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Abstract 

A simple set of formulas is derived which relate 
emittance, line charge density, matched maximum and 
average envelope r&dU, occupancy factors, and the (space 
charge) depreuad and vacuum values of tune. This 
formulation is an improvement on the II1lOOth limit. 
approximationi deviations from exact (numerically 
determined) relations are on the order of 12%, while the 
smooth limit values are in error by up to :tID%. This 
transport formalism is used to determine the limits of 
transportable line charge densit.y in an electrostatic 
quadrupole array, with specific application to the low 
energy portion of the High Temperature Experiment. of 
Heavy Ion Fualon Accelerator Research. The Une charge 
densit.y limit ia found to be essenllally proporllonal to the 
voltage on the pole facea and the fracllon of occupied 
aperture area. A finite injection energy (~2 MeV) is 
required to realize thia limit., independent of parllcle ma". 

Introduction 

For the design of the Multiple Beam Experiment. 
(MBE·4) (1], the High Temperature Experiment. (HTE) [2] 
and a heavy ion ICF driver it is not only necessary to 
determine the matched beam envelope functlonl for 
particuiar parameters, but also to provide accurate scaie 
relations, partlcuiarly for those parameters relating to 
phySically limiting featurel of the uanaport lattice. In 
general, an exact evaluation of the envelope functions may 
be obtained from the solution of the nonlinear envelope 
equation (including space charge) if the Kapchinski
Vladimirsklj disuibution [J] in uansverse phase space is 
assumed. Thia has been found to be an adequate theoretlcai 
basis for design of a transport. system, but. it is too 
cumbersome for parametric display and scaling. The 
well-known continuoua limit. formulation [4] does yield 
usefui relations between emittance, line charge denSity and 
mean radius but. they are Inaccurate, contain no detail of 
the focal lenses, and make no prediction of the maximum 
beam radius. These deficiencies of the continuous limit. 
formulas are remedied In an improved approximate \. 
calculation described here, while retaining the desired 
simpliCity of form and explicit scaling of the continuous 
limit. 

Method of Calcylallon 

The Improved approximation of the envelope 
functions ia based on an evaluation of the transfer mauix 
[M) for a full lattice period of length 2L. This matrix Is 
the product of the simple matrices which represent lenses 
and drifts in the absence of apace charge forces. Additional 
defocussing (thin) lenses representing the effect of space 
charge are placed in the middle of the drifts. At these 
mid-points the space charge force is close to its average for 
the full latt.ice period and can be evaluated using the 
matched envelope r&diul (a) at. the midpoints, which is the 
same for x and y. Thus there is a kick representing the 
charge effect for a half period: 

AX'. 2b 
-2 a 

x , (1) 

where Q il a dimenlionie.. meaeure of the particle line 
charge ~o: 

(2) 

Standard relations between envelope functions and 
elements of (M] are employed [5]. The cosines of the 
normal and depressed tunes (Go and. G) are determined from 
the trace of [M], and the ratio i 2 (s1n G)/c, where n 
is unnormal1zed emittance, II given by the component M12. 
The maximum radiul (im) appearl at the center of a focil 
quadrupole and II determined ualng the componenta 11111 
and 1112 from the transfer mauhc em] evaluated between 
the lena center and drift center. In the conalderat.lon of 
finite lens length (ilL) and Iymmetric treat.ment of charge 
this formulat.lon improves on the aimilar results. derived by 
Keefe [6]. The foUr derived relations essentially relate i. 
c1m ' G and G p to the fundamental quantities " , L. 
c , Q, and qUaclrupole luength It: 

It IB' or E'IVI Cl.! (HR ES) 
• [Bp) • 2T ' • 

(3) 

In order to simplify the derived relations aU 
trigonomeuic functions are expanded In the dimen.ionle .. 
lena Itrength ( " 'I/K L), keeping only lowest order 
non-trivial conuibutlona to the envelope function.. A 
highly accurate value of Go (~I% error) and reasonably 
accurate expressions for the other quantities (~5% error) 
are thereby obtained. To improve accuracy two further 
steps are taken. First. in the evaluation of [II]. a space 
charge kick of one quarter the magnitude of Eq. (I) la 
inserted at both the lens center and drift center, thil being 
a more symmeuic appllcaUon. Second, the coefficient of 

I r2 in the formula for cos G [Eq. (5)] is corrected (from 1/8 
to 116) to agree with the exact envelope results which can 
be derived in the limit c .. 0, G" O. This is a natural 
modificaUon of the basic calculation since the use of thin 
lenses to represent charge Inevitably lead to errors In terms 
of second order in line charge (0: r). 

Summary of RelaUooa 

The four latUce and envelope relat.lona we have 
derived are conveniently written as followa: 

2 
cos G • 1 - (3-29)9 1t2 L4 

o (, (4) 

cos G - cos Go • r[l - ~ (1 - cos Go)] ( 5) 

+ l [1 - 15-79 (1 - cos Go)] 6 120 

a2 
s1n 9 • _3 ~ ) - - - - cos G - cos Go • 2cL ar ( 6) 
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Here we have defined 

6( 1 - cos (
0

) r 

3 - 2" + 16 

2L2Q 
r = -2 

a 

]

2 

(1) 

( 8) 

The predictions of these formulas are compared with exact 
results in Table 1. 

Typically, in using these relations a set of 
constraints is specified. For example the ratio of maximum 
beam radius to aperture radius (am"b) and ratio of half 
period to aperture (LIb) may be bounded. For the 
example given below we also specify a maximum voltage on 
pole faces 

lII(b) = E~b2 , (9) 

which must be less than or on the order of 50 kV to avoid 
electrical breakdown. 

Space Charge Limit 

Equations (4)-(7) are readily solved for r with 
o '" 0, &: = 0, and a given value of o. For the 
conservative value Cia = 60·, which avoids ~ace charge 
induced instabilities [7], and " = 112 we find 

r ... 516 • 

am/a = 1.25 , 

KL2 = 2.45 . 

(lOa) 

(lab) 

(lac) 

Using these values, the particle energy and particle line 
charge may be written 

T ABLE I. Comparison of approximate and exact relations. 
The rhs of Eqs. (4)-(7) Is computed for a range of 
depressed tunes. The value paired immediately 
below is the exact value. For this study we have 
set " .. 112 and 00 • 60·,90·. The values of 
o given in column I are exact (numerical), 
corresponding to the given values of r. 

Given cos 0 -2 sin 0 Parameters - cos 0
0 

a 
amI a 0

0 2!:L 

VK L = 1.5661 60.085 
60.000 

r = .00000 .0000 .8815 1.214 
(0 = 60·) .0000 .8921 1.269 

r = .43003 .4110 1.024 1.250 
(0 = 24 0) .4135 1.034 1.253 

r = .50141 .4912 1.049 1.246 
(0= 6°) .4945 1.061 1.250 

..JK L = 1. 8636 90.291 
90.000 

r = .0000 .0000 .17500 1.443 
(0 = 90°) .0000 .1841 1.430 

r •. 51331 .4939 .9418 1.388 
(0 = 60°) .5000 .9661 1.395 

r·l.0323 .9606 1.086 1.355 
(0 .. 12°) .9181 1.125 1.311 

T = (.408) (~)2 Zelll(b) (eV) ( 11) 

2(a)2 . ~o = 1.85x10-
11 z~e (~) : (C/m) ( 12) 

If we allow as a maximum quadrupole voltage III ( b) = 50 kV 
and aperture fill factor am/b =.5, then 
lo = • 0943 ~C/m. More generally 

MAXIMUM TRANSPORTABLE CHARGE 

Occupancy= .5 
Aspect L/b= 10 
amax/b= .5 

e ...... 
u 
~ 

2 3 4 5 
ENERGY (MeV) 

XBL 855-2398 

Fig. 1. Dependence of the maximum transportable charge per meter on beam energy for various lattice tunes 00 (In 
degrees) and quadrupole voltages II (in kV) for " = 1/2. LIb = 10, and am/b = .5. 
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· )2 ~ < (.0943 uC/m) (am JtUiL 
o - Z .5b 50 kV • ( 13) 

The particle energy requlred to realize this limit. is 

( L)2 JtUiL T • (2.04 MeV) lOb Z 50 kV • ( 14) 

Since aspect ratio LIb conservatively is taken greater than 
-10 to avoid field nonlinearities, an Injection energy of at. 
least. 2 MeV Is requlred to realize the space charge limit of 
Eq. (ll). Higher Injection energy requires Increased LIb t.o 
avoid a reduct.ion of "0' Lower Injection energy requires 
reduced '(b) and ~o Is reduced trom the given limit.. 
Specific examples are the HTE Injection scheme, which 
approaches the space charge llmlt. (T. 2 MeV. 
~ • .075 ~C/m), and the MBE-4 injector which operates 
with ~(!, .(b), and T about one order ot magnitude 
iower. The relationship ot these quantities is displayed in 
Fig. I. 

The authors would like to acknowledge the 
considerable aid given by Or; Lloyd Smith in arriving at. 
accurate envelope tuncUona. 

References 

[I] R.T. Avery, C.S. Chavis, T.J. Fessenden, O.E. Gough, 
T.F. Henderson, O. Keefe, J .R. Meneghetti, C.O. 
Pike, O.L. Vanecek, and A. Warwick, -MBE-il, A 
Heavy Ion Multiple-Beam Experiment, - included in 
the .. proceedinga. 

(2) T.J. Fessenden, -Induction Linaci for Heavy Ion 
Fusion Re .. arch,- Proceedings of the 1984 Linear 
Accelerator Conterence, Seeheim/Oarmstadt, Wet 
Carmany, May 1-11, 1984. 

(ll I.M. Kapchlnskl and V.V. VladlmlrsklJ, Proc. 1959 
Internat. Cont. High Energy Accelerators, p. 214 
(CERN, Geneva, Switzerland: 1959). 

(4) J. Struckmeler and M. Reiser, Particle Accelerators, 
.l.!!. 221 (1984). 

(5) E.O. Courant and H.S. Snyder, Ann. Phys. (NY) 1. 
(19S8). 

[6] O. Keefe, LBL internal report, HIFAN-1, 1911. 

(1] M.G. T letenback and O. Keefe, -Minimum 
Steady-State Emittance to Current Ratio tor 
Alternating Gradient Transport ot Charged Particle 
Beaml, - Included In these proceeding •• 

3 



This report was done with support from the 
Department of Energy. Any conclusions or opinions 
expressed in this report represent solely those of the 
author(s) and not necessarily those of The Regents of 
the University of California, the Lawrence Berkeley 
Laboratory or the Department of Energy. 

Reference to a company or product name does 
not imply approval or recommendation of the 
product by the University of California or the U.S. 
Department of Energy to the exclusion of others that 
may be suitable. 



~ .......... 

LA WRENCE BERKELEY LABORATORY 
TECHNICAL INFORMATION DEPARTMENT 

UNIVERSITY OF CALIFORNIA 

BERKELEY, CALIFORNIA 94720 

-..-' ~ I 

, . 
,~ 


