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1. Introduction 

It was pointed out some time aao by Lipkin, Welaberser and Peshkln (1) 

that the oomautatora or the velooltlea or an _lectron In the rleld or a point 

.asnetlc aonopole appear to violate the Jacobi Identity at the position where 

the aonopole 10 looated, Hore recentl" a number ot authOrs (2-5J have 

obaerved that auch a violation or the Jacobi Idantlty could be related to the 

eKlatenoe or a )-oooyole l on the three dimensional translation sroup ror the 

electron and to a violation or aasoolatlvlt, ror rlnlte translations. The 

main obaervatlon or Rera. 2 - 5 10 that, even It the Jacobi Identlt, 10 

violated (at the -Lle-alaebra- level), the Dlrao quantl&atlon condition 

enaures that tlnlte tranalatlona (obtained b, eKponentlatlon) are 

assocIative. In vlrtua or thla quantl&atlon conditIon the phase whIch 

meaaurea the desree or non-asecolatlvlt, or rlnlte translatlona la alwaya or 

the ror. eKp[ln2.) • 1 where n la an Inteser. 

The q,ueatlon roalns It It la aotuall, poaalble that the Jacobi Identlt, 

la violated. It haa been pointed out In Rer. 8 that, In an, rormulatlon or 

tha quantua-mechanlcal monopole problea In which the coordinates and the 

velooltlea or the eleotron are deacrlbed b, operatora In a IIllbert apace, the 

Jacobi Identlt, oannot be violated, alnce It rollows rrom asscolatlvlty or the 

operatora aotlns In a Hilbert apace (see also Rer. I). This la desorlbed In 

8Qqe detail In Rer. 8 ror the Dlrao atrlns tormulatlon of the monopole problem 

aa well ao tor the Wu-!ans tormuletlon In terms ot local 3ectlons (9). The 

Jacobi Identlt, can only be ,Iolated It the coordinates and velcottles ot the 

electron are not operatore but belons Instead Lo a non-associative alaebra.2 

One 10 then led to tormulate the rollowlna prOblem. Given the baslo 

oommuLatlon relatlo.~ 
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[la,lb] • 0, (Ia"b] • I 'ab 

(1.1) 

['a"b] • I Bab(x) • I 'aboBo(l) 

(the Indloes a. b. 0, take the ,aluea I. 2 and ]) conalder the algabra 

conslstlna ot all runotlons at la and 'a' aay with ooaplal coerrlolenta. Doas 

the conslstenoy or thla algebra I.pl, aoae raetrlotlons on the .Ianetlo rlald 

Ba(I)1 A sl.pla rormal manipulation Il,ea the "Jacobian-

[['1"2]"]] • [['3"1]"21 • [['2.,]1"1) • -0 • , ( 1.2) 

It the dlveraenoe or the .aan.tlo rleld ,anlahea, the Jacobi Id.ntlty la 

aatlarled (all other Jacoblana ,anlah Iq an, oase) and the alsebra oan be 

repreeented In ter.e ot Hilbert apaoe operatora b, taking] 

'a • Pa - Aa' Bab • iaAb - abAa • (I.]) 

Thla la the uaual oase or ,anlshlns .. gnetlo oharle. In the oaee or a 

aonopole looated at the origin one haa 

~ • , • - __ g6 3(x) • 
(I.") 

Is the slgebra oonslstent In thla oaae. or In an, other osae where the 

.agnetlo oharge does not vanleh Identloall,? With certain reasonable 

assumptions we shall find that conalstenoy requires 

~(f·').o 

...... 
\. " 

( 1.5) 

.. 

I •••• the magnetlo oharge .ust be Independent or position. This .xoludes 

(1.11) but l.a,es the Interestina oase In which the .aanetlo Held la linear In 

x. Indeed the aeneral aolutlon or (1.5) la or this type plus a .aanetlo rleld 

with zero dl,eraenoe. In Seotlon 3. we ahow that by redetlnlna the 

coordinates and the ,elocltles one oan Ilwaya reduoe an algebra aatlstylna 

(1.5) to the oas. 

Ba(l) • la (1.6 ) 

Wa ahall oall the alaebra al,.n by (1.1) and (1.6) the "maanetlo" algebra. It 

la an Innnlt.a non-asaoolatlY_ algebra whloh seells to deaer,e aome rurther 

atud,. In Seotlon ]. we show that tha condition (1.5) followa rrOll an 

Identity, the "aloe, Identlt,. whloh Ie weaker than the Jaoobl Identlt,. but 

oan be elpeoted to be ,alld In a ,er, larae 01a9a or alaebras. the 

aLruoturable algebraa. The elements or a atruoturable algebra that olose 

under oommutatlon ror. a "aloe, algebra. Berore we lIust. however. Introduoe 

aome baalo notions In the theor, or non-assoolatl,e algebraa. 

2. Non-assoolati,e Algebras 

In the Dlrao formulation or quantulD lIIeohjlnlos the oporators " that aot In 

a oomplel Hilbert apaoe aatlar, the assoolatl,e law or oomposltlon. I.e. 

("1"2)"3 • "1("2"3)' (2.1) 

One lIay derlne non-assoclstl,e algebraa among theae operatora by taklna an 

antl-symmetrlo or a symmetrlo prOduot .or thell. For example. the operatora 

.' 
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lhal oloae und~r ooamutatlon aatlar, the Jacobl ldentlt, trlwlall, and ror. a 

Lie alsebra whlch 10 not assoolatlwe aince [[".,Hb),"o) la In aeneral not 

equal to ["a'["b'"O))' However, the non-assooiatlylty or Lie alaebras ia not 

"Intrinsic· In the aenae that the, oan alwaya be realized in tenas or 

aasoclatlve .atrloea with the product belns the cOmGutator. 

The hermitian operetors oerrespondlns to observables tn qu.ntua meoh.ntos 

olose under anti-commutation and rerm a Jordan alsebra (10). Oertntna the 

Jordan produot 0 as 1/2 the sntl-cGaautator tt ts easy to yertty that the 

hermllian operators tn a co.ple. lIilbert space do nol sattsry the assooiatlYe 

law ur composition under the Jordan produot, t.e. 

(lIaol1b)oHo • "ao("boHo) (2.2) 

wt"tre 

"aoHb • 1/2("allb • "b"a) • "boHa' (2.]) 

Even thoush one doea nol hawe auoolatlYaty amona three arbltrary al_enU,one 

still has 83l1oolaUvlty ror lIa' "b and "a2 

(lIaollb)oIl/ • lIaO(lIboH/). (2.11) 

Thls Identity Is rererred to as the Jordan tdentlty and, toaether with the 

ey~etry condition on the product, derlnes a Jordan alaebra (10]. In their 

clilsslo wOI'k Jordan, von Neumann and Wigner (II] have ahown that with only one 

JlOsslble exceptlon all Unite dimensional Jordan algebras are speotal. Le., 

Lh .. y call alwaya be l'ea1he<t In turlDs or assoclattve matrices with the Jordan 
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produot belns one-halr the antl-co~utator. The only exceptlon Is the 

exceptlonal Jordan alsebra J 30 or 3 x 3 her.ltlan ootonlonlo matrlcos, the 

Jordan produot belns one-halr the antl-commutator or the matrlces. The 

exceptionality was proven by A. Albert [12]. Recently, Zelmanov has prowed 

that there are no infinite dimensional Jordan alaebras that are exceptional 

(13). Thua the alaebra J 30 is the unique exceptionel Jordan alsebra that has 

no realization tn terms or essooiatlve matrtces. In spite or its "intrinaio· 

non-aseootatlvity tt wes later shown (Iq] how one oan rormulate quantum 

mechanios ower J]O .ati.rylna all the axioms or von Neumann. Furthermore, the 

Jordan roraul.tion or quantum mechanlos has been extended to the quadratlo 

Jordan rormulatlon (15) which extends to the exceptlonel ootonlonio quantum 

meohanlcs as well. The exoepttonallty or J]O however implies the non

existence or a Hilbert apace rormulatlon or the oorrespondlna quantum 

.eohanlos a 1a Dlrao. 

In atudyina a1aebralo structures that do not aatlsry the assoolatlve law, 

or oomposttlon one t.portant concept that ia 9rten introduced ta that or the 

asaoolator. QtYen three elements, a,b,o or an alsebra A thelr assoolator 

(a,b,o) ts dertned as 

[e,b,o] • (ab)o - a(bo). (2.5) 

It vanlshes identloally ror aSlioclative alSabras. An alternatlve algebra is 

dertned as an alsebra In whlch the rollowing Identltloa hold (16,17] 

[a,a,b) • 0 (2.6a) 

(b.a,a] • O. (2.6b) 
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Replaolns ~ by (a • 0) In (2.6~) one rinds 

(a • o. a • c. b] • [a,a,b) • (a.o.b) • (o.a.b) • (o.o.b) • 0 

• [a,o,b) • [o.a.b) • O. 

SI.llarl, (2.6b) I_plies 

[b,a.o) • [b,c.a) • O. 

(2.7) 

U.8) 

Thus In an alternative alaebra the aaaoolator (a,b,o) la an alternatlna 

runctlon or Its araumenta. Ualn, this property or the aaeoolator, on •• ay 

derlv. the rollowln, Hourans Idantltlea tor alternative alsebraa. 

(aba)o • a(b(ao» (2.9) 

o(abe) • «ea)b)a (2.10) 

(ab)(oa) • a(bo)a (2.11) 

where (aba) • (ab)a • alba) b, alternatlvlty. To prove (2.9) one needa onl, 

to write the quantity (aba)o - a(blao» In tarma or the assoolatora and show 

that It vanishes aa a result or alternatlns property. 

(abalo - alblao) • [ab,a.o] • [a,b,ao] 

• -[a,ab,c] - [a,ao.b] 

• -(a2blc • a«ablo) - (a2c)b + a«aelb) 

~ c 
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• -(a2,b,o] - a2(bo) - [a2,e,b) - a2(eb) • a«ab)e) • a«ao)b) 

• a(-a(be) - a(eb) • (ab)c • (ao)b) 

• a([a,b,o) • [a.o.b]) • O. 

The Identity (2.10) oan be elmllarl, proven. To prove (2.11) consider 

(ab)(oa) - a(bo)a • [a,b,ea) • a(b(ca» - a(bo)a 

• [a.b,oa) ~ a[b,o,a) 

• -[a.oa.b) - a[b,o.a) 

• -(aca)b • a«ca)b) - a[b,o,a] 

• -(aoa)b • a«oa)b) - a[o.a,b) 

• -(aca)b + a(c(ab» • 0 

Wher. the vanlahlna or the expresalon In the last line tollowa rrom (2.9). 

Given an alternative alaobra A one can dettne an alaebra A+ with a 

aymaetrlo produot 0 derlned al.ply as 1/2 the anti-commutator 

aob • 1I2(ab • be). 

The reaultlns alaebra A+ la a apeolal Jordan algebra [17). On the other hand 

atartlns rrom an alternative algebra A Ir we derlne a new alsebra A with the 

antt-symmetrlo product (eoaunutator') thon A 10 In general ~ a Ue a1aebra. 

This Is because the Jacobi Identlt.y Is not satlsfled In A-. The JacobIan 

J(a.b.o) derlned by 

J(a,b,c) • [[a,b].c) • [[c.al.b] • [[b,c],a] (2.12) 
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Is IIlapl~ p.'oporLional to thll IInoolator 

J(a,b,o) • 6[a,b,o) (2.1]) 

which doea not vanish In , .. neral. The al,ebra ,- thu:t obtained III a Marcey 

alsebra [18,19). 'Halcev alsebra III detlned by an antl-aymaetrlo produot I. 

a lb. -b I a 

and II tourth order Id.mUty (Halon IdenUty) 

(a I b) I la I 0) • (a I b) I 0) I a> ((b I 0) I a) a a 

> ((0 I a) I .) I b. 

(2.111) 

(2.15) 

To prove that the alsebra ,- with the antl-lIy .. etrla product a taken all the 

commutator lIatlatlea the Malcllv Identlt, onll uaes the Houtan, Identlt, 

(2.11). Thill la aoat eaall, done b, tlrat ahowln, that the (2.15) III 

equivalent to thll rollowlnB Identity 

Jla,b,a I 0) • ·J(a,b,o) I a. 

We have 

J(a,b,a • c) • (a I b) I (a I 0) t «a • c) I a) I b 

• (b • (a I 0» I a. 

(2.16) 

Replacing ror (a I b) I (a I 0) the rlsht hand aide or (2.15) we haye 

". 
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J( a,b,a I 0) • «a I b) I 0) I a • «b I 0) I a) I II 

• «0 I a) I a) lb. «a I 0) I a) I. b 

• (b I (a I 0» I II 

• J(a,b,o) I a 

provln, (2.16). SInce In' the product I Is IIlmply the commutator, we haye 

J(a,b,a I 0) - J(a,b,a) I a 

• J(a,b,(a,o) - [J(a,b,o),a) 

• 6[a,b,(a,o)] - 6[[a,b,o),a) 

6[a,b,lIa) - 6[a,b,aa) - 6[a,b,o]a • 6~[a,b,o] 

- -6[ao,b.a] > 6a[b,a,a) - 6[a,b,aa) • 6[II,o,b)a 

• -61((ac)b)a - (aa)(b'a) - a(ba)a> a(b(ca» • lab)(oa) 

- a(b(ca» - (ao)b)a t alob)a) 

- -6I(ab)(aa) - a(bo)a - (ac)(ba) • a(cb)a) 

• 0 

thua provlnB the Maloev Identity tor '-. 

for a:taoolatlvll alsllbraa , thll alllloolator yantahea IdentIoally and hellce 

the 00"re9pondlng alBebra' la a Lie als"bra. The Maloev IdenUty la 

trlvlall~ aattarled In thla oaae. The.'eror'e Maloev algebrall correspond to a 

generall~atlon or Lie algebraa. They arlae naturally rram alternative 

algtobras under th" commutator p.'oduct, The beat known example or an 

al ternaLl ve algeb.'a which la not aalloclatl ve III the acton Ion algebra 0 at 

Cayl"y, Gravea and Dlckaon. The :teven Imaslnary unlta or the octonlo09 cloae 

under commutation and fOnD a Malctov alaebra which we denote aa 0-. The 
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allebra 0- Is Lhe unique (up Lo lea.orphls.s) rlnlt. diMensional simple Halcev 

allebra whloh Is ~ a Lie allebra [19.20). 

As ror non-assocIative allebras that 10 beyond alternative allebras ve 

ahould .entlon skew-alternative alleb"as (21). A skev-alternative allebra Ia 

an allebril vlth an InvoluLlon •• i auoh that the assoclator satlsf lee 

[s ••• y) • -[ •••• ,) • [ •• , •• ) 

12 

A m H • S 

where H • (x~A.i • xl and S • (StA.S • -al. The eleaents or Lhe odd 

.ubspaoe S olose under oommutatlon. I.e. [s.t] • st - ts t S If S.tES. and 

ro.'. a HalooY allebra. Thus ve see that the conoept of a Haloev allebra Is 

very leneral a. lonl as one Is deallnl wIth the commutator produot. 

3. Conslsteno, Condition 

whare. I. an odd eleaent (I ••.• ohanles .18n under the InvoluLlon We shall now assume Lhat the commutatore liven by (1.1) satlsry the 

•• -.) and x., are arbltrar, .leaent. or the allebra. SLruolurable allebra. 

that have been etudled In detail by Alileon (21) eatl.f, Lh •• kev-

alLernatlvlty property. A atruoturabl. allebra A la defIned as an alaebra 

vllh an Involution thaL .atl.fle. the rollowlna operator Identlt, 

[Ta·V •• ,) • Vrzx,y - Vx•T_,· 
a 

The linear operator Ta .nd the bilinear operator V •• , are defined In 

tenas of multiplication In A. 

v z. (xy)z • (zy). - (xi)y 
I.y 

T.(a) •• z • ZI _·zx 

Struoturable alatlbraa are ave.', aenerel olue of non-aasoolatlva allebraa 

that Inolude a:uloclatlve alaebras. Jordan allebrsa and alternstlve all"bras. 

Glven a structurable algebra A It oan be dooomposed ae a veotor space dlreot 

SUIII or I ts even and odd subspaoes 

&C f:, 

Haloev IdenLlty whloh ve Lake In the rorm (2.16). The onl, nontrivIal 

consequenoe of the Haloev Identlt, Ie obtained If one consIders Lhe case of 

four velocl ties. for other oholces of the baslo ,arlables the Identity h 

satlefled. Therefore ve requlra. ror Inatanoe, 

- J(vl.v2'['I"3]) • [J(vl"2.v3)"I] • o. (3.1) 

Now, Lhe first terM on the left hand aide la easily aeen to vanish. Indeed. 

It equals 

['I·['2·['I. v3])) • ('2'[['I"3]"I]) • [('1"3]'[""2]))' (3.2) 

Ualnl (1.1), ve see that the rlrst tvo torms oancel, beoause they are 

respeotlvely equal to iii, a202 and to - 1i12a. 82, The last term vanishes by 

(1.1) also. Therefore the second term on the len hand side or (3.1) must be 

zero. U9111a (1.2) we obtain 

a
l 

(~ • D) • o. 0.3) 
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fl. Conclusion 

The other cODponenta ot (1.5) oan be obtained In a sl.llar way. We havlI Investllatlld the possibility that the dynamical variables 

Wd hawll tound that the dlvllrlonoll ot thd .• alnetto tleld .uat be 

Inddpdndent ot x 

f . i • constant. (l.II) 

The .ost Kdneral solution ot this equation Is liven by 

B • i' • f X I (l.5) I 

~,erd D' Is linear 1n x. It we 1ntroduoll the new varlabl .. 

Va' • Va • 'a(l) (].6) 

WII sell that thllY satlsry an alilibra similar to (1.1) but with D replaced by 

D'. finally, It Is not hard to aile that, oasblnlnl tranator8atlona ot the 

tYPd (3.6) with lInear transtormatlons on tllll ooordlnatliD and velooltlllD, onll 

clin rUduce tllll aillubra to tile ro, .. (I.1l with (1.6) or, equhallintly, to the 

torm (l. 11 with 

D, • x,. D2 • U1 • o. ().7) 

Thulle transrormatlons, whl ch are Inve,'tt ble, can bll Interpreted as a chanlle or 

baSi, In tho! Inrlnlte allebra consiSting ot the (unctions ot the baliis 

eldments xa and va' 

descrlblnl an elliotron movlnl In thll malnetlc rleld lenerated by a 

distribution or .agnetlo charlll torm a non-assoolatlvlI alilibra which does not 

aatlsty the Jacobi Identity. Havlnl dropped the Jacobi Idllntlty we have 

asaumlld the validity or the weakllr Halcev Identity, which Is known to be valid 

ror a very larlll olass or algebras with an anti-symmetric product. This 

restrlots thll malnetlc char Ie distribution to belnl constant and theretorll 

exoludes thll case ot a point monopoili. We have not aotually proven that thll 

oase ot the point .onopolll Is Inconslstllnt, but this aeema to bll likely, In 

view ot the wide ranle or validity ot thll Halcev Iddntlty. 

On thll othllr hand we expect the malnetlo allebra tor constant malnetlo 

charle to be consistent. Our attempts to rind an expllolt rllpresentatlon ot 

the .alnetlo allebra have bllen unsuooessrul. Thla Infinite allebra would aeem 

to be an Interestlnl aubjllct ror turther mathematical study. 

WII have not considered herll tile question ot thll quantum mechanical 

deacrlptlon ot the Dystem with constant malnetlc chargll distribution. 

lIowlIYllr, thllre seems to, bd no serious problem In developlnl euch a description 

In terms ot dllnslty matrloes and projection operators, alonl lines similar to 

thosll tollowlld In the Jordan approach to quantum mechanics [10,15]. 

Comlnl back .to thll qUllstlon of the 3-000yclll mentioned In the 

Introduction, the outcome or our Investllatlon Is that the violation or t~ 

Jacobi Identtty correspondlnl to a point malnlltic monopole Is not acoeptablll, 

alncd It leads to an Inconsistent algllbra, In thll sense explained abovlI. It 

lIeemli that the point monopold must be treated a la Dirac (with a string) or 

with local sections. On til" othe,' hand, the allebra correspondlnl to constant 

malnetlo charlll seems to bll consistent. tlore we have a violation or the 
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Jacobi Identit),. which by exponentlaLlon leacia to a t.rua non-usoclat.hlt.)' ot 

the tlnlte tl'snlllatlons as well. Sinoe the a.ount. ot .asnetla oharse 

contained In a tlnlte voluae varlas cont.lnuousl, t.here Is no quant.lzat.lon 

condition which could restore the assoclatlvlt)' In exponential tora. 

Thill wOl'k was supported In part b)' the Dlreotor. Offloe or Enern Researoh. 
Ortlce of IIISh Energy and Nuclear Physics. Dlvlllion ot HiSh Enel'SY Physics of 
the U.S, Department ot Ener&), under cont.I'aot DE-AC03-16-SFO-0098 and In part 
by the National Science Foundation under research grant PIII-81-18541, 

-c C) 
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Footnotes 

1. Cooycles and COhomology are dlscusged In Reta. 6 and 1, 

2. Here we use the t.el'. non-associative to .ean not associative. In t.he 
.athematlos literature the tera non-aSSOCiative alsebra III used In a 
seneral aenlle to denote associative all well as not. associative alsebras. 

3. We take the .ase end the charse ot the electron equal to unity. 
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