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LIE-TRANSFORM DERIVATION OF
THE GYROKINETIC HAMILTONIAN SYSTEM

Allan N. Kaufman* and Bruce M. Boghosian**

ABSTRACT. The Hamiltonian structures of the self-consistent gyrokinetic
equations, and of the cold guiding-center plasma, are derived from first
principles. The Vlasov system is first formulated as an action principle,
and is then subjected to a single-particle Lie transform. The resulting
expression then yields the Poisson structure, on functionals of the '
guiding-center distribution, and the system Hamiltonian. The self-consis-
tent field is eliminated by a subsidiary COndition.

The Lie transform [1,3,4,11] has provedvto be a very successful tool for
systematically reducing the Hamiltonian description of single-particle
motion. In the area of plasma physics, the chief applications have been to
the concepts of oscillation-center motion [2,6,7] and guiding-center motion
{10,12]. This method transforms to higher order the -effects of oscillatory
motion and gyration, respectively. These higher order terms then contribute,
for example, to ponderomotive effects [2,6] and to wave coupling [7].

In order to obtain a (self-consistent) system Hamiltonian corresponding to
this reduced description, it is necessary to imbed the single-particle Lie
transform in a many-particle or continuum framework which includes the
self-consistent fields. In the companion paper [9], a Lagrangian principle is
presented for the Vlasov equation with Coulomb interaction, which leads to the
accepted Hamiltonian structure of the Vlasov equation. However, that
principle utilizes particle orbits in configuration‘space, and thus is of no
help for the Lie transform, which operates in particle phase space.

In this paper, the action principle for the VYlasov system is first
formulated in particle phase space. The invariance of the particle action
integra1 under canonical transformations then enables us to effect the Lie

1980 Mathematics Subject Classification 76X05, 70H05, 58F05.
This work was supported by the Director, Office of Energy Research, of the
U. S. Department of Energy under Contract Number DE-AC03-76Sr00098.



2 ALLAN N. KAUFMAN

transform directly. The treatment of the self-consistent field requires
special care, of course. In the new variables, a system Hamiltonian is then
obtained in terms of the reduced description. The standard Po1sson structure
{8] then yields the desired nonlinear Vliasov equation.

To i1lustrate this methodology, we treat the gyrokinetic model studied by
Dubin, Krommes, Oberman, and Lee [5]. These authors consider a Viasov plasma
in a uniform magnetic field, with only Coulomb interaction. The |
self-consistent Coulomb potential is assumed to vary slowly on the
gyrofrequency time-scale, and in addition to be weak relative to the particie
kinetic energy. Further, its spatial variation along the magnetic field is
weak. '

These authors present a careful treatment of the Lie transform to the
guiding-center description, wherein the gyrophase is systematically eliminated
from the particle Hamiltonian. The Poisson equation for-the self-consistent
potential is then expressed in terms of the Vlasov guiding-center
distribution. Finally, an energy invariant is found for the coup]ed Ylasov
and Poisson equations. As we shall see below, the energy is actua]ly the
system Hamiltonian which generates the nonlinear evolution.

Our starting po1nt is an action principle for the self-consistent Vlasov

system:

S(p,g,6) =fdt fax|va(x,t) |%/8n + sat a2 £ (2 )(p(z,,t)-d(z,,t)-h(p, g, 8)) (1)

| Here p and q are two conjugate vector-valued fields on (zo,t) space,
where z, represents the six components of particle-initial-condition. The
initial Ylasov distribution is fo(zo). The particle Hamiltonian function
is h, expressed in terms of p,q and the scalar potential field ¢(x,t).
(Appropriate summation over species is implicit).
We consider independent variations of the three fields ¢, p, g, and demand

that S be stationary. Varying ¢(x,t), we obtain
0 = 6S/60(x,t) = - V2¢(£,t)/4u - Idszofo(zo) s/ hdt}/sd(x,t). (2)

We write the particle Hamiltonian as

h(p,q,¢) = h ;. (p.a) * fd3x o(x,t) olx;p,q), (3) .
where 3
o(x;p,q) = e s°(x - r(p,q)) (4)

is the single-particle charge density, while r(p,q) is particle position in
terms of the chosen representation p,q. Inserting (3) in (2), we obtain

- v2¢-(1,t)/4n = fd6z° folzo) olxiplz ,t),alz,,t)). (5)
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We define the Vlasov distribution in p,q space by

flp,,p5t) = K2 f(z) 63(p; - plz,t)) (g - glzuth) (6)
Thus (5) reads | | |

- v2(x,t)/8r = o(x;f) - | o
where | |

o(x;f) = fdsz f(p,q:t) o(x;p,q) | : (8)

is the system charge density. The Poisson equation (7) enables ¢ to be
expressed as a functional of f. v
Returning to (1), we vary S with respect to the fields p and g, obtaining'

dzgt) = ahlp,g.¢)/ap,  plz.t) = - an(p,g,6)/2g, (9)

the particle Hamiltonian equations. As a result, the Vlasov distribution
(6) satisfies the Vlasov equation

“af(p,qit)/at = - [f,n], : : (10)
where » - - '
3@ ab 232 ab ' o
{a,b] =a—s'ﬁ‘-§-i-a-§ : (11)

is the canonical bracket in particle phase space.

Considering the action S as the time integral of a Lagrangian, we see from
(1) that the field canonically conjugate to gz ,t) is f (z))p(z,,t),
in agreement with £q. (4) of the companion paper. The methods of that paper
then lead again to the Poisson bracket on system functionals: '

{Al’Az} = Idsz f(z) EaAl/af(z). aAZ/af(Z)]. (12)
The system Hamiltonian H is read off from the action (1), interpreted as
6 .
S = sdt{sd 2, 9 -Efo) - Hdt. (13)
We thus obtain _
HOF) = fd2 f(2) n(z.8) - sdx |961%/8x, (14)

where we have used (6), and ¢ is a functional of f from (7).. Considering the
right side of (14) as H(f,o(f)), we note that the particle Hamiltonian

n(z) = sH/sf(z) _ (15)
can be separated into explicit and implicit parts:

h(z) = sH(f,¢)/6f(z) + fdx sH(F, ¢)/s¢(x) s(x)/sf(2) (16)
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But the factor &H/a vanishes, as a result of Eq. (2). Hence, the first term
of (16) yields the identity h = h. Although the form (14) is more convenient
for calculation, we note that, from (3) and (7), it can be expressed as

H(F) = fd%2 Fl2) h,. (2) +Sd% |ve(f)|%/8s, | (17)

kin
in agreement with the final equation of the compam"on paper.

Having assured ourselves that the action principle (1) yields correct
results, we now perform a canonical transformation on particle phase space:

p,» g, hlp, 9,4} » P, Q, K(P, Q,¢). o (18)
We shall use the Lie‘. transform to effect this transformation, but for now we
may treat the transformation as arbitrary. We use the covariance property of
the particle action integral: for given z,,
fdt (g(zo,t)- g(zo,t) - h{p,q,4)) = jdt (_E_(zo,t')- _Q_(zo,t) - K(g,g,-¢)). (19)

Then, defining the Ylasov distribution in P,Q space analogously to (6):
- . 6 3 3, |
we obtain the corresponding Ylasov equation,

F(P,Q:t)/at = - [F,K] (2

on varying S with respect to the fields g(io.t), Qlzg,t). In(21), (,] s
the canonical bracket in Q, P space.

~ Before varying S with respect to ¢, we expand the new particle Hamiltonian
K in powers of 4. If the Lie generating function is linear in ¢, the -
Hamiltonian K contains terms bilinear in ¢ and higher order. We express this
expansion in ¢ formally as

K(,0,6) = h: (P,Q) * fd% o(x) 5(x;P.Q)

+ a3 fax" alx) o(x') o(x,x":P,Q) * h.o.t. (22)

The action principle thus reads

6 .
$(P,Q,9) = Jdtfd z, f (z)) (P(z,t)-Qlz ,t) - h,, (P,Q))
. 1 3 3, ' ‘.
3 Jdtfdx fd7x' ¢ (x.t) o(x',t)elx,x";F)
- fdtfd3x ¢,(5_,t)5(£;F) + h.o.t., (23)
where

e(x,x'iF) = (a263(x-x")/ax 3x" V4 - §d52 F(2) alx,x'; P,Q) (24)
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Variation of (23) with respect to ¢, at constant P,Q, now yields
SRt elxx'sF) 8(x') = B(x:F) (25)

This expresses the potential in terms of the guiding-center charge density o,
and the dielectric kernel e¢. By (24), we see that ¢ includes the polarization
kernel o of the guiding-center Hamiltonian (22). As before, we suppose that
(25) is solved formally for ¢ as a functional of F. v

The derivation of the system Poisson bracket proceeds as before, and we
obtain, for functionals A(F): '

(AL (F),A,(F)} = fa5i F(Z) [sA,/6F(2), cAz/cF(Z)]. - (26)

-From (23), we read off the system Hamiltonian
HF) = 7a%2 FIZ) s (2) + fd3x elx) 3(x:F)

- %—fd3xfd x' olx) ¢(x') elx,x";F) *+ h.o.t. (27)
The guiding-center Hamiltonian is thus | '

K(ZiF) = sHIF)/6F(Z) = ng (2) * SaPx 8(x) s3(x)/sF(2)
- %fd3xfd3X'¢(§_)¢(£')6c(£,£')/GF(Z) *+ h.o.t. (28)

The Tast term of (28) expresses the previously discovered relation between
Tinear susceptibility and ponderomotive Hamiltonian. Again, we may use (25)
to re-express the system Hamiltonian as

H(F) = £d%2 F(2) heint?) ’~% fa3xsdx ¢(x;F) o(x;Flelx,x';F) + h.o.t. (29)

Since the Hamiltonian (27) or (29) contains no explicit time dépendence, it is

invariant in time. ,
[t is particularly instructive to treat the cold plasma limit, wherein the

gyroradius rg vanishes, and the motion along the magnetic field is ignored.

We choose (X,e,u) as the four original phase space coordinates of a particle;

X represents the guiding center position:

1::-1_-9, :g:(xvy-yvx)/ﬂ, (30)
@ is the gyrophase:
v, = - vsine, v, = - Vv cos 9, (31)
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w 1S the gyromomentum:

w = glie, (32)
and the gyrofrequency is Q= eB/mc. The kinetic energy is thus
Min = 4% | (33)

while the potential energy is

e ¢(£)t) = e ¢(£ + rg’t) = € ¢(£ot) - l' E(i)t)’ (34)
where :
1=erg | . (35)

is the é1ectric dipole moment of the gyration relative to X.
The dipole term in (34) is transformed to higher order by the Lie generat-
ing function w, satisfying : '

39

One then obtains, by standard Lie transform techniques, the new Hamiltonian

. 2 . . .
K(s,X,t) = w0 - e¢(X,t) - 5 B E2(X,t) + h.o.t. - (3

The term quadratic'in the electric field represents the net polarization
energy

dw B EriniExbem? | (38)

which is the sum of the potential energy of the mean dipole <> and the
kinetic energy of drift. To determine the mean dipole, we apply the Lie
transform to (35) and average over gyrophase, obtaining

<l) = [w’ e :g] = mz E(_X_'t)/Bzo ) (39)

This mean dipole represents the displacement of the center of gyration from
the guiding center, due to the polarization drift. In terms of the new
variables, the mean particle position is

<r> = X * <x/e . ‘ (40)

The polarization drift is now obtained by differentiating (40):

d<ry/ . : de/ (41)
< dt = X + dt;
— 2 QBZ =

thus the guiding-centervdrift i excludes the polarization drift. On substitut-
ing (39) into (38), we obtain the polarization energy of (37).

2L (un) = p(n,0) - E(X,0) | (36)
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We now take the zero temperature limit u » 0 in (37), and obtain the
guiding-center Hamiltonian '

: 2
K(X,t) = es(X,t) - 7 B €2(x,0). (42)
B .

By the arguments which led to (27), we obtain the system Hamiltonian

HIN) = fd2X 8(X) 5(X;N) - fd®X e(X;N) E2(X)/8n, O (43)
where N(X) is the guiding-center density, the guiding-center charge density is

~ry.ny . Z . i

p{X;N) = s est(_X_) (44)

(we now include species 1ébe1); and the perpendicular dielectric function is

4aN (X)m c? | :
t(i;N) =1+ 3z —_— . _ (45)
" |

s
The Poisson equation relating ¢ to N is obtained, as before, by

0 = 6HN,8)/88(X) = a(X;N) = ¥-(elX;N) E(X))/4r. - (46)
This expresses the field.E in terms of the guiding-center charge density o and
the dielectric shielding e. |

- The Poisson structure is now

2 o

(A (M), Ap(N)} = B JAXNG(X) LRy /oM (XD, shp/aN(X)]gs (47)
where :

[a,(X),a,(X)] = - (c/eB) b- Va;x Va,. (48)

The Vlasov equation reads

N (X, t)/at = - [N K], (49)
with Kg given by (42). The Hamiltonian can be expressed concisely as
H(N) = £d2X e(X;N) EZ(X;N)/8r . | (50)

In conclusion, we have seen how the single-particle Lie transform can be
used in the system action principle, to obtain a Hamiltonian structure for the
guiding-center distribution. This structure consists of a Poisson bracket
(47) or (26) on functionals, a Hamiltonian (43) or (27), and a subsidiary
condition (46) or (25) for the self-consistent field. From these ingredients,
one obtains a self-consistent Vlasov equation (49) or (21) for the
guiding-center distribution.
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The extension of this Lie transform method to wave and oscillation-center
distributions (8] is currently under investigation. Further reductions and
applications are planned for future publication.
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