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Abstract. A system of diffusion equations modeling free convection near a
wall is solved by a grid free random walk method that m\(olves creation of the
vorticity at the boundary. We prove that the pointwise error and the least
squares error of the computed solution tend to zero in probability as the time

step tends to zero and the number of particles in the random walk increases.

Key words. convergence, random walk, vorticity.
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Introduction. The purpose of this paper is to prove the convergence of a
random method for solving a coupled system of diﬁusiqn equations. The equa-
tions describe free convection of an incompressible fluid. The flow is parallel to
a hot vertical wall and is caused by the uneven heating of the fluid. This problem
is of interest because it involves creation of vorticity at the boundary. The
mathematic.al solution can be written down explicitly and this fact aubws us to
estimate the rate of convergence for the random method, both for the expected

value and for the variance.

The algorithm was presented by Ghoniermn and Sherman in their survey _
paper on random methods as an illustration of the basic appfoach. (see [9] ).
We regard the free éonvection problem as a model for more complicated prob-
lems in fluid dynamics. In increasing order of complexity we have random
methods for the reaction-diffusion equation, the Prandtl boundary layer equa-
tions and the Navier-Stokes equations, (see Chorin [5,4,3]). The basic idea in all
three cases is to use a fractional step method. In the first step we solve the non-
linear part of the equations by a deterministic method and in the second step we
simulate the diffusion part of the equations by a random walk technique. If the
problem involves boundaries we must also satisfy the boundary conditions. This

is done in an intermediate step by creating vorticity at the boundary.

The analysis of the convergence of random methods is less advanced than
the understanding of the underlying differential equations. In addition, the
methods have been applied to physical problems that are so complicated that
they - at present - defy analysis. A good example is turbulent combustion, (see
Ghoniem, Chorin and Oppenheim [8]). However, Marchioro and Pulvirenti [14]
have proved that in two dimensions the random vortex method converges weakly
to a weak solution of the Navier-Stokes equations. A similar statement for the
Prandtl boundary layer equations can be found in Benefatto and Pulvirenti [1].

For the reaction-diffusion eguation Hald [10] has proved convergence of an
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inefficient version of Chorin’s method, whereas Brenier [2] has genéralized
Chérin's method to nonlinear advection-diffusion equations and proved the con-
. vergence of a deterministic version of the algorithm. The convergence of the
random methods is not really in doubt but because of the statistical error it is
difficult to check the dependence on the various parameters carefully, {see Mil-

inazzo and Saffman [15] and Roberts [16]).

This paper is organized as follows. In section one we discuss the physical
problem, give the differential equations and write the solution down explicitly.
.One of the termns in the solution can be interpreted as coming from the creationv
of vorticity at the boundary. In section two we present the numerical method.
Since the ordering of the'intetmediate' steps in a fractional step method is arbi-
trary we have several choices. Here we follow Ghoniem and Sherman [9] as their
choic'e leads to a simple proof, but the other versions have similar accuracies.
To prove that the random method converges we must establish two facts. First
that the expected value of the computed solution tends to the exact solution as
the time step tends to zero, and secondly that the variance goes to zero as we.
use more and more particles. By approximating the gradient of the solution by
a finite number of particles (or vortex sheets) and following these we in effect
reduce the variance of the computed solution, which we obtain via integfation.
This idea is due to Chorin. It is stated in [5], but used implicitly in the random

vortex method [3].

In section three we will prove the convergence of the method, but only
pointwise. Our estimates are very crude, but uniform in sp-ace and time as long
as our final tixﬁe is bounded. In the proof we use only elementary probability
theory. Two interesting questions remains, namely: "Is the estimate of the vari-
ance of the correct order of magnitude?’ and “What happens as the viscosity and
the thermal diffusivity tend to zero?” In section four we will show that the vari-

ance of the solution does not go to zero just bgecause the time step goes to zero,



even though the number of computational elements at a fixed time increases.
This is not as surprising as it sounds. It corresponds to the fact that a finite
difference scheme will not converge unless both the mesh length and the time
step tend to zero. Finally in section 5 we use nonuniform bounds for the
éxpected value ﬁnd for the variance to estimate the global error of the com-
puted solution in a least squares sense. We can then study the effect of the

viscosity and diffusivity.

1. The differential equations. In this section we will present the differential
equations for a one dimensional model of free convection and give the
mathematical solution. We consider an incompressible fluid in the half space
>0 and assume that the velocity » and the temperature T depend only on the

distance z to the wall (at z=0). Our differential equations are (see [9])

U = VU + 98T ' (1.1)

Ty =al.. (1.2)
Here v is the kinematic viscosity, g is the acceleration due to gravity, g is the
coeflicient of thermal expansion of the ﬁuid and a is the coefficient of thermal
diffusivity. The first equation is derived from the Navier-Stokes equations in a
gravitational fleld while the second is a simplified version of the equation for
heat transfer, (see [13, p. 189 and p. 213]). To complete the description of (1.1)

and (1.2) we need the initial conditions
u(z,0) =0, T(z,0)=0
for 0<z <=. For ¢t >0 we adopt the boundary conditions

u{(0,t)=0 u(z,t)+0 asz -0

T{(0.t) =1 T(z.t)-o_o as z = 0.
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Throughout this paper we assume t.hat.lgﬂ'= 1. This simplifies the writing.
The solution of the heat equation (1.2) with the appropriate initial and boundary
conditions is

e~V 1at

T(z.t) = ngr_rdy (1.3)

We can now find the solution of the inhomogeneous equation (1.1). By using
Duhamel’s principal and the Green's function for the heat equation on a half line
and with a Dirichlet boundary condition at the origin (see Hellwig [11,p. 25 and

p. 53 ]), we obtain

e =v) ~(zy)¥/amft-e) G-(z+y)/(t-s

u(Zt)"ff( \/—m - m )T(ys)dyds

This formula shows that the velocity u is positive throughout the fluid. To

(1.4)

analyze the solution further we introduce the vorticity ¢ and the heat lux g by

u(z.t) = f yt)dy  T(a.t) = f 2(y.t) dy .

Thus —¢ and ~g are the gradients of v and T. Let #(z.0%) be the normal density
with mean O and variance o2 Le. p=(2m0%) Y2exp(-z%/20%). Since
d:¢(z—y)=-0, ¢(z—y) it follows from (1.4) that

$ » .
Hz.t) = { { 3y [p(z~y.2u(t =s))+p(z +y.20(t =s))] T(y.s) dy ds .
After integrating by parts we arrive at
$ ¢
¢(z.t) = - [2p(z.20(t -s)) ds + [2p(z.2as +2u(t —s)) ds . (1.5)
[+] [+

Here we have used the identity

p(z—2z.a+b)+p(z+z,a+b) = (1.6)
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{ [e(z—y.a)+p(z +y.a)] [p(y—2.b)+p(y +2.b)] dy

with 2z =0. This follows from the fact that the convolution of two normal densities

with means z,z and variances a,b is the normal density with mean z+2z and

variance a+b, (see [7,p. 45]). Finally, by integrating both sides in equation (1.5)
with respect to z we get

2a -2/ (sas +41(t —8))

t - 2 t =
291 /49(‘-‘)
,t - . dy ds + ——'—'———'—'—dy ds .
~u(z,t) .{.[ Vam(i=s) Y -[-[ Vinas +4mu(t —s)

(1.7)

It turns out that the expected value of the computed velocity is a discre-
tized version of the right hand side of (1.7). Moreover, the numerical methcd
reveals that the first term in the solution is due to the creation of vorticity at
the boundary. After several changes of variables in (1.7) we find that
u(z,t)=tf (z/~V2af ,v/ ), where f can be given explicitly. This result is close
but not identical to Illingworth’s form of the solution, (see [12]). 1t shows that
the maximum of u is a linear function of time and depends only on th.e'Prandtl

number v/ &

2. The random method. In this section we present the numerical method
following Ghoniem and Sherman [9]. The basic idea is to approximate the gra-
dients of w and T by a finite number of particles and let these particles undergo

random walk. Thus we solve the differential equations
§g =vig + g (2.1)

gt = aq= . (2.2)

We begin with the heat equation (2.2). At time ¢=0 we place N particles at

the origin. We assume that each particie has mass 1/ N. In each step we let the
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particles jump by an amount which is drawn from a Gaussian disfribution with
mean 0 and variance 2aAt. If a particle lands at a point..r <0 we reflect it across
the wall to |z |. In probability language this is called a reflecting barrier and
corresponds to a Neumann boundary condition for the differential equations. To
describe the process mathematically we let XJ* be the position of the j'th parti-
cle at time t=nAt. Let {X] be a col.lect.ibn of independent normal distributed

random variables with mean 0 and variance 2aAf. Then
=5+ x| (2.3)

with X;?=0 for j=1, - - - ,N. We denote the approximations to the heat flux and
the temperature by @ and 8 (155ppn=heat). To express these approximations we
let § be the Dirac delta function and let A be the Heaviside function. Here

‘H(z)=1if 220 and O otherwise. At t=nAt we set
a(=.t) = 1- S50 - 2)
i=

8(z.t) = jb-ga(x;* -z).  (2a)

Thus for each (z,t), @ is a random measure and 8 is a random variable. The
temperature at a point x is the number of particles to the right of = times the
mass of a single particie. Note that our deflnition of the Heaviside function
ensures that the approximate teﬁnperature distribution satisfies the boundary
condition at z =0 exactly. -

The complete fractional step method for (2.1) and (2.2) consists of four

intermediate steps
9t = gz, € =VEm, =79, {s= 0.

We have already discussed the first step. The last three constitute a fractional

step method for solving (2.1). Here j; £=0 is shorthand for the creation of vorti-



city at the boundary. At time {=nAf we approximate the vorticity £ by nN vor-
tex sheets of strength Af/ N and an equal number of strength —At/N. Here a
vortex sheet of strength s is a plane parallel to the wall such that the velocity
decreases by the amount s when we cross the sheet in the direction of increas-
ing values of z. The velocity ©(z,t) is approximated by the total strength of the
vortex sheets in the interval [z,=). Thus »(0,£)=0. Note the change in Ianguage;
We use particles to calculate the temperature and sheets to calculate the velo-
city. We simulate the diffusion §;=v{.; by a random walk. The displacements
are drawn from a Gaussian distribution with mean 0 and variance 2vAt. If a vor-
tex sheét lands at z<0 we reflect it back into the fluid. Next we solve §:=q by

'Euler"s method, i.e.
fz,t+At) = &(z,t) + M q(=.t).

At the position bf each heat particle we introduce a vortex sheet of strength
At/ N. The velocity u at .z =0 wﬂl therefore be Af. To satisfy the boundary con-
dition u= _/;.$=0 we create N vortex sheets of strength —Af/ N at the wall This
completes the description of the algorithm. Note that we have no sheets in the
beginning of the first step and in the end of the last step we have N sheets at the
origin. |

To describe the solution of (2.1) more precisely we let ¥J*® be the position
at time f=nAt of one of the N vortex sheets that were created at the origin at
time mAt. Similarly we let Z[*™ be the positions at time nAt¢ of one of the N
vortex sheets that were introduced into the flow at time mA¢. Thus Y™*™=0 and
we set Z™m=X" for j=1, - ,N and m=1,- - n. Let {¥] be a collection of
independent normal distributed random variables with mean 0 and variances

2uvAt, Then

Yypr= | Ypnele Y| (2.5)



Zran= | Zrrtlty| - (2.6)

for n>m. Let n be fixed. Since the Y's are indeéendent we conclude that all
the ¥7*" are independent. Moreover, the class {¥7*"] is independent of the class
iZ}""‘j; However, two random variables Z/* " with the same j but different m’s
are not independent, because the two vortex sheets were spawned by the same
heat particle, albeit at different times. We illustrate the dependence in Figure 1.
On the other hand, the classes {ZT*™}, - - - ,{ZJ™] are mutually independent. If

Z and U denote our approximations to the vorticity and the velocity then
=z.t) = -l.-ﬁ( —At 2 6(YPm —z) + At 2 §(zpm ~z))
N~ J=1 m=1 m=1 :

Ulz.t) = ;7,2( 6t 3 H(YP —z) + M3 HE-2). (@)

m=1

This shows that the computed velocity U at (z,t) is really the number of
vortex sheets to the right of =z times the stréngth of a single vortex sheet. Here
the vortex sheef.s are counted as +1 if they were i.ntrbduced into the flow and as
-1if they were created at the origin. Since the random variables with a fixed n
but different j's are independent we see that U is an average of N independent,
identically distributed random variables. Thus instead of using N heat particles
with mass 1/ N we may as well use one particle with unit mass and average over
N trials. We can therefore assumne that N=1 and this simplifies our analysis con-

siderably.

3. Pointwise convergenée. In this section we will prove the convergence of
the random method for the temperature and for the velocity. Because of the
dependence between some of the particles we shall be satisfied with very crude
estimates for the expected value and for the variance (here denoted by £ and

var).
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THEOREM 1. Let u(z.t) and T(z,t) be the solution of (1.1) and (1.2) with
gﬂ’ 1. Let U(z,t) and &(z, t) be the random solutions given by (2.7) and (2.4).

If (z,t) is fized and t =n At >0 then

|E@-T| =0 |EU - | <At

var® < 1 varU = f—
4N 3N’

Remark. 'I'hé factor t2 in the variance corresponds to a factor ¢ in the stan-
dard deviation. Since the maximum velocity is a linear function of { we expect
that the error bound is at least proportional to {. By using Chebyshev’'s inequal-
ity (see [7.p.149]) we can estimate the error in probability. For each £>1 and
each (z,t) the inequalities

|8(z.t) - T(z.t)| < v%v

_ kt
| U(z,t) ‘-u.(z.t)| SAt+\/3W

are satisfled with a probability greater than 1-k~2 If k=3 the bounds; should
bold in roughly 8 out of 9 trials. Note that our estimates do not depend upon the
viscositj' or the diﬂusivify. A similar phenomenon has been observed by Sethian
and Ghoniem [17] in their simulation of two dimensional viscous flow over a half
step. The amount of work for our algorithm is roughly Nt2/ At2. Thus we get the
smallest error bound for the computed velocity if N is proportional to t2/ At2,
To obtain high accuracy in a particular run we need that N is large. If we only

have a few particles then there is no point in taking small time steps.

Proof. We begin with the convergence for the temperature. This is the easi-

est part of the proof. We assume that N=1 and drop the subscript j. We will

show that the probability that a heat particle lies in the interval [0,z] at time

mAt is
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P(X™=z) = f2¢(y,2amAt) dy. : (3.1)
°

This is proved by induction. For m=1 X™=|X|. Thus (3.1) follows from the
symmetry of the density function for X. We assume next that (3.1) holds for
some m=1. It follows from {2.3) that the density for X™*! is h(z)+A (-2 ), where

h is the density for X™+X. Since X™ and X are independent we have
h(z) = jo'v(z-y.a)ztp(y.b)dy

where a =2am At and b =2aAt, (see [7.p. 7]). By using (1.6) with z=0 we see that
the density function for X™*! is 2p(x,a+b). This completes the induction.

We can now prove that the temperature converges. Let ¢ =nAt be fixed and
consider the random variable H(X™-z). It is one if X*2z and zero otherwise.

Thus
EH(X*-z) = P(X"2z), wvar H(X"-z)=P(X"=z)P(X"<z). (3.2)
Since @ consists of N independent randomn variables and the variance of

H(X™-z) is always less than 1/ 4 we conclude from (2.4), (3.1) and (1.3) that

rozt) = +-§ FREEE 4y o 1)

J:l 2z
2 e—y 2/ at 2 o v/ tat 1
var 8(z.2) = Nz ﬁf f Vinmat iyt (3.3)

Our estimate for the variance is the best possible uniform bound. In fact we

have equality at the point z where P(X"2z)=P(X"<z). On the other hand itisa.

severe overestimate if z/V2af is either very small or very large.

We will now discuss the approximation of the velocity. We observe first that
it is not essential in the derivation of (3.1) that all X°s have the same density.
What matters is that the X's are independent and normal distributed. Under

this assumption the variances are additive. By using this observation we
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conclude from (2.5) and (2.6) that

P(Ymn<z) = [25(y.2vtn-m)nt) ay (3.4)
P(Zmn<z) = fz ¢(y.2amlt + 2v(n-m)At) dy . (3.5)
0

Here we have suppressed the subscript j as the distributions do not depend on
j. The first result holds for m=1, - - - ,n—1, the second for m=1,--- n. In
addition Y*™=0. We can now calculate the expected value of the velocity. Let
>0 and ¢ =n At where n=>2. By using (2.7) and (3.2) with Y™ and Z™™ instead

of X® we conclude from (3.4) and (3;5) that

| n-1 = 2/ (4w( )At)
EU(zt)=-at S [Be (3.8)

mo1e Vamu(n-m)AZ %y
' = 5 oY%/ (4am it +4v(n —m)At) |
P fEE
mo1e VYamamAt +4émv{n-m)AL
The sums in (3.6) approximate the integrals in the exact solution (1.7). Since
the Y*™ are created at the origin we can now understand why the first terxh in
' crealtion ;‘s, :
(1.7) must be regarded as due to the verlicity at the boundary. To estimate the
error in the expected value of U we let f(s) and g(s) be the integrals in (3.6) as

functions of s=mAt. Note that we suppress the dependence on z. By using a

change of variables we see that

_r 2ev¥?
1) =, e
- 2e V2

gls)= L/m _Vz_'—"_dy (37

We consider the two cases v<a and v>a separately. In the first case f is a

decreasing function of s while g is increasing. This implies that the first sum in
¢

(3.6) is a lower Riemann sum for the integral _];f(s)cLs‘ while the second sum is

¢
an upper Riemann sum for the integral j;g(s)ds. We remember now that the
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error in approximating an integral by a Riemann sum is less than the mesh
length times the total variation of the function. But our functions are monotone.
Hence

0s EU -usAtf(0)+At(g(t)~g(0)) = Atg(t)

where we have used that f (0)=g(0). If v>a then g is a decreasing function of s.
¢
The second sum in (3.8) is therefore a lower Riemann sum for j;g(s)ds. Conse-

guently
-Atg (0) < -At(g(0)-g(t)) < E U—u < Atf(0).
By combining our estimates and using that 0<g <1 we conclude that

|E U(z.t)—u(z.t)| < At max (g(0).9(t)) < AL. (3.8)

To complete the proof we must estimate the variance of the computed velo-

city. For simplicity we set N=1 and drop the index j. Since the Y™™ are mutu-
ally independent and independent of the Z™-® it follows from (2.7) and Cauchy-
Schwarz inequality that if x>0 then

varU(z.t) = vm-—At’\Z!H(Y"”‘-z) + var At 2 H(Z™™-z)
m=1

m=1

< At? ﬂz—:lum-H(Y"‘-"—z) + At?n 2 varA(Z™™~z). = (3.9)

m=1 m=]

By using that the variance of a zero-one random variablé is less than 1/4 we con-
clude that vaﬁ'USStz/ 18 if N=1. If N>1 then U consists of N independent,
identically distributed random variables and in this case varU(z,t) is less than
5¢2/(18N). The proof simplifies if n=1. Note that our estimates also hold at
z =0 because the computed temperature and the computed velocity satisfy the

boundary conditions exactly. This completes the proof.

'
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4. Improvements and limitations. Our bound for the variance of the ran-
dom velocity does not tend to zero as the time step tends to zero. This is not
due to an imperfect technique. In this section we will show that all the covari-
ances of the Z™" are positive and this excludes cancellation in the expression
for the variance. The problem can be circumvented by modifying the algorithm,

but the modification is not in the spirit of random solution of differential equa-
tions.
We begin with a reexamination of (3.9). The variance of the sum of the

dependent random variables in (3.9) is equal to

At? 2 var H(Z™"-z) + 2At?'f:l » 2 cou ( H(Z'P-z) H(Z™™-z) ), (4.1)

m=1 =1 m={+}
‘(see [B,p. 216]). We denote the covariances by C'™™. Let r=IlAt, s=mAt and
t=nAt. We will show that
ctma = C(2ar,2v(t —r),2a(s —r)+2v(t =s))

where C is a continuous positive function. This implies that the double sum in

(4.1) tends to the double integral
¢ ¢
2ffC(2a1',2v(t -r),2a(s ~r)+2v(t —s)) ds dr . (4.2)
ar .

This expression is positive. Since the first sum in (3.9) and the first sum in (4.1)
are O(At) we conclude that the variance of the computed velocity tends to the

expression in (4.2) times 1/ N as the mesh length tends to zero. We are there-
fore lead to

OBSERVATICON 1. The bounds for the variances in Theorem ! have the
corract dependence on the number of particles.

The calculation of the covariances C'™™ can best be understood by an

example. Let
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Zt= | | X+Y,| +Y.], ™ = | | X+ V| + V).

where the Y; and the ¥, are independent normal distributed random variables

with mean 0 and variances g; and b;. We assume that X has density 2¢(z,c) for

z=0. If a;=a,=b,=2vA¢ and 2b,=c =4aAl then we have the situation indicated in

Figure 1 with Z¢=2%4 and Z™=23%%. Finally we introduce the functions
Fi(z) = E H(| |z+Y,| +Y2| ~z) (4.3)
F{(2) = E H(| |z+V, ]| + V2| -2)

which we shall evaluate explicitly. Note that F; and Fj, are positive. Since X, %

and ¥, are independent it follows from the definition of the covariance that
chmn = ,{2¢(Z)F1(2)Fm(2)dz - [2¢(y)ﬂ<y)dy ,[2¢(2)Fm(2)dz

=2 { { e()e(2) (Fi(y)=Fi(2)][Fn (y)~Fn(2)] dy dz. (4.4)
Herg we have suppressed ¢ in ¢(z,c). We will show that F} and F,, are increas-
.i.ng functions of z. The product [..][..] in (4.4) is therefore positive and this
implies that C**™™>0 as claimed. Since the ¥'s are independent we can com-

pute the expected value in (4.3) as
Fi(z)= [ fH(l | z+y1] +y2]| —-2)p(y1.21)¢(y2.a2) dy, dy,.

We attack the innermost variable first. Let z +y,;=7,. By splitting the integral

into ;>0 and 7, <0 we find after a change of variables that

Fi(z) = i,{H(I"?ﬁ'yzl —z) [p(m—-zna)+e(m+2.21)] ¢(y2.a2) dn, dy..

Next we interchange the order of integration, set 7;+y.=7,, split the integral

into 72>0 and 72<0 and get

A2 = [ [ Hne2)lptrmya+preeman) letm—zoe)+eln r2.a)] dnsdm,
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By interchanging the order of integration, using the definition of the Heaviside

function and (1.6), we obtain
F(z) = f[¢(n¥z.a)+¢(n+z.a)] dn (4.5)

where a=a,+a2;. Since z and z are positive (4.5) implies that F;{z) is an
increasing function of z. The same result holds for F,,(z). Equation (4.5) gives
the general result. If we return to the original variables then it follows from
(2.3) and (2.8) that Z'® and Z™™ depend on X} if L<m. Consequently F;(z) is
given by (4.5) with a=2v(n-l)At. For F,(z) the variance a is replaced by
b=2a(m ~1)At +2v(n-m)At. Finaily (3.1) shows that c=2alAf. By combining
these observations we can interpret the double integral in (4.4) as the evaluation
of a positive function at the grid points of a two dimensional grid. This com-
pletes the proof of Observation 1.

Our analysis showé that the variance of the computed velocity would be of
the order At/ N if the vortéx sheets were independent. This can be ai'ranged. _
At the mth time step we let the particles start at the origin and jump according
to.a Gaussian distribution with mean 0 and variance 2amAf. Those that land at
z <0 are reflected across the boundary. The costs for the two algorithms are
identical. The modified version of the algorithm uses that we can sirnulate the
solution of the heat equation by taking one large step instead of many small.
However, to take one large step is contrary to the spirit of numerical solution of

diferential equations. We will therefore not discuss this variant any further.

e e
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5. Convergence in L2 Our estimates in Theorem 1 say nothing about what
happens at several points at the same time. From a practical point of view we
would like to know that the maximum error in the computed solution tends to
zero in probability. I have been unable to obtain such a resuit. In this secticn
we will show that it is unlikely that the computed solution differs from the exact .‘u'
solution by a moderate amount on a large set or by a large amount on a
moderate set. The error may still be large on a small set. To establish this

result we need

LEMMA 1. If a>0 and b >0 then

ff,, REVVT oy [ TRENL by tn = VTR (VETE -E)

0

ffﬂ ‘*"’"’Z@LN_"‘“ 2e¥7? ) dr = VETT(Va+VE —VaTh).

'Proof. Let 7/, denote the first integral. Change the variable z to z=zVg
s
and set f (z)=_/; exp(~y?/ 2)dy where f=Va/b. By interchanging the .order of

‘integration in /, we get

8

- By
2 2 )dz dy = _2\1:5 S My [ e"’z’zdnw“;—e"z"z’z—-l—]dy.

To compute the double integral we integrate by parts. This yields

2VE [ 7 oy oy, o L Fatiointregy — L Faviregy |
{e'” fe dy+ﬁ_[e v/ 2y ﬂ_{e“v dyJ

[1 =
The value of /) can now be computed. To evaluate the second integral in Lemmma e
1 we note that f 2¢ =1- f”w&p and use the value of /,. This completes "
the proof.

We will estimate the relative error in the computed solution. We must
therefore find lower bounds for the L? norm of the temperature and of the velo-

city. Since T and ¢~!u are functions of z/ VZ2at it follows that the L2 norms of
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T and u are proportional to (2a¢)/* and ¢t(2at)!/* This simple argument does
not give the value of the constants nor does it indicate the dependence on the

Prandtl number v/ a. By using Lemma 1 we can calculate the Z? norms expli-

citly.
LEMMA 2. Let u(z,t) eand T{(z,t) be the solution of (1.1) and (1.2) with

gf=1. Then
l TIZ _L_Z__IL\/ E

s
Ju]?= 32¢t?2 o2 (V2=1)(Va+Vu)2+VE(Va+VD)Va+rv+V2{a+v)
15Vr ~ (Va+Vu+Va+Fu)i(Va+ Vv )R (Va+Vu+Vava+y)

Proof. We begin with the temperature. By ﬁsing (1.3) and Lemma 1 with

a=b=2at we find that

2 -
”'lz’f(f,, Vaat e dy)"dx V27 (2V2af —V22at )

from which the first statement follows. Let ne'xt u=-A+5 where A and B are
the integrals in (1.7). We replace the variable t —s in 4 by s ‘and shall compute

Ju]2as [4%+5%-24B8. Fubini's theorem and Lemma 1 yield

2 a—v%2 j.' 2 e-y'/z

A%z = [dsfd dz-—-———— ce " ay
f f fa{ :/JE'E Ven y:/% Ven v

. |
= —%fdsfda[\/ﬁhf'_ ViE T,
J _

A similar calculation can be carried out for fBz and f2AB and by combining

the results we get

o f 0 f L L L
Juli= —ﬁfdsfdo[z(us +{a=-v)a+ut) 2 =(vs +v0) * ~((a—v)s +ut +(a~v)o+ut)?]
0 .

s | L 1—11__—5#::"_1 e
Bt® (a+u)'—a3—("v)z+u (21./)3—21/z _ (2a)2=2(a+v)*+(2V)°®

15V a-v) iy (a=v)?
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It is not obvious from this formula what happens as a—v tends to zero or even
that Ju | ?is positive. The rest of the proof therefore consists in transforming
the expression into a form which we can work with. Since v '+(a-v)7!=

av~{{a-v) ! it follows that

i
fu2= 1822 |(a+v)?-2VBar(Va+wh) _ ava-uvy

15vVrw v (a-v)? a—v

By writing (a+v)? as (a-v)?#4av and using that a-v is equal to

(Va—vv)(Va+Vvv) we obtain

. |
2_ 18t° a 2VZav 1 _ a+Vavu+v ]
12 1?= 577 V[V * TGrve Vari e (Ve - vaive

We can now put all terms in [..] over a common denominator. Since 2Vav equals
(Va+Vv)2~«(va+v)? we can express the numerator as (a+v)? times a fourth

order polynomial in y=(Va+Vv)/ Va+v. After factoring this polynomial we have

5 i _
2o 16887 a g yye (VB-1)P+VRy+VE 5.1
Jul2= v v Vaty (y-1) 2 (74v2) : (5.1)

The formula in Lemma 2 can now be derived from (5.1) by rationalizing the

numerator in (¥—1)2. This completes the proof.

The expression for Ju ]2 in Lemma 2 is too complicated to be useful. It is

better to have a simple approximation. Since 1<y<VZ2 it follows that the last

quotient in (5.1) is greater than 3/8 and less than H(7—4VZ2). We can therefore

estimate the L? norm of u by

8t2 -2 1+\_/E -2 2 .
e Vat +vt (1+8) (1+m )2< |u]?<2the lower bound. (5.2)

Here f=v/ a is the Prandtl number and we have éirnpliﬁed B8~Y(y-1)? by rational-

izing the numerator. The lower bound in (5.2) is best possible because we have

equality for a=v.

Loy
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THEOREM 2. Let u(z,t) and T(z,t) be the solutions of (1.1) and (1.2) with
g =1. Let U(z.t) and 8(z,t) be the random solutions given by (2.7) and (2.4).
Set B=v/a. [ft=nAt>0 and k>1 then '

8-T] _ )
17§ \/W

12 p( -L——Ls (1+5)(1+—‘@-)< At

1 i
kT.‘ i

i-—-

k
+ ).

Remark. The factor that depends an the Prandtl number 8 is an increasing
function. It is always greater than 2 and less than S if f<1. It is less than 20 if
f=<7.75. If At=t/n, N=n* k=n and <1 then we have

P(|U—u]>10]ul/n)<1/n?.

It is surprising that our bound improves as ¢ increases. If Af is small and ¢ is
comparable to At then the absolute error is small with high probability, but the
relative error could bé large. '

Proof. We begin with the temperature. Since T=£0 it fonéws from

Chebyshev’'s inequality (see [7,p. 149]) that

- E)TY \_  E(16-EB]?)
P(l6-T]) > VN )s EE[ TN

To compute the expected value we use Fubini's Theorem, (3.3) and Lemma 1

with a=b=2at. This yields
E(]8-£8]%) = [var8dz = -;Tﬁ—/rr(\/i—l)m
[+)

=171z
V2N

Here we have used Lernma 2. Since the probability of an event is one minus the
probability of the compiementary event we have proved the first claim in the
theorem. We will now study the velocity. lLet & be a constant such that

lEU—ulsdlul. Then
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flU—u]>E+d)u]icilU-EU]>e]ul}.
Thus it follows from Chebyshev’s inequality that

1—P(J[|ju—d‘i'ﬂ—ss+6 )< P( -'%ugfﬂl—n )= E(JU-EU|?) - (5.3) "

EZEUIZ

We will choose the value of ¢ such that the right hand side is less than 1/ k2. To
estimate the expected value we use Fubini’'s theorem and (3.9) with the extra
factor 1/ N. By combining (3.2) with the distributions in (3.4) and (3.5) and

using Lemma 1 we get

E(]8-E8]?) = —Ata'E VET T (2-VE) VIR =m)5E

m=1

2n ve/n (2—0 V2am At +2u(n -m)at

+ Lo
N m=1
5—-—2-—(2 V2) Vmax{a, V)t .
4N Vrr

By inserting this result in (5.3) and using our lower bound (5.2) for ju | ? it fol-

lows that the last term in (5.3) is less than k=2 if .

£ = (1+8) <1+1—j\,%) Fr

To find a convenient choice of § we use the inequality (3.9). From definition (3.7)

and Lemma 1 with a =b =2max(a,v)¢ we conclude that

. - -» 2 —-y/
|EU-u|=sAt=j;(fu e 22— dy )24z
< At3VZ/ 7 (2-V2) VZmax(a.v)t . .

Combining this result with the lower bound for |« | 2 we obtain

-LET%—T-‘?LZ- < (1+;3)2(1+Ltﬁm)2 AttTa= 62.

This completes the proof.



21

Acknowledgments. The problem was suggested by Ahmed Ghoniem. In
addition the author thanks Alexandre J. Chorin, Phillip Colella and James Sethian
for helpful discussions. The work was supported in part by U.S. Office of Naval

Research under grant NO0O014-76-C-0318. The author is a Miller Research Profes-

sor.

References.

[1] G. Benefatto and M. Pulvirenti, A diffusion process associated to the Prandtl
equation, J. Func. Anal. 52 (1983), pp 330-343.

[2] Y. Brenier. A particle method for one dimensional non-linear reaction

advection diffusion equations, (1983), submitted to Math. Comp.

[3] A. J. Chorin, Numerical study of slightly viscous flow, J. Fluid Mech., 57
(1973), pp. 785-796.

[4] —. Vortex sheet approxifnation of boundary layers, J. Comp. Phys., 27
(1978), pp. 428-442.

[5] —. Numerical methods for use in combustion modeling, Proc. Int. Conf.

Num. Meth. in Science and Engineering, Versailles, 1979.

[6] W. Feller, An Introduction to Probability Theory and its Applications, 2nd
ed., vol ], Wiley, New York, 1957.

[7] ——, 4An Mmtroduction to Probability Theory and its Applications, vol II, Wiley,
New York, 1966.



22

[8] A. F. Ghoniem, A. J. Chorin and A. K. Oppenheim, Numerical modeling of tur-
bulent flow in a combustion tunnel, Phil. Trans. R. Soc. London, A304 (1982),

pp. 303-325.

[8] A. Ghoniem and F. S. Sherman, Grid-free simulation of diffusion using ran-

dom walk methods, J. Comp. Phys. (1984), to appear.

[10]_ 0. H. Hald, Convergence of random methods for a reaction-diffusion egua-

tion, SIAM J. Sci. Stat. Comp., 2 (1981), pp. 85-94.
[11] G. Hellwig, Partial Differential Equations, Blaisdell, New York, 1964.

[12] C. R Nlingworth, Unsteady laminar flow of a gas near an infinite flat plate,
Proc. Cambridge Phil. Soc., 48 (1950), pp. 603-613.

[13] L. D. Landau and E. M. Lifshitz, Fluid Mechanics, Pergamon Press, London,
1959.

[14] C. Marchioro and M. Pulvirenti, Hydrodynamics in two dimensions and vor-
tex theory, Comm. Math. Phys., 84 (1982), pp. 483-503.

[15] F. Milinazzo and P. G. Saffman, The calculation of large Reynolds number
two-dimensional flow using discrete vortices with random walk, J. Comp.
Phys.. 23 (1977), pp. 380-392.

[18] S. Roberts, Accuracy of the random vortex method for a problem with non-

- smooth initial conditions, J. Comp. Phys., (1984), to appear.

[17] J. Sethian and A. Ghoniem, Validation of vortex methods, II., to appear.



u

23

FIG. 1. Dependence between the vortex sheets

that are fmtroduced into the flow.
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