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Abstract

The gauge structure of anomalies and the related currents is
analysed in detail. We construct the covariant forms for both the
currents and the anomalies for general gauge theories in even-
dimensional space-time. The results are then extended to determine the
structure of gravitational anomalies. These can always be interpreted as

anomalies for local Lorentz transformations.
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1. Introduction

The gauge principle is used as the fundamental basis for present
theories of all known forces, from electromagnetism to gravitation.
Anomalies [1-5] result when gauge invariance cannot be maintained in
the quantum theory. A complete understanding of anomalies is essential
for the full application of these theories to physical problems.

The anomaly is usually defined as the gauge variation of the
connected vacuum functional in the presence of external gauge fields.
When an anomaly occurs, this variation does not vanish and the vacuum
functional is not gauge invariant. The gauge currents are no longer
covariantly conserved but have the anomalies as their divergence. As a
consequence of its definition the anomaly satisfies certain consistency
conditions [6] which restricts its functional form. TFor the non-singlet,
non-abelian, chiral anomaly, the consistency conditions imply that the
anomaly cannot have a covariant expression. Similarly, the anomaly
implies that the non-singlet gauge currents cannot have covariant
transformation properties.

However, a number of authors [7-9] have recently presented explicit
calculations of the non singlet anomaly and have obtained covariant
results. The same situation occurs for the case of gravitational
anomalies. In the work by Alvarez-Gaumé and Witten [10] they are
presented in covariant form, while the gravitational consistency
conditions would imply ‘that they should have a non-covariant form.

In this paper, we clarify the situation by showing that both the
covariant and the non-covariant anomalies can be correct forms for the
covariant divergence of different currents. For the gravitational

anomalies, the two forms correspond to different energy momentum tensors.
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We shall use the term "consistent" anomaly to refer to the covariant
divergence of the current JU obtained by varying the vacuum functional
with respect to the external gauge potentiai. The "covariant" anomaly
is obtained by modifying the current by adding to it a local function
of the gauge potential. The resulting current 3“ is determined so as
to be covariant under local gauge transformations, which implies that
its covariant divergence is also covariant. The consistent anomaly has
fundamental significance, since it reflects directly the gauge
dependence of the vacuum functional. The related covariant anomaly,
on the other hand, is distinguished by its simple gauge transformation
properties and the the covariant current may have significance when
used to construct gauge invariant couplings to other fields. As shown
in this paper, it is always possible to construct the covariant forms
of the current and of the anomaly from the knowledge of the consistent
anomaly. Hence the anomaly cancellation conditions are the same for
either form. We note that our ability to modify the form of the
anomaly by changing the definition of the local currents is different
from the ambiguity in the form of the anomaly arising from the
addition of local functions of the gauge potential to the vacuum
functional [3].

Let us illustrate the situation by the case of non-abelian gauge
anomalies in two space-time dimensions. The consistent anomaly is

known to beFl

D,‘TF= c 9,.;4,\ M (1.1)

where ¢ is a certain constant and a matrix notation has been used for
both the current and the gauge potential. The right hand side satisfies

the consistency condition [6] but is non-covariant. The current Ju also

4

transforms non-covariantly. We now define a new current

TJE = TF 4 e A, &' (1.2)
Its covariant divergence is
,D,,,.T":c 3/../4,\8 P—;—Q,‘(CA').S ")

e [Am M]EY = ¢ et

(1.3)

J

where

By = 3 A=-%A +[An, A1 (1.4)

is the Yang-Mills field strength. The right hand side of (1.3) is now
covariant. The current J" may also be shown to be covariant, but it
cannot be obtained from the variation of a vacuum functional with
respect to the gauge field Au, since the covariant anomaly does not
satisfy the consistency condition. Observe that the linearized right
hand side of (1.3) is twice the right hand side of (1.1) (this factor
becomes 1 + v/2 1in v dimensions and may be considered as a Bose
symmetry factor for the linearized anomaly). We emphasize the care

which is needed in interpreting the linearized calculations.

In this paper we discuss various aspects of the gauge structure of
anomalies and their currénts. In Chapter 2 we study the gauge depen-
dence of the currents and their anomalies and apply conventional methods
to construct the co&ariant currents and anomalies for four-dimensional
gauge theories. In Chapter 3 we discuss the structure of the consistent
anomaly in arbitrary even space-time dimensions and give also the

explicit expressions for the covariant currents and the covariant
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anomalies. This is done by using the compact notation of exterior
differential forms and the techniques described in Refs. [11-16]}. The
needed results are collected ind, in part, rederived in Appendix A.

\

Our results are genéralizéd to include gravitational anomalies in
Chapter 4. A theory with spinor fields in curved space must be
formulated so that it is covariant under general coordinate transforma-
tions (which we shall call Einstein transformations) as well as under
local Lorentz transformations. Local Lorentz invariance of the
connected vacuum functional is usually assumed and the gravitational
anomalies are taken to be anomalies of the Einstein transformationmns.

In Chapter 5 we shall formulate the consistency conditions for the
combined Einstein and Lorentz anomalies [13] and we shall find the

form of these anomalies. We also show that the Einstein anomalies can
always be transformed into Lorentz anomalies (and vice versa) by adding
local corrections to the vacuum functional. Hence it is always possible
to define the vacuum functional so that all gravitational ammalies are
indeed violations of local Lorentz inQariance alone. This appears to

us a preferred canonical form for the gravitational anomalies. The
treatment of graQitational anomalies in Chapters 4 and 5 relates their
structure to that of gauge anemalies.

Throughout this paper the anomalies will be expressed in terms of
symmetric invariant polynomials which shall not be further specified.
The particular polynomial appropriate to each situation . depends on
the spin of the particles propagating in the loops of the vacuum
functional and can be determined by an explicit perturbation calculation,
as done in the paper by Alﬁarez-Gaumé and Witten [10] for the
gravitational anomaly. The correct polf%omial can also be determined

directly from the appropriate index theorem. This approach will be

—6—

discussed in a subsequent paper by Alvarez, Singer and Zumino.[17]
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2. Gauge Structurée of Currents and Anomalies in Four Dimensions

The consistent anomaly is determined by the gauge dependence of
¢onnecled
theAvacuum functional defined in presence of external gauge fields
Aua(x). The vacuum functional W[A] may be considered as a non-local

function of these gauge fields. Under infinitesimal gauge transforma-

tions the gauge potentials transform according to

T A" = (DN= (3 + A, A )

T/\ ,.;‘:v"‘: ([F;v, A])q

@ 1)

where A® is the infinitesimal gauge parameter. The gauge dependence of

the vacuum fungtional defines the anomaly
\v/ a
T Wial= Jdx S A
- ko) (DuA)
= 6‘-)( Ja(x)(,c ) (2'2)
= [dg DT 00 A0)

= J‘olx'/\“[x)q“ (A)

where Ga (A) is the anomaly and the current Jua(x) is defined as the
functional derivative of the vacuum functional.
The consistency condition follows from considering the commutator

of two gauge transformations on the vacuum functional
(G- RIW=T, WA e

Using (2.2) this implies

]
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~S‘tx.(>«/a rz: (;a:— /\al,IL (:a ) = s.OLX [/«) /\l] a'(;a . (:2'h')

The consistent anomaly must obey this consistency condition (2.4).

The consistent anomaly also determines the gauge dependence of the
basic non-abelian current Jua. Naively, this current would be expected
to transform covariantly under gauge transformations. The effect of
the anomalies can be determined by evaluating in two ways the
commutator of a gauge variation and the variation which defines the

(& -T&) w[A] . (2.5)
where ?B is defined by

§A.° = B, (2.¢)

Qa s a
SW[A]= |dx %—4“54 JA = [T wB . (1)

'&

The commutator may be evaluated directly

ST-T3 = § . (2.9)

3A AB [B,A]

Applyiné this operator to the vacuum functional we obtain
(85 T~ T 3 JWLA]
= [ f(5mG )1~ (BT )

=[x 7. (LB,A1)" .

(2)

This gives immediately the gauge transformation properties of the
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[oe(T, 7%, ) B, = [/\,T"])a B+ |5 G )N ) G()=-sm " R ;C‘DP(AV9,,Ar+2iAyAfA,)},(z-m)

. where Tr is the trace over Fermi multiplets and 2@ is the gauge
The first term on the right hand side of (2.10) gives the usual

coupling matrix. The equation (2.11) for Xua becomes
transformation property of the current while the second term is

a
dictated by the consistent anomaly. The basic current J“a will only be fdx {"2 Xﬂa + ([/\; XF])@ SBI"“ = de(s_g CQ)A

covariant if the anomaly vanishes.

L vee a b
- |dxef” 9. A" B, -
L8m ¢
current 3ua and compute its covariant divergence. This result was (;2.15-)

obtained independently by Paranjape and Goldstone [18] and can also be
. rr; )Lx;l5'+ ;lL A‘a Efq'

inferred from some work by Niemi and Semenoff([19]. In subsequent

We shall now demonstrate the existence of a covariant non-abelian

chapters we shall generalize these results to gauge and gravitational

anomalies in higher dimensional space times. - Adl\'b Ar Ar = /\'L Aa_ Af 'qr - ).4/4 AL Ar *
To construct the covariant non-abelian current we must find a

local polynomial in the gauge potential, Xua(A), with an anomalous

gauge transformation property opposite to that of the basic current

rom e ree ssible terms for e polynomia H we fin e unique
oL 3 o XL [ oy e s

result

[ vpe~
The covariant current is then given by XF e rre .
a

FE =T+ X (a) , (2.12) 4 |
since (2.10 and (2.11) imply . 772 Aa. (Av F;r + F;:r /qv - A'v Af/qr') ) (2'15)
T (AT, (2:3)

It is not obvious that an appropriate local expression Xua(A) can always We may now compute the covariant anomaly aa , by a direct

By applying a group transformation to (2.16) we can reproduce (2.15).

be found. evaluation of the covariant divergence of the current
In four dimensions, the consistent non-abelian anomaly for spin

one~half fermions is well known [3-4]:



Zi@ = ":D}-ii C:cu ".l%u )<'“1

:—'g,;]—r—‘* pvee m Z(Aa. = f"‘} (2.17)

We observe that the covariant anomaly may be expressed solely in terms
of a product of field strengths as expected by covariance. The
linearized form of the consistent anomaly (2.14) and of the covariant
anomaly (2.17) are the same except that the covariant anomaly is three
times larger.

We emphasize the need for a complete specification of the structure
of the anomalous currents before the gauge anomalies can be properly
interpreted. The consistent anomaly is directly related to the gauge
dependence of the vacuum functional. It is appropriate for the study
of anomaly cancellation between fermion multiplets but also for the
derivation of physical consequences of anomalous non-dynamical currents
such as the flavor chiral currents in QCD [6] [20,21]. The covariant
current, on the other hand, has a simple gauge structure and may have
physical significance when coupled to other external non-gauge fields.
Since the covariant anomaly is directly related to the consistent
anomaly, it may also be used to study anomaly cancellation. 1In the
above discussion we have focussed on the ambiguities in defining
appropriate non-abelian currents. There is also the ambiguity in
defining the vacuum functional, as one is always free to modify the
vacuum functional by adding local polynomials in the gauge fields.
This freedom is exploited when we use the functional for gauging

dynamically different anomaly free subgroups.

12—

3. Chiral Anomalies in Higher Dimensions

Following the notation of Refs. [11,12] we now describe the

Yang-Mills field strength by means of the Lie-algebra valued 2-form
A
F=dA+A (3.1)
where d denotes exterior differentiation, and
— Al
is the gauge potential l-form. Explicitly
s LEddtd’ | B, =92 At ] (33)
(ihe differentials dx" anticommute). Let
P(R,R, o B (34

be a symmetric invariant polynomial of degree n in the Lie-algebra

valued variables Fl"'°Fn' For compact notation, 1f some of the Fi's

are equal, say F4 F =...F = F , we shall write (3.4) as

P(RER F) (3.5)

Using the Bianchi identities for the field strength,

dF:.‘FA"AF 7 (3.‘)

z/

one shows easily that
d’P(Fn)::O . G3.7)
Actually one can write

P(F") =d w,,, (A,F) , (3.¢)

where the (2n-1)-form is given by
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! -1
oy (A, F) = [ PR, ET) 3.9)

with

F=tdh+tA = tF+{E-£)A". (3.10)

The consistent non-singlet anomaly is obtained as follows. Introduce
an odd (anticommuting) Lie-algebra valued element v and an

infinitesimal gauge transformation ':;

JA=-Dv=-dv-5A,v}
JF = Fr-vF (3-11)
Jr=-v*

which satisfies

j"-:.olj-l—:fol :-‘OlzzO @./2.)

:ris the generator of a Becchi-Rouet-Stora transformation[22]. If we

introduce
A = A+v | (3.13)

and a corresponding field strength

Fz(@+T)A+ A" G.14)

Qe find easily that '
T =F. 3.15)

Therefore

—14-

(d.;.j)wz”_’ (A+’V“/ F) :P(FM)
:'afa)zm__' (A) F).

(3.16)

Let us expand in powers of V

o { wl‘h—' 3 '7)
Cdzn_’(ﬂ-i—\)'/F):&Jz"_l +wzn—z + -+, J (. .

where the superscript indicates the power of v and the subscript the

degree of the form. Equation (3.16) implies a set of relations

o 1

jwl‘n—l + d wzn—z = O
] 2

J w.zm—z +d Wpp_z = o

(z.1¢)

- - - -

3 -2 2n-1
w +d e, =0

1
2n-1
on” = 0

The consistent anomaly is given by the integral of w2n_21. The

consistency condition, which can be written as

j szﬂ—zl =0 Y] (3- I7}

follows from the second of (3.18), the second terms integrates to zero.

One can derive a convenient explicit formula for the anomaly [11]

{
§etns = o) [do1-0) [P(a A, 7). 6.29)
0

In the gauge transformation (3.11) the infinitesimal parameter
is odd (anticommuting) and transforms like a Faddeyev-Popov ghost.

If one prefers, one can rewrite the consistency condition in terms of
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gauge transformations TA with even (commuting) infinitesimal parameter A

TA=DAN=dA+[A, 1]
'T/'\F: [F,/\]

and TA does not operate on the parameter itself. The anomaly, with A

@.21)

replaced for v , is a linear functional of A . Denoting it with
A+G[A,F]  (the dot indicates integration as well as summation over

internal symmetry indices), it satisfies the éonsistency condition
] )
TAG=-ToAG =[N ]G, (3.22)

which is equi§a1ent to (3.19). This is the form used in Section 2; it

follows from the definition
= A .23
T W[a]=AG | (3.23)

and justifies the above construction. If we define the current

(n-1)-form (which is dual to the usual current vector J“)

::.S/——-W- .24
T —n (3.24)

(3.23) can be written as
ADT = A(dT+§A, 0} ) =n¢  B.20)

(remember that J is odd).
How does J transform under gauge transformations? As explained in

Section 2 we evaluate in two ways the commutator

(s T-Ts)wLA] (5.26)

where & is defined by

~16-

SA=B , SF=DB=dB+iA B} . (32])

Here, the increment B is odd and the operation & is even.

Since
5
‘1}:3/\:% :(Ollq +[A’A])'ﬁ ) (3,27]
the commutator equals
[B,A]- %‘% = [B,1].T (3.29)

On the other hand, using (3.23),. and again (3.24), the commutator

S(A-é)—ﬂ; CBT) | (3.30)

Equating (3.29) with (3.30) we obtain

TB.7)=-[BA]-T+5(nC)

3.31
=- B.[nT] +8(N0) 2

The first term in the right hand side would be the covariant transfor-
mation law appropriate to the adjoint representation. When there is an
anomaly the second term shows that J does not transform covariantly.

In (3.31) B is taken not to change under the gauge transformation

If instead we stipulate that B transforms according

generated by TA

to the adjoint representation
— 3.32
TB=[8,7] , G.32)

(3.31) becomes simply



~
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~17=~

'7;(25’-7)= s(rG) . (3.33)
Together with (3.32) and

sA=o0 . (3.34 )

(3.33) completely specifies the transformation law of the current J in
terms of the anomaly A.G[A,F],
Is it possible to find a local (v -1)-form X such that the new

current

J+X | (.35)
transforms covariangly? Thié means
T (B G.3¢)
and therefore we must require

nEX)=-s(re) (3

This equation for X can be rewritten in terms of the anticommuting

parameter v , instead of A ,

Ex) =3 Jon (), (550

smr:'o (3.39)

Here we have used the fact that the anomaly is given by

VLA F] = [, (A F). 6w

™
o

-18-~

Now, it is very easy to solve (3.38) in general. We use the

relation, explained in Appendix A,

S=de+td | (z41)

where & 1is defined by (3.27), (3.39), d is the exterior diffe;entia—

tion, and the odd operation % 1is given by
LA =0, tF=B , dv=o, *° (3.42)
Applying (3.41) to Cdz,n_a_' we find

‘ngn—z.l =J(£w2,,,_,_ )*’e dey Wym-z G 43)
0 §

d (f Aodz,,_,_‘ )" £ J“)Zn-l )

where we have used (3.18)f Now, the operators % and j' antigbmmute
LJ+3¢ =0 . 344 )

Upon integration err (compactified) space-time, the first term in the

right hand side of (3.43) vanishes and we obtain finally
' o - (3.45)
S Cgns :f[ewz,,‘ - (3

Clearly we can drop the superscript zero in ‘the right hand side.

Comparing with the equation for X, (3.38L‘we see that it iS'solved’by

BX = 8o, - (3.46)

The explicit formula (3.9) for can be used to find an explicit

“on-1

formula for X, since the operator & is easy to apply and, from (3.10),

ICF: =tB . (3.47]



-19-

B X = mCm-t)j-olb t |P(B, A, F"?) . (3.47)

For instance, for an internal symmetry such as SU(N) in four dimensions,

P(F*)=c T F’

(where ¢ is a known constant). Then

=c R (FPA-LFA + L AT)

B.47)

(3.50)

and, applying & directly,

Lo = ¢ T B(FA +AF- £ A*)

3.51
_cﬂB(dAA+AdA+%A) Gst)

which gives -

2 43 352
Xec(dAA+AdA+2A"). G52
Alternatively one can use (3.48) with exactly the same result

RBX=6c Sk BA(LF-A') , (%)

where STr is the totally symmetrized trace (See Ref. [11]).

Since the current 3 = J + X transforms covariantly, its covariant
divergence must also be covariant. In order to compute it we need
DX = dX + {A,X}. The simplest way to obtain this is to observe

that, integrating by parts,

DX =Dv e X | (3.54)

-20-

(remember that v 1is odd), and it would seem that the right hand side

can be obtained directly from (3.48) just by making the substitution

B =Dv. (3.55)

Strictly speaking this is not allowed since both B and v are odd and

sd is the operation D. To be precise we must first rewrite (3.48) as
' |
m-1
C.xzm(n-l)fowrfP(C,A,F; ), G%)
(%

where C is even. Actually (3.56) follows from (3.48), and vice-versa.

Now we can set correctly, in (3.56),

C =Dv (3.57)

/

which gives

:Dv—X—fn(n .)Jotft[?(dw{ﬂv} A, “) 6.c2)

We also know that
|
DT =Dv.] = m(n- 1) Idt‘(l-—t) {'P[JV‘, A
- 0

where we have used the explicit form (3.20) for the anomaly. Adding

“")l (3.59)

(3.58) and (3.59) we obtain

v DT = m(m-:)fdfj?[dw-tfﬁ v}, A, /

= M(’“")Jdl-j?(v o(A-%-th ,q]l E™ 2)
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A olt @-(OJ
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e
—.6
—
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In going from the first to the second form of this expression we have
used the invariance of the symmetric polynomial P. The last expression
(3.60) shows the covariant form of the anomaly. This result should be

compared with (3.59) or equivalently

DT = [y (G AF) . @A)

Now, it is clearly

an-n (A; F)= ?(A/ Fm—l)*-." C3.€2}

where the dots denote higher non linear terms. This implies that

| h-l) . ?
Lns (A F)=P(v,F"" )+ . (3.43)
Therefore the leading (least non linear) term in (3.60) is n times

larger than the leading term in (3.61). The relation between n and

the dimension v of space time is

V+2

|

Zn . (3.(4)

As mentioned in the introduction, this factor can be understood

diagrammatically as a result of Bose symmetrization.

",
n

~22-

4. Purely Gravitational Anomalies

Infinitesimal Einstein transformations are specified in terms of
infinitesimal parameters ¢H(x) and operate on tensors as Lie deriva-

tives. For instance, on a scalar field A(x)

ExA=¥aA , 9=2, (4:1)

while on the metric tenmsor j,‘v (x)

p—t Dr?v +DV?/“' .

They satisfy the commutation relations

[E,'E?z] = Effz,ﬁl ’ (43)

where

([5,21)"= g*a5 - gtoxr (4.4)

If the connected vacuum functional in an external gravitational field

(4.2)

W[guv] is not Einstein invariant
— Ny
E;W=H, , (4.5)

the anomaly H must satisfy the consistency condition

E?, H?z - Ef; Hfl :

which is the analogue of (2.4).

H[?»?,? (4.¢)

It is not difficult to find a solution of the consistency

condition (4.6) in terms of the form w2n—21 (v, A, F) . which gives

the anomaly in the case of gauge theories. 1In differential geometry the

Levi-Civita connection Tx“p plays the role of gauge potential and the

P

Riemann tensor vau

the role of field strength. If we introduce
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(F) A ,.del , (4.7)

the Riemann tensor is given by the 2-forms

R)f (o[/" f'){o ’ Ruxp a/XvolX'\/ (4.7)

'R,,Mf=9v’:,f“9,lrlf+r rf;-' ‘F” (£.9)

VfA Vf4 -2
Under an infinitesimal Einstein transformation the connection transforms
as
S AFN RS o
3 Ap "Ega—[:r + ¥
(%.10)

- £ \
S A VR VP TS SAR- S L

The last three terms have exactly the form of a gauge transformation

with infinitesimal gauge parameter

/\f*f:‘-“gf’?f , (4.11)

p

while the first two terms have the form of a Lie derivative of qu N

treated as a vector with lower index A and ignoring.the other two

indices ¢ and o In terms of the l-form (4.7) we can write

EYF:,QFH-’I;F , &.12)

where

'7;\'F=1>/\=ol/\+[l",/\] (4.13)

—24-

is a gauge transformation with infinitesimal parameter (4.11). In
(4.12) the Lie derivative is defined as usual on forms, to operate only
on those indices which are saturated with differentials, so that it
corresponds to only the first two terms in (4.10). The well known

formula applies
e ind (4.14)
o[}—olL;-PL; ’
where ig is the (odd) inner product operator, for instance

G (hfaxr) = L0 g™ (4.15)

In general, for a form of higher degree,' iE substitutes the vector

H for each differential (one after the other), for instance

Ry,\ dx” ? =2 pvx H a/x/
(4.18)

£
i By dx’dx’= Ry Eelx -
TE?VA =- 7§ZA)/ .

The effect of an Einstein transformation on the Riemann curvature

2-form is given by

EyR =R+ TR, (4.17)

" where now

[R,A]. (4.12)

In a space-time of Vv dimensions a V -form has maximal

degree and its differential vanishes. Therefore (4.14) becones -
0[;;60, = al(t}c\)y) (4.17}

and the integral vanishes (with suitable boundary conditions)
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c[;fa),,:fd(t}wv):o. .20)

In the dual description, more familiar to physicists, a v-form

corresponds to a densitysb, (4.19) corresponds to

'04@:9F(}ﬂz))'

and (4.20) corresponds to

J}J,o dx = [D,(}-f‘;o)olx = 0.

The relation between Einstein and gauge transformations expressed

(4.21)
(4.22)

by (4.12) and (4.17) shows that one can reduce the problem of finding
consistent Einstein anomalies to that of finding consistent gauge
anomalies. Indeed the gauge anomaly, in the form (3.40), immediately

gives a ;onsistent Einstein anomaly in the form
He= AGLMRI=- 35 G (M R), (423)
with the same function G[I',R]. Indeed
E?, Hy = (J.+7:\.)Az'q=-J9fF:DA (EGS)+ A, G2s)
so that )

Hy,- By, = (}'-ulgf}zv‘?z))ﬁr?,v) G+ [A, NG Gae)

Finally, using (4.11), the right hand side of (4.25) becomes equal to

_far(;;ar,“ 3y )6, =

Observe that the consistent gravitational anomaly given by (4.23)

Ey

i

. .26
HEJE‘EJQ [L /

does not depend explicitly on the metric, but only on the connection
(and through it on the metric) even though the connected vacuum

functional w[guv] cannot be expressed in terms of the comnection
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alone. For instance, in two dimensions, up to a known numerical factor,

the consistent gravitational anomaly is

He o< = (931 3,5, F &7 d, — (421)

which corresponds to the non-abelian anomaly [see (1.1)]

AG o< Jn(/\ ’A,r‘h)éi"A d% . (4.27)

In higher dimensions the consistent gravitational anomaly is just as
easily written, once the appropriate invariant polynomial (3.4) is known.

In a Riemann space the Riemann tensor (4.8) is antisymmetric

R - K, (4.27)

o G
As a consequence the invariant symmetric polynomial (2.4) vanishes

except for even n

(4.30)

'""':2'"‘ )

which corresponds to a space-time dimension

(4.31)

V=In-2=4m=-2

(see the analogous argument below, leading to (6.12) and (6.13).
In terms of the energy momentum "tensor"

@PV=2§.£
5'2/4v

(4,32)

(4.5) can be written

[£.D. 0" de=-Hy=—A'C (4:33)

or
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DO = %G HMR). (k3w

Here the covariant derivative is that appropriate to a symmetric tensor
density
2.0 = 30" oL, )
» R S ke (43
but euv is not a tensor density, when the anomaly does not vanish.
How does it transform under Einstein transformations? We follow an
argument similar to that giQen in Section 2. Evaluate in two different

ways the commutator
(B & - % Er )W [9m], (4.36)
where we define

S = \ L dx 4.3’7)
g (cr/” 87”' (

an operation which gives g an arbitrary symmetric increment (fuv

uv

Since

Ef = (Ef ?,w)g:-—- Iolx ) (43;)

S17/MV

the commutator equals

“f(Ef‘frv)g’w' - (4:39)

I

On the other hand, using (4.5), the commutator equals
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JEIW A — 5 He
Jc{, Fagpr fT (4.40)

Equating (4.39) and (4.40), and using (4.32), we obtain

.g {or B0+ (Egp) @’”}Ax =28, Hy  (4.41)

Eg fcf,w@""ocx = 285 Hy . (4.k2)

. . } uv

In this equation EE transforms qruv like a tensor, while © [gpc]
transforms as it follows from the transformation law of gpc [Eq. (4.2)].
If the anomaly in the right hand side were zero, the left hand side

. e s . uv
would be Einstein invariant, i.e. © would transform like a tensor

density.
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5. The Covariant Energy Momentum Tensor and its Covariant Anomaly

v
Is it possible to find a symmetric local N such that the

new energy momentum tensor
éf"= @I‘v_r_)/’w C(51)
transforns like a tensor demsity? This' means |
E? (qrv ’érvdx =0 ',:‘.: (52)
and therefore we must require o
Ey (oo Y7"dx =25 Hy (5.3)

A solution YV of this equation can be easily found in terms of the

solution of the analogous problem dlscussed in Section 3. There we

found a (v-l) form X which satisfied (3.37)
T;\B'x?"-'—sl\"q _ 63137)

where

_(».T (5.4)
S-fB.ﬁ :

In view of the relation (4.23) between G and HE , it is clear

that we can use (3.37) with the substitutions A>T, F >R

and taking also (4.11) and
B=Blel=5T", (£.5)

since then & - 6¢ in the right hand side of (3.37). The result is

that Y  is given by

« ¢
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2Bl X = [gu Y de . (54)

In order to make this expression more explicit we observe that the

standard expression for the Christoffel connection

p o 1 )
A ’ %G = Ape 9 ?lé-) (&7

—

re =3

3! (v] 3'3”(13,.((,\,*:0,\%;‘ r‘ﬁlé)/
(BLel)! = By, flq)dx* . - 9

Substituting into (5.6) and 1ntegrating by parts the covarlant deriva-

U

tives one finds easily the explicit form of ™ in terms of that of
X, but we shall not carry it out. We point out that the’ argument which

leads to (5.6) is based on the identification

oy + T, (5.9)

and on the fact that o(; gives zero when applied to the quantitites
we are interested in.

Since the new energy momentum tensor is really a tensor density,
its covariant divergence will also be covariant. We can work it out

without unnecessary computations if we observe that

Or D) Y Pk o2 [RDYPdx . (50)

Therefore we can use (5.6) with the substitution

S pv —-.Dr\f +7 }}, Ej— ?FV 5 Cé_.ll)

which gives

5, =Ex @.12)
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and, from (5.5), (4.12) and (4.13),

B[‘-va]: Efr. :oGF+ DA (5.’3)

We obtain in this way

(60 Y e =7 X+ ADX . (54)

We shall now use the result (3.60) which represents the solution of the
analogous problem for the non-abelian current. Equation (3.60) can be

written as (use A instead of v)
n-|
ADX -G -mj?(A,F ) . (sr)
Combining (4.33), (5.14) and (5.15) with the definition (5.1) we obtain

j?,]),.@""a(x :%f’P{/\I'R“")_D(}_I—'. X (5.1

The right hand side is still not obviously covariant but the two

terms can be combined because, as we shall show below,

Ll X =-m P07, R™ )

Since
v
. A
Ae?e(5T)" = 95"+ 'L,
v v
=-D.% ’_—'-.M,.

(5.17)

| %

(5.1t)

/

we finally obtain the fully covariant result

J?v :Dr érvo!x =m J’P(M}R"") - (é’.l‘l)

Note that, again, the leading (least non linear) term in (5.19) is
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n =2 ; z times larger than the corresponding term in the right hand

side of (4.33). The covariant form of the anomaly given by the right
hand side of (5.19) is also expressed in terms of the connection alone,
the metric does not occur explicitly, just as it does not in the
consistent form.

It remains for us to prove (5.17). In v space-time dimensions,

(v + 1) forms vanish, therefore

M*X =d. X =0 (5.20)

If we apply to these forms the operator iE , where the vector Eu is

tangent to the v-dimensional space-time manifold, we still get zero
0=55(r’.)():(L‘ZPF').X—(Firr'}'xatl"z-i;)(
= i (TX+XT)+T% X (£.21)

and

0=ig(AM. X )= (iydl')- X +dl i X (5.22)

oM X = dl X +diy - X

=—dl G X - d X, (5.23)

Subtracting (5.21) from (5.23) we obtain

o[fr'r)(:—R-ifX_ifI’":,'DX .

Now, again in v = 2n - 2 dimensions, the (2n-1)-form

(F.24)
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Waym-i (r') R ) =0 (5,2()

vanishes. Apply again i

£

. . o L (
0’—'[}[6‘)2'»-! = LEF.()—_;—.I_—_.- Wiy, +‘}R'JE “on-1
=i G +iR X (5.2¢)

where we have used equations analogous to (3.17) and (3.46). This gives

FE' i? )( == i}-r1' (: Y
Combining (5.27) with (5.24) we obtain

oG- X ==l (PX+C)

and finally, using (3.60), we prove (5.17). Observe that occasionally,

(T.21)

(5.27)

in our derivations, we use results proven earlier for odd quantities or
operations and apply them to even quantities or operations and vice-
versa. This is permissible if proper care is exercised and we leave it

to the reader to be properly careful so a not to make sign mistakes.

[
-~
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6. Einstein Anomalies and Lorentz Anomalies are Equivalent

As explained in the introduction, local Lorentz invariance could
also be spoiled by anomalies. In this case the connected vacuum
functional must be considered as a functional of the vielbein field
eua and cannot be assumed to depend on the metric tensor. Let us work

in the Euclidean. Under local rotations of infinitesimal parameter

= -8 the vielbein.field transofrms as -
ab ba

: L9 epa = €ub Oia I} ((l)

fe2d

while under Einstein transformations we have

3 eM = }'\?,\erg +??‘E'\ era - (5'2)

It is easy to see that the full Lie algebra consists of (4.3), (4.4)

together with

[ Lco,,%] (4.3)

I

[LO,E}] Lfao . (¢4)

If there are Lorentz anomalies

L,W=K, , (¢.5)

they must satisfy the consistency conditions

- — 4
Lo' sz L—92 Kgl - [61)92] [é )

and

L,H, - E; K, = Km , (¢7)

8
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It is consistent to assume that there are only Einstein anomalies

(K, = 0) and we have discussed this case in section 4. It is also

[*]
consistent to assume that there are only rotational anomalies (Hg = 0),
A consistent form for the rotational anomaly is easy to find, the

orthogonal rotation group can be treated like an internal symmetry.

The gauge potential is the Cartan-Weyl connection
X, =~ = o
ab La. = Oﬂ‘tlb Cix (’6.5’

and the field strength is the Riemann tensor referred to local ortho-

normal frames

R4L=-PLQ=(0‘«+«‘Z‘L = ,2'_?}“,“ dxtdx”  (6.9)

(customarily the connection (6.8) is denoted by the letter w ; here we
depart from the usual notation in order to a?oid confusion with the
forms ‘m of section 3.). The solution of the consistency condition
(6.6) can be written immediately in terms of (3.9) and (3.17)

K = 6\)2“_2'(910()2_): 9-0[«,?] . [é.ID)

[’

We note again that, because of the antisymmetry of the matrix Rab’

P(R™)=0"P(R"). 1)

Therefore, in the case of the orthogonal group, the symmetric polynomial

P will vanish unless n is even

m=2m ‘ (6.12)

which corresponds to a space-time dimension

(¢.13)

V=2In-2 = 4m -2
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Only in these dimensions can there be rotational (or Lorentz) anomalies.

Just as the Einstein anomaly (4.23) does not depend explicitly on
the metric, but only through the connection T, so the rotational
ancmaly (6.10) does not depend explicitly on the vielbeirn, but only
through the connection ¢ Indeed, the functional forms of the two
anomalies are directly related. However, there is a vielbein field,
and in this the theory of gravitation is not like other gauge theories,
a fact which cannot be sufficiently stressed. Let us use matrix

notation and denote by E the vielbein matrix eua . The field H

defined by

E; = £ {2: /4')

behaves, in a certain sense, like a Goldstone field for both Einstein
transformations and local rotations. Under an infinitesimal Einstein

transformation
|
E;H=8aH+TH, 6.1r)
where T H is defined by :

A
H H
T.e =—-Ae (6.1¢)

and A is given by (4.11). The finite ﬁersion of (6.16) is

e - e e . [5-17)

Similarly, under a finite rotation
L H H e
v e =e = [{M,)

This suggests that, using the vielbein field, one should be able to

-
-
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construct a local functional whose Einstein variation gives the Einstein
anomaly and whose Lorentz variation gives the rotational anomaly. This
is indeed possible by mimicking the solution of the anomalous chiral
Ward identities obtained using a Goldstone field [6]. Define the

functional

S[F,r]:jﬁt Te(HG[R1) , ()

o
X

where :
—-tH tH -tH tH
lj =e [Ne 4+ e de . (4.20)

In Appendix B we verify that

Gr[r]=-H (4.2
- - - !
ES=\9%F G [r r - ¢.21)
x .
On the other hand, one can express S in terms of E and o , instead of
Eand T . We recall the relation between the Levi-Civita and the

Cartan connection

r-E«xE'+EJE™, (6.22)

This implies that
Cl-E)H =~ (I-t)H (1-t)H —(-k)H
/::-e, % € + € de . (4.23)
Changing the integration ﬁariable from t to
6.24
, (5.24)

T= |-t

we see that

o,
-
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! !
S| E,F]=JJT[T»;HC[«.,]ES[E,<;(]/ (6.25)

where

H - H, -tH
01,_.=e-‘r o(e,tH-f-.e-c de 7, (6.26)

Using perfectly analogous arguments as for (6.21) one shows that
= , - +<T
l S = L :; = 4 27)
9 ] 3} ' (, ’

The functional S (or S')) is local, in the sense that it is the
integral of an expression constructed with derivatives of the vielbein
and of the connection up to a finite order. It is highly non linear and
uniquely defined only for relatiQely weak fields. NeQertheless, it can
be used to redefine the connected vacuum functional so as to eliminate
either the Einstein anomalies (by changing W into W + S) or the Lorentz
anomalies (by changing W into W - §"). 1In this sense Einstein and
Lorentz anomalies are different aspects of the same thing. It seems
conQenient to choose the pure Lorentz anomaly (ﬁanishing Einstein
anomaly) as the canonical form of the gravitational anomaly: the
formalism is then more directly related to the case of internal gauge
symmetries and the absence of Einstein anomalies gives a more satisfac-
tory geometrical picture.Fz’F3

Finally, we remark that formulas (6.19) and (6.25) for the -
functional S' can be written in a more intrisic form (see Ref. [12]).
We have preferred to use here the special choice of local coordinates
of (6.19) and (6.25) in order to render manifest the locality in x of

the functional.F4
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7. Conclusion

An anomaly is a local expression which satisfies the consistency
condition, but which is not the gauge variation of a local functional
of the gauge potential, or the metric tensor, in the gravitational case.
Here a local functional of certain fields means an integral over x of an
expression constructed with the fields and their x derivatives up to
some finite order. The consistent anomalies discussed in this paper
satisfy both the abo&e conditions. In order to show that they cannot
be obtained from a 10;31 functional one has to enumerate all possible
candidate expressions of the correct dimension and with the correct
power of the fields and check that there is no combination wbich
reproduces the anomaly when one performs a gauge Qariation. In general,
the proof is rather cumbersome, but it can be considerably simplified
by going over to the coﬁariant form of the anomalies. Since the
covariant current 3“ is obtained from the original current Ju by adding
to it a local expression, one can reduce the problem to that of finding
a covariant current which is a local expression in the gauge potential
and whose covariant diﬁergence gives the co?ariant anomaly. Similarly,
in the gra&itational case, one can ask whether there exists a covariant
energy momentum tensor (which means that it is really a tensor)
constructed locally from the metric tensor and satisfying the anomalous
equation. The number of possible candidates is greatly restricted by
the condition that these quantities be tensors. A further restriction
comes from the fact that the covariant anomaly has a known form
possessing "abnormal parity", i.e. it is constructed with epsilon
tensors (corresponding to it being an exterior form). This would
require the current and the'energy momentum tensor also to have abnormal

parity, since no epsilon tensors can be generated by taking the

40—

covariant divergence. With these restrictions, it is not difficult to
show that no such local quantities exist [17] (for the energy momentum

tensor one must also use the fact that it is symmetric).

~
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Appendix A, Algebraic Structure

In this appendix we collect and rederive, in part, the results and
techniques described in Refs. [11-13] and used in the main text of this
paper. The reader will notice that the structure described below is
completely algebraic. In the text we use the resulting formulas for the
gauge potential l1-form A and the field strength 2-form F, and for forms
which are functions of them. However, the arguments given in this
appendix apply to any expression which is a polynomial in two free
variables A and F (free means not restricted by algebraic relationms),
say with complex coifficients. In particular we do not assume that the
polynomials are symmetric or invariant, nor do we assume that A and F
commute or that they satisfy specific pommutation relations. In
addition to A and F we shall also use two more Qariables v and B.

A, &y and B are odd (anticommuting), F is even. On these variables we
define the (odd) antideri?atives d,{f and 2 and the (even) derivative §

with the properties
dA = F-A?
J'f: = Frlr-'lff: , :{17::-—1f2 J :f13;=-1K15-133’,

AF = FA-AF (A1)
(A.2)

thA=0, tF=B ,tv=0 , tB=0 (A.3)

sA=B , sv=0, sB=0 CAJ‘)

T gAtdv =—vA AV, (#5)
SF_4B = AB+BA . (A.6)
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The differentiation operators satisfy
0‘(2: (1": jz'—'-'o i CA'7)
AT +Jd = 29+3€ =0 (A.¢)

and

Ld +dd =3 . “.7)

The algebraic consistency of all these relations (A.1l) to (A.9) is

not hard to verify. For instance, to see that d2 = 0, apply d2 on A
d(dA)= A(F-A*)=od F-dAA+AA
. FA-AF _(F-A)A+A(F-AY=0 . (A.0)

Similarly, on F

A(dF )= d(FA-AF) = dFA+FdA-dAF+AdF

- (FA-ABA+ F(F-#*)-(F- A*)F+A(FA-AF)

(5.)
=0

Now apply d on (A.5). After a little algebra we find, using (A.1) and

(A.5),

dTA+dr =—-TdA . @.12)

This shows that d2 = 0 on § as well, proﬁided d and :7 anticommute.

by

Let us also verify, in few cases, the important relation (A.9).

On A

L(dA)=L(F - A*) = tF=B (A.13)

and

A(LR)=0. | (A-14)

Comparing the sum of (A.13) and (A.14) with (A.4), we see that (A.9) is

valid on A. Let us check it on F:

£(dF) = ¢(FA-AF)=BA+AB (A.I5)
m

A(4F) = dB. A1)

Therefore

(€d+d2)F = dB+BA +AB =5F B.17)

using (A.6).
Because of the properties of derivatives and antiderivatives all
this extends immediately to polynomials in the variables A, F, V and

B.
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Appendix B. Solution of the Anomaly Equation

In this appendix we verify that there exists a local functional
whose Einstein variation gives the Einstein anomaly and whose Lorentz

variation giQes the Lorentz anomaly. The functional is given by (6.19)
I
S[E/F]:fdb{TmHQ[C} ) (B.1)
0 X

where we use matrix notation and denote by E the vielbeln matrix éﬁ,q,.

Then

£=c" | (8.2)

and

-tH - tH -tH tEH
l:—.:e re +e de |, (B.3)

An Einstein transformation is given by (5.9)

Ep = v T (8.4)

¥ A )

where 1
s

A= =2 (B.5)

and the effect of TA on T is given by (4.13)

Tr=dA+[r, ] . | (8.¢)
We see that (B.4) is valid also on E, if we take
TE =-AE (3.7)

and
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o[}‘E :f)D)E J (B.f)
which agrees with (4.14)
oLy = ipd +ddiy (8.9)

if we treat E as a zero-form.
Now, since S is the integral of a form of maximum degree,,(;
applied to S gives zero. Therefore, we need only evaluate the effect

of TA . It is easy to verify that

'GC=°‘/‘e+[’:)/\J ) <B'/o)

where

tH tH -tH tH
N=e Ae +e T e (B.11)

A »

Observe that, from (B.2) and (B.7),

H H
oo ne” (3.2)

Therefore
N=A , A =0 (B.13)

and

%?ﬁ __H e—l’HA el:H 4 Z—L-HA etl-/ Y
-He—tH'ﬂ\ee” +€‘bHT,'\(ebHH)



-t tH  -tH __ tH
[e, “/\e +e Te /H}+72H

Z[A, HT+TH (3-1)

tH

It is not necessary to know explicitly TAH and TAe . LeF us
compute
| .
- fa [m(mucla]eHRELR). (30
)]

X

Now, according to (B.10),
TCR1= T, G[r] (8.1)

if we define

T L= dnce[7, A (B.17)

(K T.a0]= [RA RCIRT+[R( [/‘t“]cf'"])
X x X (3 I£)

where we have defined

T =+ [ H] =2 (B.19

So, (B.15) gi&es

2t
=fo&tS’Tmi%{2ﬁC[Q]+/\ﬁC[t]} ‘
.-.I:u?;(vr G[r] =- f'ﬂ‘/\CU‘J (8.20)
Q

In conclusion

T H (3.21)
E§S:c(.;5+‘T,l\_S-AS“ P

The effect of local rotations can be evaluated in an analogous
manner, using the expression (6.25) in terms of E and o . Here
there is not even the Lie derivative term, since local rotations are
exactly like ordinary gauge transformations. The result is equation

(6.27).
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Footnote

Fl

F2

Actually, in two-dimensional Minkowski space-time, the anomaly

can be written in one of the forms
A A
CDI‘AAC‘C"'“f”ZP)

which differ respectively from (1.1) by the gauge variation of the

local functionals

| pA ¥
:_;JA,,AAQ :t.;_fArA .\.

Roman Jackiw has emphasized that these forms are more natural than
(1.1) since for chiral (antichiral) spinors in two dimensions the
the Dirac Lagrangian depends only on Ao + Al’ (Ao—Al) and
therefore the anomaly should also depend only on those.combinations.
We prefer to ignore this peculiarity of the two-dimensional
Minkowski case and illustrate our point using the form (1.1) which
is perfectly analogous to the abnormal parity expressions valid in

four and higher dimensions.

Tom Banks has observed that it is possible (for instance in
six space-time dimensions) to regularize the Lagrangian for chiral
spinors with a mass term which is Einstein cova;iant. Such a
regularization, however, cannot be Lorentz covariant. Evaluated in

this way the anomaly would naturally appear as a pure Lorentz

anomaly.

F3

F4
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In the case of an internal gauge symmetry based on the compact
Lie group ; » one knows [12] that the existence of anomalies
requires that the homotopy group Hv+1[ €; ] contain the group 2

of the integers (here v 'is the dimensions of space-time). For

the orthogonal group of local rotations 0(v) , one is then led to
consider Hv+1[0(v)] Now, it is known that this homotopy group

contains Z only for v = 4m - 2 (m an integer >1) and otherwise

is finite (see e.g. Ref. [23]). So, one expects that only for
these space-~time dimensions there can be a topolégical Lorentz
anomaly. This condition is the same as given in (6.13). For

v = 2 there is no topological anomaly, but there still is a Lorehtz
anomaly, in the local sense discussed in this paper. The

connection between the local and the topological meaning of "the

anomalies will be discussed in Ref. [17].

In this paper we have not considered the normalization of

the anomalies, however it is easily specified [12]. If the

polynomial P in (3.8) is normalized as. in the index formula, so

that P(Fn) integrates to an integer, the correctly normalized

anomaly is the integral of 27i w (in Euclidean space-time)

2n-2

or 21 w 21 (in Minkowski space-time).

2n-
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