8) 

which is again the same as the Higgs contributio~ in (3.1). (Recall 
S DS(O) D§(8) nS(15) 

that D means ---Z-- + ---3-- + ----6-- .) 

We come back at this step to the remark made in Section Z 

about the presence or not of the Higgs term H together with 

the mass term M in the covariant derivative of the current 

(Z.3): the choice (Z.3) entails the existence of ~H computed 

in Section III.4b, so that it gives a finite result when the 

infinite part of (4.7) is subtracted. In the other choice, as 

~H would not have been present, we would have been left with 

the extra contribution (4.8) alone.' 

j. 
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2) Final finite expression for 2f;(m2+ - m2
0

) 
~ ~ 

From now onwards, as we have shown its finiteness, we shall 

forget the Higgs contribution, much smaller than the gauge bosons 

one. We are now left with the practical question of computing the 

finite part of: 

2 2· 2 
2f (m - m ) 

.. 1( ~+ .. ~O (mu - md)(\i"u - dd) 

4· [ (3) 
+ e

2 I ~4 [Dr (q) - D
Z 

(q)] 2 n jlv(q) 
(2~) jlV jlV vv 

(lK2\V(q)] . (4.9) 

The usual way of renormalizing Feynman diagrams is not 

implementable here: indeed, in addition to the fact that we are 

dealing with vacuum fluctuations, which is not a standard case, 

we have, in order to obtain a realistic picture, to resume the 

strong interactions at all orders, introducing Vector Meson and 

Pole dominance, and thus to depart from a description in terms 

of the fundamental fields of the theory alone. 

Nevertheless, the n's may be physically described as 

sums of two types of functions: 

- at low 
2 

q , they are well described by Vector Meson and 

- L 2 -0 2 pole dominance, giving functions n (q) and n (q) rapidly 

damped in 
2 

q (like 

see (3. 47) ) •. 

2 l/q in the narrow width approximation 

- we must add to them, at high 
2 

q , functions driven by 

'- . 
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the asymptotic behaviour of QeD. Only those last ones generate 

infinities, and, as·we have seen in (3.49), they are proportional 

2 to (m
u

+ m
d

) • 

We propose as a method to extr~ct the finite part of (4.9) 

simply forgetting those second contributions. From what just 

preceeds, we expect our procedure to differ with respect to a 

more orthodox renormalization procedure by the order of 
2 2 

(mu + md) 1M , 

where M is a typical hadronic mass involved (that of the p or 

the AI)' 

This leaves (3.46) as· the final result, where the n's are 

saturated by the pion, p and Al only. Then, as already dis-

cussed .at length, the residual gauge dependence proportional to 

m2 forces us to evaluate this electroweak contribution only at 
~ 

the chiral limit, and trust our result only up to an accuracy 

of 2 2 
(mu + m

d
) 1M • 

Performing explicitly the integrations, we obtain finally: 

2221 --
f (m - mO) = "2 (m - md)( uu - dd ) 
~ + ·u 

~ ~ 

tm4 , m' 4 , '] Al mZ Al m m m 
+ 3a- ~n- _...Q.. Z ~n~ 

2 2 2 2 2 2 2 2 
gA mZ - mA mZ g m - m m 
lIP z p Z chiral limit 

(4.10) 

which is (but for themdpole term), the result of Ref. [12a]. 

Using the relations [8]: 



Sl 

2 2 m 
m Al 2 -% - -2- = f1l 
g gA 

p 1 

4 4 m
A 

mp _1 = 0, 
- 2 

2 g 
gp Al 

given by the 1st and 2nd Weinberg sum rules, (4.10) reduces to 

f2(m2+ 
11 11 

2 
m 0) 

11 

.! (m - m )( ~u - dli> 
2 u d 

[

m 
4 

m
2

/ 2 [m2 m2]'] p p gp -2.. z 
+ 3a "2 9.n 2 2 2 + 0 2 9.n "2 

g m /g - f m
Z 

m p p p 11 

2 
g 

Using the present experimental value 4~ ~ 2.36, we get: 

1 (--
m + - m 0 = -2- (mu - md) uu - dd) + 4.9S MeV, 

11 11 4f m 
11 11 

where, as already mentioned, the tadpole term gives a negligible 

contribution. (The results 4.12 and 4.13 are slightly different 

from those of ref. [1] because we didn't use' the relation [26] 

2/ 2 
mp g1l 

2 
2f1l employed therein.) 

. , 

(4.11) 

(4.12) 

(4.13) 

S2 

V. The K+KO Mass Difference 

The treatment of the K+KO case can be done in a way 

exactly similar to +0 
11 11 • In order not to uselessly lengthen 

this paper, we shall not go here explicitly through all the steps 

exposed in the previous sections: we shall in particular forget 

the Higgs sector and directly compute the finite electroweak 

contribution arising from the low energy behaviour of the 

hadronic 2-point functions. And, again, but for the expressions 

of the divergences of ,the hadronic currents that we give in full 

generality, we shall drop all dependence in the quark mass dif-

ferences. 

1) 
. (4+iS) (6+i7) The divergence of the hadron1c currents A and A 

]J ]J 

The hadronic currents having the quantum numbers os the K-

and KO are respectively: 

A(4+iS)(x) = ~(x)Y ySs(x)~ 
]J ]J 

A(6+i7)(x) = d(X)Y]JYSs(X). 
]J 

Using the Lagrangian displayed in Section 111.1, we obtain 

through (3.21); 

a A]J(4+iS) 
]J 

i(m + m )uyss u s 

- l' - - Ys 
[

' 1 ' 

-ie uf.,yss + sin e .. cos e .. U~Y5 -2-'- s 

.i t . 

(5.1) 



a Aj.l(6+i7) 
j.l 

.! 

S3 

sin28 W -
cos 8 sin8 uty

S
S 

W W 

1 

12 sin 8W 

- C 1 (df \ 

[

(_ 1 - y , 1 - y ) 
SllU~-YS ~ u - sry

s ~ s 

1 y -r ~ s - u yS 
2 yc))] 

i(md + ms)dyss 

ie. [Cl(~rYS 1-y 1-y ) S - - S 
-2- s - d~ y S -2- c 

12 sin 8W 

_ + 1 - YS _ _ 1 - YS , ')] 
- Sl(c¢ YS -2- s + dW YS- 2- u 

2) Computation of M2+ - M20 
K K 

With the same notations as in the previous sections: 

~(i)(O) = .(i) _ .(i),(O). 

We find: 

2 2 2 
2fK (m + - m 0) 

K K 

~(4+i5)(0) _ ~(6+i7)(0) 

(m
d 

- m)(~u + ss ) 

4 [ ][(3) + e2 J ~ DY(q) - D
Z 

(q) II j.l\l(q) 
(2n) j.l\l j.l\l vv 

(S.2) 

(S.3) 

(S.4) 

.~ . .: 

S4 

(8)j.l (4+iS) ~ \I j.l\l + II (q) - IT (q), 
VV AA 

(S.S) 

where, again, the contribution from the W gauge boson has 

disappeared. In the same way as before, divergences arise because 

of the' as~ptotic behaviou~ of the ITll\l"Sj' indeed, in QCD, one 
,, .. 

has [17]: 

(~)1 . 2 (~)1 2 
II (q) + IT (q) 

(4+iS)1 2) 
IT (q 

,VV VV AA 

_ q2 ~ f"" 
, to 

(~)o 2 (~)O 2 (4+~S)0 2 
IT (q) IT (q) - IT (q) 
VV VV AA 

2 1 [ 
q ; t 

o 

1 3 3 (m + m ) 'm' . [ 2 
dt -. -- - u s + 0 ~ 

t _ l 12n ·2t ,L2l) 

dt 
1 

2 
t - q 

[_ i. (mu : ms )2 + 0[::]]. 

(S .6) 

Consequently, the finite e1ectroweak contribution will be computed 

at the chira1 limit, which makes it equal to the n+n0
2 case. 

Here, however, the expected uncertainty is of order ~, which 
M 

means that we have little control on the accuracy of our result. 

Dashen's theorem [18], stating that, 

2 2 ) 
(m - m 0 EW 

n+ n 
2 2 ) 

(m - m 0 EW 
K+ K 

(5.7) 
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emerges naturally in the framework exposed here, but with an un-

certainty that can be of order 25%. From (5.5), we see that the 

essential difference with respect to the pion case is the "tadpole" 

term: 

2 
(m + 

K 

2 I m 0) = - (m )( - -K tad 2· d - m uu + ss) 
2fK u . 

There is no longer suppression of the influence of the up-down 

(5.8) 

quark mass difference, and, as the quark condensates are known 

to be negative, this term can reverse the sign of the K+FP mass 

splitting with respect to the piorrs. The expression (5.8), 

together with th·e· acceptance of Dashen' s theorem, is at the root 

of the absolute lower bounds on the up-down quark mass difference 

that the authors of ref. [6] obtained by QCD sum rules techniques. 
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v. Conclusion and Outlook 

We have presented in this work an explicit computation of 

.+~ . +0. . . 
the TI TI and K K mass spl1ttings 1n the standard 

SU(3)c x SU(2)L x U(l) theory of quarks. The problems of in-

finities and gauge invariance have been investigated in detail; 

while one has been able to get rid of infinities, the goal of 

performing a completely gauge invariant computation for massive 

pions and kaons has been only partially achieved. 

Some improvements can also certainly be made by working 

outside the narrow width approximation and. introducing higher 

resonnances in the process of resummation of the strong inter-

actions; this is however expected to lead only to small numerical 

modifications and not to alter the basic properties of this 

approach. The above computations are one of the few examples where 

hadronic properties can be explicitly calculated.from a quantum 

field theory of subconstituents. The most ambitious attempt in 

this direction is certainly, up to now, the QCD sum rules approach 

of Shifman, Vainshtein and Zakharo~ [26]. However, in this 

approach, an additional scale always subsist, whose choice still 

has some degree of arbitrariness. A recent attempt to deal with 

+~ 
TI TI mass splitting by QCD sum rules [27] underwent, among the 

other~ the problem of that choice. We have here got free of 

that restriction. 

Our calculations are also a precise example where the three 

types of interactions known at the level of elementary particles 

cannot be disassociated: we deal with hadronic currents extracted 

c-( •• 
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from the QCD Lagrangian, but the electroweak corrections to 

their divergences are the essential ingredients in the computa

tions of the mass splittings; weak bosons are intimately linked 

with the photon, couple with the same strength and play a crucial 

role to ensure convergence; strong interactions resummation makes 

the link with hadronic physics. 

The vacuum fluctuation diagrams that we have shown to be 

relevant here are now known to play an important role in chiral 

symmetry breaking and mass generation [28]; within a less formal 

approach, we have recovered the possibility that an electroweak mass 

can be generated by vacuum fluctuations involving massless 

constituents. 

Several extensions of this work come to mind: we think 

that the computations of the mass splittings of heavier mesons 

and that of proton-neutron must present many analogies with 

those presented above; the difficulty to circumvent is then the 

uncertainty in using, or the necessity of replacing, the PCAC 

relations: the D, F ••••• mesons can hardly be thought of as 

Goldstone particles, and the association of the proton or the 

neutron with some interpolating hadronic current is questionable. 

But it is not impossible that other tools can be used [29]. It 

is also attractive to consider the possibility that all electro

weak mass splittings are controlled by the above type of diagrams, 

and this may be the point of unification. 

°The next extension which one may think of is a hypotheti

cal strong interaction contribution to the masses of the pions 

f .. 
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(kaons .•. )(that one knows from PCAC to be proportional to the 

square root of the quark masses). However, computing the above 

diagram replacing the electroweak bosons by a gluon is restricted 

by the strong assumption of the "most attractive channel", 

stating that the one gluon exchange is a trustable approximation. 

°The last and most speculative extension is certainly 

asking the question of the origin of the quark masses and their 

splittings: do vacuum fluctuations of subconstituents playa 

similar role, eventually at the price of introducing some new 

type of interactions [30], in particular can the up-down mass 

splitting be understood by analogy with the present work? We 

hope that the next future will bring a deeper understanding of 

those most fascinating and challenging questions of today's physics. 
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Footnotes 

1. An attempt in that direction for the proton-neutron case has 

been made in Ref. [3Ia), and for pions in Refs. [3Ib). 

2. Those equations were first written by R. Coquereaux. We 

are very indebted to him for having communicated them to us. 

3. The notation )+ means "anticommutator" throughout the 

paper. 
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Figure Captions 

Fig. I A typical diagram which can contribute at q I O. 

Fig. 2 Type of diagrams we are left with at q O. 

Fig. 3 Resummation at all orders of strong interactions of the 

diagrams of Fig. 2. 

Fig. 4 Type of diagram contributing to ¢HM. 

Fig. 5. Diagrams contributing to the electroweak corrections 

to the quark vacuum condensates. 

Fig. 6 Tadpole type diagrams. 
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