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ABSTRACT 

When calculated in the liquid-drop model, the deformation energy of 
strongly necked-in fission or fusion configurations shows a spuriously strong 
dependence on the details of the shape in the neck region. This is a conse­
quence of the assumed sharp surface in the liquid-drop model. This model 
can be improved by replacing the surface~energy term by the self-energy of 
a drop caused by a short-range two-particle interaction. For a Yukawa 
function the self-energy integral can be evaluated analytically for a fev 
important special configurations, and it can be transformed into a three­
dimensional integral for arbitrary axially symmetric shapes. A numerical 
calculation is therefore only slightly more complicated than the usual 
treatment of the Coulomb energy. 
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Academic Exchange Service 
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Visitor to the Lawrence Berkeley Laboratory, April 1972-September 1973. 

-1-



In addition to the parameters in the conventional liquid-drop model, 
the new definition of the nuclear part of the deformation energy contains a 
parameter to specifY the range of the Yukawa function. Parameters for the 
new definition are determined from fission-barrier heights and interaction­
barrier heights throughout the periodic table. 

The influence of the proposed change in the liquid-drop formula on 
the stiffness of spherical nuclei, the ground-state deformation, and the 
existence of shape isomeric states in light nuclei is discussed. Fission­
barrier heights and saddle-point shapes are determined for nuclei along the 
line of beta-stability, and the static interaction potential between heavy 
ions is calculated. 

l. INTRODUCTION 

Considerable progress has been made in calculating the nuclear 
potential energy of deformation as a function of the nuclear shape and the 
mass and charge numbers by splitting it into a slowly varying function of 
these quantities and a rapidly fluctuating part. The latter is usually 
calculated according to a prescription given by Strutl.nsky [l). Here we will 
deal only with the smooth part. It is usually expressed in terms of a 
Bethe-Weizsacker type of expansion in powers of A-l/3 and r2, for example 
[2-4] 

E = -c A+ c A2/3 B (~ ) + l e2Z2 [Be(~) in 2 d2 O.I636] ( l) 
Al/3 2A2/3 - 2/3 ' LD v s s \) 5 

ro ro z 
where 

c = a (1 - K 12) 
v v v 

c = a (1 K 12) 
s s s 

and 

1 = (N - Z)/A. 

The quantity d is the surface-thickness parameter in a Fermi function that 
specifies the charge distribution. The shape-dependent function B8 (~v) is 
the ratio of the surface area of the deformed nucleus to that of the spherical 
nucleus, and Bc(~v) is the ratio of the Coulomb energy of the deformed 
equivalent sharp-surface nucletls to that of the spherical nucleus. Such a 
leptodermous expansion is valid only if all geometrical dimensions of the 
drop are large compar~d to the surface thickneso. 'l'his condition is not 
satisfied for strongly necked-in configurations with'neck radif smaller than 
about 2 fm, for example around the scission region in fission or the point 
of first contact. in heavy-ion reactions. 
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One could overcome this difficulty by going back to a constrained 
self-consistent' microscopic calculation for such configurations. But that . 
would be a rath~r involved program from a numerical point of view. Therefore, 
it is desirable to construct a generalization of the liquid-drop formula 
still on a purely phenomenological basis which satisfies the following 
conditions: 

(1) For spherical configurations it should give practi.cCL.lly the same 
result. as the old liquid-drop formula (except for very light nuclei). 

( 2) In contrast to the usual surface energy it should not .be sensi­
tive to high-multipole wiggles on the surface of the drop. The liquid-drop 
formula yields a 3purious and undesirable sensi ti vi ty of calculated fission 
barriers on unphysical fine details of the shape in the neck region .. 

(3) Between two separated fragments there should be an attractive 
nuclear interaction energy besides the Coulomb repulsion. The range of that 
force should extend beyond the equivalent sharp radius by roughly the range 
of the nucleon-nucleon interaction. 

(4) It should be possible to calculate the new expression fo.r general 
shapes with reasonable computational effort. 

We will show that
1

one can satisfy these conditions by replacing the 
surfac.e energy term Cs A2 3 B ( £;; ) by s v 

a 
E - -

e 
(2) 

with the two phenomenological parameters v
0 

and a instead of the single 
liquid-drop parameter Cs and allowing for a renormalization of the volume­
energy coefficient Cv. The six-fold integral is to be taken over the volume 
of the equivalent sharp-surface nucleus whose shape can be parametrized by 
any suitable set of deformation parameters; this volume is specified by the 
nuclear-radius parameter ro· 

2. SPECIAL CONFIGURATIONS 

We will discuss the results of this replacement for a. sequence of 
shapes of increasing complexity and show that these four conditions are 
fulfilled. 

2.1. Spherical Shape 

A straightforward calculation of the integral (2) in spherical 
coordinates yields 

r 4 3 3 .. , -. 2Ro/a.] 
E = v0 l- 3n R0 + 2na.R; - 2~a. + 2na.(R0 + a)~ e 
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where R0 = roAl/3 is the equivalent sharp radius. For a/Ro << 1 the last two 
terms are negligible. The second term yields the surface energy if ·the inter­
action strength v0 is related to the semi-empirical surface-ene,rgy constant 
cs by 

') 

C = a (l - K I~) = s s s 

The first term gives a contribution to ~he volume energy and has to be compen­
sated for by a renormalization of Cv. This way we meet the first of the four 
requirements on E. 'rhe limit a -+ 0 yields the usual liquid-drop model. 

Bubble nucleus 

from (2) 
For a bubble nucleus with inner radius R1 and outer radius R2 one gets 

.L' -..., - - 2 -· (
R1 .) 2 
a+ 1 exp(-2R/a) 

exp 

- (
2 + 1)

2 
exp(-2R2/a~ 

Recently the bubble-nucleus model has been discussed for R1 ~a [5]. In this 
ease the application of the usual liquid-drop formula ( 1) is doubtful and should 
be replaced by this formula. 

2.3. Small distortions about a spherical shape 

If the shape is parametrized by the normal coordinates for harmonic 
vi brat ions around the spherical shape, 

where 

R = Ro (1 + L al.m y~m (Q) + acorr) 
R-~2 

m 

8 carr = - trr L I 8 tm 12 
t~2 

m 
the deformation energy to second order in stm is given by 

where 

E(Stm) - E(O) = ~ A2/3 L IB~ml2 c~ 
~~2 
m 
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C = ( RO + 1)· [Ro -.1 + (RO + l) exp(-2R /a)l - 2 (RO fr. . (Ro)K . (RO) . 
£ a . a a 0 ~ a i+l/2 a i+l/2 a 

Here I£+1/2 and Ki+l/2 are modified Bessel and Hankel functions, respectively [6]. 

The simplest way to derive this formula is to use the expansion 

+ R6 f( ,;_;,I )r=Ro (L: 
. £ ,m 

8im yim (rl) + 8 ) carr 
(5) 

for the integration with respect to r and a similar one for the integration 
with respect tor'. Integrals of the type 

1 J dx P2 (x) 

-1 

exp (- ~ ~r 1
2 

+ r 2 
2 

- 2r 1 r 2x) 

~ ~r 12 + r 2 2 - 2r 1 r 2x 

are evaluated. by use of the addition theorem for modified Bessel functions [ 6], 

An expansion of Eq. (4) in powers of A-l/ 3 yields for the stiffness 
constant for multipole vibrations of order Y the result 
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(R.+l) (~+2) (;) } 
c 

; 8~ { [ R. ( R.+ 1 ) -2 ]A 2 I 3 3 4 (R.-l)X. 

+rr(a\ A-2! 3\ + CJ [e.xp' (-2R
0
/a}] 

. ro J 
The first term is the well-known contribution of the 1surface energy in the 
liquid-drop formula. There is no term proportional to Al/3, which means 
physically that the contribution to the energy from the curvature of the 
nuclear surface is identically zero. This Al/3 term is absent also for more 
general shapes [7], provided that the smallest curvature radius is large 
compared to the range a. The term of order AO reduces the stiffness for 
finite values of the range a9 this reduction becomes relatively more 
important for light nuclei. The last two terms are negligible for low 
multipole orders t, provided that the nuclear radius Ro is large compared to 
a. For higher multipole~, the expression (4) for the stiffness constant 

.becomes independent of multipole order, because for large v 

1 I (z) K (z) ->-::;-
v v ~v 

This is to be contrasted to the quadratic increase with multipole order for 
the stiffness constant calculated with the usual liquid-drop model. It shows 
the insensitivity of the modified liquid-drop formula to unphysical fine 
wiggles of the surface. Therefore also the second of the four requirements on 
E is satisfied by (2). 

The fissility parameter x is defined as the ratio of the Coulomb energy 
E(O) of a spherical sharp-surface drop to twice the spherical surface energy 

c (o) I Es = Cs • A2 3. The value of the critical fissility Xcrit for which the 
sphere loses stability against fission corresPonds to the point where the 
restoring force for P2 vibrations vanishes. Addition of the Coulomb con­
tribution to the deformation energy (4) yields for R.=2, m=O the result 

E(O) 2 
.tE s 82 [ . 2 a l"'r" (e-2Ro/a)ll 
u = ~ 20 2 - X - 9 R 2 + v J 

0 

This leads to 

instead of the usual value 1. 
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2.4. Two non-overlapping spheres 

The nuclear interaction energy of two non-overlapping spheres of radii 
R1 and R2 and center-of-mass distance D ~ R1 + R2 follows from straight-forward 
integration of (2) : · 

E. t 1n 

For R1 , 2/a >> 1 this reduces to 

Rl) (R2 R2 
sinh- -cosh 

a a a 
R2) sinh -
a 

c 
where £, is the distance between the two sharp surfaces and y 
surface tension. 

= s 
4nr 2 

0 

-D/a 
e 

D/a 

is the 

'l'his formula is a special case of a general. theorem [ 8] which states 
that to order R the interaction energy between two arbitrarily shaped objects 
interacting via a short range force (short compared to all curvature radii) 
can alw~s be expressed in the form 

00 

E. t(£,) ::: 
1n 

2TI 

( 8) 

The first factor is purely geometrical and in the case of two spheres is equal 
to 2rrRlR2/(Rl+R2 ). The quantity e(t;;} is the interaction energy per unit area 
of two parallel infinite surfaces at distance ~. Obviously e(O) ::: - 2y . A 
Thomas-Fermi calculation [8] of the function e(~) yields a result that can be 
approximated roughly by an exponential function of range a = l. 4 fm, that is, 

( t) ~ ? -~/(1.4 fm) e., -.,...~ye 

~). 5. Non-overlapping spherical nucleus and slightly deformed nucleus 

The generalization of Eq. (8) to the interaction energy between a 
spherical nucleus with radius R1 and a deformed nucleus with radius 

H = R,.) (1 + 8 . + Y' 8 0 Y n (I G)] is given to second order i.'n 6 t by 
"· carr Gn .o;,m .o;,ffi m 

' . 
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( ___!_ cosh 
1 

s ro a a 
.sinh 

( 9) 

xGL . ,, 
'.~.r. 

ev 1 16(111 t .. m .._ m-m ,, )~ I. I) f 'ft f • 
' , Q. , ~. ,m ,rn 

Here 8 and ljJ are the angular coordinates of the vector joining the centers of 
mass of the two r1uclei in ~ coordinate sy~tem whose origin is at the center of 
the deformed nut:,lc'us. The deformation parameters B~m refer to the same system 
o1' reference. The other quantities are given by. 

w1d ErE~ is the expression (8) for the spherical case. This formula is 
obtained easily by use of the expansions (5) and (6). 

3. DETERMINA'I'ION OF PARAMETERS 

The shape-dependent terms of the nuclear macroscopic energy calculated 
according to Eq. ( l) contain a total of four parameters: the equivalent 
sharp-surface nuclear-radius parameter r 0 , the range a of the Yukawa 
function, the surface-energy constant as for equal numbers of neutrons and 
protons, and the surface-asymmetry constant Ks· The equivalent sharp-surface 
nuclear-radius parameter r 0 is known accurately from analyses of electron­
scattering data; its value is therefore not adjusted but is taken instead to 
be 1.16 fro from these studies [ 9]. 

Interaction-barrier heights depend mainly on r 0 and the range a and 
more weakly on as and Ks. Therefore, once r 0 is fixed the range a is 
determined by adjusting to experimental interaction-barrier heights [ 10-25]. 
The resulting value of 1.4 fm is the same as the range determined from the 
above mentioned Thomas-Fermi calculations [ 8]. 

Once bo~h ro and a are known, the final two parameters a 9 and Ks are 
determine9- by adjusting to experimental fission-barrier heights L26-28]. 
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Because these two parameters are highly correlated, their individual values 
are determined poorly. For example, the value of 4.0 determined for Ks is 
uncertain by at least ± 1.0. 

The resulting value of 24.7 MeV for as is significantly higher than 
the value of about 18 MeV obtained in the usual liquid-drop model by adjusting 
to fission barrier heights [2,3]. It is on the other hand only slightly 
larger than values obtained by adjusting to nuclear groi.U1d-state masses 
I:J.loue [4]. The difference between our value and the values of Ret's. [2,3) 
arises because the finite range of the nuclear force reduces the effective 
stiffness with respect to deformations. It is therefore possible that the 
surface-energy constru1t is indeed larger than previously believed. 

To summarize, the preliminary values chosen for the four parruneters 
et.re 

1.16 fm 

a = 1.4 fm 

as= 24.7 MeV 

K = 4.0 
s 

(10) 

Nu attempt has been made so far to redetermine the parameters in the shape­
independent terms of Eq. (1) after replacing the surface term by the integral 
( 2). 

4. INTERACTION BARRIERS 

The combined action of the Coulomb and the nuclear force usually yields 
a maximuin in the interaction-energy as a function of the distance between two 
ions. For symmetric configurations this interaction barrier disappears for 
a critical fissility of the combined system of x = 6/5, at which point the 
Coulomb repulsion can no longer be counter-balanced by the nuclear force even 
for two touching spheres. Below this critical·value of x the height of the 
barrier is often represented in the form 

2 z
1
z

2
e 

( Al/3+ Al/3) 
r eff l 2 

( ll) 

Figure 1 shows reff as a function of the charges Z1 and Z2.of the two colliding 
ions for nuclei along Green's approximation to the line of beta-stability [29]. 
Equation (11) can be rewritten in the form 

-9-



Emax = 
int (12) 

where d is the distance between the two nuclear surfaces at which the total 
interaction energy ha.S its maximum. The value of d is determined. easily by 
iteration from the equations 

D f. 

where EintCD) is inserted from Eq. (8). A contour plot of d(Zl,z2 ) for nuclei 
along the line of beta-stability is given in Fig. 2. 

In Fig. 3 experimental Coulomb barriers from reaction cross-section 
measurements [10-18] and from elastic scattering experiments are compared with 
the predictions of this theory. The deviations from the calculated values are 
smaller than ± 5.4% or 9 MeV i~ absolute units. The data used ~n Fig. 3 
include the deformed nuclei 230U [13-15,19], 232Th [10], and 164py [12]. For 
these deformed nuclei Eq. (9) is used with 620 = 0.277, 0.248, and 0.319, 
respectively [ 30]. The orientation angles 8 and 1jJ are taken equal to zero, 
which gives the minimum interaction barrier. We have not taken into account 
any shell effects on interaction barriers because the influence of one poten­
tial well on the level density around the Fermi surface in the other well 
is supposed to be very small at the point of geometrical contact or even 
farther out. 

The distance between the two centers of mass is the only degree of 
freedom that we have considered in calculating interaction barriers. We 
are thus disregarding the coupling of the relative motion to the neck-healing 
or any intrinsic degrees of freedom of the two ions. Elastic-scattering data 
on the other hand are usually analyzed in terms of optical potentials. Only 
the tail regions of these potentials are determined unambiguously, which often 
excludes the maximum. Moreover the optical potential reflects the coupling 
of intrinsic degrees of freedom to the relative motion in an average way, 
whereas these effects are completely neglected in our model. 

Information on interaction barriers is also extracted from fusion 
reaction cross sections. They are 100stly analyzed in terms of transmission 
coefficients calculated by assuming transmission of a real parabolic potential 
barrier. This amounts to assuming an ingoing-wave boundary condition inside 
the potential barrier. It has been shown [ 31] that optical-model potentials 
are not necessarily identical with potentials to be used with an ingoing-wave 
boundary condition, especially when the imaginary part is neglected or not 
determined in the latter method. 

-10-

--



To overcome the problems connected with the ambiguity in potential 
fits it is advisable to determine the critical angular momentum A(E) as a 
function of energy from a phase-shift analysis of elastic or reaction 
scattering data [32]. Using the relation 

for several energies, one can extract the pair of values V(Rr) and Rr, i.e. 
the interaction potential at the reaction radius Rr, independent of where 
the maximum of that potential might be. Of course, the assumption has been 
made that the interaction can be described by an energy-independent, local 
potential and that the process is purely diffractive. 

5 • GENERAL SHAPES 

'!'he integral (2) can be reduced to the double surface integral 

-+- -+- -+- .::t -+- -+- r-r 1 r r 1 I 
[ 

'

... ... I ,... ... 
dS • ( r-r 1 ) a.o • ( r-r 1 

) a + ( 2 + - . ) .-JiP_ 2] 

'

-+- '+, ,-4 x r-r 

by using the identity 

-- ~e ___ _ 

,;_;,I 
a 

and applying Gauss's theorem with 
cylindrical symmetry (i3) reduces 
cylindrical coordinates 

21T 

. a 

-+- -+ 
respect to r and r' . For systems with 
to the three-dimensional integral in 

(13) 

/dz Jdz/ dlJI R(z) [R(z)- R(z') cos 1Ji -R'(z)(z-z')] R(z') 

0 
~ [d + (2 + d)e - 2] 

(14) 
x [R(z 1

)- R(z) cos~- R'(z')(z'-z)] d4 
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where 

d = 1 
[R

2
(z) + R

2
(z')- 2R(z) R(z') cos~+ z2 + z' 2 - 2zz'] 1 / 2 

a 

The function R(z) gives the 
the derivative of R(z) with 
between the zeros of R(z). 
evaluated numerically, but 
evaluation of the integral 

6. FISSION BARRIERS 

shape in cylindrical coordinates, and R'(z) is 
respect to z. The z integrations are taken 
The three-fold integral (14) in general must be 

this is only slightly more complicated than the 
for the Coulomb energy. 

Figure 4 shows the maximum and nun~mum radii of saddle-point shapes 
as functions of the fissility parameter x for various values of the range a. 
'fhe remaining constants are held fixed at the values determined in Ref. [3] 
on the basis of the liquid-drop model, that is, for zero range. The saddle 
points are calculated by use of .the metqods of Ref. [ 33], with the surface 
energy replaced by Eq. (14). The class of shapes investigated is that of 
two spheroids connected smoothly by a quadratic surface of revolution [33]. There 
is a -clear tendency to more compact saddle-point shapes with increasing a 
foi" fixed values of the other constants. The shift of Xcri t to values 
smaller than 1 as given by (7) to second order in~ is also clearly seen. 
The critical Businaro-Gallone point (where stabilitg against mass asymmetry is 
lost) [34] first moves to slightly larger values of the fissility x with 
increasing range a. It reaches a maximum at a/ro ~ 0.7 and then it moves 
back to smaller values of x. Figure 5 gives the fission-barrier height as a 
function of the fissility parameter x for various values of the range a, 
again for fixed values of the other constants. The barrier heights are seen 
to decrease drastically with increasing range. 

Figure 6 compares the calculated macroscopic contribution to the 
fission-barrier height with experimental values. The curve is calculated 

I 

with the parameters of Eq. (10), and the experimental data represent both 
reduced ns::;ion-barrier heights for actinide nuclei [26,27] and shell-corrected 
fission-barrier heights for lighter nuclei [28]. In the region of fissility 
parameter x between 0.50 and 0.55 the experimental values are systematically 
somewhat higher than the calculated curve. It would be very desirable to 
have experimental data for still lighter nuclei with fissility parameter. 
smaller than 0.5. 

Figure 7 shows the difference between the predicted barrier height in 
the liquid-drop model with the parameter set from Ref. [3] and in our model 
with the parameters (10) along the line of beta-stabiiity. The finite range 
of the nuclear force lowers the fission barriers of nuclei near silver by 
about 10 MeV relative to those calculated with the liquid-drop model and shifts 
the critical Businaro-Gallone point to z?/A = 23, in approximate agreement 
with recent experimental evidence [35]. 

-12-
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7. POTENTIAL-ENERGY SURFACES OF LIGHT NUCLEI 

~e general trend to decrease the stiffness of nuclei with increasing 
range of the interaction a shows up especially for light nuclei where the 
radius is no longer an order of magnitude larger than a. A calculation of 
the deformation energy of 40ca as a function of the quadrupole deformation 
shows that the shell correction is more effective in producing a second 
minimuoc with our expression for the macroscopic part of the energy than with 
the conventional liquid-drop model, as seen in Fig. 8. This provides a 
natural interpretation of the rotational states observed in this nucleus. and 
certain other light nuclei [37]. A similar study for 102zr shows that its 
calculated ground-state quadrupole moment is shifted towards slightly larger 
values by· the :finite-range model. Within the .experimental uncertainty this 
aP.;rees with the most recent measurement of the quadrupole moment [38]. This 
result is shown in Fig. 9. 

8. SUMMARY 

We ha•re redefined the surface term in the liquid-drop formula so that 
it can be used for configurations in which the size of a curvature radius of 
the nuclear surface becomes comparable to the surface thickness. We have 
shown that the new version of the liquid-drop formula yields a weaker depen­
dence of the deformation energy on surface wiggles of high multipole order 
tl!an the old model and genera~ly results in a smaller nuclear stiffness. As 
a consequence the shell correction produces a larger ground-state deformation 
especially of some light nuclei,and there seems to appear a second minimum 
in the deformation-energy curve of 40ca. 

Saddle-point shapes have been calculated, and they are less necked-in 
than in the usual liquid-drop model. The dependence of the Businaro-Gallone 
point on the range parameter of our model has been studied. We have derived 
an explicit expression for the nuclear interaction energy between two non­
overlapping ions and have calculated interaction-barrier heights. For very 
heavy systems the maximum in the interaction energy transforms into a point 
of inflection and the interaction energy increases monotonically with 
decreasing distance between the ions. 

We determined the parameters of our model so that the reduced fission 
barrier heights for fissility values larger than 0.5 and experimental inter­
action-barrier heights are reproduced on the average. The fission barriers 
for nuclei with a smaller fissility parameter are predicted to be lower than 
they are in the old version of the liquid-drop formula with parameters from 
Ref. [3]. 
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FIGURE CAPTLONS 

Fig. l. Contour diagram of the effective nucle.ar radius. parameter reff as a 
function of the charge numbers of the colliding ions for nuclei along the 
valley of beta-stability (defined Qy Green's formula N-z = 0.4 A2/(A+200); 
see Ref. [29]). 

Fig. 2. Contour diagram of the distance d between the equivalent sharp 
surfaces of two spherical nuclei ofcharges Z1 and z2 at the peak of-the 
interaction potential. The results are for nuclei along the valley of 
beta-stability. Beyond the line defined by d = 0 the interaction barrier 
has no maximum. 

Fig. 3. Comparison of experimental and calculated interaction barrier heights. 
The solid points are experimental values derived from excitation functions 
(solid circle [10], solid square [11], solid diamond [12], solid upward­
pointing triangle [ 13,14], solid downward-pointing triangle [ 13,15], solid 
hexagon [16], solid plus sign [17], and solid star [18]); the open points 
are experimental values derived from elastic-scattering data (open circle 
[19], open square [20], open diamond [20,21], open upward-pointing tri-
angle [20,22], open downward-pointing triangle [20,23], open hexagon [20,24], 
open plus sign [24], and open star [25]). . 

Fig; 4. · Saddle-point shapes as functions of the fissility parameter .x=E~0 )/[2E~O)] 
for liquid-drop-model parameters from Ref. [ 3] and a/r0 "" 0.0(0.2)1.2. 
The upper portion of the diagram gives the largest radius of the saddle-
point shape in units of the radius of the sphere with equal volume. The 
lower portion gives the smallest radius. The solid points give the 
location of the Businaro-Gallone point. 

Fig. 5 .. ' Fission-barrier height in our model as a function of the fissili ty 
parameter x and the range a/ro for liquid-drop-model parameters from Ref. 
[ 3]. The solid points mark the Businaro-Gallone point. 

Fig. 6. Comparison of theoretical fission-barrier heights (solid line) calcu­
lated with the parameters (10) and experimental barrier heights corrected 
for single-particle effects. The circles [26] and squares [27] are reduced 
fission-barrier heights for actinide nuclei, and the triangles [28] are 
shell-corrected fission-barrier heights for lighter nuclei. 

Fig. 7. Comparison of macroscopic barrier ·heights calculated in our model with 
the purameters (10) l2.lld in the liquid.-urop model with parameters from 
Ref. [ 3) for nuclei along the line of beta-stability. The solid points 
indicate the Businaro-Gallone point. The arrows show the mass numbers at 
which the system would lose stability towards fission if shell. corrections 
were not present. 

Fig. 8. Deformation energy· of 40ca. The dashed lines ~how the macroscopic 
contribution to the.deformation energy in our model and in the conventional 
liquid-drop-model. The solid curves give the total deformation energy 
including single-particle corrections;. these corrections are calculated 
by use of the methods and parameters of Ref. [36]. 

Fig. 9. Analogous diagram to Fig. 8 for 102zr; the single-particle corrections 
are calculated by use of the methods and parameters of Ref. [39]. 
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