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ABSTRACT

For finite mode instabilities in dissipative systemns,
invariant manifold methods allow the bifurcation analysis to
be reduced to the locally attracting center manifold. 1In a
kinetic model of electron plasma dynamics, these methods are
applied to the one mode beam-plasma instability which occurs
via Hopf bifurcation. The instability results in a nonlinear
oscillation, and the amplitude equation can be solved to

describe the time asymptotic state.



Introduction

I shall describe results on a simple plasma model which
exhibits a beam-plasma instability as a Hopf bifurcation.
The‘analysisvis geometric in that it utilizes the notion of
an invariant centet manifold to reduce the préblem to two
dimensions. Since Hopf bifurcation can be analyzed by other
techniques as welil; it is Qorthwhile to review those'aspects

‘of the geometric methods which are particularly valuable.

In dissipative systems, even in infinite dimensions, when
an equilibrium becomes unstable due to a finite number of
unstable linear modes, the nonlinear dynaﬁics of the instabil-
ity is finite dimensional, i.e. the dynamics may be descfibed
by a finite dimensionﬁi‘zfctdr field. in aépreciation of the

stable and center manifolds associated with the equilibrium

makes this fact simple and intuitive.

In addition to this conceptual virtue, the .geometric point
of view offers practical advantages as well. By deriving o
(approximately) the vector field on the center manifold, one
obtains the finite‘dimensional dynamics which captures all
the (local) qualitative behavior exhibited by the instability.
Although these results are essentially perturbative and
therefore only apply near the threshold for the instability,

there is no requirement that a specific parameter be chosen
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as the bifurcation parameter, and the relevant finite dimen-
sional system may be derived without a priori assumptions
about the form of the solutions, e.g., fixed points, periodic
orbits, tori, strange attractors, etc. This is very helpful

when the instability involves more than one or two dimensionsz.

Invariant Manifolds for Fixed Points

The general setting assumes an evolution equation,

dx _
il (,;x-k M‘(x) xe M (1)

defined on some phase space M. l:u is a linear operator and
Nu(') is a smooth nonlinear operator satisfying Nu(O) =0 ,
" Both J:u' and N may-depehd on physical parameters ﬁ .

f1 may be a finite dimensional manifold, or an appropriately
chosen function space for infinite dimensional problems.

(The technical issues involved when proving the existence of
center manifolds for partial differential equations are dis-

cussed by Holmes and Marsden3.)

The state x=0 is an equilibrium and its linear stability
is governed by the spectrum of Iu , denoted O(Zm). Emphasizing
here the finite dimensional case for illustration, suppose

G(Ih) contains n_ eigenvalues in the left half plane, ng

eigenvalues on the imaginary axis, and n, eigenvalues in the

.

right half plane as shown in Figure (la). Barring the



occurrence of degeneracy,

and the associated eigenvectors span the stable subspace Es,

.the center subspace Ecj and the unstable subspace Eu,

respectively. These subspaces are invariant under the linear-

dx _ ¢
5 = dux

ized dynamics
7

and determihe the qualitative features of the linearized flow

as shown in Figure (1lb).

When thé nohlinear effects»iepreéentedvby Nu(x) are
’ restoréd, the dynamics of linear eigenvectors are coupled, and
the linear sﬁbspaces ES ’ E€, and EY are no longer invar-
iant. There are, however, nonlinear analogues of the linear

- subspaces. Intuitively, the nonlinear effects diétort thé

' sdlutions of the linear eigénspaces so that the flat linear
eigeﬁspaces are 'warped"‘into curved surfaces or manifolds.

- These manifolds organize the dynamics of the ndnlinear problem
just as the linear eigenspaces serve to structure the linear
kdynamics.

J

Thus associated with the linear subspaces are the local

(o]

stable, center, and unstable minifolds, denoted w® , W~ and

'wu, respectively (see Figure (2a))4. Each local manifold



contains x=0 and is tangent at X=0 to the appropriate
linear subspace. Thus each manifold has the same dimension
as its associated liﬁear subspace. Furthermore, each local
manifold is invariant with respect to the full nonlinear
dynamics:'if an initial condition x(0) beldngs to W° ’ Wc,

or W% then for 0 < t < T the solution x(t) to (1) lies

within the manifold containing x(0).

The dynamics of solution curves in W or w9 is trivial,
at least near x=0. As t -+ = solution curves in W°
approach x=0, and as t + -» solutions in wH approach
X=0; 1in both cases the asymptotic rate of approach is expon-
ential since the linearized dynamics dominates. No such
simple characterization is possible for the dynamics in we ;
at x=0 the linear stability is neutral and nonlinear effects
remain essential. When the dimension of W€ is greater than
two, the center manifold dynamics may encompass all the complex
dynamics studied in dynamical systems theory: aperiodic
motion, chaotic recurrence, Smale horseshoes, strange

attractors, etc.

Hopf Bifurcation

Suppose for u < 0 the equilibrium x=0 is stable
(nu =n, = 0, ng, = dim M) but as u increases through
u =0 a simple conjugate pair of eigenvalues X, A crosses

into the right half plane, then we typically have a Hopf



- bifurcation, see Figure (2b) for the spectrum at u = 0,

Denote by ¥ and ¥ the eigenvectors of this pair, so

L7127,
For the application considered here, at bifurcation a stable
periodic orbitvemerges from the equilibrium; physically one
| observes a time»independent state yieid to a single frequency
oscillation. In Couette flow a beautiful example of this

- phenomenon is the transition from the Taylor vortex state to

the flow with a rotating waves.

 For the spectrum of Figure (2b) , the fixed point x=0

will have a two dimensional center manifold and a stable mani-
fold of‘dimension (dim M)-2, see Figure (3a) . As 1y in-
‘creases above u = 0, the center manifold is réplaced by a
two dimensional unstable manifold (assuming no other spectral
elements cross the axis). Let wu denote this one parameter
family of two dimensional invariant manifolds, i.e.

W 0~ W and wu

u= >0
attracting because of the strong contraction provided by we

= WY ; for uy near O. wu is locally

in the "transverse" directions®. Specifically, there is a
neighborhood of x=0 such that all solutions remaining in
that neighborhood as t + « will approach wu. Thus the
flow on wu ' which is given by a two dimensional vector field,

describes the time asymptotic motion. This reduction in

£
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dimension as t =+ e greatly simplifies the problem, and
suggests the following strategy: "project out" the two
dimensiéhal vector field which deséribes the flow on wu'
then analyze that flow to understand the asymptotic develop-

ment of the instability.
The Model

Consider a one dimensional plasma of finite length L
and periodic boundary conditions. For the study of high
frequency electrostatic waves, the ion dynamics may be
neglected, and the electron distribution function F(x,v,t)

evolves according to

F F oF _
%*ij %%—9 - L)

2 oo
—%_)% = 4mer [_’l - :Ldv F(X.V,t)]

where (x,v) are the electron position and velocity,
ng = N/L 1is the mean density, and -e/m is the electron
charge/mass ratio7. Normalize F such that

density of electrons

N, JJVF(X,V,t) = Nixt)

and

L
e nixe) = A



For the collision model C(F) take the Krook operator
C(F) =% (Ez' F)

where Ve > 0, and

' Nt W)
FOv= = 2.4
7. o "%
Thié collision model conéerves the particle density since

_f:v C(F)

but not energy or mOmentuma;

For an initially homogeneous, nonequilibrium state,-
(x v,t=Q) = F (v);‘g (v) , the self-consistent electric
| :} = 0,

and the dynamics reduces to

oF
LI

field 1s zero,

with solution

-yt
Flxyvt) = g (¥) +(Fv) g(v))

Since C(F) conserves n(x,t), no spatial dependence develops

80



If, however, the initial condition is perturbed so that
F;(x,v/t=0)= (v) +‘FCX V,t=0) ,

then, depending on the shape of Fo , the resulting electric
fields may drive the growth of unstable waves. To study thisas

one writes an equation for atf = ath -9 Fl,

94?.+ a‘$ + /
Fovgh o £ 24 20e) Ly o (k]

(3)

’G
22_9{ = YTen, fdv 'F()(,V,‘t)
Ix? oo

BFl BFO

where the approximation Y = v has been used in the
v

. . 7
nonlinear term to obtain an autonomous description of £(x,v,t) .

By introducing the Fourier expansions,

fove) = % f(v,t) e
c&cx,t) = é di(f) e

where Ak = 2n/L, and eliminating ¢f, then (3) yields an

Ckx

ckx

evolution equation for £,

It Lf + N(E). | (4)

The linear operator in (4) is defined by

= 4 e (L))



where

with _

Wo\R IE | [ ¥ ,
N == ()58 + (%) g W)
k 27'
';nd the nOnlinearloperator in‘(4)'ié

T v ;‘IX | “ “)ez a>7c_ o-‘/ !
. ‘ A/G’:) :v % e é"}—'_ﬁ\[d\/ ﬁ(x,v,.t)‘

‘Here me2'= 4nezn0/m is the plasma frequency. In (4}, the
point f=0 " is a stationafy solution; phySically, it corres-

ponds to the distribution function .Fa(v).

- Linear Stability

‘The calculation ot o (2) -follows éase closely and will
‘be deécribed elSewhere7’9. The results are illustrated in
"Figure (4a) . There is a line of continuous spectrum at
Re X = -v_ with eigenfunctions whiéh are distributions.
There may also be discrete eigenvalues; these are determined

by the roots of the dispersion function,

0. wd
/\1(2)"'1 +f fg)v y ze L, (5)

10



If Ay(z) =0, then A_, (%,)=0 and o(L) contains a

conjugate eigenvalue pair

A=Y -2442, =2

2

with eigenfunctions

y- M ()
7- (&)

V=)V
V=37

satisfying

In the limit V. * 0, Ak(z) is even in k , and the
eigenvalues of I form quadruplets as shown in Figure (4b).

The fundamental reason for this is the Hamiltonian structure

of the Vlasov-Poisson syste.mlo.

Following Case, define the inner product,
L b
<d3 "4’) = [a(xf cp(:gv)«{f(x,v))
0 ¢
and the adjoint operator ;f+ '

b, 2¥) = {L'b V>

The eigenfunctions of ;{+ and Q@ satisfy biorthogonality

relations analogous to those found by Case for the Vo = 0

11



problemg.' In particular, the adjoint eigenvectors for A
+ v

§¥=%7

+ = 1

£¥- 07,

satisfyt'<$,w> = <;:J> = 1, and are orthogonal to all

and Xl ,

other eigenvectors of .

When the initial state fo(v)' is sufficiently close to
Yeq (v) , then o(L) is contained within ;he lef.t_ half plane.
as shown in Figure (4a7 1f F»(v) is distorted. for exam?le
by addlng a component of electrons at high veloc1ty ("the |
beam”) , then it is p0551ble for a complex conjugate pair of
Lelgenvaluesxég‘cross the imaginary axis signaling the onset of -
- of growing electrostatic waves. For sﬁitably chosen length
L, the first unstable'mode coiresponds'to the minimum wave

number k = 2r/L . The remainder of this discussion concerns

'~ the analysis of this one mcde instability.

" Center Manifold Dynamics

As the procedure for calculating the center manifold
vector field is fully discussed in recent texts, I will.
simply outline the calculation4’6. By defining the complex

amplitude

12



the perturbation may be decomposed as,

‘F("; v,t) = Alt) WP(x,V)+ Alt) ’;F(x,v) + J.’[X/ v,t) (6)

where <{,S> = <y,8> =0. The evolution equation (4) is

then rewritten,

(€)= A A+ <P N
= IS + W) -LF, NP - LT NED

(7)

%il?z .

To restrict (7) to wu , the two dimensional invariant
manifold associated with the bifurcation fu now denotes
the physical parameters in the_distributioh function},fintro—
duce local coordinates on wu near the fixed point, see
Figure (3b). The function h(A,A) measures the deviation of
Wu from the (y,y)-plane. An element of W near the fixed

y
point therefore has the form,

C J—
'f (xVt)= AW)¥ixy)+ i) Yoxu)+ A&,v, Al Aw) (8
Inserting (8) into (7) yields

A‘=)“A +<’¢/ N(£)> (9)

13



which is an autonomous equation for A(t); this determines

the evolution of £ in (8).

To make practical use of (9) requires an explicit repre-
sentation'for h(a,A). an equatlon for h follows from the
observatlon that for solutions fc in (8) there are two
‘ways to compute the rate of change of s%(x,v,t) = h(x,v,A,R).

From (7) directly,

LI+ A/(r‘),-<«’ﬁ, VED-FNED ('10)_ o

or from (8)

285 [ wall | o
= _ 3/4_ A+ 5%},4 o (11
[

Equating the right hand sides of (10) and (11) provides the
-~ desired equation for h which is then solved using a power
series in A,A. To lowest nontrivial order, this power

series has the form

lO

h("/VAZ) )‘(&V)A + A(x,V)M + A/xv) +"'

where

‘okx )
e %)

)
h (x,v) 4 (v)

2) ‘
"\( (xv) h :2)(v)

I

14



(1) (2)
hzk(v) and ho (v) are explicitly computable functions of

velocity7. Knowing h(A,R) to quadratic order in A,
determines (9) to cubic order,

A+ BIAA+ O(AY

(12)

where

ﬁ

p= LE P AN kD

(13)

10 (t)

In polar variables, A = p(t)e , the amplitude equation

(12) becomes,

f"-' (R¢ '\l)f + (Rc(?)fg*- .o (14)
6 Im + (_Tm‘@)f*

15



When the conjugate pair associated with the instability
has just entered the right half plane, then 0 < Re A << 1,
and the instability will saturate at small'amplitude, i.e.,
6 =0 for 0 < p << 1, only if Re § < 0. The saturated

amplitude is

4

Results for Lorentzian Beams and Plasmas’

For simplicity let the equilibrium distribution be

3 (V)—’L (Vz+d)’

and take as the 1n1t1al dlstrlbutlon (corresponding to £=0)

nEW= Mo £ (0) + 0, £ 1)

XN §
7T Vard? (V-LL) «§5*

b b

where onp is the plasma distribution, n F is the beam
fdistribution, a is the plasma temperature, & is the beam

temperature, and u is the beam velécity. Consider the case

of a low density, cool beam; specifically choose

= vc/we = 0.001
§/a = 0.5
nb/n0 = 0.05

np/no = 0.95,

16



The roots of the dispersion function vary with the wave
number k and the beam velocity u. Since |}, = Vo - ikzo,
points in the (k,u)-plane for which Imz, = vc/k correspond
to criticality. This surface is the solid curve in Figure (5a).
For k = 0.17 the real parts of the dispersion roots appear
in Figure (5b)as a function of u. The condition for
instability |

Im Z, ? y‘/k

(15)

igs fulfilled along the indicated branch of the dispersion’

function.

' The cubic coe:ficient 8§ has a negative real part along

the bifurcation surface in Figure (5a), and also along the

vertical line marking k = 0.177. We may, therefore, evalu-

ate the approximate expression for the saturated distribution,

(x, e)x E(v)+ A Ct)ﬁp(xv}+[(d"}(,9v)
+ A h‘: we e A4, Phle« L,

+ o

| —EJAX
e

mw\

where
(G
A= p e /

8¢)= [Tm) +(Tng) f ot +6l0)

17



Of greatest ihterest is the spatially homogeneous cohponent,
2 ;@ |
E(V) +f$ Ao v) +- (16)

"as seen from the frame of reference moving at the phase velocity

of the wave vw. The coordinates of this frame are (x',v"),

/

X

/

i

X-V,*t
V-V,

= “} 6/ .,
B

Figure (6a) shows the unperturbed distribution corres-

ponding to point A in Figure (5a) where the grthh'raée Y-
of the instabilify is relatively small. Figure (éb) shows
the shape of the lowest order correction to the unperturbed
distribution. The basic~effect is té slow down'the resonant
éarticles which move at v' = 0. The saturated component of

(16) for point A appears in Figure (7).

At point B 1in Figure (5a) the linear growth rate is

. approximately two orders of magnitude larger. The shape of
ho(z) in Figure (8a) now reveals some broadening of the élasma
distribution as well as a strong acceleration of the resonant

particles. Figure (8b) shows the unperturbed and saturated

distributions.

18



Final Remarks

1) Although I have concentrated on the one mode instability,
this model exhibits a codimension two double Hopf bifurcation.
The dotted curve in Figure (5a) is the bifurcation surface for
the mode at 2k . For the parameters at which the two bifur-
cation surfaces cross, there are two conjugate pairs of eigen-
values on the imaginary axis simultaneously. Here the dynamics
of the instability is four dimensional and one expects much

more complicated phenomenaA.

2) . When v, 0, the expansion coefficients h(l)»and h(z)
in the power series for h become singular at v = Ve The
presence of these singular resonance denominators'is
intimately reiated to the Hamiltonian stfuctufe of the.
collisionless model, and to the fact that at criticality

the eigenvalues are now embedded in the continuum, see
Figure (4b). Whether the collisionless instability has finite
dimensional dynamics is not known. Previous treatments have
assumed that the continuum does not affect the dynamicsll.
In light of the delicacy of- Hamiltonian bifurcations, this
assumption needs specific justification. An analysis of the
collisionless instability which will extend the geometric

approach discussed here, and explicitly acknowledge the

Hamiltonian structure of Vlasov-Poisson dynamics is underway.

19
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Figure 1.

Figure 2.

. - Figure 3.

Figure 4.

- FIGURE CAPTIONS

(a) A tybicai spectrum for «iu consisting of real
and conjugate pairs of éigenValues., In infinite
dimensional problems, Iu may also ha\ie' continuous
specﬁrum.v

(b)t‘The linear invariant subspaces S, E°, and

'Eg' determine the structure of the linearized flow.

(a)‘vThé'invariant manifolds w° ' wC , and WY are

the nonlinear analogues of the linear subspaces.

(b) At criticality for a nondeéenerate Hopf bifurca-

fion,‘thejspectrum of 1% has a simple conjugate
pair of eigenvalues on the imaginary axis.’

(a) .The centér.manifbld ﬁc ’for nondegénerate Hopf.
bifufcation is fwo dimensional. | |

(b) - Near the fixed point, the invariant ﬁanifold

W# may bé described as the graph of a function
h(a,R) .

(a) Typical spectrum of the linear operator in (4)

for v_> 0. T.e continuum is always present. The

c ‘
roots of the dispersion function determine the dis-

crete eigenvalues. : -

(b) For v_ =0, o@) reflects the Hamiltonian

c
structure of the dynamics. At criticality, the

eigenvalue guadruplet collapses to a degenerate

conjugate pair embedded in the continuum,

22



Figure 5. (a) Bifurcation surface for a cool, low dénsity
beam (solid line). Also shown is the bifurcation
surface for 2k (dotted line); their intersection
marks a double Hopf bifurcation. Points A and B for
k = 0.17 are the selected points of low and high
growth rate.

(b) The four roots of the dispersion function for

k = 0.17. The rral part of the frequency,

w Rekz0 , 1is plotted against the drift frequency
ku in units of SPe Only on the indicated branch
is condition (15) satisfied.

Figure 6. (a) Initial velocity distribution at point A as
seen'in the wave frame..

(b) The lowest order correction to the spatially
homogeneous component of the distribution function.
Shown for point A.

Figure 7. For point A, the homogeneous component of the satur-
ated distribution function showing the effect of the
lowest order corroction. y = Re A is the linear
growth rate.

Figure 8; (a) For point B, the lowest order correction to the
spatially homogenecus component of the distribution
function.

(b) For point B, the initial velocity distribution
(dotted line) and the homogeneous component of the

saturated distribution (solid line) showing the effect

of the lowest order correction.
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