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SUPERGRAVITY IN U(l) SUPERSPACE 

WITH A TWO FORM GAUGE POTENTIAL* 

Martin Mii.ller 

Lawrence Berkeley Laboratory 

University of California 

Berkeley, CA 94720, USA-

LBL-20038 

N = 1 supergravity with an antisymmetric tensor gauge potential 

is formulated in U(l) superspace. This makes the structure of the 

theory most transparent. Minimal, new minimal, and 16+16 supergravity 

are derived from a reducible 20+20 multiplet, and the coupling to 

supersymmetric gauge theories is constructed. 16+16 supergravity can 

be coupled to gauge fields via the two form potential in complete 

analogy to ten-dimensional supergravity. 

* ' This work was supported by the Director, Office of Energy Research, 
Office of High Energy and Nuclear Physics, Division of High Energy 
Physics of the U.S. Department of Energy under Contract DE-AC03-
76SF00098. 
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1. Introduction 

Up to now, four different N = 1 supergravity multiplets have been 

found: the minimal multiplet (1], the non-minimal multiplet (2], the 

new minimal multiplet [3], and the 16+16 multiplet [4]. The new minimal 

multiplet has a local U(l) invariance. Both the new minimal and the 

16+16 multiplet contain an antisymmetric tensor gauge potential. The 

non-minimal multiplet has been shown to be reducible to either the 

new minimal or the 16+16 multiplet [5,4]. Therefore we will not consider 

it here. 

The structure of supergravity theories becomes most transparent 

when they are formulated as geometrical theories in curved superspace. 

This has been done in a systematic way for all the different N = 1 

multiplets [6,4). Except for the minimal multiplet, however, the 

necessary calculational effort is still enormous. One purpose of this 

paper is to show that it can be considerably diminished by extending 

the structure group of superspace to SL(2,~)xU(l). In particular, this 

is the most natural setting for the description of the new minimal 

multiplet. The second purpose is to emphasize the role of the two form 

gauge potential as a basic geometric object in superspace. It is treated 

here almost equally to the vielbein, connection, and U(l) potential. 

In sect. 2 a short introduction into the geometry of U(l) superspace 

is given. Natural constraints in U(l) superspace are derived from those 

in Lorentz superspace. As for the torsion, they correspond to the con­

straints for minimal supergravity [7]. The Bianchi identities subject 

to these constraints are solved in sect. 3. The independent component 

fields form a reducible multiplet with 16 bosonic and 16 fermionic 

degrees of freedom. It can be considered as the minimal multiplet plus 

a vector multiplet. 

Chiral superfields and chiral densities in U(l) superspace are 

defined in sect. 4. A special chiral density and an invariant action 

are constructed. This action leads to the lagrangians for the minimal 

and the 16+16 multiplet. For the new minimal multiplet it vanishes as 

a consequence of the vanishing volume of this kind of superspace [5]. 

It turns out, however, that a different action can be constructed in 

this special case. 
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In sect, 5 the superspace geometry of a two form gauge potential 

is briefly reviewed. Constraints are imposed on its field strength and 

the Bianchi identities are solved. The independent component fields 

enlarge the multiplet of sect, 3 to a reducible 20+20 multiplet. 1t 

can be reduced either to the new minimal multiplet (12+12) or, by 

breaking the U(l), to the 16+16 multiplet. The latter is parameterized 

by a real number n. For n = 0 it is further reduced to the minimal 

multiplet (12+12). For n =\the 16+16 multiplet is theN= 1 limit 

of a N = 4 supergravity theory with antisymmetric tensor potential (8]. 

This has been shown in ref, (4] (our n differs from theirs), 

In sects. 6 ana 7 supersymmetric gauge theories are coupled to 

the various supergravity multiplets using a chiral basis of superspace. 

For minimal and new minimal supergravity the results are well-known [1,9]. 
A different mechanism for 16+16 supergravity has been found by R, Grimm 

(10]~ The transformation law of the two form potential is modified such 

that its field strength contains the Chern-Simons three form of the 

gauge fields, The supergravity and Yang-Mills lagrangians are then 

given by one and the same action in superspace, We transfer these results 

to U(l) superspace and compute the component form of the combined 

lagrangian. It is remarkable that this mechanism, which is also known 

from ten-dimensional supergravity (11], yields a unified supergravity/ 

Yang-Mills lagrangian only for the 16+16 multiplet. 

Finally, the coupling to matter superfields is constructed in the 

usual way (7]. R-invariance is required for new minimal supergravity 

and simplifies the coupling to 16+16 supergravity, Even without 

R-invariance, however, no singularity has to be introduced. 16+16 

supergravity coupled to matter could possibly be the low-energy limit 

of the superstring [12]. 

We use the conventions of the book of Wess and Bagger [1]. At least 

chap. XII of this book is presupposed in the following. 

'( 
--_-, 
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2. Geometry of U(l) superspace 

To start with, we fix the structure group of superspace to be 

SL(2,~)~U(l), This is the most general choice for N = 1 superspace. 

The group parameters are Lie algebra valued, i. e. they have the same 

matrix structure as the generators of the Lie group, For the Lorentz 

group this means 

A (Ill o( P) L, ..., L.. I L, J L c1( 

" 0( c1( l =L ::L·=O Q 0( 0( I 

L~~o(C( = -2 r.;.« Lpo( --< £~o( Lpet I 

{I) 

and for the U(l) we have A= -I\+. Under these transformations a n-form 

JlA changes infinitesimally by 

tfJl.A = J(_BLB A+ w(S2)SlAJ\ 

where w(Jl) means the U(l) weight of JlA. The same transformation law 

holds for the covariant exterior derivative 

olJJLA = o(flA+J2BtpBA +w(R)JlAA 

. .kA M.kA M The connect~ons ~B = dz ~MB and A= dz ~ for the Lorentz group, 

:~sp. U(l), are Lie algebra valued one forms and transform as follows: 

oct> A = - olJL A B B oA = - o( A 

Applying~ to eq. (3) gives 

olJ:l) Jl A = Jl. I /? 8 A + w ( J2) .Q A F 

-, i~ 

(.2) 

(3) 

(If.) 

(!r) 
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The curvatures 

A _ _1 .1-. A ,_ c .1-. A 
Rs - 01 't'8 + '~'8 '~'c , F = ol A 

are Lie algebra valued two forms, 

·D A , Mol "'D A , c 0 0 A 
1\8 = 'i ol-e ~ 1\ NM 8 = I E E 1\ /)C 8 

I_/ Mol"' I t::-AE.BF F = z Cll't e F,m ·= I r;;. BA 

and satisfy the Bianchi identities 

A 
-<JR.s = o ofF= 0 

This was the affine structure of U(l) superspace, In addition, 

we impose a metric structure, i. e, we distinguish a set ~ = dzM ~A 
of one forms and call them orthonormal or vielbein. We assign the 

following U(l) weights: 

w (Eo() ~ . 1 w(Ei<)= -/ 1 w(E")= 0. 

The covariant derivative of the vielbein, 

TA=<JEAI 

A , M - "' A - I 8 c T A T ::. z o(~ rh TNM - z E E. cB 1 

is the torsion two form, which satisfies the Bianchi identity 

:l)TA = E. 8 R8 A t w(EA) EAF. 

(~) 

(7) 

(8') 

(3) 

(10) 

(II) 

·~·~ ' 
- 6 -

We rewrite some equations, which will be needed later on, in a 

more explicit form. The covariant derivative (3) acts on a vector VA 

as follows: 

.:() M VA = d M VA - <#> M A B V 8 + IN (V) AM VA · 

The {anti)commutator of two covariant derivatives (5) gives 

1 0 0 
[~A, <Js Vc: = - TAB :tJb Vc - RAse Vo + ~,~(vJ FAB Vc 1 

[:zJA, <>s J = :<JA -Zls - (- J"" ~B .?J A . 

The structure equations (10) and (6) read explicitly 

A A ~... A 
TNM = :?JN EM - (-) :/JM EN J 

D A "' A )"'""' ..... A 
1\NMS : (}N 'f'M8 - (- O'M f>NS 

.J.. c .4-. A ( ~ ... ,_ c .4.. A 
- 'l'r.iB '~'Me + -) '~'118 '~'NC I 

FNM = 0N AM - (-)"' ... dM AN ' 

and the Bianchi identities (ll) and (8) can be written as 

,c ( A A) A A E A ) 
'1 R bcB + ""(£ 6 B Fbc - <Jr:, Tc:8 -Toe TEB = 0 

I)C8 

~ 
EO C. 

A F A ) _ 
(<JER.bc:B tTEb f<Fc:B - 0 I 

~ ( .:l>c F BA + Tea ° F t:.A ) = 0 
csA 

Here ~ denotes the graded cyclic sum. (The sign changes according 

to AB =-(-)abBA.) 

( 1.2} 

(13) 

(14-J 

(IS) 
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Lorentz indices A, B, , .. transform under the structure group, 

Einstein indices M, N, ... under general coordinate transformations 

with parameters ozM = ~M. (This differs from (7] by sign.) The trans­

formation laws of the vielbein, the connections, and an arbitrary 

vector ~ read 

cfV A : J M d M V A + V B La A + W ( V ) V A 1\ I 

A = J"'-:. £ A ( N) A I A A) A cfEM u"' 11 + ~11 J E"' t E11 L1 +w(E E11 A 1 

A _ N .1- A IY) ,t... A . A 
o<t>MB - I (}"' 't'111 + c~/'1 J 't'"'' - ~M L, 

oAM = JIY 'd,., ·AM + (CJ/'1 J111
) A"' - dM A 

. A M "' A A JM A' The reparametrizations ~ = j 't' MB + L' B and 1\ = ~ + 

lead to the following covar~ant form of the transformation laws: 

cfVA= J8.zJ8 VA+V 8 L' 8 A tw(V)VAI\ 1 

1 

r r: A - f 8 A J A 8 t A ( A) A r 
0 I:M - . TB/'1 + ~M + £1'1 L 8 + w £ E,.., 1\ 

A 
oc#>Ms 

oAM = 

= rc A ' A RcnB - :lJM L 8 , 

A J FAM - d 1\' M 

(16) 

(17) 

In the next step we are going to impose covariant constraints in 

order to reduce the huge number of component fields contained in vielbein 

and connection. In r~f. [6] a set of natural ·constraints has been found, 

which eliminate the Lorentz connection and the higher dimensional parts 

of the vielbein as independent variables. These constraints are 

' 7P 

- 8 -

T-,~ " : 0 I Tr~ 
Q : <~ <;"'. 

rP 

Trp 
o( :. (1'1+ r ) ( cr; Tr + o~ Tp J , (If) 

Tr ~ « = (111- I) o~ Tr 1 
" ~q Tr~> = .:llll ,. Tr 

Tel, q = 0 1 (VI:f:-J) 

and their complex conjugates. However, there is still the freedom to 

redefine the vielbein: 

E'M<ic = EMO( - <~X EM q (~ ... }cit 0( TO( (1!1) 

This results in [6] 

VII : ~ 
1-6 .lc' 

T ~ =- ( 1- ~ )() Toe (~0) 

The choice x = -n/2 gives n' 

take the form. 

0, T~ = (3n+l) T_, and the constraints 

Trp Q = o "' .. Trp = <~ s rP 

Trp 0( = cr;rt + cr; Tp, 
(~1) 

T P = - cf~ T1 Tr, " :. 0 r "< I 

T . q 
cb = 0 

These equations might as well be called natural constraints in Lorentz 

superspace. 

~~ • 
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In U(l) superspace we have the additional freedom to change ·the 

U(l) connection. The redefinition A!,= A01 - Tot leads to T~ll a< = T~ Pot= 0 1 

and a suitable redefinition of Aa gives F«~ = 0. Thus the natural con­

straints in U(l) superspace are 

Tr~ " TiP" = 0 T "((i 
Q 

= :Zi. G ... " I rP 
o( Q 

T!l! -_ :; 0 T!,. = 0 I I 

Tcb " :: 0 FotO< = 0 I 

Here.'!!. denotes either II( or cic 

3. Solution of the Bianchi identities 

We are going to solve the Bianchi identities (15) subject to the 

constraints (22) in order to determine the independent superfields 

contained in vielbein and connection. It has been shown (13], that it 

suffices to solve the first identity. The Bianchi identities for the 

curvatures are then automatically satisfied. 

(<<) 

To anticipate the result, we will need the following superfields: 

superf'ield Gotot Wotpr, l.lot I Wiip¥ , W« 
U(l) weight 0 -I 

G01« is hermitian and W~ is completely symmetric in its indices. 

W « and W oc · are def'ined as 

' ( R. -0( ) IN o< = l .z>o( - :?) G e<a< 

- - .L ( - + e( ) W 01. - z olJO( R - :tJ Gotil 

(~3) 

(.24-) 

(. .. 
- lO -

Therefore only three superfields are independent. They are, however, 

subject to the following conditions: 

1) ~"< R " :tJ ... r<+ = 0 

.e) ~,;( wo( = :?Jot wO< = o 

3) .:/)0( w o( = ~0( 0"" # :l>:!JR,-~$1(-t- = 4-L.e2>"G" 

4-) ~Ot I,J e<p~ = .<Jo( w ""Pr :: 0 

s) ;z;r w ... P'r = o(~ ( t <>ot r Gpt - j .a-< "Wp ) 
it 

-'( - "' ( i. r ' - - ) :<J w «.P r = tp l' .<J "" 6 r; - 3 <l.., w p (,ZS) 

All the components of the torsion and the curvatures may be ex­

pressed in terms of the superfields (23) and their covariant derivatives. 

The results are summarized below. 

Torsion 

I) Tu~ o( = - :Zi. f:.yp Epo< R. 

T-rflP« = - < i. c rP f. p-< R + 

<) T rPP o< = -i. ( E.rp G ... p + 1 ~rot 6 !P) 

T r p(l 0{ 
= -i. ( Et~ GpO< + t ciO< Gpp) 

* L O()ot W R means :(Jo( I,J ~ + :Op 1.1 ot • 
ot(J ,. 
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3) T lr'~ p~ ot = E 'iP t t, o( + E ~p t rfi o( 
~ ...... 

t rPo( = - < 'W lr'Po( + li £ ro( ( -i .()p ~ + J "'P ) 

t I -

i~ol = i: ~ 2~ G«fo 

4-) Trr fl;O< = Erp 'f=a-pO< + Erp trflO< ..., ...-

t - - ('- + ,-)· rP 0< = - < w rP« + ;., t: ~« z <J; R + J \,/ p 

trfiOt = f tj <>r GpO< 

Curvature 

1) R.orPot = 4- ( t.rp. fro(+ E.ro~ Erp) R.+ 

f< &rP<it = 4- ( Ejp Erif t !tot E'ifj) f< 

.Z) f< or P"' = R Jr Po( = 0 

3) R or pol = - ~ £ op Go(r 

R tf'( pOi = - ?; E t p G GO< . Po( 

y .~.:;; ,, 

(2l.) 

- 12 -

4-) R. 0 '("( flol = .:. £or t Po( r T ~ ;; E ip ( t '(ot r + (rot t tP ; ) 

f<.rriP"' = iE.rr tp«r,·+~fi e.r; (tro.-r+£t«trpfl) 

s) RJruo( = -<~ rJr tpo(~ + ~ P~ t:rp (t.rro( + t.;-r to(.r 
6 J 

R tr'if f.O< = -<~ E-.rr tp..,r + ~ /i £0 (t.rrat + E.rr tee& & ) 

~) R &6 r-r p~ o(Gl = c ir r. pOi X l.! p~ + r. it r Po( r c[r ;.!t 

+ (or fp"O< r- Jr /!ol + f..rr e,o( X 6r ~ti< 
~ ~ ~ ~ 

X orflol = - cf> :lJs\,lrPo( + t (Esf/ crot +E.ro( E:rp) R"., "'~> 
&rfl-< 

- . - .(.. - - I ( Ab x J-rpGi -. ~ <J.r wrAci( +, £.rp· E~O< + e,r01 'rP·) /?~~~~ 
.s~p« ,. 

~t:tb Ab =- ~ (.'lJ~R+~~R+)-,:Z.2Jot'Wo( +4-f~R++6Gt:tGt:t 

'(trPGi = rp01tr"' ~ fr /i (:ll;.fi; Gr<it-.Ep-lJ;Grci( 

- z G tfP G '(Ot ) 

<:; ,, 

(l7) 
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Field strength 

1) F!~ = 0 

<) Fpot.ot = .'li. £po( w.., 

F poi.:.- = <.:. £ ;.:.- Vot 

3) F ppotOi = f. pOi f p~ 

f pot = - l Z: <Jp 1.10( 
pol 

- 'pot f Pit 

f I~ - -
pOi = l p~ <J; w 0< 

With several redefinitions, this solution can also be obtained from 

the more general solution in ref. [6]. 

(~r) 

The U(l) field strength is entirely given in terms of the chiral 

superfield W at • Therefore W oc contains all the gauge invariant component. 

fields of the U(l) connection. To derive an explicit relation, we write 

F = dA in the form 

~.._ c 
FsA = :?Js AA- (-) :lJA As + TsA Ac 

and obtain 

~ RJp AO( = z: ~P A .. pot pOi 
= 0 

A o(O{ = 

1;./ o( = 

W"< = 

t (<)ot A'"' + :g'"' Aoc ) 

c:. -Oi . -Oi) 
~ ( .<J Aot01 - ~ot:Oi A + Aot R 

0( 
~ A Go(« r 

~ ( ot A ot) - R+ s Ao( ~ <J otOt' - ~o<O< A - A cit + f G ot:Oi 

(Z'3) 

(30} 

(.' . 
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It is now straightforward to find the independent component fields 

of the vielbein and the connections. The transformation laws (17) show 

that most of the 8: 9 = 0 components may be gauged away using the 
- ~A A I e and e components of the parameters .) ' LIB ' and 1\ . We are left 

with 

E . A I ..., 
M El=if=O 

( ~~· 
cf>MB A,..., (c.~,..s A 0 I 0) 

l 1&1 o( 
l , ... 
oo( 
I" 

0 

l- ) z;~Ot' 
~I" 

cit 

AMf-(i..o...,.,o,o) 

The graviton em a and the gravitino .,,... o< are the physical fields of 

N = 1 supergravity, The Lorentz connection ~ is not an independent 

field. As a consequence of the constraint T ba = 0, it may be expressed c . 
in terms of e and r : 

u ...... £. = - i ( e..f~ d,.. e,.. "-e .. ~ d,.. e.t" +e...,"' d.t e..,") 

+ ~ (f .. c;;.e f .... - r ... G ... f.t + 't'.t ~-f .. ) - ( ... e.l) 

The remaining component fields are defined as follows: 

I 
~~ = - 6 M o+j=-LM- G /=-LI:l 

1\ (; I Cll 3 Cll I 

\..Jotj =-.:...to( , v«J = -:. xD( <JO( 1.,/0( I = - :;_ D 

Altogether, we obtain the multiplet 

(31) 

(3.:Z) 

(13) 

(em a' 'f' ... o<, am, M, ba• Aot, D) (34) 

with 16 bosonic and 16 fermionic degrees of freedom. It is reducible, 

since it contains the minimal multiplet (e a, cv...,ac, M, b ). as well as 
· m I' a 

the vector multiplet (am' -loc, D). 
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The component fields (34) are all independent. It remains to be 

shown that they form a closed set of fields, i. e. transform into each 

other under supergravity transformations. The parameters of these trans­

formations have the e = e = 0 components 

fA/..., (o,Joe,.f«) I LisA/= o /\11 = 0 
I • 

In addition, they have non-vanishing 8 and 6' components in order to 

preserve the gauge (31). Inserting (35) into (17) yields the following 

transformation laws: 

0 e:_"' = \. (JG"' r- + J GOo r-} 

(3S) 

o ip ...... = < 0,.. Jcir + t {JG..,.),... M + t JOi h..,.-~ (fG".., c;"').:t bell 1 

cr~ ... = l, (J~ .... x+r~ ... A.) 

oM :: 4-i. rx - c,.. JO( tOt; pI 

- . - - ) ;I - Pj 6 he(,... - - h (Jot )..O< + JO( Aoe - fo< ti(p + J 0< totp 

-3 ;P tpotac} + 3 f; tp01o~f 

- - -; 0 ..l 0( = - i. 1 0{ D + \. 1 f ;0( I 

(36) 

cr D = ( fs"'Jo( 6"' A.O(- ( Jc;"'JO( SCI XO(- ~ (J!5"'l + 'js"'J..) b~ 

5 X ci( = 
"' 

e"' ... ( 0..,. I it + ~ if .... .:t 0 

'· ---:i) 

- i 
l. f ... ,s f ;0( I > 

. - 16 -

The e: e = 0 components ·of Tcb ~ and Fba are related to the Rarita­

Schwinger and U(l) field strengths through 

Pf I (~ _ ..... ) ~ ( ... , - .:. - I ... tOip = - t r ...... 6 Oi + ;; 'rw. I> cir M ~ ~ y ... ac c 

t po<O< I I ( ..,.,) - . . i. ~ ( .2 -= - t G pot 'r ..,...; Oi - ~ ~ f otOi p M 

+ foccic p L,pp - 3 fpp j botOi) 1 

f,;O(/ = -d~-"'Jp ... :F ..... -t,~ Cr~PP Xcir+fppOi;.PJ 

0( 

f ...... ,-
o( 0( 

= o ... r .. - -o ... r ... - I 1" ..... = u ... ~ .. - d.,~-

4. Chiral superfields and chiral densities 

(31) 

Chiral superfields in U(l) superspace are subject to the condition 

$ ... 4> = 0 . 

Their component fields are defined as 

A = <#> I I X 0( = <JO( <#>I I f = - ~ ~Ol) <~> I 
Under supergravity transformations the component fields transform 

as follows: 

oA,. Jx 

,f Xot = < Jo( F + 2i. (c;Q'j )0( o"' A 

cfF I J - I (- A ) - ")0( i\ 
= 3 X M - ' J ~ X ""' + \. ( J ~ ()"'X o( 

+~i,w(cf>)JXA 

r.: .-:,; 

(Jr) 

(3~) 

(lf-0) 
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A 
The supercovariant derivatives Da in x-space are defined by 

A ~ ( I ) Do. A = eo. . b..,. A - r f ... .?( 

A · b A 

l>cr.Xo( =eo."" (O ... Xo(- f ... oc F- i. (r:; iji ... ) ... D., A) 

The transformation laws (40-) can be written in the short form 

M cfcf> = 1 ()M <f> + w (cp) 1\ If> 

where 

and 

cf> = A + ex + ee F 

~"" = Z\. 0<>""J + 00 (J<f"G ... f.,.) 

~ r : Jl" + t 0 0 ( J"" M - t JOt ~/'a,) - "i 1.., r WI /"' 

" = ~'- 00 JI 
Here $o( are new anticommuting variables and DM"" (Dm' Jj:' 0 ~ot ). 

(trl) 

(4-:Z) 

(tr3) 

( lttr} 

. _phiral superfields may be constructed out of general superfields 

by means of a chiral projection operator. In U(l) superspace this is 

A=~~- f"R. (trS) 

For any Lorentz scalar V we have 

~0( K v = o (H) 

( -
- 18 -

Chiral densities in U(l) superspace are defined by the trans­

formation law 

0~ = (-)"" DM (~Mtl) +w(t\)1\~ 

/). = ~ + 0 j + 00 f 

(tr1) 

The product of ~ and a chiral superfield ~ is again a chiral density 

with U(l) weight w(4cf>) = w( ~) + w( ~). A special chiral density t 
can be constructed from the lowest component 

a= e = det e a. 
m 

Comparing the transformation laws (47) and (36), we find 

fol = ~e (G..,f .... )oc 

f .:: e ( M + if ... s ..... r"' ) · 
Eq. (47) yields for the highest component of t 

of = - 4- D..,. ( e J ~ ... .,.f .. ) + <'- e w (c) J ;[ 

Comparing this with the explicit variation off gives w(c) = -2. 

(48) 

(tr~) 

(so) 

The integral of a chiral density ~ over x and ~ is an invariant 

action, provided that the U(l) weight of ~ vanishes. This condition 

is satisfied for 

f =- f ollf.x o(tG> t R + "'·c. (Sl) 
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Using 

" ..... / · (- -· ... Jo( t Pf ..,. r-"" JO(t ·'I "CII" - <~.. r ... G" o(P - ~~- G" r... O<P 

, &<.e ..... (- - - ) = J?. - z ( rk~..t r ..... - rk~.( r ..... 
- (f ... ~ ..... f .. J M - ( r .... ~ ..... r .. > r1 

(5".2) 

"' """'o c.b/ 
A = eo. eb """"' 

we obtain the following component form of "f : 

S .._ e [ I tD .., I £cJ,..,.. (- - - ) 'f = of >c 3 'i .1\. -" D - if: r 'r~< G".e f ..... - fl( b".t f ..... 

+f ... G" ... X -;p,.,.5 ... J.. t- j (MFi-i,"'&o.)] 

This invariant is not yet a consistent action for supergravity. It 

leads, however, to consistent lagrangians if the multiplet (34) is 

reduced. As a first application, we consider the reduction to the 

Minimal multiplet 

This multiplet is obtained by eliminating the U(l): A= F = 0 

~ Woe = 0 ~ Aoc = D = 0. We are left with the component fields 

(S3) 

( a "' em ' f... ' M, ba) • (54) 

The invariant (53) yields the supergravity lagrangian 

of. = -3Jo(z0ER + l..c. 
. ..-,IM = - i e Jl 

(S'S) 

I k~,..., (- - . - ) I ( - Q ) +-ij:e £ f~<G".t r ..... -rks.(y ...... -3e MM-b b.,. 

Another reduction of the multiplet (34) is given by the constraint 

R = 0. This leads to the new minimal multiplet, Since this multiplet 

contains an antisymmetric tensor potential, we will consider it in the 

next section. 

\ 
f\ . ..,.. 
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5. Two form gauge potential 

We introduce a two form gauge potential B = ~ dzM dzN BNM with 

the transformation law 

o B = o( 'J ( s-' > 

Here W = dzM GJM is a one form gauge parameter. The field strength 

G = of B 

_ ~ M No( L _ :1- A 8 c 
.G- 3 ! ol~ ole c GLNM - J! E E E GcBA 

satisfies the Bianchi identity 

c;{G "' 0 

The above equations read explicitly 

o8NM = y'-aL B,.,,.. T (~w f'") 8LM- (-)""··(oM r'-J 8LN 

) """' + 'dN Wn - (- oM Ww , 

GLNM= § o~...BwM 
LWM 

A B c I> ( '71 ! T. FG ) - 0 E £ E E 0(/b GcBA + l ac FBA -

The transformation law (59) can be written in the covariant form 

&BN/1 = JAGANM + oww~-c->"""aMGJ~ 

I ~N 
where '-'M = t.IM + .) ~· 

.: -~ 

(5"7) 

(Sf) 

(S') 

(,0) 

("} 

('.:Z) 
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Now we impose the following constraints on the field strength G: 

Grf~ = 0 

G - G rti -
~p~ - (;\ - 0 

6 r;"' = .:Z\. (s.,.)r; e 
v 

U is a hermitian superfield with vanishing U(l) weight. The remaining 

components of G are then determined by the Bianchi identities (61). 

We find 

v 
Gypti o(O( "' - ~ t.pO< ~ frp ~..: e I 

G r- ,; O(Ol :::. - :z f. pot Ji r. rP !88( e v 

G~~'r p;.o<« = <~(£/(a{ '-rti Gp«- f.r! £til Go(p) 
,.. V I [ - ] V 
Go~"< ~ ~ e Go(« - ~ :!JK, :zJO( e 

(b3) 

a~+-) 

(~S) 

Here the dual field strength vector Ga is defined as Ga = (1/3!) £abed Gbcd" 

Moreover, we obtain the condition 

( $~ - K" f<) e v = ( <'Jc7J- rl R +) e v "' 0 

Defining 

TO( = :?Joi v I fOt = $0( v 

we find as an immediate consequence 

L :()R TO( 
(J-< r 

= !:; $ P =;=Ot 
(l« 

: 0 

(") 

(nJ 

(6f) 

( • 
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Eqs. (65) and (66) may be rewritten in the form 

,. v( 1- r - - ) 
t:.at>t : e .:Z G..:O( + z :(JOt Tot - z :t;o( TOt - To( Til 

0 , (- -, -0< "= i .:?J-rT CiT 

(6!1) 
R+ = f (:tJ+T}o{ To( 

Thus we are left with U, Gat~ , and w.,~ as independent superfields. 

In the next step we determine the independent component fields 

of the two form potential. The transformation law (60) allows to choose 

the gauge 

BMW I ~ ( t~ :) 

for the e: e = 0 components. The remaining component fields are 

defined by 

VI = c To~f=ro{J fOtf = f« 
They enlarge the multiplet (34) to the reducible 20+20 multiplet 

( a o( 
em ''f"' ' am' tmn' C, 'foe' M, ba' Aw' D). 

This set of fields is smaller than the 24+24 multiplet proposed in 

ref. [6]. Nevertheless it contains all the irreducible multiplets of 

N = 1 supergravity. 

The transformation laws of the component fields (70) and (71) 

under supergravity transformations (w~j = 0) are 

cf t ..,.. = .Z e c ( r ~ ..... f + J <5 ...... if ) 

-i.ec[Jro ... f"' +r~ ... r"' -c .... -~~~>1 

(10) 

(71) 

(72) 
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oC = I'(' 4- Ji( 
Z - ( q -) ( 2 -C "" 

Ofot = 3 JO( M - t; J ot 3 b"' + e Ge~f -~, 
A 

D"' c) 

- ( r r 4- r if J 'f'ot 

i\ ""( , , - -) 

bQ c : e'\ o ... c - z r ... r- ~ r ... f 

The e::. e = 0 component of G is related to the field strength of 
a 

the antisymmetric tensor through 

"'"/ . (li~MI\ c::( Qb ---Q"-) 6 '" e..., (f - l. e j 6" fb - f G fo ·. 

(13) 

(. e~t..co( G ( _ ) 
+ z £ e r .. G'c: 'I'"' (74-) 

(( k :. l l<l..... ..... t 
~ 2. £ (71. ..... 

We consider now the possible reductions of the multiplet (72) and 

distinguish two cases: with and without u(i) symmetry, Leaving the U(l) 

unbroken leads to the 

New minimal multiplet 

To obtain this multiplet, we impose the constraint 

u = 0 (15) 

• • N fl '71o('vJ ab 
Th1s g1ves Toe = R = O, G = ~ G , W« = - t«• , and ov oc = -~ R b a a ,. a 
+ (3/4) GaG • The dim-2 Bianchi identity for the field strength G 

a 
becomes _,a G = 0, which can also be found from the condition (25.3). 

a 
The above superfield equations show that the component fields C, '(ot , 
M, b , Aoc, and D are eliminated from the multiplet (72). We are left 

a 

<. ~;: 
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with the 12+12 multiplet 

(e\cv..,oc,a,t ), 
m · 1 m mn 

(76) 

As a consequence of the constraint R = 0, the action (51) vanishes, 

In this special case, however, there exists another chiral superfield 

which can be used to construct an invariant action: 

•C 

- -ci< -S : ol)ci< f\ I :?Jci< S : 0 w(S) = < (11} 

The lagrangian for new minimal supergravity turns out to be 

;t .. ew = - i s o( 
2 e t 5 + £.. c. (11') 

To compute its component form, one has to fix a covariant gauge for 

the higher 9 components of A!!., The result, which does not depend on 

this gauge, is 

..,p I c 1 k(,..., (- - -
"(.111eW :. -l e A. + i e £ rk G'.t f ..... - rk G'.e r ...... 

~ ""Q"' A"'"' I - "-'- qk f.t 10,.. if .. ) + 'ij: e G G.,./· -<i.e. G" 

(13) 

The redefinition A' =A + (3i/8) G leads to the following simple form a a a 
of the lagrangian: 

f 10 J. l(,t ..... (- - I -1 
;{VIew = - z e .1\. + 4- e ( 'f'k E)R. f ..... - rk G"".( f ..... 

+ 4- Q ~ o,e t.,..., ) 
(ro) 

( ._ 
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16+16 multiplet 

The second possibility to reduce the multiplet (72) is by breaking 

the U(l) symmetry. The most general way to do this is to impose the 

constraint A« = (n+im) T« , where n and m are real parameters. However, 

m can be absorbed by the redefinition E'M a(= eimU ~at. This is a U(l) 

transformation with parameter A = imU, which leaves the constraints 

(22) and (63) invariant, but changes the above condition into 

Aloe= Aat- :/)«A = n T« • Therefore it is sufficient to require 

AO( = II\ Ta{ I A' ... = -"' r ... (fl) 

Inserting this into (30) gives after some manipulations 

A o(o( 
- i. - z"' (~OtT« - .?Jo( TOt ) 

-v... - ) 
:. l."' ( e Go<«-< G«Di +To< To< 1 

(lt-111-J)Wo< = -4-11\ to<pp + 3~"'~o<Oi fOi 

3 -0<( -V"' -) + z 111 T e Go<Oi - 3 Go<« + ~ <Joto< V + Tot TDi 

(4-1'1-3) ~o(wo( = -.z"' R.q,,. '-" + 6., (To(to<p'-fO(to<pPJ 

3 . ( «?I -"< -.~< o() 1 ( '-u) ?I 
- 1.11\ T OUo<i( T + .T :()o(O( T - II\ .2) '(.I" v 

.. -ZV""~~o"' -v t<-"<"' 
- 6111 <> <J" V + 3"' e G G111 - 6"' e T T Got.,. 

o(-ti( 9 --+ ~"' T T Go<Oi - z II\ T T T T ((<) 

( • 
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These equations show two things. First, the value n = 3/4 has to be 

excluded, because it leads to equations of motion for the graviton 

and the gravitino. Secondly, the component fields a , Aat, and D are 
m 

eliminated from the reducible multiplet (72) and we are left with the 

16+16 multiplet 

( a o< 
e , """"' , t , C, <Po< , M, b ) • m I' mn I' a 

The lagrangian for 16+16 supergravity can be obtained from the 

action (51). It is found to be 

(83) 

ot,, = (ct-111-l) f olte E.R. +"'.c. (r4-) 

Inserting the 8= S = 0 components of (82) into (53) and integrating 

by parts yields the following component form of the lagrangian: 

~ J1 I I k.(,..,. (- - I -t ) e '(.I' = - z ~ + ij: (. 't'~< 6.l r ... .,.- rl( G".( r ...... 
-~"' C<fG=-D:..r + f6'""D:..f J -"' (o'"'c) ()_c 

-~C <(""' ~ 1 - A Ill A ) 

+ "' e d d""' + .,. (4-111-1) ( MM - b b"' 

-"' (r .. s""'s"'r +f.,.6""cr"'r J d,..c 

+.~11\ e-C (f.,. G""'(;"'r- ;p.,. ~""'G"'<f) j ... 
+ <11\(1'1-1) e-C ('(G" ... f) ;..,. - !f (111-l)(lt-111-J) rrff 

- ~"' (M-1) [Cr ... G""f) r'f + (fO:. "GW\r) rr] 
+ ~ [ (r'"' r- > rr + cr ... r .... > <rr 1 

+ r (r ... G""'f .. -f ... ~-r .. J (r!O"'f J (!"S) 
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Here we have used the definitions 

boccie + 3111 roc <{ric 
A 

b o<ti( = 

c - ) j" = f t t<.t ..... ( o.t t.,.., + '- e f.t ~ ... f" 
I r ..... = I {)' o""' r~~~ - "' r ... 

nr'J 

where D' is the Lorentz covariant derivative in x-space. We have checked .m 
explicitly that the above expression corresponds with the lagrangian 

given in ref. (4]. ~he redefinitions are specified in appendix A. The 

fact that our lagrangian results from the geometry in a simpler and 

almost diagonal form, clearly indicates that the approach from U(l)· 

superspace is the more natural one. 

We conclude this section with some remarks concerning the range 

of the real parameter n. For n = 0 the lagrangian (85) reduces to the 

minimal lagrangian (55). For this value of n the 16+16 multiplet splits 

into the minimal multiplet and a 4+4 multiplet containing the anti­

symmetric tensor. ~ The kinetic terms of the lagrangian (85) have the 

correct sign for n > 0. Negative values of n are therefore excluded. -

For n = \ the 16+16 multiplet is the N = l limit of a N = 4 supergravity 

theory with antisymmetric tensor potential (8]. -The value n = 3/4 

is excluded. 

reducible multiplet (20+20) 

u = 0 

new minimal 

multiplet (12+12) 

U(l) breaking: 

Tot 

Fig. l. Relations between the various supergravity multiplets 

(cf. the corresponding diagram in [lo]). 

~ ';160 
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6. Yang-Mills coupling 

In the remaining two sections we construct the coupling of super­

symmetric ·'gauge theories to the various supergravity multiplets. Gauge 

theories are characterized by a compact semisimple Lie group ~ • The 

infinitesimal transformation law ?f a n-form Jl in some representation 

of '5 reads 

<fKJL = .QI\ 

~ -· ~ where i\ = - 1\ are the Lie algebra valued parameters of if • (The. 

tilde distinguishes the non-abelian from the abelian quantities.) 

The gauge covariant exterior derivative is given by 

2.n. = <JR. + .Q A' 

(rJ) 

(f8") 

The Yang-Mills potential A.is a Lie algebra valued one form and trans­

forms as follows: 

oA' = - ~ i\ = - rA 7\ - [ 71. , A 1 

The product of two covariant derivatives yields the Yang-Mills field 

strength F: 

~~ .n. = ~:/) Jl + fl. F I 

F=o(A+AA 

F is a Lie algebra valued two form and satisfies the Bianchi identity 

~F = o 

(f!J) 

('o} 

(31) 

We restrict F by the usual Yang-Mills constraints Fl~ o. The solution 

of the Bianchi identity (91) subject to these constraints corresponds 

with the abelian solution (28) if one replaces F-+ F, W-+ W, and -0-+ $ · 
The superfields Woe and W• are subject to the conditions (25.2) and 

(25.3). 

{ .::-
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Now we are going to couple the Yang-Mills fields to 16+16 super­

gravity via the two form gauge potential. This mechanism is known from 

ten-dimensional supergravity [11] and has first been applied to N = l 
superspace by R. Grimm [10]. The transformation law (.56) of the two 

form potential is extended to 

&8 = o(w +I< tr (A o(A) (3<) 

where k is a real parameter of (mass) dimension -2. The invariant field 

strength 

G= o(8 +k tr(AF~fA 1 ) 

contains a superspace generalization of the Chern-Simons three form 

and satisfies the Bianchi identity 

oCG = k tr (FF) 

A B c 0 [ .L ' E I< •- ("" F"" } ] - 0 E E E E 3 <lb GcBA + Z: TOG GEBA -i: ..,.- Foe BA -

The solution of these identities subject to the constraints (63) 

gives the same results as before except for additional terms in eqs. 

(65) and (66). We find 

"' - VG , - 1 v ""' ,., ) 
6o(ric - < e . o(Ot - z [~oc,:tJD< e - <k tr (l../6( 1.1 01 

(~~-K"R) ev = <k tr(Cio(wo() 

(<>.z>-~R+)ev = :<l< tr (C/Otw«) 

The lagrangian for 16+16 supergravity coupled to gauge fields is 

given by eq. (84), i.e. in terms of·superfields it is equal to the 

pure supergravity lagrangian. To compute its component form, one has 

(33) 

(34-) 

(35) 

t. c 
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to take into account that eqs. (69) and (82) pick up additional terms 

as a consequence of (95). The component fields of the Yang-Mills multiplet 

can be defined in complete analogy to (31) and (33) and the tilde may 

be omitted after eliminating the U(l). The final result is 

.f = (4-111-3) Jo( 2 ®tR +l.,.c. = <(" + .(YI'I (") 

where ~16 is given by eq. (85) with the modified definitions 

" h o(i( 

-C -
= bO(Ot +3"' rO{'ifo. + 6"'k e -tr (-l ... A..O() 

UH) 
" k 

' = ± E kt ..... [ d,e t ..... - k tr ( q.e r,.. .. + f i.. ".e ct.,.. '~ .. ) 

c - J + i.. e f.t G',.. r .. 
and 

J -C [ ~ 
"(. YM :. VI k e · e t.r 'F r """"" 

+-2i.. (X~ ... b~ A. + ..LG'"' D'~ I) 
1\ 1\ < [)() 

+-?(~ .. -1) e-c (A.G"'X) ; ... - :l. (fG' ..... ..l +i(G""'"X) r,...,. 

- ~i.. ( f' .. G' .. X + if""' G .. A.) 1",..., 
(!1!) 

kt ..... ( T - - I ) + £ rl< s ..t ..,. - rk G' .t ..... ~ ..... 
+ a lot of quartic spinor terms J 

with the definitions 

J",..., = ~ ... 01.,- d"'GI""- i, [01,.., Gl.,] 
(3~) 

S = t>- f (crA-f(X) 
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For n t 0 the choice k = - l/8ng2 gives the correct normalization of 

the kinetic terms of oeYM (see (14] for conventions). 

The Yang-Mills lagrangian (98).vanishes for n = 0. Therefore this 

coupling is not possi~le for minimal supergravity and we have to add 

by hand the term [7] 

:ty, : g}z J ol 2 8 t -tr (CJ""C:Io() +I.,. c: (100) 

For the new minimal multiplet the situation is more complicated, 

Inserting the constraint U = o into (95) gives R =- (k/4) tr(w•w.,.. ). 

As a consequence, the superfield S (77) is no longer chiral. In order 

to construct an action for supergravity we have to introduce a (complex) 

prepotential V with the property 0« V = Aclc and the pregauge trans­

formations V _. V + /( , ~« )( = 0. The "gauged" supergravity lagrangian 

is found to be 

~"'ew = - i f ol 
2 e t ( Kv + ' r< ) + ,., . c. (10 I) 

and the Yang-Mills· lagrangian is given by the integral over! R, which 

is equivalent to the expression (100) for the minimal multiplet, 

7. Matter coupling 

Matter (scalar) superfields are chiral superfields, i. e. they 

are subject to the condition ~« <#> = 0, In flat superspace the most 

general renormalizable lagrangian involving only matter fields is 

given by 

.;t'~ = f o( 2 e (-# 4> 'Di54>i" + ~(¢>)) + kc. . (lo<) 

(, •~ 
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where the superpotential tr is a polynomial of degree three [7]. This 

expression can easily be generalized to curved superspace by replacing 

d2e -+ d2® e and ni5 -+ E 

at~ = J otte e: (-# 4>44>i" + '!J(<I>J) +I,. c . . (103) 

It would now be straightforward to identify e with the chiral density 

(48,49) and lf with the chiral projection operator (45) in U(l) super­

space. However, there are some complications due to the U(l) weight 

of e . We discuss this in the following for each of the three super­

gravity multiplets. 

In the case of the minimal multiplet the parameter 1\ ( x, E> ) ( 44) 

vanishes after eliminating the U(l), Therefore the U(l) weights play 

no role at all and the lagrangian (103) may be coupled to minimal 

supergravity without any restriction. 

In the case of the new minimal multiplet the U(l) weight of ~ , 

w{! l. = -2, has to be cancelled by the kinetic term and the superpotential 

of the matter fields. This condition is satisfied for the kinetic term 

in (103). For the superpotential it means that it must be possible to 

assign a U{l) weight (R-weight) to each matter field ~ such that ~(4>} 

has the uniform R-weight w{~) = 2, Thus only R-invariant lagrangians 

may be coupled to new minimal supergravity. 

For the 16+16 multiplet we distinguish two cases: with and without 

R-invariance. If the coupling is R-invariant, we can use e and E from 

U(l) superspace, If it is not R-invariant, a chiral density and a chiral 

projector in Lorentz superspace have to be constructed. This is done 

in appendix B. The matter lagrangian is then given by (103) with the 

chiral density t: 1 
( 115) and the chiral projection operator A 11 

( 117) • -

We remark that e I may also be used to construct an action for 16+ 16 

supergravity. The proper chiral superfield is E"1 = -8 e-2nU Rand 

the supergravity lagrangian is given by 

f 
z , _z.,v 

.t',, = ( h- 3 ) ol e e e R + r... c. . (IOif.) 

.. c 
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It is not hard to verify that this expression is identical with the 

lagrangian (84), resp. (96) in U(l) superspace. 

Finally we consider the case that both Yang-Mills and matter fields 

are coupled·to supergravity. The matter superfields are then defined 

by the modified condition 

~"' cp : 0 . - (lOS) 

Moreover, the kinetic part of the lagrangian (103) has to be gauged. 

This turns out to be extremely simple. Since 4>4>+- is invariant under 

the gauge transformations (87), it suffices to replace the derivatives 

:() by gauge covariant derivatives -5 . The chiral projection operator iS 
obtained this way satisfies $• iS V = 0 for any Lorentz scalar V. 

This is due to the constraint Fp• = 0, which is required for the con­

sistency of (105). - It should be noted here that the transformation 

law OA 4> = 4>i\' A = - x+ ' is not inconsistent with the chirality 

of 4> • Like d'f 4> = j 11 ~A 4> , it has to be understood in terms of 

a IS> -expansion. 
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Appendix A 

The lagrangian (85) for 16+16 supergravity can be obtained from 

the lagrangian given in ref. (4] by the following redefinitions: 

VI = 

c..J ..... t 

o( 

r"" 
c = 

M "' 

3 ... '+ I 
If. II\ I 

,. .. w., .... Jl. 

,. 0( 
:. r-

- 4-"'' r 
A 

311\ 1 s 

I 

4-111-3 
I 

: VI 

-.<'~f: (T<>~<T) 
II\ ...... .tl< 

<rO( = - 4-"', To( I 

t ...... = N..., .. I 

,. .. 
"" = -3 G 

Dl 

(10,) 

Here the quantities of (4] are written on the r.h.s. of the equations 

and the parameter n of [4] is denoted by n'. 
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Appendix B 

Chiral density in Lorentz superspace 

We are going to construct a chiral density for 16+16 supergravity 

in Lorentz superspace. For the sake of generality we include the case 

of Yang-Mills coupling via the two form potential. The transition from 

U(l) to Lore~tz superspace is described by 

.z; I2. .. -2> , J2. + "" ( .n. ) I2. A ( .n. 11- for~r~) 

(101) 
o'lJp. Vs = all~ V8 t w (V) AA V8 

where ~· denotes the Lorentz covariant derivative. The superfields AA 

are given by (81) and 

i. (-I I- - ) A o1.01 = ~ II\ :!Jot To( - :lJ<>< T 0< - <II\ T.,.. T .:c 
(tor) 

( -v"" - ) -v ""' .,., ) 
= i..111 e G"'O< - 2 G.,..i< + T.,.. Toe + .2i, "'I< e tr (v ... woe 

In addition, we will need the equation 

v <V ,.., • ) 

:z>'.,..To( = a"""R++(VJ-I)TatTac t-:Zk e- tr(I.J .. W"" (10') 

The torsion T'A =~·~in Lorentz superspace is obtained from 

TA= T'A+w(EA)EAA (110) 

Explicitly, we find 

T' p. = V\ ot Tr ' T•r a( cfO( - i" 
r o( p =II\ 1 T 

T' a( 

"(~ = - 111 ( cr; rr + <f; Tp ) 

T' -tP 
oC .. - V\ ( cf~ =rr + J"! T P) 

~ •~ 
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Ia( a( o( 

T r~> =- T~b + or Ab 1 

T •r 
be( T r .. = b o( crt A b (111) 

All other components remain unchanged, 

Chiral superfields in Lorentz superspace are defined by the condition 

~~ ~ = 0. The transformation law (42) under supergravity transformations 

becomes 

6'~ :; .,· M D'M <P 

with the parameters 

, ..... = 1 ... + ~"' 0e (f~""r) 

~ 'I" ::. 1" + II\ 0 "' ( J f - 1 r ) + ~ ( 0 J) ('" 

+ 00 [ f J~"( .?J'o(TO( t- ~ 'fT)- ~ (JCf"')"" {3A.,. ,_"' D.,. c) 

-~11\ CfCf""J~cr .... 'f-:zr .... ifJ]. 

Chiral densities in Lorentz superspace are defined by the trans­

formation law 

a' A = (-) ... D'M (~'M Ll) 

A = ~ + 0 .f t 00 f 

A special chiral density ~· can be constructed analogously to the 

density ~ in U(l) superspace. However, the lowest component has to 

be different from (48). After a lengthy calculation, we find the 

Tollowing components of ~1 : 

f:· --:::: 

(II<) 

(113) 

(flit-) 
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fa{= G\ [~II\ foe + l. (G..,.ip.,..)oe] 

f = " [ ( f"'-1) M" ~.., (4-"'-1 > Cf''f + <~111 if..., G'..,.f 

- f- ~,...., f"' + <111k e-C ty ( ;;(;;()] 
0 

(II~} 

At last we construct a chiral projection operator in Lorentz 

superspace. Comparing the definition ~~~'v = 0 with (46) shows that 

ii'v = iiv if w(V) = -2. Thus ii' can be computed from the chiral 

projector (45) in U(l) superspace. The result is 

K' = ~~~~ + 1111 'f~'- rR + <.., (~'f J + <111z ff" . (110 

This, however, is not the only possible projection operator. The 

simplest and most useful one is 

-n .1 = K' e _z...,v - z .. v ( -' -' - -I ) = e <J~ -~~~T~ -~R 

-2nul 2nc 0 The factor e exactly cancels the factor e ~n front of the 

chiral density e'. 

(117) 
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