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Abstract
The problem of determining the inertia associated with the nuclear

spontaneous—fiSsioﬁ process and calculating the corresponding half-lives is
approached by & semi-empirical method. For the purpose of determining an
effective fissioﬁ inertia a test group‘of (31) known even‘nuclei, ranging
from U to Rf/Ku, ,is selected. For this group, appropriate fission paths,
together with the fission-barrier potentials along these paths, are established
on ﬁhe basis of potential—energy surfaces which have been obtained by the
macroscopic—microscopic method. The macroscopic part of the energy is pro-
vided by the liquid-drop model of Myers and Sﬁiatecki, modified however to
reproduce well the experimentally known second barriers in the actinide region.
The microscopic correction-energy contribution to the pctential-energy sur-
faces is based on the modified-oscillator single-particle model in which
allowance has been made for mass-asymmetric (P3 and P5)'as well as axial
asymmetric (Y)‘distortions. Indications from existing hydrodynamical and
microscopic calculations of the nuclear inertia as well as from the known
isomeric half-lives are used to construct a simple one-~perameter smooth
trial inertia which is then fitted to the half-iives for the test group. .

* v
Work performed under the auspices of the U. S. Atomic Energy Commission.

TPresently on leave from Institute of Physics, University of Aarhus,
Aarhus, Denmark. '
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The equivalent center-of-mass separaﬁion r (corresponding to ellipsoidal shapes
énd equal-mass fragments) proves to be a preferable fission—path coordinate.
The inertia obtained in thisvway reprbduces those half-lives to within a
factor of 25 on the average which is superior to any other existing methdd.
Furthermore, the general.trend of the calculated half-lives supports.the
ektrapolation of fhe establiShéd inértial function to so far unobserved nuclei.
Some part of the deviatipns from the experimental results can be understood
in terms of éertain deficiences in the underlying potenfiél—energy surfaces,
and refinements of the approach (such as taking into consideration the multi-
dimensionality of the fission path, or aliowing for more freedbm in the trial
inertia) show no considerate improvement of the fit. Applications (reported
elsewhere) have been made to severalrproblems of current interest, aé for

' exampie, the predictions of fission half-lives for isotopes of the élement 106
(and heavier elements), the calculation of the hindrance factors associated
with fission of odd isotopes, aﬁd the possibility of é neutron-capture path

to the superheavy region.
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1. Introduction

The calculation of spontaneous-fission half-lives is a central problem
in the bhysics of heavy nuclei and has particular importance for the understand-
ing of the synthesis of heavy elements. Hdwever, until recently, calcﬁlationsl—h),
have not been able to reproduce the experimentally known half-lives better
than to within a factor of typically 105. In recent»years, more refined
calculations have been made of the fissioﬁ potential barrierss—7) and this

" part of fhe problem seems by now rather well understood. In order to calculate
the fissioh'half—lives, however, also the‘knowledge of the associated inertial-
mass function is required. Several theoretical calculations of the fission

2’3’8), but the detailed and unrenormalized

ineftial masses have been carried out
applications appear to yield rather erroneous half-lives. Here we shall attempt
the inverse approach to determine an effective fission inertial-mass function
from the by now rather rich experimental information in combination with the
theofetical barriers. One may hope by such an approach to determine‘aﬁ inertial
function with a simple distortion dependence ﬁhich is able to reproduce well

the main trends of the known half-lives. This would pro&ide us with a basis

for what seems a relatively reliable extrapolation to other nuclei.

The fission inertial masses are expected to exhibit odd-even variations
and since furthermofe the theoretical fission barriers for odd nuclei are
associated with iarger uncertainty we shall in this first approach restrict the
.c0nsiderations to even nuclei. We are particularly interested_in the appliga-

tion to the heavy and super-heavy region, hence we shall choose the experimental

test group of nuclei from the region of transuranium elements. From this region
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232 25

we have chosen 31 even nuclei; ranging from U up to 8Ku/Rf. Their measured
.spontaneous-fission half—livesg) are displayed in fig. 1. As is seen from this

figure the half-lives show large variations thrqugh the region, as well as from

.one element to aﬁother as within a single element. Thus, these nuclei seem

to provide a rather crucial test group for the calculétions.

The nuclear distortion energy forms a multi-dimensional surface in the
space spanned by the distortions parameters. Hence, therproper treatment of
the fission problem requires the knowledge of the corresponding complete
inertial-mass tensor. However, we shall here assume that the situation may be
reasonably well described as a one-dimensional barrier-penetration problem.
Thus, we consider a one-dimensional fission path'through the multi-dimensional
distortion space and the associated effective inertia forvmotion along this
path, as illustrated in fig. 2. Furthermore, we shall assume that the
corresponding half-lives may be obtained within the framework of ordinary

WKB theory. Thus, denoting the fission-path coordinate by s, the action

integral along the fission path is

A vib) ds . (1)

S .
k=2 [ /mG) () - B
0 | |

Evib denotes the fission-mode vibrational energy in the initial nuclear state

and V(s) - E,;}, is thus the potential barrier along the fissi§n path; B(s) is
the corresponding inertial-mass function. In terms of the action integral K

the helf-life is simply given byl)

=21y oK) 210780 (1 y ) pears (2)




‘Here n is the number of assaplts'per unit time_and has been taken to correspond
to the standard choice of the vibrational energy: Evib = 1 MeV. Since n
enters only as a multiplicativé factor, its value is not critical in the
pfesent context.

It may be useful to keep in mind how errors in the potential and/or

the inertia will affect the corresponding half-lives. We find from (2) the

following expression

(v - Evib) 3B
‘Slog t = 1/2 5 ‘% (28.04 + log t), t in years (3)
vib

from which such estimates can be made. Thus, for example, an error of 10% in
either the barrier or the inertia will typically give rise to a factor-of-error

of 10° in the half-life.
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2. Fission Barriers

The fission potentiai barriers applied in the presehﬁ investigations
are based on the macroécopic—microscopic method in which the smooth part of
the distortion energy is obtainedvfrom a macroscopic model while~the fluctuating
part is associated'with the shell structure. It is obtained from the‘appli-
catiocn of the Strutinsky smoofhing procedure to the single—pafticle level_
scheme calculated for the nuclear shape in'question.

The macroscopic model was chosen as the standard liéuid;drop model of
Myers and Swiateckilo), however with the surface-energy parameters modified
to reproduce the experimentally known ﬁeights of the second barriers in'the
actinide region; Suech a modification has beén suggested by Pauli and
Ledergerberll). Thus, the shape dependence‘of the macroscopic energy‘is

assumed to be

'ZZ

2y, ,1/3
) A 173

ELD (shape) = a, (1 - KSI Bs(shape) + c Bc(shape) (L)

3

k=

2

€

3 o .

the shape variations of the surface and Coulomb energies relative to a spherical

12)

=32
5

where the nuclear asymmetry is I = (N - Z)/A and c B, and BC represent

shape. Here we have used the modified values of a, and Ks obtained in ref.

2

4.02 MeV (from 1.68 MeV)

~
1

= 57.99 (from 51.0)

&
\V)
~
[¢)
w
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0
1]

+0.720 MeV (assumed unchanged)
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In the determination of these values the microscopic model described below
has been used, and they yield an excellent fit to the experimental data,. see

: 12
Fig. 2 of ref. ).

One should observe the large change in the surface

. symmetry-energy coefficient K It may be mentioned already here that the
transition from the standard coefficients to the modified ones improves the
half-live fit considerably, eSpeéially the isotopic variation.

For the microscopic model we have usea the modified—oscillatof single~
4‘particle model introduced by Nilsson g&_g;.l3). Basically we have initially
only considered the (€2€h) degreeé of freedom,-but, as_will be described
below, we have subsequently taken into acéount the essential effects of other
significant distortions.

The fiséion potential has (usually in this region) a first and a
second minimim, (I and II, respectively), separated from each other by the
first saddle (A) and from the exit region (X) by the second saddle (B).

The actual fission path through this multi-dimensional landscape is assumed
to be that yielding the least actiong) and is thus not well determined a
priori. We expect, however, that the fission path passes in close vicinity
to the mentioned stationary points. (One should bear in mind thét only

these stationary energies have a ﬁnique character, i.e. are invariant undef
a coordinate transformation). We shall therefore charaéterize the fission
barrier by the four extremum points (I, A;'II and B) together with a fifth

point in the exit region (chosen to lie approximately on the 1iquid—drop

fission path).
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Having obtained these five‘points in the multi—aiﬁensional diSfOrtion
space we project onto the axis of spheroidal déformation in.drder to reduce
the problem to one dimension. The fission-barrier potential curve is then
subsequently generated from these points by a simple spline method as
illustrated in fig. 3. However, the € coordinate has a singular behaviour
for large distortions and thus the corresponding method seems not ideally
suited for a bhysigally lucid description of ﬁherfissioﬁ'problem. Following
a suggestion by Swiateckilh), we choose‘instead'the equivélent center-of-mass

separation r; obtained from € by the simple transformation’

o 1+ 1/3e\2/3 _ 1/3 | .
r=1% <1-2/3e) o Ry = ¥oh : ()

This formula is valid for purely eilipsoidal shapes and equal-maSs fragments;
the inclusion of other degrees of freedom in this transformation is straight-
forward but turns out to be unimporta.nﬁ for the normal fis.sion _half—livés.
The 1r coordinate has a more intuitively appealing asymptotic beﬁaviour. As
can be seen fromifig. L, the transformation from € to r gives rise to a
stretching of the barrier, giving an apbropriately‘larger‘weight.to the region
of large distortions. One might érgue that an even better choice of’metric
is one in'which the inertial mass is independent of the distortion.

The positioﬁs of the five characteristic poiﬁtslare obtained from a
calculation in-(€2€h) space. Other degrees of freedom may then be taken
reasonably well into account by Jjust correcting the relevant characteristic
points beforé the splining is performed. It is well-known that fhe second-

saddle energy is lowered significantly when allowance is made for asymmetric



_coordinates).

3 5
The effect of these distortions has been studied extenéively.by P. Moller6),

distortions (in this model described in terms of the e, and €
and we have used his results for correcting EB. These corrections are of
the order of 1 MeV, typically, and it should be mentioned that this lowering
of the saddle energy was taken into account when the liquid-drop parameters
were refitted. In the first-saddle fegion, axial asymmetric (y) distortions
are important. This phenomenon has been studied by S. E. Larsson7’15), and

we have used his results for correcting EA. The corrections are 0.5 - 1.5 MeV

throughout the actinide region and exhibit strong shell fluctuations. Furthermore,

the possibility of P6 distortions in the ground state has been investigated,

6

but was found to be less important (they are always smaller than 0.75 MeVl ).
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3. Fission Inertias

We now-turn to the problem of determining an effective inertial-mass
function by fitting'some suitable trial inertia to the experimental half-lives
of the nuclei in the test group.

L 1Ty

Hydrodynamical calculations of the fission inertia '’ (in terms of

the r coordinate and under the assumption of y-family shapes) &ield an
inertial function which decreases from the value of %%-u_for spherical shapes
to the asymptotic value U throughout the barrier region (cf. fig. L), u being
the reduced mass of the final two-fragment system. Since these calculations
have been based on the assumption of irrotational flow of the.nuclear matter,
they underestimate considerably the true inertial mass. However, we expeét
. that the suggested gross shape of the inertial function is more relisble.
More realistic indications of the absolute magnitude of the inertial
mass are provided by microscopic (cranking-model) calculation88’3’l8’19).
Calculations of such ty?e yield inertial masses exhibiting fluctuations with
distortion, reflecting the specific single-particle structure of the particular
nucleus under consideration. Since these wiggles are difficult to parametrize,
and in addition may tend to cancel because of their relativeiy short period,
we have confined ourselves to considering only a smooth trial inertial function.
In fig. 4 we show an example of such microscopic inertias (obtained recently A
by Krumlinde, ref. 18), together with the corfesponding hydrodynamical inértia.
Figure 5 also displays recently calculated values obtained by SobiczeWSkilg)

in & quasi-self-consistent model. It should be observed how well these latter

calculations agree with the semi-empirically determined magnitude of the inertial
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mass. From these figures we get a clear indication of the general behaviour
of the figsion inertial mass: it is considerasbly larger than the irrotational
mass, but has the same type of gross decrease. This common indication of a

relatively small inertial mass in the second-barrier region is also supported

by the shortness of the fission half-lives of the shape isomers in the actinide

région.
These considerations lead us to consider a trial inertisl function of
the following type

B = prigid k(B - B

irrot rigid
r r Tr ) . (7)

rigid

where B = |4 is the mass corresponding to a rigid sepsration of the two

fragments, andeirrOt is the mass corresponding ﬁo irrotational flow during the
fiséion process. Thus k 1is an adjustable parameter describing the contri-
bution of the inertial mass from the internal nuclear motion, k being unity
for purely irrotational flow. As mentioned above, we expect from the micro-
scopic calculations k to be considerably larger than that. This inertial
fuhction is of thé saﬁe type as was used by Nix/gz_gixh). For simplicity
ﬁe_shall here assume equal-mass fragments and.furthermore approximate the

difference multiplying k by an exponential. The explicit form of Br thus

becomes

"(rv - ?)/Ll R )/d] . (8)

i7
B h[l+k15

Here M is the mass of the fissioning nucleus and accounts for the general
" scaling property of the inertial mass. The fall-off parameter d 1is taken

to be that of the irrotational inertia, d = RO/2.h52.
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With this trial inertial function the half-lives for the nuclei in

the chosen test . group were calculated, varying k to obtain the best overall -

fit. The least mean logarithmic deviation, A, of the calculated half-lives
from the experimental values was obtained for k = 6.5 (cf. fig. 4). For

this value of k, A is 1.k correspondihg to a factor of 25. In fig. 6 we show

these calculated half-lives together with the experimental results as function

of N and in fig. 7 as function of Z. An alternativevway of representing the
results is provided by fig. 8 in which the individual deviations from the

experimental values are plotted.

From these figures it is seen that the overall trend of the half-lives

throughout the entire test region is well reproduced. However, some systemétic

deviatiéns exist, as we shall now comment on. The most severe deviations
occur for the U isotopes. Here the isotopic variation as well as the
absolute magnitude of the résuits ére wrong. (The same tendency is present
for Pu, bﬁt to a much less extent.)‘ In part, this discrepancy may be due

to fact ignored in this- treatment that the U bérriers are really three-peaked
(the second barrier contains a shallow ternary minimum for several of the

Th and U isotopes6). In parﬁ it may be due to the largér-sensitivity of the
half-lives for these nuclei to the correct description of the exit regién.

Herice, it seems difficult to improve on this point until the nuclear models

have been made reliable for larger distortions. In the center region of the -

test group, the half-lives are reproduced best; in particular we observe thét
the N = 152 kink comes out qualitatively correct. However, it is too smooth
as compared With the experimental one. This is probably due to some syste-

metic deficiencies in the underlying single-particle levels. One should
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relate this to the fact that also the theoretical ground-state masses exhibit
a less pronounced kink thaﬁ was experimentally observed. -Furthermore, the
decline of the second barrier when going away from N = 152 proceeds too
slowly. In particular this has the consequence that the large drép in

258

half-life, experimentally observed for Fm and explained as the decline

below the ground-state energylg), does not show up in the calculations unﬁil
forb26OFm.

A special problem'is constituted by the shape-isomeric nuclei.  This
special group of nuclei was not'included in the sample employed when fitting
the inertial-mass function. As is seen from fig. 9, the obtained semi-empirical
inertial function yields isomeric half-lives being too long by six orders of
magnitude on the average. However, the eh degree of freedom is expected fo'
have a relatively large influence on the isomeric fission. In fig. 9 we have
displayed the isomeric half-lives when the €), dependence c¢f the r vcoordinate
is taken into account. It is seen that indeed this bfings the calculated
values inﬁo much better agreement with exﬁeriment. It should be added that
a conéistent-inclﬁsion of this effect does not.appreciably change the good
overall fit tp the ground-state half-lives. We shall, therefore, continue
to disregard the influence from this and other degrees of freedom in the
evaluation of the penetrability integral.

To allow for the possibility of the inertia having a slope different’

from that of the irrotational inertia we have tried also to vary the parameter

d in (8). Figure 10 shows the contour plot of A correspohding to this

two-parameter variation. We see that there is a slight preference for a

less steep variation with r of the ihertia, but the net gain in A is little
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(¥ 0.1). Actually fhe best two-parameter fits are obtained‘for k' = 4.0,

‘d = 0.6, and for compariéon we show in fig. 8 the corresponding scatter

ﬁlot of the half-lives. Thﬁs, this analysis reveals an ambiguity aé to
.ﬁhere in the valleyvdisplayed in fig. iO the inertia should be positiéned.

This is important to keep in mind when applyiﬁg the inertia to heavier elements
for which the barrier region is restricted to émall deformations and the
half-lives thﬁs rather sensitive to the actual choice of k. However, the
shortness of the isomeric half-lives points to a preference of the ﬁpper—

right part of the valley, hence we shall assume the previously discussed best
orie-parameter inertia to represent rather well the effective inertia.

Thus, it seems as if the present level of accuracy cannot be imﬁroved
within this simple approach. Rather, more precise calculations will require
more accurate energy surfaces together with a more detailed knowledge about
and treatment -of the associated nuclear inertial tensor - including shell
effect in the latter. Finally, possibly also the éffecf of the nuclear
viscosity masy have to be taken into account.

An estimate of the uncertainty aésociated with the inertial-mass
function may be obtained as foilows. One may for each individual nucleus in
the test group determine that value of the free parameter k which reproduces
exactly'the experimental half—life for that particular nucleus. Thié‘procédure
yields a group of k values scattered around the mean_value. The shaded
region in fig. 5 is the ensuing inertial band corresponding to the width in
the mentioned k distribution and thus indicates the uncertainfy associated
with the obtained semi-empirical inertial-mass function. The uncertainty

defined in this way is found to be around 20%.
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Since the main trends of the calculated half-lives throughout the

‘test region agree with experiment, the method seems rathér feliable fbr
extrapolations to neighbouring, so far unobserved nuclei. Such applications
are in progress and will be reported elsewhere, see for example ref. l2).
Here we shall as an example shortly mention the results for the element 106,
ref. 12).' In fig. 6 we have displayed the calculated half-lives for some
even isotopes of thié element. It is seen that the isotope with N = 152 is
: éredicted~to be the most stable one, having a half-life of around 100 usec

258Fm). The strong

(which is only a_factor of three shorter than that of
isotopic variation of the half-lives for the liéhter elements was mainly
due to the gradual diseppearance of the second barrier. For the displayed

even isotopes of the element 106, there is no second barrier at all and

co#sequently the isotopic variation is expected to be very much smaller,
as it also appearsbin the figure. Thus, we may predict. that there should
5e one or several even isotopes of this element with -spontaneous-fission

258

half-1ives not much shorter than that of Fm. Investigationsle) of the
hindrance of element 106 associated with an odd particle suggest that'some
odd isotopes might exist with a half-life larger than that by one or a few

orders of magnitude.
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4. Conclusion

'We have introduced a simple scheme forvobfaining realistic one-
dimensional fission barrier potentials and calculating fhe.corresponding
spontaneous-fission half-lives. On the basis of indications from hydrodyna-
mical and microscopic calculations'it has proved pessible to establish a
fission inertial-mass function which reproducee the transuranium fission
half-lives (for even nuclei)bto within a factor of 25 on the average, althoﬁgh
the deviations for the'lighf isomers measure is considerably lafger. The’
overall trends of the calculated half-lives agree with experiment and further-
more some part of the deviations from experiment may be'associated with certain.
deficiencies in the underlying potential-eneréy surfaces, while some part
reflects neglected'shell structure contributions to the inertial mass. The
described scheme for calculating fission half-lives seems fhe most reliable
one available. at present for extrapolation to neighbouring regions and appli-
cations have been made to various problems ofvcurrent interest, as will be
reported elsewhere. For example, it is predicted thatkcerfain even isotopes
of the element 106 have spontaneous-fission half—iives of fhe order of 100 usec,

while some odd cases could be one or a few powers of ten longer.
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Figure Captions

Fig. 1. ‘Experimentél spontaneous-fission half-lives as taken from ref. lO).

Fig. 2. Illustration of the reduction from the mulﬁi—dimensionél fissioﬁ
| problem to a oﬁe—dimensional barrier penetration.

'Fig. 3. Illustration of the method for oﬁtéining the fission barrier poténtial
from the five charaéteristié points. |

Fig. kL. Compafison of various iﬁertial—mass‘fuhctions B, (here shown for some
Fm isotopes). 4The lower curve repreéents the irrotational-flow calculation22),
while the three kinked upber curves are the cranking-model results obtained
by Krumlindel8). The smooth curve in between is the determined‘bést one-
parameter semi-empirical inertial-mass function; ﬁhé shaded region indicates
the associated uncertainty as estimated from the s?read in theoretical
values around the experimental oges. For comparison the correspdnding €
values are shown on the upper scale.

251

Fig. 5. Comparison of various inertial-mass functions Br:(here shown for Fm).

~

The lower curve represents the irrotational-flow calculationag), while the

kinked upper curves correspond to various microscopic models:

23)

Upper dashed: Cranking model, G = constant
29)

Lowér.dashed: Quasi-self-consistent model, G = constant
Dot-dashed: Quasi—self—consistent model, G VS 29)

The smooth curve in between is the determined best one-parameter semi-
empirical inertial-mass function (corresponds to k = 6.5 in eq. (5)).

9.

Fig. 6. Spontaneous-fission half-lives. Full circles: experimental values
Open circles: calculated values with the determined semi—-empirical ‘inertia
shown in fig. 4. The mean logarithmic deviation_ié”l.h. Also half-lives

predicted for the element 106 are shown.
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Fig. T. Experimental and caiculated spontaneous fissiohvhalf—lives as a
function of proton number‘Z for giveﬁ valuesvof neutron number.N.

Fig. 8. Plot of the logarithﬁic deviations of the calculéted half-lives
from the experimental valueéf Fullvdoté represent ﬁhe best one-paramefer
‘inertial function, open dots the best two—barameter function (When also
the slope is‘adjusted). |

Fig. 9. Deviations of calculated half-lives from experimental values. ‘In
addition to the normal half-lives (full.circles) also the results for
some isomeric states are shown (open circles). The broken liﬁes connect
results obtained by including the effect of Eh on the‘rfcoprdinate,‘while
all other points are calculated without this refinement.

Eig. lO‘-Contour map of the mean logarithmic deviation‘ofléalculated half-lives
from experimental.values, corresponding to the variation of as well magni-

tude k as siope c.
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.
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