
LBL-17689 
Preprint c~ 

Lawrence Berkeley Laboratory 
UNIVERSITY OF CALIFORNIA 

Physics Division 

Mathematics Department 

To be submitted for publication 

MtiY J u 1984 

LIBRARY AND 
DOCUMENTS SECTION 

GAMETE MOTION, SEARCH, AND THE EVOLUTION OF 
ANISOGAMY, OOGAMY, AND CHEMOTAXIS 

P.A. Cox and J.A. Sethian 

March 1984 TWO-WEEK LOAN COPY 

This is a Library Circulating Copy 

which may be borrowed for two weeks. 

For a personal retention copy, call 

Tech. Info. Division} Ext. 6782. 

Prepared for the U.S. Department of Energy under Contract DE-AC03-76SF00098 



DISCLAIMER 

This document was prepared as an account of work sponsored by the United States 
Government. While this document is believed to contain conect information, neither the 
United States Government nor any agency thereof, nor the Regents of the University of 
California, nor any of their employees, makes any wananty, express or implied, or 
assumes any legal responsibility for the accuracy, completeness, or usefulness of any 
information, apparatus, product, or process disclosed, or represents that its use would not 
infringe privately owned rights. Reference herein to any specific commercial product, 
process, or service by its trade name, trademark, manufacturer, or otherwise, does not 
necessarily constitute or imply its endorsement, recommendation, or favoring by the 
United States Government or any agency thereof, or the Regents of the University of 
California. The views and opinions of authors expressed herein do not necessarily state or 
reflect those of the United States Government or any agency thereof or the Regents of the 
University of California. 



• 

LBI.r17689 

GAMETE :U:O'I10N, SEARCH, AND THE EVOLUTION OF ANISOGAMY, OOGAIIY~ 
AND CHEMOTAXIS 

Paul Alan Cox* 

J .A. Sethian** 

*Department of Botany 
University of California 

Berkeley, California 94 720 
and 

Department of Botany and Range Science 
Brigham Young University 

Provo, Utah 84602 
(present address) 

**Department of Mathematics 
and 

Lawrence Berkeley Laboratory 
University of California 

Berkeley, California 94 720 

March 1984 



' 

1 

Abstract 

We describe mathematical and numerical models to study gamete encounters 

in two and three dimensions between two different types of gametes. Our 

results indicate that anisogamy is evolutionarily favored, except for small 

regions of local stability for isogamy for gametes of small size. The existence 

of a low adaptive peak for isogamy and a much higher adaptive peak for aniso

gamy suggests that stochastic forces may be initially important in driving iso

gamy through the fitness saddle to anisogamy. In addition, we study the 

related issues of oogamy and chemotaxis and compare computer simulated 

gamete search patterns to empirical studies of actual chemotactic behaviors. 
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Numerous ideas have been proposed concerning the potential benefits of 

sexuality and possible forces fav:oring the development of separate sexes in 

higher animals and some plants. However, the evolution of separate male and 

female gametes that of necessity must have preceeded the evolution of higher 

forms of sexuality has traditionally received somewhat less attention. Particu

larly mysterious has been the evolution of separate large female and small 

male gametes. Within the last decade significant advances have been made in 

understanding the evolution of anisogamy. Much of this progress springs from 

the work of Parker, Baker, and Smith (1972) who suggested that the driving 

force behind the evolution of anisogamy from isogamy is a combination of two 

factors: many more microgametes than megagametes can be produced from 

the same mass of gametic material while more fit zygotes will result from the 

fusion of micro- with megagametes than the fusion of microgametes with 

microgametes. Bell {1978) extended the results of Parker, Baker, and Smith in 

analytical form; their results were also expressed in geometric form by May

nard Smith {1978) who used game theory to examine conditions of evolution

ary stability for anisogamy. The population genetics of such a mechanism has 

been explored by Charlseworth {1978), Parker {1978), and Hoekstra {1980). 

Hoekstra (1982) has also recently analyzed population genetic models for the 

evolution of mating types in isogamous populations. In a similar vein, Wiese 

{1982) has suggested that anisogamy could evolve in a monoecious, isogamous 

taxon if the developmental mechanism that determines the gamete's sex can 

be genetically dominated by factors determining its size. Paralleling this quan

titative approach has been a qualitative exploration of possible energetic 

advantages of anisogamy. Thus, Ghiselin (1974) has suggested that female 

gametes specialize in providing zygotes with resources, while male gametes 

are specialized in searching for female ones. Ghiselin notes that this concept 
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can be traced to Hertwig {1909) and possibly earlier. In a similar discussion, 

Williams {1975) suggested that "a primeval contlict between. the sexes" 

resulted from the intense selection for small gametes to overcome the 

discriminatory mechanisms of the large ones. Parker {1982) has similarly 

suggested that in externally fertilized species, competition between sperm will 

maintain anisogamy. 

The robustness of the results of Parker, Baker, ~d Smith {1972) depend, 

however, on the assumption that the fitness of zygotes increases exponentially 

with their size -- a assumption that many biologists would find contraintuitive. 

Thus a mere linear increase in zygote fitness with increasing zygote size will 

not produce stable anisogamy under the Parker, Baker, and Smith model, as 

was pointed out by Bell {1978) and the original authors. Although many of the 

advances in elucidating the evolution of anisogamy spring from the Parker, 

Baker, and Smith model, several important considerations were ignored in its 

construction. Of particular importance is the explicit exclusion of the effects 

of gamete size on rates of encounter: in the Parker, Baker and Smith model, 

encounter is assumed to be strictly random and not related to size {Parker et 

al 1971, Parker 1982). At low Reynolds numbers however, from hydrodynamic 

considerations, it is likely that potential gamete velocity is correlated with 

gamete size. The effects of differential gamete velocities on encounter rates 

have not been previously studied, although .a comment about encounter rates 

due to a locomotion based purely on molecular bombardment has recently 

been made {Schuster and Sigmund 1981). It appears, however, that molecular 

diffusion as a form of locomotion cannot account for significant probabilities 

of encounter of gametes of biologically significant sizes, lifespans, and densi

ties. 
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In the first part of our paper, we describe our investigations into the evo-

lution of anisogamy and oogamy. We derive an analytic expression measuring 

the number of encounters between gametes as a function of size, given an 

inverse relationship between gamete size and velocity within a population of a 

single species, and use. this result together with considerations of zygote 

fitness to explain a mechanism for the evolution of anisogamy and oogamy. To 

substantiate our conclusions, we then develop a numerical algorithm to simu

late gamete-gamete encounters~ Using available empirically measured gamete 
' . 

sizes and velocities as input into our.algorithm, we perform numerical experi

ments to analyze encounter rates and invasion fitness. The results of the 

theoretical and numerical investigations agree well on the mechanism for the 

stability and instability of isogamy under evolution 

In the second part of our paper, we discuss the role of chemotaxis in the 

development of optimal searching and encounter strategies between male and 

female gametes. Chemotaxis increases the probability of an encounter 

between two gametes by incr:easing the effective target size and the informa

tion available for the search. Thus, rather than relying simply on random 

motion to produce an encounter between a male and female gamete, the male 

gamete in some way senses the presence of a released chemotactic substance 

as an indication of the location of the female. Depending on the sensing and 

locomotive abilities of the male gamete, a variety of search strategies are pos

sible. We discuss the differences in effectiveness resulting from a few of these 

potential search patterns and develop a numerical simulation of a particular 

search str-ategy in order to examine its effectiveness. 
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PART ONE: THE EVOWTION OF ANISOGAilY AND OOGA1IY 

A Statement of the Problem 

Consider e. population of gametes of constant and equal volumes invaded 

by gametangia capable of producing a variable number of gametes, where the 

number of gametes produce·d depends on an equal division of the available 

gametic mass. The production of gametes through such a division of fixed 

gametic mass is known to occur in many of the green algae; for example, in 

the Caulerpales, the genus Uc:I.Dtea does not produce differentiated gametan

gia, the gametes being formed through nuclear division and cytoplasmic 

cleavage of the protoplasm {Tanner 1981). In the Chlamydomonadinae, division 

of the vegetative parts through fission into 16, 32, or 64 parts is not uncom

mon (Fristch 1956). Thus in Ollam.yd.omonas cocciJera , macrogametes are 

formed from the ordinary vegetative individual without division while the male 

gametes are formed by the division of their parent cell into 16 parts and are 

nearly spherical in shape (Fritsch 1956). We thus imagine a collection of 

gametes of type A with constant and equal volume ¥.4 invaded by a B gametan

gium with available reproductive mass VMAX that is divided up into N gametes 

of type B, each with volume Va such that N Va = VNAX· 

We wish to measure the effectiveness of this invasion. Let WAB stand for 

the fitness of a zygote formed by the fusion between a type A gamete and a 

type B gamete. Let EAB be the effectiveness of the invasion, defined as 

(1) 

where ZAB is the number of zygotes formed during the invasion. That is, the 

success of the invasion is determined by the number of zygotes formed times 
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the fitness factor assigned to each individual zygote. We may envision the 

fitness factor W m as depending in some way on the sizes of the two contribut

ing gametes, that is, Wm = Wm(J'A, Va). The number of zygotes formed may 

be written as 

(2) 

where Rm is the number of encounters between type A and B gametes, and 

KAB is the fraction of encounters that result in fusion. As distinct from previ

ous workers, we suggest that Rm may depend on such factors as the sizes of 

the two contributing gametes, the model for motion, the initial distribution of 

gametes and the time allowed. This difiers, for example, from the model pro

posed by Parker et al (1971) and summarized in Parker {1982) in which the 

encounter rate between the two sets of gametes is constant regardless of their 

size. As pointed out by the authors themselves, this ignores, among other 

things, the fact that bigger gametes are easier to hit. The fusion fraction upon 

contact, Km, may also be afiected by these variables, although species

specific features of reproductive physiology are probably more important. Our 

invasion effectiveness value EAB may be written as 

(3) 

Throughout this paper, we shall assume KAB to be independent of ¥.. and Va 

and therefore without loss of generality assume KAB to be unity; a large and 

small gamete must fuse if they meet as also must two gametes of equal size. 

Our investigations in Part One are based on an examination of Equation 

{3). Given a collection of type A gametes, volume ¥.., what size type B gametes 

should the invading gametangia produce to maximize the effectiveness of the 

invasion? 
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B. Mathematical Investigation 

The Model 

We consider external fertilization and assume that each gamete has a 

flagellum capable of producing a constant, given thrust which is the same 

regardless of the size of the gamete. We idealize i:>oth the type A and B 

gametes as spheres with radii r..4 and rs respectively. At low Reynolds numbers 

we can use Stokes formula for drag Dr on a sphere moving in a tluid {Landau 

and Lifshitz 1959) to obtain an inverse relationship between velocity and size, 

namely that 

Dr = [61rv] ru {4) 

where r is the radius of the sphere, u is the velocity, and v is the tluid viscos

ity. Thus, in a fixed interval of time under a given thrust T, smaller gametes 

travel further than larger ones. 

There is justification for this model of gamete motion. The Reynolds 

number is low in such situations {Vogel 1981), and Moestrup {1975) considers 

spheres to be the "primitive" spermatozoa shape. For the gametes of Alla

myces, Stokes law can be verified from published data {Pommerville 1978): 

The small male gametes { radius 5J.L) have straight line swimming speed of 

100J.L/ sec, with observed standard deviation of 38J.L/ sec, while the larger 

female gametes ( radius 10J.L) have a swimming speed of 60J.L/ sec, with 

observed standard deviation of 8J.L/ sec. This indicates an inverse relationship 

between size and velocity { 100x5 ~=::~ 60x 10 ) consistent with the Stokes for

mula as cited above. 

Although there are very few quantitative analyses of gamete paths in 

internally fertilized species, and fewer still for externally fertilized species, 



B 

some experimental data is available. For example the motion of unitlagellated 

male gametes from the aquatic fungus Allomyces has been photographed and 

described {Pommerville 1978) as "short, smooth swimming paths or runs, 

interrupted by brief periods { a fraction of a second ) when the male gametes 

undergo a spasmodic behavior involving a jerking of the cell body ... followed 

by a resumption of a smooth swimming pattern, but in a new direction". Simi

lar gamete motility patterns have been observed in internally fertilized mam

malian systems. David et al (1981) have found two principal types of trajectory 

in human spermatozoa; the less frequent type two trajectory is "very irregular 

due to frequent changes in direction". In cinematic studies of bull spermato

zoa. Katz et al (1981) found that " as time progressed, sperm trajectories ... 

began to become more random in orientation". Katz and Yanagimachi (1980) 

found observed swimming trajectories to be " convoluted and erratic" in ham

ster spermatozoa. 

In keeping with the above observations, in our model we shall assume that 

gamete motion consists of smooth, short swimming paths, followed by a sud

den reorientation or "jerk" in a new, random direction, after which the swim

ming motion is resumed. To simplify, we assume that all of the gametes jerk in 

unison, that is, when one of them jerks, all the rest do also. If one wishes to 

consider motion in which a moving gamete cannot change directions, this 

corresponds to assuming that the time between jerks is infinite. 

Derivation of Expressions for Encounter Rates and Invasion EtJectivness 

We assume that the total amount of reproductive mass Ymax is constant in 

all gametangia, as in OJlam.yd.omona.s coccijera {Fritsch 1956), thus we 
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assume that the mass available to be broken up into type A gametes is the 

same as that available for type B gametes. Let nA (na) be the number of type 

A ( type B ) gametes per unit area, thus, if we assume a mass V.11AX of repro

ductive material per unit area of each type, then 

(5) 

Let T be the thrust provided by the flagellum, and uA(us) be the correspond

ing velocity of the type A (B) gamete. From Stokes Law we then have 

(6) 

where we have dropped the factor 6nv. 

We shall derive an expression for the number of encounters between type 

A and type B gametes. A collision will occur when the distance between the 

center of the A gamete and the center of the B gamete is less than rA +ra. To 

make our problem easier, we shall ignore the fact that once a fusion occurs, 

the pair is no longer available for fertilization and instead concern ourselves in 

this part with calculating the total number of encounters. 

We begin by considering motion in a plane. (Mter discussing isogamy and 

anisogamy in two dimensions, we shall consider three dimensional motion). In 

this section, we shall consider a simpler problem than the one posed by our 

model of gamete motion, namely that we will evaluate the number of collisions 

during a time t where t is taken less than the time between jerks, hence dur-

ing this time each gamete will move in a straight line. The validity of our 

theoretical results subject to this simplification and the fact that we have 

neglected removal upon fertilization will have to come from numerical experi-

ments on the original problem. We assume that both A and B gametes are 
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uniformly distributed, and that the direction each gamete moves is chosen at 

random. The problem of determining the number of encounters in the above 

situation is similar to those occurring in the kinetic theory of gases {Smolu

chowski 1918, Olander 1929) and search theory {Koopman 1956). Following 

those investigations, we now calculate the collision rate during a time t. 

Given a type B gamete moving with vector velocity 'ilB and a type A 

gamete moving with vector velocity 'il.t. we define the "track angle" rp (see 

Koopman 1956) between the two as the angle from aB to aA measured in a 

counterclockwise direction. The vector velocity w {See Figure 1a) corresponds 

to the motion of the A gamete relative to the B gamete. Given speeds uA and 

uB and the track angle rp, we can determine the speed w from the law of 

cosines, namely 

.L 
w = (uJ+uj-2uAuB cosrp) 2 (7) 

We first calculate collisions with reference to a single B gamete, moving 

with vector velocity 11.B. As stated earlier, we assume a uniform distribution of 

nA type A gametes per unit area and that the track angle rp of each A gamete 

is chosen from a uniform distribution on [0,2rr]; thus the probability that 

'P1<rp<rp2 is (rp2-rpt)/2rr. Our technique will be to calculate the number of colli-

sions for a particular track angle rp and then integrate over all possible track 

angles. 

The number of type A gametes per unit area with a particular track angle 

rp between rp and rp+drp is nA ~;'. The speed w of each of these relative to the 

moving B gamete is given by Equation {7). Since they are moving with vector 

velocity 'itJ, the only ones that can collide with the B gamete in time t are 

those located in the striped region in Figure 1 b, which corresponds to the cir-

... 
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cle of radius r A +r9 translated in the direction -1tJ a distance wt. The area of 

this region is 2{rA +ra )wt, thus the total number of A gametes of track angle rp 

that hit the B gamete durin g time t is 

(B) 

Integrating over all possible track angles: we -find that the total numb-er of col-

lisions R,u between A gametes and the single B gamete is 

(9) 

Here, we have made the substitution -6={rr-rp )/2. The integral in Equation (9), 

which we write as I(uA,ua). is a complete elliptic integral of the second kind. 

Since there are na type B gametes per unit area, using Equation {5) and 

Equation {6) and collecting all the constants (including time) into a single con-

stant C we have for the total number of collisions RAB of type A gametes with 

B gametes per unit area 

(10) 

The Evolution from Isogamy to Anisogamy 

We are now in a position to evaluate a variety of fitness functions and 

their influence on resulting invasion effectiveness. We can discover some 

highly suggestive results with the simple assumption that the fitness of the 



12 

zygote is the sum of the two contributing volumes, that is, 

This is equivalent to assuming that the fitness of the zygote increases linearly 

with its size. The invasion effectiveness E thus becomes 

(11) 

In order to illustrate di.t!erent aspects of the function EAB given in Equa

tion 11. in Figure 2 we show a two-dimensional surface plot of EAB with the con

stant C taken as unity. The unit length scale is the radius of the smallest pos-

sible gamete; thus rA=2 denotes a gamete with radius twice that of the 

minimum sized gamete. In Figure 2a, we let rA and rs each range from 1 to 3 

and hence consider invasion ranging from small/small (rA=rB=1) to 

small/large (rA=1,rs=3) to large/large (rA=rs=3). The two axes on the base 

of the plot, corresponding to rA and rg, are increasing in the direction out of 

the page. The invasion effectiveness EAB is normalized so that the maximum 

value is one. 

We may interpret these results as follows. In Figure 2a. a local maximum 

in EAB occurs for rA =rs= 1; therefore the invasion is more effective for small, 

same-sized gametes than it is for small gametes interacting with slightly 

larger gametes. Note, of course, that the plot is symmetric, since there is no 

difference accorded to which gamete is called type A and which type B. Thus, 

we conclude that in this range isogamy is locally stable for small-sized 

gametes. By this we mean that given a population of type A gametes of unit 

size, interaction with a smaller number of slightly larger type B gametes will 

be less profitable than interaction with an equal number of unit sized B 

gametes. Any perturbation away from isogamy in this regime would lead to a 
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decrease in overall fitness. 

In Figures 2b and 2c, we see that isogamy is in fact not the most effective 

strategy when we consider wider variations in the sizes between the two types 

of gametes. In these situations, while the local maximum at (rA=1,rB=1) 

{small/small) persists, EAB increases dramatically along the two sides, 

corresponding to interaction between big and small gametes. Thus, anisogamy 

is indicated over these larger ranges. Given a collection of small gametes, it is 

increasingly more profitable for them to interact with bigg.er and bigger 

gametes. Calculation of the minimum of EAB shows that the turnaround point 

between the tendency towards isogamy and the tendency towards anisogamy 

occurs for one type of gamete 1. 75 times the size of the other. Hence, type B 

gametes smaller than 1. 75 times the radius of type A gametes will not be 

favored, and the initial isogamy will be maintained. Conversely, type B 

gametes larger than this critical size will be favored, establishing anisogamy. 

Note further that if we confine ourselves to only isogamous situations (rA =rB ). 

EAB is increasing in the direction pointing towards the point (1,1}, indicating 

that, given equal sized A and B gametes, smaller sizes will always be favored. 

Our qualitative conclusions remain the _same if one considers instead a 

fitness function centered around some optimal zygote size. If we let 'Vapt be the 

optimum size of the zygote, and assume a fitness function corresponding to a 

bivariate normal distribution with mean at Vopt and variance a2, then the inva-

sion effectiveness becomes 

(12) 

The value one chooses for the fitness variance a2 greatly influences the char

acter of EAB. For example, a very small value of a2 would produce a fitness 
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function that is essentially zero everywhere except for those zygote sizes very 

near 'Vopt (however, a small local maximum for small isogamous matings will 

still be present). Conversely, a large value of rr would produce a fitness func

tion close to unity, regardless of gamete size, and thus E would depend solely 

on the encounter function RAB. In Figure 3a, we plot EAB as given in Equation 

(12) for radii ranging from 1 to 20 units. We assume an optimum zygote size 

corresponding to a radius of (2) 11S·10; that is, Yopt = ~((2) 119·10)9; and a vari

ance rr=375. Obviously, one possible choice would be r..4=10,rB=10; one can 

see however that this is not optimal. Instead, the optimal situation is interac

tion between gametes of radii approximately 12 and others with radii near 1. 

As before, anisogamy is indicated everywhere except for a small local adaptive 

peak of isogamy in the region of small/small encounters. In Figure 3b, we plot 

EAB for radii ranging from 1 to 5 units, with optimum zygote size correspond

ing to radius of (2) 119·3; variance rr= 12.5. Once again, anisogamy is indicated, 

with isogamy occupying a local maximum. Here, the transitions e.re smoother 

owing to the larger variance { when compared to the range of sizes allowed). 

It is now natural to ask, what is the general form of a fitness function for 

which anisogamy will be favored except for ·a local maximum for isogamy at 

small dimensions? We begin by noting that as long as the fitness function W AB 

depends only on the total zygote volume V formed by fusion between the two 

gametes, then, for any fixed zygote size, anisogamy produces a larger invasion 

effectiveness than isogamy. To see that this is so, given zygote size V, we con

sider all combinations r..4, rB such that (r..4 9+rB9) = V, where we have ignored 

the factor : 11'. We solve for r..4 and use Equation (10) to get 

•• 
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(13) 

where now, WAB is the same for all pairs r..4, rs and hence can be ignored. One 

can check that, for ftxed V. the minimum of EAB occurs when r9 = ( V 1 2)1/S in 

which case rs = r..4. 

We now examine the effect on EAB of increasing rs with r..4 held fixed at 1. 

We have 

Zygote fitness is crucial in the evaluation of the split between isogamy and 

anisogamy. Consi~er a fitness function of the form rJ?. Then 

[ 
1 2 ~ T EAB(1,r9 ) = 4 _, + 3_, + 2-p I(T. ~ 

r9 r9 r9 rs 

For p <2, this is a decreasing function and thus isogamy is always indicated 

and interaction between small type A and small type B gametes produces the 

largest value of E. Conversely, for p>2, anisogamy is indicated, since then, for 

large values of r 9 , EAB is an increasing function In particular, a linear func-

tion of volume will favor anisogamy in all but the smallest ranges. This result 

is in contrast to the Parker, Baker and Smith (1971) model that suggests 

anisogamy to be stable if and only if zygote fitness increases exponentially 

with zygote size. The presence of local isogamy for small dimensions is due to 

the fact that the encounter rate drops very rapidly as rs increases. Unless the 

fitness function can overcome this at small values of r 9 , a local isogamy max-

imum will be indicated. 
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Higher Dimensions/ Alternative Models 

Suppose we now consider motion in three dimensions. Given a single type 

B gamete moving with vector velocity 1lB, we again assume a uniform distribu-

tion of n..4 type A gametes, where now n..4 is the number per unit volume. We 

assume that each A gamete has an equal chance of going in any direction. The 

track angle rp is not uniformly distributed on [0,11'] (See Figure lc); the p:r:-oba-

bility of a track angle rp between rp 1 and rp2 is the area of the strip between rp 1 

and rp2 on a sphere of radius R, divided by the total surface area of that 

'e 
sphere. The area of the strip is J 21r(Rsinrp)Rdrp and the total surface area of 

f'I 

the sphere is 411' R2, hence the probability of a track angle between rp and 

rp+d.rp is %-smrp drp. The speed w of each A gamete is once again given by Equa

tion (7} and only those in the sphere of radius (r..4+rB) translated up in the 

direction --4; a distance wt can hitthe B gamete. Integrating over all possi

ble track angles, we find that the total number of collisions R..4 1 between A 

gametes arid the single B gamete is 

(14) 

Collecting all the constants (including time} into a single constant C and using 

Equations (5) and (6), we have for the total number of collisions RAB of type A 

gametes with B gametes per unit volume 

(15) 
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Using the collision factor RAB for encounters in three dimensions given by 

Equation {15), we analyzed invasion effectiveness for various fitness functions 

as was done in the two dimensional case. Our qualitative results remain 

unchanged; anisogamy is favored except for a small fitness peak of locally 

stable isogamy for small-sized gametes. One must be careful comparing the 

collision rate in two dimensions {Equation {10)) with the rate in three dimen

sions {Equation {15)), since in the former we speak of unit area whereas in the 

latter of unit volume. We can make the following comparison. Suppose we have 

a single type B gamete and a given number of type A gametes. If we put the B 

gamete at the center of a square of side length l and uniformly distribute the 

A gametes over that square, more of them will hit the B gamete than if we dis

tribute the same number of A gametes uniformly over a cube of side length l 

centered around the B gamete. 

As mentioned earlier, our mathematical analysis is for a simpler problem 

than our original model of gamete motion, namely that we have assumed that 

each gamete moves in a straight line for a time t. As an alternative, at the 

other extreme we can assume that each gamete changes direction infinitely 

often. This view of gamete motion is similar to Brownian motion {Einstein 

1926), in which particles suspended in a fluid move in an irregular manner due 

to bombardment by molecular motion. Although the locomotion of each 

gamete is due to a flagellum providing a thrust, rather than momentum 

imparted by colliding molecules, Stokes law for the drag on a sphere can be 

applied in both cases and we still have an inverse relation between speed and 

radius. Imagine a collection of n.4{na) type A (B) particles of radius r.4 (r8 } 

per unit volume, all undergoing Brownian motion. One can compute the 

number of collisions per unit time by direct calculation {Smoluchoswki 1918, 

Olander 1929} or by making use of the fact that the random motion of a large 
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particle due to molecular bombardment can be regarded as a diffusion, in 

which the concentration of the substance being diffused is represented by the 

probability of finding the particle in any particular place (Einstein 1926, Lan

dau 1959, Moelwyn-Hughes 1961). In three dimensions, the collision rate RAB is 

of the form 

(16) 

The constant C depends, in the Brownian motion case, on the Holtzman con-

slant, the temperature and the viscosity. In our interpretation, C would be 

proportional to the strength of the thrust provided by the tlagellum; the 

bigger the thrust, the higher the encounter rate. Using the collision factor in 

Equation {16) and our expressions for n..4 and na. we analyzed invasion 

effectiveness for various fitness functions. Once again, our qualitative results 

remain unchanged; anisogamy is favored except for a small fitness peak of 

locally stable isogamy for small-sized gametes. Even if one ignores locomotion 

by a flagellum and simply considers gamete motion due to Brownian motion, 

the inverse relation between speed and size produces the same situation of 

favored anisogamy vs. local isogamy at small ranges {a comment about 

encounter rates in the case of gamete motion due solely to molecular born-

bardments was made in Shuster and Sigmund 1981). 

Another point to be mentioned in the context of this discussion is dimen-

sion. As stated earlier, for our first model the collision rate in two dimensions 

is higher than in three dimensions; for the diffusion path model, it is not 

difficult to show that random walks in a plane are recurrent, while in three 

dimensions they are not [ see Sethian 1976; Cox 1983]. By this, we mean that 

. two particles undergoing random walks in two dimensions become arbitrarily 

close with probability one; however, this does not hold in three dimensions. 

.. 
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The above can be seen as an explanation why some gametes move to the sur

face before executing their search: their encounter probabilities are 

increased (Cox 1983). For example, in the acroporiid and some faviid coral 

species, gametes are extruded as bouyant egg-sperm bundles that rise to the 

surface and then break apart (Harrison et al 1984). A botanical example of 

such surface-seeking behavior can be seen in the gametes of sea-lettuce Ulva. 

la.ctuca.. The gametophyte is heterothallic and during reproduction the vegeta

tive cells give rise to isogamous gametes along the thallus margins. This divi

sion occurs at night with gametes being shed early in the morning (Carter 

1926). In total darkness Ulva. gametes swim random paths, · but when 

illum~nated with a blue-violet light, they swim rapidly towards the source at 

speeds up to 300 J.Lm per second, or over 2000 times their body length per 

minute {Haxo and Clendenning 1953). It is of interest that the spectra of light 

necessary to trigger positive phototaxis is different from that necessary for 

their photosynthesis {Haxo and Clendenning, 1953); this difference possibly 

allows them to orient themselves and swim to the surface even from deep 

water. After the gametes fuse, there is a reversal of the light response, with 

the resultant zygotes becoming negatively phototactic. This likely aids the 

zygote in finding and attaching to the substrate. Eyespots and other phototac

tic systems appear to be widespread in some green algae taxa, being an 

important step in their early evolution (Melkonian 1982), Such phototactic 

devices may help in this manner to increase mating efficiencies as well as 

serving to maintain the position of the organisms in photosynthetically advan

tageous areas. Eyespots are generally lacking, however, in gametes of the 

more advanced green algae (Moestrup 1975) but are very frequent in the 

brown algae. In some brown algae, however, phototaxis is not always positive. 

Thus the anisogarnetes of the brown alga Cblpom.enia. (Scytosiphonaceae) are 



20 

negatively phototactic. In this taxon, however, fertilization still takes place in 

two dimensions rather than three, since it occurs at the substrate surface, 

with male gametes swarming around the female gametes after settling (Clay

ton 1979). 

The Evolution from Anisogamy to Oogamy 

Given the tendency towards anisogamy, we now briefly discuss the 

development of oogamy, which appears to be an advanced condition in algae 

{Moestrup 1975). From Stokes law, the larger the gamete, the slower the velo

city and the shorter the ·resultant distance it travels in a unit time for equal 

thrust. Consequently, for large gametes, the flagellum has little effect, and 

motion is lilnited. As a result, the invasion effectiveness between small and 

large gametes does not change significantly if we remove the flagellum from 

the larger gametes. Thus the flagellum may prove to be very ineffective in pro

pelling a macrogamete and is unlikely to be maintained through evolution. 

Not only does the presence of a flagellum serve little in increasing search 

efficiencies for a very large gamete, it may also be counterproductive from 

the point of view of the evolution of chemotaxis. Given that an female releases 

chemotactic substances as information about its location for neighboring male 

gametes, it is obviously ill-advised for the female to move during or after doing 

so. We therefore suggest that selection for oogamy in an anisogamous taxon 

will be accelerated once the macrogamete exceeds a certain size range and 

chemotaxis is evolved. We shall return to these issues in the section on numer

ical simulation and in Part Two where we discuss chemotactic search stra

tegies. 

.. 
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C. Numerical Modelling of Invasion mectiveness 

In this section, we describe a series of numerical experiments designed to 

test the validity of our theoretical results. We begin with a description of our 

algorithm for gamete motion and fertilization. Due to limited computer 

resources, we confine ourselves to the algorithm applied to two dimensional 

motion; the gametes, however, will be represented as spheres. 

At each time t=nf:.t, n=0,1,2,3 ... , f:.t= time step, we let nA(t) be the 

· number of type A gametes, where the position of the iUt. one is given by 

(:mr.ya;.n). Similarly, let (xbr.ybr) be the position of the iUt.. (h;;i~nB(t) type B 

gamete at time nf:.t. 

Given an initial distribution of type A and B gametes { that is, the values 

(xa;.0,ya;.0),i=l,nA(O), (xbi0·yb;.0),i=l,nB(O)), we advance the position of both 

types of gametes by moving the gamete in a random direction with speed u 

drawn from a Gaussian distribution with mean inversely proportional to the 

radius and variance prescribed. That is, 

and 

where 9'A and fPB are angles chosen randomly from a uniform distribution on 

(0,2tr}, uA is drawn from a normal distribution with mean ClrA and appropri-

ate variance, and similarly uB is drawn from a random distribution with mean 

ClrB, where C is a constant. This is in keeping with our Stokes law 
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assumption for the drag on a sphere; the bigger particles move slower. 

In order to determine those pairs of type A and type B gametes that have 

fertilized, we must determine if they collide during the time step. This is done 

as follows. Assume that at the beginning of a time nM a particular type A 

gamete is at {zan ,yan) and a particular type B gamete is at {zb n ,yb n ). Let 

{zan+1,yan+l), {zbn+t,ybn+l) be their positions at time (n+1)6t. We express 

the distance between the two gametes as a function of time and compute the 

minimum distance during the time step. The distance squared d{a} can be 

written as 

d{a) = [[a(zan+l)+(1-a)(zan))- [a{zbn+1)+(1-a){zb"))j' 

+ ~(ya•+l)+( 1-a)(ya•)) - [a(yb ••')+( 1-a){yb • >))' 

where 0 ~ a ~ 1. Since this function is a quadratic in a, its minimum can easily 

be found analytically; if the minimum distance is less than r A +ra and occurs 

for a value of a between 0 and 1, then the two gametes have collided This is 

counted as a successful encounter {fusion) and the pair is removed from the 

calculation. 

In our first experiment, we studied the invasion of a large population of 

small gametes by gametes of varying sizes. To identify the components in this 

discussion. we refer to the small gametes as type A gametes, and the larger 

gametes as type B. As a basis for our simulation, we have used data derived in 

a series of elegant cinematographic experiments on human spermatozoa by 

Dresdner and Katz {1981) who measured a male gamete head radius of 

1.25J,Lm, and a swimming speed of 43J.Lm per second, at a concentration of 106 

gametes/mi. Such measurements apply to internal fertilization situations; we 

have felt free to employ them in our model, however we have assumed a 
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density of gametes per unit length an order of magnitude less than the above 

for our external fertilization model. Placing the type A gametes on a uniform 

square grid a unit distance apart, this corresponds to type A gamete radius of 

.0013 units; we allow each one to travel an average distance of .052 units per 

unit time step. 

Into this population at t=O, we inject in the center of the domain a type B 

gametangium, with reproductive mass M = ~ (.052)3
, capable of producing N 

type B gametes of equal volume Ys such that NYs = M. Thus, if N = 1, the 

gametangia forms a single type B gamete with radius 40 times larger than the 

incipient type A gametes, and for N>1, the radius of type B gametes is 

correspondingly smaller. Here, the speed of the type B gamete is inversely 

proportional to its radius, as explained earlier (the constant is determined 

from the type A gametes, namely C=(.0013)x(.052)). 

Whenever a type B gamete "collides" with a type A gamete, we regard this 

as a successful fusion and remove the type B gamete from the population. To 

cut down on computer time, a 10 by 10 grid (100) of type A gametes was used; 

upon fusion with a type B gamete, the A gamete is returned to its initial posi

tion and allowed to move about once again. This cuts down on the number of 

elements in the calculation without altering the general character of the solu

tion. 

In Table 1, we show the results of this calculation. Experiments were per

formed using N type B gametes, with N ranging from 1 to 1000 (Column 1), 

corresponding to B gametes with radius 40 to 4 times as large as the A 

gamete radius. In Column 2, the radii of the type A and B gametes are given. 

In each experiment, the calculation was stopped after the gametes had taken 

1BOO random steps; this "lifespan" or window of fertilization competency was 



chosen so that over 5% of type B gametes had been fertilized in the final 

{N=1000) experiment. For each value of N, 500 ditl'erent trials were per

formed; the mean number of collisions is given in Column 3. In Column 4, the 

invasion effectiveness is given, calculated by computing the zygote fitness 

(here, taken as the volume of the total fused zygote formed) times the mean 

number of collisions. In those trials where all the type B gametes were fertil

ized before the lifespan ended, the calculation was stopped and the next trial 

begun. 

As can be seen from the table, our numerical simulation agrees well with 

the theoretical model. As the radius of the type B gametes increases, 

although N decreases, the invasion effectiveness increases, showing the ten

dency towards anisogamy as predicted. On the other hand, we note that when 

the radius of the type B gametes becomes very small, the effectiveness 

increases as size decreases indicating local isogamy, as also predicted. Exten

sive calculations showed that the minimum effectiveness occurred for N 

around 4 75. This corresponded to a type B gamete size of radius about 5 

times bigger than the type A gamete; this is in good agreement with our 

theoretically calculated estimate. {We stress that our theoretical model did 

not remove fused pairs from the calculation). 

In Table 2, we repeat the above experiment, assuming a shorter lifespan 

and stopped the calculation after half as many steps. Again, we see the 

increased effectiveness associated with encounter between small and large 

gametes; note that the values for E are much lower since there is less time 

allowed for collisions {we shall explain what we mean by this point below). A 

local effectiveness maximum for small dimensions is still present in the ranges 

considered, however the size of this peak is much smaller than that of the 

' 
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longer lifespan case. This indicates that although in small/small interactions 

there are a larger number of participants, the shortened lifespan and result

ing decrease in the number of collisions lowers the effectiveness in this 

regime. This indicates that if isogamy exists, it should be among not only small 

sized gametes, but ones that live a long time or have a very wide window of 

availability for fertilization, as contrasted to taxa whose gametes rapidly lose 

fertilization competency as they age {Pommerville 1982). 

In Tables 3 and 4 we reverse the previous two experiments, considering 

now a population of large gametes {r.4=.052) invaded by decreasing sized 

gametes. Once again, we see the advantages of anisogamy, in which the most 

effective strategy is encounters between small gametes and large ones. The 

presence of the large number of zero effectiveness levels for large sized type 

B gametes is due to the fact that if both of the types of gametes are large, 

they move very slowly and thus have a small chance of colliding during a short 

gametic lifespan. Thus, in the even shorter lifespan case, a large number of 

small gametes is required before any measurable interaction takes place. 

We turn next to the issue of oogamy. In Tables 5 and 6 {Lifespan 1800 and 

900, respectively), we let a population of small gametes interact with decreas

ing sized gametes in which the tlagellum are removed, hence these gametes 

slay fixed. For small values of N, that is, few and large gametes, the value of E 

is comparable with those in Tables 1 and 2 respectively, indicating that these 

gametes are large enough and few enough to be fertilized without the need for 

a lot of movement. However, for large numbers of N, {many type B gametes), 

there is no mechanism to carry the B gametes away from the injection site, 

hence during the allotted lifespan not enough type A gametes make it to the 

injection site. For these large values of N, E is very small; note that the local 
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pocket of isogamy is no longer present. In these regimes, the flagellum is of 

critical importance in carrying the B gametes away from the injection site. 

Finally, we consider the issue of lifespan. As mentioned earlier, the 

shorter the fertilization window (the time duririg which both A and B gametes 

are active), the more pronounced the benefits of anisogamy. Since each type 

B gamete requires its own A gamete for fusion, injection of the type B game

tangia at a point into a collection of small A gametes means that once neigh

boring A gametes have been fused, more time is required for new A gametes 

to come into the domain and fuse with the remaining B gametes. Hence, given 

a short fertilization window, one would want to use relatively few B gametes so 

that all of them could be fertilized by close neighboring A gametes. 

With this in mind, we may thus use our numerical model for gamete 

motion to provide a very rough estimate of the fertilization window for human 

sperm and egg, based on the experimentally measured data (Katz 1980) used 

in the previous calculations: sperm head radius rA of 1.25 J.Lm and a swimming 

speed of 43 J.Lm/sec. The radius of the human egg is about 2Q-30 p.m and thus 

the egg radius is about 20 times larger than the sperm radius. 

We now make the following assumption. Assume that the invasion 

effectiveness E associated with this measured ratio ( 20 to 1 ) of egg to sperm 

radius is optimal. By this, we mean that during a fertilization window time T, 

invasion by an even smaller number of larger type B gametes for the same 

time T provides little change in the invasion effectiveness E. We may thus cal

culate T by examining the invasion effectiveness as a function of lifetime for 

different values of N, the number of divisions of the type B gametangium. 

We numerically modelled the injection of flagellated type B gametes into 

a collection of flagellated type A gametes, where, as before, we assumed that 

• 
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the type B reproductive mass could be broken up into N equally sized B 

gametes. N=1 corresponded to a single type B gamete with radius 40 times 

larger than the A gamete radius; N=8 corresponded to eight B gametes each 

with radius 20 times larger than the A gametes, etc. Thus, N=8 yielded a type 

B gamete size comparable to that of the human egg. We calculated the inva

sion effectiveness E as a function of lifespan; by this we mean that at every 

time step we computed the total number of successful fusions times the 

fitness factor. For each value of N, 50 trials were conducted and the results 

were averaged. Each trial was stopped when all the type B gametes had been 

fertilize d. 

In the the above experiment, given N type B gametes, if one waits long 

enough, all of them will be eventually fertilized. Conversely, given a very short 

fertilization window, only for small values of N will all the B gametes be fertil

ized. In Figure 4, we plot the invasion effectiveness against the allowed interac

tion time for various values of N. Here, the invasion effectiveness E is normal

ized to be unity when all the type B gametes are fertilized, and the time axis 

is in units of 100 seconds. We performed the experiment for N=1, 8, 16, 32, 64, 

128, and 512. 

Under our assumption that the invasion effectiveness associated with 

N=8 {egg radius twenty times that of sperm) for the lifespan Tis optimal, we 

can use Figure 3 to obtain a rough estimate of the value of T. For small values 

of T, say around 4000 sees, the value of E for N= 1 is much higher (and in fact, 

is unity} than the value for N=8, indicating that, given a lifespan of length 40, 

invasion with N=1 is more profitable than with N=8, hence there is a drive 

towards fewer than 8 type B gametes. For large values of T, say around 15000 

sees, the value of E for both N=32 and for N=8 are unity, indicating that 
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there is no selective force to push from 32 divisions of the gametangium to 8 

divisions. Reversing the argument, since we know that the human egg radius is 

about 20 times larger than that of the male gamete, we can see from Figure 3 

that a fertilization window of T= 10000 sees or about three hours would roughly 

correspond to the situation in which fewer divisions are no more profitable, 

and more divisions are less effective. This figure is in the range of fertilization 

window estimates used in in. vitro fertilization studies·which show fertilization 

competency of human eggs to decay rapidly after 7- 12 hours (R Urie, per

sonal comm.). Of course, we must point out that we have ignored a multitude 

of factors in egg/sperm fertilization and have grossly oversimplified the situa

tion, however the results obtained are quite suggestive. 

PART TWO: THE EVOLUTION OF CHEMOTAXIS 

A 'lb.e Role of Chemotaxis 

In Part One we have discussed the evolution of anisogamy and oogamy 

from isogamy. Although anisogamy increases the net product of encounter 

rates and zygote fitness, the probability of successful fertilization of a female 

gamete could be increased even further if it had the ability to broadcast infor

mation concerning its location to nearby male gametes. By the same token, 

any male gamete that is able to successfully interpret this chemotactic signal 

and modify its search patterns accordingly will have a high probability of suc

cessfully fertilizing a female gamete. Thus the potential benefit of a chemo

tactic system is that the effective female target size is increased and the 

.. 
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search pattern of the male changed accordingly. 

While the concentration of chemotatic substances produced by the 

female is a continuous function of the distance from the point of release, it is 

likely that the male gamete senses mainly two discrete regions. At a large dis

tance from the female, any chemotatic substances present are at such low 

concentrations that they are undetectable by the male gamete. Closer to the 

female, however, we can imagine a chemotatic aura whose boundary 

represents the minimum threshold concentration of chemotactic substance 

detectable by the male gamete. Given this situation, we can then ask what 

type of search patterns on the part of the male gamete will both reduce the 

search time and increase the probability of locating and fertilizing the female. 

In addressing this question, it is convenient to consider these two chemotactic 

domains separately. 

In the outer region which is devoid of information about the female 

gamete location, a good strategy would be one which increases the probability 

of bumping into the boundary of the chemotactic aura. We can thus imagine a 

strategy in which the male gamete covers a significant amount of territory, 

searching on a scale that would locate the presence of the chemotactic boun

dary, rather than on a finer scale that would locate an object the size of the 

female gamete. 

In the inner region where the male gamete senses the chemotattractant, 

one strategy would be for the male to always proceed in the direction of the 

maximum concentration gradient until reaching the female. Such a plan, how

ever, requires highly sophisticated gamete behavior in two ways: the male 

gamete must be able to both sense the concentration gradient and continu

ously steer accordingly. Between such advanced strategies and those based on 
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purely random motion can lie a variety of search patterns with varying 

degrees of effectiveness. For example in the brown alga Ectoca:rpus siliculosus 

male gametes drastically alter their swimming behavior in the presence of the 

chemotactic substance ectocarpen by changing their "normal straightforward 

locomotion to tight circles in the vicinity of an attractant source" (Muller 

1976). These male gametes surround the female in a vigorous circular move

ment (Hartmann 1934, Muller 1981). 

B. Analysis of a Particular Chemotactic System 

Perhaps the most detailed observations of the effect of chemotaxis on 

gamete motility have been provided by Pommerville {1978), who studied the 

fungus Allomyces and photographed the swimming patterns of male gametes 

in the presence and absence of chemotactic substances. The male swims in an 

arc a short distance, followed by a sudden jerk or reorientation, after which 

the swimming motion is resumed, but now in a new direction. {Pommerville 

1978, Figure 5a). Female gametes produce the chemoattractant sirenin which 

alters the motion of the male gamete. In the presence of sirenin, the male 

gametes adopt a "long spiral path that extends towards the sirenin source". 

These paths do not have the numerous jerks observed in motion without sire

nin; " ... once moving away from the female cells, the male gamete stops swim

ming, undergoes one or two jerks that reorient the cells to the sirenin gra

dient and swims again in another smooth run" {Pommerville 1978, Figure 5b). 

The change in direction produced by the jerk is always of the same magnitude, 

however it changes from left to right under the inftuence of sirenin. Pommer

ville also identifies a third region, very close to the sirenin source, in which the 
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male gamete jerks much more rapidly, initialing "many quick changes of 

direction". 

Thus, the search pattern of the male gamete has two different modes: a 

polygonal path outside the chemotactic aura where the movement is charac

terized by arc swim followed by jerk/reorientation followed by arc swim, and a 

smooth spiral path inside the chemotactic aura interrupted by jerks only 

when moving away from the sirenin source. What is of particular interest in 

this search strategy is that there are only two fundamental components: the 

arc swim and the jerk. Given these two basic components, the parameters that 

influence the actual path taken are the length of the arc l, the reorientation 

jerk angle ~ and the arc angle rp, where rp is the angle that subtends the given 

arc {See Figure 6). 

In order to analyze how the characteristics of this search strategy depend 

on the values of rp, ~ and l, we developed a numerical simulation of the above 

gamete motion. We imagine a female gamete at the origin of a coordinate sys

tem and assumed a steady-state radially decreasing concentration profile of 

chemoattractant around the female gamete. We assumed that the high con

centration area of sirenin exists inside a circle of radius r 1 centered at the 

origin which we call Region 1. Motion inside this area is characterized by the 

increased number of jerks and hence shorter swimming paths. Proceeding 

outwards, the next level, Region 2, which is characterized by the spiral swim

ming paths, occupies the annulus with inner radius r 1 and outer radius r 2. 

Finally, outside the circle of radius r2 in Region 3 we assume that sirenin can

not be detected by the male gamete and thus movement is characterized by 

the arc swim/jerk/arc swim motion. 
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As input parameters, we must supply· mean values and standard devia-

tions for the arc length l, the arc angle ~ and the reorientation jerk angle ~. 

For the sake of discussion, we assume that the starting point for the male 

gamete lies in Region 3, placing it in the non-sirenin region. Given a starting 

position and initial direction '->i, we choose an arc length z• from a normal dis-

tribution with mean l and the appropriate standard deviation and an arc angle 

rp• from a normal distribution with mean rp and appropriate standard devia

tion. From this, we construct the appropriate arc, that is, the one of length l • 

with initial tangent in the direction '->i and subtended angle rp •. At the end of 

the arc, the tangent points in a new direction '->J; a jerk angle ~ • is then 

chosen from the appropriate normal distribution and '->J is changed by ~ •. 

producing a new initial direction '->.: for the next arc. 

When the gamete moves into Region 2 {determined by computing the dis-

lance between its position and the origin) the motion changes accordingly. As 

noted before, in this region, jerks only occur when the male is moving away 

from the female gamete. {We note that this motion is highly reminiscent of 

those described in ''bang-bang" control theory, see Bellman {1967)). We model 

this as follows: the distance from the male gamete to the female is compared 

before and after the arc is traversed. If the male gamete is determined to 

have moved closer, (moved up the concentration gradient), no jerk occurs {~ • 

is taken as 0) and the next arc is constructed; conversely, if the male moves 

away, a jerk angle is chosen (with opposite sign than in Region 3) and a new 

direction obtained in the usual manner. Finally, when the gamete moves into 

Region 1, where the concentration is high and motion is characterized by 

rapid jerks and short swimming paths, we return to the arc swim/jerk/arc . 
swim pattern. However, we now chose jerks much more often, resulting in 

shorter paths. We arbitrarily chose these jerks to occur five times more often 
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thWl they do in Region 3. 

In Figures 5c and 5d we show the results of two numerical experiments 

using this algorithm. Using the data from Pommerville (1978) as input, we 

take a mean path length between jerks as 50,um (standard deviation 17,um) 

and a mean jerk angle as 60° (S.D. 1 ?0 ). From the published photographs, we 

measured the arc angle rp to be approximately 45°; we assumed a zero vari

ance in this value. The female was placed at (0,0), and the field of vision is 

1200,um. The values for r 1 and r 2 were chosen arbitrarily: we assumed a com-

bined female plus male radius of 7.5,um, an inner radius r 1=50J.Lm and and 

outer radius r 2=350,um; the regions are labelled 1, 2 and 3. In Figure 5c, the 

male gamete started at the point (350.,350.) (labelled S) in a direction 240° 

counterclockwise from the positive x axis. In Figure 5d, the male gamete 

started at (400.,0) in the positive x direction. 

N!. can be seen from the figures, our numerical scheme compares favor-

ably with the photographed male gamete tracks. In Region 3, where the sire

nin goes undetected, the arc swim/jerk/arc swim pattern creates the polygo

nal path that searches for the edge of the chemotactic aura. If the length l 

and jerk reorientation angle ~ were always constant, the path would be a 

polygon with curved sides {and in fact, with the given parameters, a hexagon), 

thus the variations in l and ~ are responsible for the motion away from the 

starting point. Whether or not the gamete finds the edge of the boundary of 

Region 2 is, of course, a function of where it starts and how long it searches. If 

the gamete reaches Region 2, it goes into the spiral mode in which jerks are 

allowed only when moving away from the source. One can see that our simple 

algorithm creates the spiral structure in the photographs, and in fact demon-

strates the way in which this spiral "bends in" towards Region 1. Inside Region 
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1, the rapid jerking motion creates a sort of random motion that eventually 

carries the male gamete into contact with the female; Figure 5c depicts a 

male gamete that found the female much faster than the one in Figure 5d. 

Our numerical simulation thus shows that the entire search strategy con

sists of two motions: the arc swim and the reorientation jerk. We now ask, what 

determines the choices for l, rp and 1J? 

In answering this question, we shall concentrate on examining only the 

effect of different choices for the arc angle rp on search efficiency in Regions 1 

and 2. In order to limit our study to these two regions, we take r 2 =oo, thus 

motion consists solely of the spiral path and the rapid jerks. With l normally 

distributed with mean 50JLII1 and 1J normally distributed with mean 60°, we 

varied the arc angle rp from 1° {essentially a straight line segment) to 90° 

{tight spirals). Our experiment proceeded as follows: For each angle rp, we 

started a male gamete at the point (300,0) in an initial trial direction CJ and 

calculated the length of the path taken between the start and fertilization. We 

performed 360 such trials for each arc angle rp, varying the initial direction CJ 

one degree at a time between 1° and 359°; after all the trials were performed 

for a particular value of rp, a mean path length was computed. 

The results of this experiment are given in Table 7, comparing the arc 

angle to the mean path length. The minimum path occurs for an arc angle 

around 44°, certainly well within the tolerance of our measurements of the arc 

angle from the photographs. This result remained essentially unchanged when 

we repeated the experiment with the male gamete starting at a distance 

450J.LIY1 and 600JJ.m, We conclude that an arc angle near 45° minimizes that 

path length between tight spirals {rp»45°) that proceed slowly towards the 

female and larger arcs {rp«45°) which reach the neighborhood of the female 
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fairly quickly but have a difficult time finally locating it. Starting the male 

gamete closer than 250JLII1 produced higher optimal arc angles, suggesting a 

lower bound for the radius of the chemotactic boundary surrounding Region 2 

of at least 250,um; the actual radius is known to be significantly greater {Pom

merville private comm.) It is possible that starting the male gamete much 

further out will produce a lower optimal angle, thus suggesting an upper 

bound for the chemotactic boundary; such experiments, however,' were 

beyond our resources and were not performed. The effectiveness of the meas-

ured values for l and 17 also awaits further study. 

D~ON 

We have shown through both analytical and computer models that anisogamy 

produces the largest values of invasion effectiveness everywhere except for a 

region of local stability for isogamy at small gamete sizes. We can thus ima-

gine a fitness surface {Fig. 2c.) characterized by a very high fitness peak 

corresponding to anisogamy and a much smaller fitness peak corresponding to 

isogamy connected by a shallow fitness saddle. In this sense the fitness topog

raphy for gamete size {Figs. 2 and 3) corresponds to the notion of adaptive 

topography conceived by Sewall Wright {1927, 1977) with the gene frequencies 

of isogamous gametes being under control of the low isogamous adaptive peak. 

As Wright stated: "Very rarely, the crossing of a shallow saddle may bring the 

set of gene frequencies under control of a peak several orders of magnitude 

higher than previously and lead to a rapid advance" {Wright 1977, p.450). We 

suggest that the evolution of anisogamy from isogamy represents just such a 

"rapid advance" as primitive taxa moved through the shallow fitness saddle 
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from the small fitness hill of isogamy to the fitness Everest of anisogamy. Pos-

sible events that could have propelled isogamous taxa across this fitness sad-

dle might include unique environmental changes, extensive random drift, 

other random processes, and other unique events that "have no variance and 

as such cannot be represented by a stochastic distribution" (Wright 1977). We 

would thus predict isogamy to characterize relatively ''primitive" taxa with 

small gametes and, as a result, small zygote sizes. This prediction is in accor-

dance with the results of Madison and Waller {1983) who examined 130 species 

of algae in 17 different orders and found a strong correlation between small 

zygote size and isogamy. Although we have not been successful in our search 

of the literature in locating a data set that compares the sizes of isogamous 

gametes to anisogamous gametes for a large number of taxa , the experience 

of both phycologists and mycologists suggests that isogametes are usually 

significantly smaller than anisogametes (J, West, P. Silva, J. Taylor, S. Rush

forth, personal comm.). We would welcome attempts by other investigators to 

test this in a systematic fashion. Our numerical simulations also suggest the 

existence of strong selection for wide windows of fertilization in isogamous 

taxa, but systematic data with which to test this prediction are similarly lack-

ing. 

It is clear, however, that the evolutionary transition from isogamy to 

anisogamy to oogamy (and the evolution of chemotaxis at any one of these 

stages) is the result of a complex adaptive topography generated in part by 

hydrodynamic factors that can be examined analytically as well as numeri-

cally. The existence of multiple fitness peaks in this adaptive topography sug-

gests that arguments for anisogamy need to be tempered by examination of 

regions of local stability for alternative reproductive strategies. 

., 

" 
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We have also analyzed, using a numerical simulation, the chemotactic 

search patterns of AUamyces and have found that just two motility behaviors 

can be combined with appropriate sensory apparatus to generate a highly 

sophisticated search pattern. We discuss possible benefits of chemotactic sys-

terns for other taxa. 

Using mathematical models and numerical simulations, we propose a new 

model for the evolution of anisogamy from isogamy. We suggest that the rela

tive sizes of the two types of gametes directly affect encounter probabilities 

and if fertilization occurs, the fitness of the resultant zygote. We propose that 

the product of encounter probability and zygote fitness can be maximized by 

gametes of greatly different size. However, regions of local stability for iso-

gamy at small gamete sizes are indicated by both our analytical results and 

our numerical simulations. We thus postulate a complex adaptive topography 

for the evolution of anisogamy with a fitness saddle -separating the low adap

tive peak of isogamy and the higher adaptive peak for anisogamy. Our model 

also allows us to make rough estimates of the length of fertilization window for 

gametes given empirical data concerning their sizes and swimming speeds. As 

a result, we predict the gametes of isogamous taxa to generally have a longer 

period of fertilization competency than gametes of anisogamous taxa. 

Using considerations of gamete motion. we predict decreasing benefit of 

flagella to female gametes as the female gamete size increases, thus provid-

ing impetus for the evolution of oogamy in taxa with large female gametes. 

Using computer simulations we also analyze factors favoring the evolution of 
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chemotaxis and compare simulated gamete search patterns to empirical stu

qies of actual chemotactic behaviors. 
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TABLE 1 : Invasion of small gametes (rA =.0013) by decreasing-sized ftagellate 

gametes (rB= <;~~) ~: Li.fespan=1800 Steps 

N TBITA MEAN COLLISIONS EFFECTIVENESS E 

1 .0520/.0013 0.93 0.5489 X 10-3 

2 .0413/.0013 1.65 0.4859 X 10-3 

3 .0366/.0013 2.15 0.4236 X 10-3 

4 .0328/.0013 2.46 0.3634 X 10-3 

5 .0304/.0013 2.81 0.3315 X 10-3 

6 .0286/.0013 2.84 0.2793 X 10-3 

7 .0272/.0013 3.25 0.2734 x 10-s 

8 .0260/.0013 3.19 0.2348 X 10-S 
9 .0250/.0013 3.33 0.2180 X 10-3 

10 .0241/.0013 3.49 0.2055 X 10-3 

17 .0202/.0013 3.95 0.1371 X 10-3 

25 .0178/.0013 4.48 0.1057 X 10-S 

37 .0156/.0013 4.90 0. 7817 X 10-4 

50 .0142/.0013 5.85 0.6898 X 10-4 

62 .0131/.0013 5.98 0.5693 X 10--4 
75 .0123/.0013 6.26 0.4921 X 10-4 

87 .0117/.0013 6.85 0.4650 X 10--4 
100 .0112/.0013 6.72 0.3964 X 10-4 

150 .0097/.0013 8.43 0.3317 X 10-4 

200 .0089/.0013 10.06 0.2973 X 10--4 
300 .0078/.0013 12.62 0.2490 X 10--4 
400 .0071/.0013 15.86 0.2350 X 10--4 
450 .0069/.0013 17.76 0.2340 X 10--4 
500 .0066/.0013 20.62 0.2447 X 10--4 
575 .0063/.0013 23.32 0.2410 X 10--4 
650 .0060/.0013 26.74 0.2447 X 10--4 
725 .0058/.0013 31.64 0.2599 X 10--4 
BOO .0056/.0013 33.25 0.2478 X 10-4 

900 .0053/.0013 42.32 0.2808 X 10--4 
1000 .0052/.0013 58.62 0.3188 X 10--4 
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TABLE 2 : Invasion of small gametes (rA =.0013) by decreasing-sized flagellate 

gametes (r9 = <;~~) ): Li.fespan=900 Steps 

N 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
17 
25 
37 
50 
62 
75 

100 
150 
200 
300 
400 
450 
500 
575 
650 
BOO 
900 

1000 

.0520/.0013 

.0413/.0013 

.0366/.0013 

.0328/.0013 

.0304/.0013 

.0286/.0013 

.0272/.0013 

.0260/.0013 

.0250/.0013 

.0241/.0013 

.0202/.0013 

.0179/.0013 

.0156/.0013 

.0142/.0013 

.0131/.0013 

.0123/.0013 

.0112/.0013 

.0097/.0013 

.0089/.0013 

.0078/.0013 
.. 0071/.0013 
.0068/.0013 
.0066/.0013 
.0063/.0013 
.0060/.0013 
.0056/.0013 
.0053/.0013 
.0052/.0013 

MEAN COLlJSIONS 

0.73 
1.13 
1.32 
1.45 
1.50 
1.51 
1.73 
1.54 
1.67 
1.82 
1.96 
2.25 
2.40 
2.73 
2.75 
2.95 
3.13 
3.88 
4.35 
5.51 
6.32 
6.88 
7.61 
8.12 
8.90 

10.22 
13.18 
14.13 

EFFECTIVENESS E 

0.4299 X 10-S 
0. 3345 X 10-S 
0. 2599 X 10-S 
0.2140 X 10-S 
0.1773 X 10-S 
0.1484 X 10-S 
0.1460 X 10-S 
0.1138 X 10-S 
0.1098 X 10-S 
0.1071 x to-s 
0.6818 X 10-4 
0.5300 X 10-4 
0.3823 X 10-4 

0.3220 X 10-4 
0.2618 X 10-4 
0.2322 X 10-4 
0.1843 X 10-4 
0.1523 X 10-4 

0.1281 X 10-4 

0.1082 X 10-4 

0. 9305 X 10-:5 
0.9004 X 10-5 

0.8970 X 10-5 

0.8317 X 10-5 

0.8064 X 10-5 

0. 7530 X 10-5 

0.8625 X 10-5 

0.8324 X 10-5 
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TABLE 3 : Invasion of big gametes (rA=.052) by decreasing-sized flagellate 

gametes (r = (. 052) ~· Lifespan= 1800 Steps 
• 

B NVS . 
• 

' 
N rBirA MEAN COLlJSIONS EFFECTIVENESS E 

1 .0520/.052 0.00 0.0000 
2 .0413/.052 0.00 0.0000 
3 .0366/.052 0.00 0.0000 
4 .0328/.052 0.00 0.0000 
5 .0304/.052 0.00 0.0000 
6 .0286/.052 0.00 0.0000 
7 .0272/.052 0.00 0.0000 
8 .0260/.052 0.00 0.0000 
9 .0250/.052 0.00 0.0000 

10 .0241/.052 0.00 0.0000 
17 .0202/.052 0.00 0.0000 
25 .0179/.052 0.00 0.0000 
37 .0156/.052 0.002 0.1209 X 10-5 
50 .0142/.052 0.006 o.3604 x 10-5 

67 .0131/.052 0.014 o.836B x 10-5 

75 .0123/.052 0.020 0.1193 X 10-4 
87 .0117/.052 0.070 0.4170 X 10-4 

150 .0097/.052 0.62 0.3676 x 10-s 
200 .0089/.052 1.77 o.1o5o x 10-2 

300 .0078/.052 6.46 o.3B2o x 10-2 

400 .0071/.052 16.11 o.9515 x 10-2 

500 .0066/052 28.78 0.1698 x 10-1 

650 .0060/.052 54.04 o.31B7 x 10-1 

725 .0058/.052 70.92. o.41B2 x 10-1 

BOO .0056/.052 88.40 o.5213 x 10-1 

900 .0053/.052 112.42 0.6628 x 10-1 

1000 .0052/.052 143.95 0.8486 X 10-1 

... 
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TABLE 4: Invasion of big gametes (rA=.052) by decreasing-sized flagellate 

gametes (r0 = <;~~) ~: Lifespan=900 Steps . .. 

j) 

N rslrA MEAN COLIJSIONS EFFECTIVENESSE 

1 .0520/.052 0.00 0.0000 
2 .0413/.052 0.00 0.0000 
3 .0366/.052 0.00 0.0000 
4 .0328/.052 0.00 0.0000 
5 .0304/.052 0.00 0.0000 
6 .0286/.052 0.00 0.0000 
7 .0272/.052 0.00 0.0000 
8 .0260/.052 0.00 0.0000 
9 .0250/.052 0.00 0.0000 

10 .0241/.052 0.00 0.0000 
17 .0202/.052 0.00 0.0000 
25 .0179/.052 0.00 0.0000 
37 .0156/.052 0.00 0.0000 
50 .0142/.052 0.00 0.0000 
67 .0131/.052 0.00 0.0000 
75 .0123/.052 0.00 0.0000 
87 .0117/.052 0.00 0.0000 

150 .0097/.052 0.00 0.0000 
200 .0089/.052 0.00 0.0000 
300 .0078/.052 0.00 0.0000 
400 .0071/.052 1.41 0.8325 x 10-3 

500 .0066/.052 3.25 0.1921 X 10-2 

650 .0060/.052 7.89 0.4654 X 10-2 

725 .0058/.052 10.23 . 0.4182 X 10-2 

BOO .0056/.052 15.05 0.5213 X 10-2 

900 .0053/.052 21.65 0.1276 X 10-1 

1000 .0052/.052 30.74 0.1812 X 10-1 

•• 
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TABLE 5 Invasion of small gametes (r..4=.0013) by decreasing:-sized 

untlagellate gametes ('ra= <;~~) ): Lifespan=1BOO Steps 
,, .. 

' 
N r9 /r..4 MEAN COLIJSIONS EFFECTIVENESS E 

1 .0520/.0013 0.92 0. 5454 X 10-3 

2 .0413/.0013 1.62 0.4 770 X 10-3 

3 .0366/.0013 1.89 0.3726 X 10-3 

4 .0328/.0013 2.10 0.3101 X 10-3 

5 .0304/.0013 2.13 0.2518 X 10-3 

6 .0286/.0013 1.99 0.1953 X 10-3 

7 .0272/.0013 1.81 0.1523 X 10-3 

B .0260/.0013 1.77 0.1307 X 10-3 

9 .0250/.0013 1.74 0.1140 X 10-3 

10 .0241/.0013 1.70 0.1004 X 10-ll 
17 .0202/.0013 1.58 o. 5503 x 1 o-4 
25 .0178/.0013 1.47 0. 34 73 X 10-4 

37 .0156/.0013 1.38 0.2207 X 10-4 
50 .0142/.0013 1.32 0.1558 X 10-4 
67 .0131/.0013 1.25 0.1101 X 10-4 
75 .0123/.0013 1.22 0.9607 X 10-5 

87 .0117/.0013 1.18 0.8053 X 10-5 

100 .0112/.0013 1.24 0. 7314 X 10-5 

150 .0097/.0013 1.13 0.4467 X 10-5 

200 .0089/.0013 1.04 0.3087 X 10-5 

300 .0078/.0013 0.99 0.1962 X 10-5 

400 .0071/.0013 0.98 0.1452 X 10-5 

450 .0068/.0013 0.88 0.1166 X 10-!5 
500 .0066/.0013 0.83- 0.9877 X 10-6 

575 .0063/.0013 O.BO 0. 8305 X 10-8 

650 .0060/.0013 0.86 0. 7871 X 10-6 
725 .0058/.0013 0.85 0. 7028 X 10-8 

BOO .0056/.0013 0.89 0. 6634 X 10-6 

900 .0053/.0013 0.81 0. 5375 X 10-6 
1000 .0052/.0013 0.80 0.4 7B5 x to-6 

! 

.1 
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TABLE 6 Invasion of small gametes {r.4=.0013} by decreasing-sized 

unftagellate gametes (rB= <;~~) ): Lifespan=900 Steps 
,. ... 

~) 

N rBir.4 MEAN COLIJSIONS EFFECTIVENESS E 

1 .0520/.0013 0.75 0.4452 x 10-s 
2 .0413/.0013 1.09 0.3233 x 10-s 
3 .0366/.0013 1.15 0.2269 x 10-s 
4 .0328/.0013 1.06 0.1569 x 10-s 
5 .0304/.0013 1.13 0.1333 x 10-s 
6 .0286/.0013 1.06 0.1040 x 10-3 

7 .0272/.0013 0.94 0.7959 X 10-4 
8 .0260/.0013 0.93 0.6846 X 10-4 
9 .0250/.0013 0.91 0.5994 X 10-4 

10 .0241/.0013 0.90 0.5312 X 10-4 
17 .0202/.0013 0.83 0.2896 X 10-4 
25 .0178/.0013 0.79 o.1B61 x 10-4 

37 .0156/.0013 0.73 0.1171 X 10-4 
50 .0142/.0013 0.69 0.8198 x 10-rs 
67 .0131/.0013 0.66 o.5B19 x 10-o 
75 .0123/.0013 0.64 o.5073 x 10-o 
87 .0117/.0013 0.62 0.4237 x 10-5 

100 .0112/.0013 0.57 0.3357 X 10-:5 
150 .0097/.0013 0.53 o.2os1 x 10-o 
200 .0089/.0013 0.50 o.14B7 x 10-5 

300 .0078/.0013 0.55 0.1060 X 10-:5 
400 .0071/.0013 0.44 o.B63B x 10-6 

450 .0068/.0013 0.41 0.5366 X 10-e 
500 .0066/.0013 0.41 . o.4B55 x w-6 

575 .0063/.0013 0.44 0.4572 X 10-e 
650 .0060/.0013 0.38 0.3443 X 10-6 

725 .0058/.0013 0.39 0.3229 X 10-e 
BOO .0056/.0013 0.43 0.3165 X 10-6 

900 .0053/.0013 0.37 0.2421 X 10-e 
1000 .0052/.0013 0.36 0.2120 x w-6 
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lEGENDS TO .HGURES 

1. a Definition of track angle rp and relative velocity vector w in two dimen

sions. 'i!A is the vector velocity of the A gamete and 118 is the vector velocity of 

the B gamete. 

b. Set of A gametes that can hit B in time t. 

c. Definition of track angle rp and relative velocity vector w in three dimen-

sions. 'i!A is the vector velocity of the A gamete and 118 is the vector velocity of 

the B gamete. 

2. 

a The adaptive topography of invasion effectiveness for gametangia producing 

gamete sizes ranging between one and three times the radius of the smallest 

gamete in the population. The shaded diagonal in this and all subsequent 

diagrams indicates isogamous matings. Note that within this size range, iso-

gamy has the highest adaptive peak for anisogamy. 

b. The adaptive topography of invasion effectiveness for gamete sizes ranging 

between one and seven times the radius of the smallest gamete in the popula-

tion. In this size range, the adaptive peaks for anisogamy and isogamy are 

roughly of equal height. 

c. The adaptive topography of invasion effectiveness for gamete size ranging 

between one and twenty time the radil,Is of the smallest gamete in the popula-



51 

tion. Note that in this larger size range, anisogamy is indicated with isogamy 

representing a region of local stability. 

3. 

a. The adaptive topography of invasion effectiveness assuming a fitness func-

ti f t
.h f -[((r}+rJ)-2000)/750]2 

on o e orm e . 

b. The adaptive topography of invasion effectiveness assuming a fitness func-

ti f th f 
-[((rj+rJ)-54)/25]2 

on o e orm e . 

4. 

Normalized invasion effectiveness plotted against lifespan measured in units of 

100 seconds. 

a: N=l 

b: N=B 

c: N=16 

d: N=32 

e: N=64 

f: N=512 

g: N=128. 
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5. 

a. Photograph of male gamete motion of the fungus Allomyces in the absence 

of sirenin {Pommerville 1978). 

b. Photograph of male gamete motion of the fungus Allomyces under the 

influence of sirenin 

c. Numerical simulation of male gamete motion, initial position S. 

d. Numerical simulation of male gamete motion, initial positionS. 

6. Definitions in Region 3 of jerk angle 1), arc angle rp and arc length l for 

motion of male in fungus N.lomyces 

' 
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