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ABSTRACT

Experiments wéfe_conducted on thé initiation of natural con-
Vectioﬁ in deep pools (penetratidn debth is Small compared with the
fluid depth}. Fluidé.co?ering a wide range‘of Prandtl  numbervwere
heatéd from below."A constant value obeaYieigh number based upon
dénsity.boundary la?er thickness (Ral) correlates the'effects.of |
surface.bqundary condition and fluid aepth}' These effects and those
of‘Pranatl number and wall spacing can be ihterpreted in terms of
grbwthvrate 4‘Amélification theory; however a constant valué.of‘the
Péclet number at the onset of convection was found to cofrelate thet
data better than did a constant value of thevamélification factor.

Theoretical reasons for this result are presented.
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INTRODUCTION

The reliable prediction of conditions at the onset‘of.convection
from time—dependent.dfifing forces is of importance to thevengineer in
designing commércial.equipment andlto.;he mathematiciéﬁ and physicist in
understanding hatural phehbmena. The results of linear stability theory
in this afea (3) have_génerally predicted critical Rayleigh nﬁmbers',_
which have been apfroximateiy;tﬁo orders of magnitude below those ob-
’éerved.' The apparent reason for ﬁhié discfe?éncy isAthat«linear_stabil—
ity théory predicts thejgondition af which an'infinitésimal.disturbancé'
.Vill begin to grow.in amplitﬁde, whéreaé cbﬁvection is firsﬁ observed
when the émplitudg haS‘fééched such #'finite size aé tb prodﬁce a |
"meésurable"-iﬁflﬁencé;oh the transpdft process. A growth period,is
rgquired; as iti?ﬁ;jﬁéep'SUggested (5);‘for the nécessary amplification
of the convectibh motidn;_and,'in é situaﬁion whére_fhe’driving force :
for convectioﬁ isvchagging with-time;-such'éé diffu;ion into a s§mi¥
infinite medium, thé>nét1rESult is ﬁhét cpn?ectién is firsf observed
at a much higher Rayleigh‘humber than that ééfrésponding to firstvgrbwth.

Although this'mechéﬁistic picture appears reasonable, éspeciélly
in light §f the advéﬁced'wofk’ofFGebhait and'éo;workefs‘(T) in a similar
study of vertiéal'wall naturalzconvectioﬁ, the means to predict the
first observable éoﬁVectionvis'clouded; i.e;, rep6ftéd incipient con-
.vectioh conditions océur.bver a range of amplification factof fro.mle1
to 10° (1),  and theoretical predictions are avail-
able only for a linear iﬁcrease overvtime or a step change in surface_‘
temperature. Thé purpose of}thié paper isv£0‘present‘an analysis aimed
at improving the means of predicting the onset of'conQection from time-

dependent driving forces at;soiid—liquid surfaces.

< -



THEORY

The stability of a non-llnear den51ty proflle olz) can be deflned (3)

1n terms of a Raylelgh number, Ra

/a .

by assuming the profile to consist of

' two linear segments, where

(o]
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F

)

BT - T )47
and Ra, = s~ °B -(2)
.k o :
For a_time-dependentrprofile,
,Z= K/ot | _ . - =(3)

The constant of proportionality (K) in Eqﬁation (3) will be dependent
‘upon the shape of the profile, which in turn will depend upon the behavior
of tae surface temp°rature (T ) wigh tlme., One means of identifying the
shape of the den51ty curve 1s through

. .

fo T  (6)ad

i W

S is 1.0 for a step change and 0.5 for a l1near éhange in surface tem~
perature w1th time. Thls is the slmplest parameter that can descrlbe
the surface tempefature curve. .It has‘the draﬁback ﬁhat séveral curve
shapes can be deécribed by a given valué of S. Tﬁe:feléﬂiénshifﬂﬁéfweeh

K and S was found by assuming Ts = ",

The time-dependent Rayleigh number is found from Equations (2) and
(3): o
=B(T - T yal/2 ¢3/2

Rzayt | ” ; .




EXPERIMENTATION

(1)

.Effect of Prandtl number on Ra . The apparatus to measure Ra_,
. 1t

"

and its variation with Prandtl number, was desigrned to produce a -

vertical, one-dimensional temperature profile in the liguid so as

to conform strictly with the theoretical models. A cylinder
(9 cm i.d., 4.5 cm height), made of Plexiglass which had similar

‘thermai'properties.asvthe liquiae tested, was attached to a vari-

able 750 watt plate heater. The surface of the heater ‘was care-
fully de51gned to be 1sothermal.: The assembly was fltted to a

levellng table so that the heatlng ourface was horlzontal. A 1 mil

‘copper—Constantan thermocouple was placed on the surface of the

isothermal. heatlng plate belng 1nsulated from it by a thin sheet
of mica. The temperature response was recorded over ranges of
50UV to 2mv

A run was begun by allowlng the test llquld to come to thermal
equlllbrlum wlth the surroundlngs, as 1nd1cated by the change in
thermOcouple fesponse. A DC heatlné power supply was adJusted to
give an 1n1t1al hlgh power 1nput followed by a constant power o
level to produce a llnear increase of the heatlng surface tempera—
ture v1thvt1me. When the test-fluld was. a llquld, convectlonv
1n1t1atlon ﬁas observed by the flrst dev1atlon from llnearlty of .
the surface temperature with time. However, w;thralr, a thin -
thermocouple was suspeoded about. 1 mm above the'surface,fand thie
detected the onset of convection mﬁch bettef than .the thermocouple
on the air—solid surface. |

The variation in Prandtl number came from testing fluids which
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varied in viscosity. These fluids.were air (Pr = O.T); nethanol

I}

(Pr = T7.7), n~decéne.(Pf 13,3), n-undecane (Pr'= 17), n-butanol

(Ppr = 43), h—hexahol (Pr = 64), n-octanol (Pr = 108), Siliconev

oils 50 es (Pr = 450), 100 es (Pr = 890), and 1,000 cs ’(ér = 8,500).
For a particular fluid, thé conditions at the onset of con;

vgqtion were identified by the_temﬁerature elevation, ATC, énd the

period of conducfidn, tc, prior to observable convection. These

eritical conditions;ﬁwhere ATc'for a:fiuid varied by almost a -

| factor of 10, ;powed'that AT varied as tcf3/2:for each fluid, as

_required'fg; correlation by the time-dependent Rayleigh:numbér.

Thé experiméntal results are plotted in Figure 1.aﬁd‘fabulated

elsewhere (L).

" Predicted relationships'between Rat_and Pr calculated by Fostér

{(3) . using Amplificétion Theory with constant amplification factors
sf.lol and ioavare also éiven in Figure 1. The datg show that the
épparent am@lification factor,corresponding'to onset decreases as Pr
increasas. Foster (6} published experimental results for héating:
%atef in e simiiar apparatus tb that uéed in this report. . With Pr

" of 6.6, he correlated his results with an amplification factor of

3

10~ to 105, which agrees well with the present results.

Onat and Grigull (9) report values of Ra, which are lower :
by approximately a factor of five than the present results, over a
range of Pr from 7‘tovh,h00. Their,experiments were carried out in a
similer manner to the present eiperiments and thoge of FéSter (6).
The lower valueé-of Rat.could bé due to high residual velocity result-

ing from a short period of rest betwéen runs. Such an effect was

noted in our preliminary investigations. In the current experiments



_S,

the liquid was kept as isothermal apdbmotioniess as.possible as a
starting condition, in én attemptbto produce reprodﬁciblé and iow
ampiitude pre—conveétion fluid disfﬁrhances. Cbnsequently, festv
periods between funs were up to 1 1/2 hours for a.run”lasting'20

seconds to 150 éeconds. .Runs with longer conducﬁion times befofe
instability were 1eft:ionger to rest between ruﬁst'

(2) Effect of Wall Spacing on Rat; As the ratio of fluid width (D) to

depth  (H) decreasés, an influence of'the.walls on the incipient
convectionrcan be éxpected.

t .
of szat, the ratio of the square of the fluid width to the square’

vExperiments in thevprésent study observed ﬁhe.effect on Ra,
of the penétration_.depth° Data were?pbtéined bj temporarily plaéing
a Pleiiglas block;wiﬁh'a:well finishedjﬁade on the-heating.sufface
'of‘the largé véssei;ﬁged forbthe.Ré;—ys-Pr:eiperiments, ‘Holes of '5
5.7 mm and 8.7 m were drilled into the block to contain the fluid.
The resultsrare shéwn in Figure 2; iIt §an bévseen that wall'effects'

are negligible for n-octanol (Pr = 108) and n-decane (Pr = 13),

provided 9%ﬂ< 0.1. For greater - values of gg—, Rat rises sharplym

(3) Effect of a Vibrating Heéting Surface on Ra Experimental data

1"

© were obtained by mounﬁing the apparetus used to determine Rét_VS5 Pr
on top of a vertical sinusoidal1vibrator'descfibed elsewhere (L).
The frequency (£) range was 10 to 10,000 cps,vand the amplitude (A)
. .

range was 10" to lO_:L inches, but:these variables were. limited in

their independenée so that A2f3

varied by approximately 1,000 at
most. - Different bulk fluid motions weré.produced by the upper surface
of the liquid being either flﬁSh with the vessel lid or free of it.

The two different wave forms produced in the liquid with free and

fixed upper surfaces did not produce results which were significantly



(%)

where the value of Ra

different_from each other. .The exéeption:camé at low frequencies
and high amplitﬁdes, where the liquid surfacé was broken for thé
free surface case, which loweréd.Rat signifiéantl&.
The results tabulated in ref. (L) showed that,ras the forcing
vibration.decreased in_freQuency’and increésed in amplitude, fhe
onset of convection occurred earlier. The greatest destabilizing
effect oécurred aflappfoximately'GO cps and 0.01 iﬁchés amplitude,
" wasiloweredvby hé% from the value obtained

under "vibration=free" condition discussed in Section (1) above.

Effect of Fluid‘Depth-on Rat. The transition from the deep-pool

(semi-infinite medium) to the shallowepool behavior waé‘observedf'
experiméntally by varying the fluid depth and the heating rate.

Thé‘fluid depth‘was‘regulated by supperting an aluminum cylinder, =

' 5 cm high and slightly less than 9 cm wide, with its base parallel

to the heat;ngvsurfgce : _ 6h‘aqplexiglass annulus of known
.ﬁeight attached to thé.heating surféce. -Alumihum was selected to
maintain the temperature of the upper surface of;the liéuid constant.
A thermocouple éﬁtached to the base of thé metal.cylinder showed’ ”
that the uppervliqﬁid'éurface tempéfature faried-by less than»j%
of the tdtal.tempgrature drop across the fluid.

'The.correlating parameteritovshow‘the change in critical
Raylgigh number; based on éither fluidxdepth, RaH? or pénetration

depth, Rat, at shallow depths and constant Pr is gg-. The results
H

have been plotted oh Figure 3 for three fluids and for liquid dépths'

as small as 2.05 mm. The transition frqm the deep-pool mechanism

"to the shallow-pool mechanism is clearly seen in Figure 3. The

shallow-pool data converge on an asymptote which 1s indépendent
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‘shape on Ra

-T-

3

of Pr and heating rate and dependent on fluid depth (RaH = 1,700).
-The deep pool asymptotes are independent of H but are dependent on

" Pr, as reported in Figure .l.

There are no previously pubiished-shallowfpool'experimental
results for chstant temperatgre at the upper surféce; »However, 
some shallbw—podl éxperimental reshlts'for an adiébatic upﬁér .
surface have been réportea by Soberman‘(lO). : His valué§ of ﬁaH
are beiow the currehﬁ‘fesults and lower fhan»whaﬁ waé theoretically'
predicted by Curriev (3) - using lineai stabiiity analysis. .Fqster
(6) reported values for convection onset in shallow pools with

a linear increase in the lower surface temperature with time. The

liquid at the upperbsurface was open to the air and'so”was closer to .

 an insulated surface than to an isothermal surface. The critical

Rayleigh numbers from Fqstervare éstimated'as_ﬁé ‘= 10,800 - 12,700 at

t

t
at 2 s
5 = 1.8, as shown in Figure 3. . _
H : o . '
Effect of the Shape of the Density Profile in the Fluid on Ra_.

The apparatus used to-investigaté the influence of density profile.
, Wes similar to that usedvto determine Ra.t vs. Pr, with
the exception that the heating at the surface in this case was pro-

duced by a thermoelectric heat pump rather than by a plate heater.

The variation of the heated surféce temperature with fime'was'con— )

‘trolled by monitoring the current to the heat pﬁmp. . In this way,

curve shapes ranging from a step function to a linear time increase
were produced.

The results for n-octanol have been plotted in Figure L ..

They show that Rat decreases as S increases in the range 0.5 < 8 < 0.9.

Similar dependence of Rat'on S has been found for n-undecane,



n-butanol, n—hexaﬁol,faﬁd n-octanol at'a free surfaqe;:thesé reéﬁlts.
have been reported by Davenport and King (4).
Discussion o
Previously published convection ihitiation_data frbmvt;me—-
dependent density profiles (. 1,2,6,8,11 ) have been fépbrted in__ t}h.e .
form of Ra , except for Spangenberg énd'Rowlénd (11), ﬁhq émpldyed
'abvalue of Réy1éigh'nﬁﬁBér'based on péﬁetréiion'deﬁth'somewhat“f
siﬁilarvto Equatién:(Q). The disadvantagetof-Raﬁ.as a-éorreiating
parameter is that its value is de?endent uéonvthe théimal boundarj
-conditions 9f théaexperiment. A moré general pfesentation is'in the
forﬁ of Raﬂ,'whichonércomes‘this limitation. Consequently, the.Rat
data in Figures‘3 ana 4 have beeﬁ transformed‘to ?he Raﬁpfprm,musing
Equatiqns (l);’(2) and (3). | |
| The lack of dépendence of'Réz upon the dehsit&,pfofile,éhape (s)
- can be_seegHin”Figure 5,'_The.sca£ter.in Raz'atﬂhigh values of S is
probably due to the assumed relatiohship Between-ﬁhe-léngth ratibh(K) 
“and the shape»factor.(S)smentioned_earlier. The weakness of the general
applicéfioﬁ.of the relationship stéﬁs from one:value_of é describing.
many density shape profiles. . Notwifhstandihg this weakness, Figﬁre_S
éhows S to be adequate as an-approximatibn,‘and it is easy to compute.
The différence-bgtween cbnditioﬁs at observéa incipientvcon4 |
vection aﬁd at first growth can be seen in Figure é R where.the
linear stability results of Currie ( 3 ), applicable to this
physical situafion; havé been plotted to show the ponditiqns at
first "possible” éonvection motion. The apparent reason for_this

difference is slow growth rates of the convection motion until

Rag is of the order of 1,000, whereupon the growth rate increases



rapidly.>-The'sudden increase in gr;wth rate can bekseen from the
velocity amplification ratios calculated by Fostér (5)' as‘a.
function of Rat for a linear changehin>surface températuré with :
time and plotted on Figure 1. In‘this:caSe, Rai is 3.4 times Ra£.
For the high Pr limit, the average convectidn,velocity»is predicted“‘
from Figure 1 to be aﬁﬁlified by'avfacto¥ of lO.for Raz betweén 0 
and 850, while the second and fhird decade amplificatibns occur for
Ra2 between 850 to ISSO;Iand iSSO to QiOO fespeétively. Although
the amplificatioh time will be.dependent.upqn>the_initial veldcity
dfétribution in théwpreaconvective fluid, the‘grovﬁh rate is so ﬁkeep
afqund Ra, of 1,500 (depending uéon the érandtl nuﬁber) that.expéri-‘
mentally observed Rayleigh numbéré fall within a narrow range.
Obviousiy thisvis ofrgreat'coméutational.value to the design eﬁginéér.
| The increase in"Ra.t (and Raz) with decreasing Prandtl number
for deep pool conditions as shown in Figurevl is qualitatively in
agréement with Foster's_ (6): theoretical pfedictions.' waevef,b
thé amplification factor corresponding to observable.convection
appearé to increase as‘thé Prandtl number decreases. Two eXplanatiohs
for this éeem possiﬁle. ‘ R -

b(l) An increase in the magnitude of the convéctive velocity at
the onset of convection with decreésing viscosity and Prandtl number
of the fluid. |

(2) The motion in the viscous fluid before heating is begun is

greater than in the non-visious fluid. Both (1) and (2) would account

for a lower amplification factor for observable convection.
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The importance of point (1) above can be seen when the cbmﬁ

ponents of the actual heat flux are analyzed; i.e.

5(PC : v :
q = -0 —La_g-l-_,. u(pc T) ‘ . . (6)
The onset of convection will be observed when the convectioh flux

is first comparable to the conduction flux, i. e., the Peclet number

u, Z uctc%
or —— is O(l) where u and % are convection veloc1ty and
a ok c c N

penetration depth respectively at the onset of observablg convection,
and a is the thermal diffusivity; In the present experimeﬁts, it

was observed that,.ag the Prandfl ngmber decreased, ﬁhé cfitical
penetration depth generally décreased, as manifested by shorter
coqduction periods (tc) N- decane (Pr 13 7) showed convecﬁion in

the range of 26 to 118 seconds, while 1060 cs silicone oil (Pr = 8 500)
showed convection in the range of 276 to 617 seconds. The thermal

diffusivity of liquids tested did not Vary appreciably from

we=3. 2 ~ . .
10 7em”/sec. If the onset of convection occurs at a constant value

- . ) required :
-of the Pet¢let number, the convection velocity u_ , should increase as

cA

the penetfation depth lc decreases. Indeed, a closer inspection of -

the data showed that Raz was up to 20% higher for the shortest

conduction periods'(tcg of each fluid tested. Interestingly,
Foster's (6) datum point for water which was at much longer con-
duction times than the organic fluids with similar Prandtl number in

the present éxperimental resultsis at a slightly lower amplification
factor, as would be expected if a lower ug is required.
The significance of the diffusivity in the Peclet number can be

realized by-comparing critical Rat'values for heat‘and mass. transfer

systems, at equivalent Prandtl—Schmidt numbers (h) The essential
3.2

difference between the two systems is the value of thermal (lO em”/sec)
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(=52 et . :
and mass (10 “cm”/sec) diffusivity, and to a lesser extent the slightly
shorter critical conduction times in mass transfer systems.‘,If the
Peclet number at observable convection is the same in both systems,

oy . . . requlred
the critical convectlve veloc1ty u_ far the mass ‘transfer system

chN
required

should be approxlmately an order of magnltude above thatAfor the heat

ﬁransfgr system. Experlmentally,_this predictipn is observed,w1th Rat
in the mass transfer sysﬁems apﬁroximaﬁel& 2 to 3'£imes higher than
in the héaﬁ transfer systems. | |
The’infiueﬁéé of the‘§fé—¢onxeéti6n fiﬁid motion on Rat was
.iIlustrated"ﬁitﬁ thé vibration results. Intense fluid vibration
only decreaied Ra%;to”a vélue around-l,DOO. Here, once again, the
results show thét a major portion of the amplification time is spent
during a low growﬁh'rate périod and thét tﬁese growth fates iﬁcreaSé »
‘rapidly as Rag éppfoachesfl,OOO._ The vibration either.provideé a
~ larger initial veldcity disturbance‘of a faster amplification process.
Unforfunately,.not enough datébare avaiiéblevtO'distinguish vhich |
factor dominated; | |
Tﬁé éffect of fluld depth on Ral can be'seen from Figure 6.
The ampllflcatlon process appears to be v1rtually 1ndependent of -
the fluid depth for high Prandtl numbervfluids, whereas for Low :
Prandtl number fluids,i'_RaE decreases as the penetration depth
o . boundary .
.approaches the fluid depth. Both the thermal and momentumAlayers
in the low Prandt%?&ﬂ%%fare being confined to the fluid depth at
thesé éhallow pool conditions which removés the dependence'ofvthe‘
amplification piocess on the Prandtl number. fhe behavior is then

similar to a high Prandtl number fluid.

Finally, the results of the narrow fluid width and depth experi-
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' ments show that the amplification process,COnsiders the fluid as -
semi-infiniteg as shown- by the conétant vaiue of Raz for a given
fluid, provided the dimensions of the fluid are greater than approxi-

hately twice thebpenetration‘depth at the onset of convection. -

Conclusions

The analysis has shown that Ra, corresponding to.first observable
' 3 © number
convection. occurs at 0(107) for high Prandtl/\fluids.v This

observation is consistent with the amplification model, which predicts
that growth rateé 5houid-increase rapidly as Rél apprqaéhes 0(103)

fof high Prandtfﬁ%fgfﬁé. However, a physical interprefaﬁionvof the
brésultébshowed that_althqugh thevaﬁplification.factor at observable

convection can vary by orders of magnitude, a constant value of the.
o ou.t 3% :

c C lnterepts on
== A .

set. . . s
Poclet number con&itlons over a wide range of

%
P

. &
conditions.
As the Prandtl number decreases, the experimentally observed

increase in the critieal value of Rag is 'in qualitative agreement with

the amplification model predictions.



-13-

ACKNOWLEDGMENT. -

This work was performed in the Lawrence Berkeley Laboratory under

the auspices of the U. S. Atomic Energy Commission.

NOMENCLATURE

W amplification factor

Cp  heat capacity at constant pressure (cal/g°C)
D - fluid width (cm)
g - gravity constant.(cm/secz)
H  fluid depth (cm)
'k " thermal conductivity (cal/cm sec °C)
4 . densitxm é?gga%ﬁgckness using the segment approximation' .
It ' B . o :
v ~ |
{{T-T ' ;
= zf( g ) dz (cm}'
B ¢
o 3 C_u
Pr Prandtl number = ——
a : . vertical heat flux 3
RaH _ Rayleigh number»based_on fluid depth H = éﬁéﬂ_
boundary
Raz " Rayleigh number based on effectlve den31tyA}ayer thickness =
Agg£3
THG
, _ o Aogal! 24372
Rat Rayleigh number based on conduction time = _EE_E_______ :
s surface temperature shape factor
| ” '
Se . Schmidt number = oD
t : conduction time prior to convection onset'(géc)
T temperature (°C)
AT - temperature difference between bulk and surface condltlons
u - representative convection velocity .
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z vertical coordinate (cm)

Greek Letters

a . thermal diffusivity (cmz/séc) v
"B : coefficient of thermal expansion (°C*1)
iy _ v1sc051ty (poise)
o .. density (g/cc)
| Ap" difference iﬁ density between surface liquid and bulk liquid
(g/ce)

Subscripts
b ' bulk
s surface

c ~ value at observable convection
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a Linear Tewperature Decav at a “lked ‘Surface
.in a Deecp Pool.

";Exccrl ental Data : '
—Faoster's (1962) theoretical.curve. ‘oroconqtant
AHDllL‘CdLlOn rractor or 10+ avci LU“ :
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Fig. 2 Experimental Values of Ra, versus Width Factor _
(at/DZ) forv the Fixe‘d—Sur%ace, Deep~Pool Case. ...
n-Cctanol: © D = 8.9 cm n-Decane: < D = 8.9 cm’
' O D = 0,87 cm - o 4D = 5.2 cm
XD = =

0.57_ cm : ©OD 0.57 cm
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Fig. 3 Experimental Values of Ra, versus Depth,Factor‘(at/Hz) Showing
' : the Transition from Deep- to Shallow-Pool Conditions for the
Fixed~Surface Case. . ' S L
X Methanol, Pr = 7.6, f}Butanol} Pr = 43,£xSi1icqne Cil 50 cs
Pr = 450. ¢ Foster's (1969) datum point for water.
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LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
" States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or
responsibility for the accuracy, completeness or usefulness of any
information, apparatus, product or process disclosed, or represents
that its use would not infringe privately owned rights.
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