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Abstract 

Estimates of the total ionization and multi-ionization high· ~nergy electron 

c9llision cross sections have been obtained for krypton and its ground state 

ions. The total eros~ sections were computed within ~he framework of the 

Bethe-Born high energy approximation theory ~sing the semi-cla~sical projection 

opeJ;"ator techniqu~ of Hahn and Watson and the independent particle model for 

atoms due to Green, Sellin and Zachar. Both direct continuum ionization and 

inner shell excitation followed by Auger ionizing transitions were taken 

intoaccount. Multiple-ionization cross sections were then estima.t~d.using 

.experimental information on electron emission following ejection ,.of inner 

shell electrons in neutral .krypton and a simplified model· of Auger cascading 

in ions. The results, applied to a calculation of the cumulative ioniza~ion 

produced by a relativistic electron ring beam interacting with a krypton · 

pressure ptuse, indicate that Auger processes have a significant influence 

in speeding up ionization rates in such a system. 
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I. Introduction 

The production of highly ionized atoms by successive electron impact 

is utilized in various accelerator ion sources1 ' 2 and is particularly 

important in collective effect devices such as the electron ring accelerator 

(ERA).3'4 In such devices, ion stripping proceeds with each initially 

neutral particle undergoing many ionizing colli!3ions. Each collision may 

result in a single electron ejection or in a more complicated inner shell 

interaction leading to Auger, electron shake-off and other rearrangement 

processes such that two or more atomic electrons are emitted. The 

cumulative effect of these ionization processes in time is the production 

of a continually changing distribution of ions of steadily increasing mean 

charge state leading potentially, assuming that recombination and charge 

transfer processes have a negligible effect, to a dominant component of 

fully stripped ions. 

All of the important processes leading to ionization must be taken 

into account in order to arrive at reasonable est~tAs of ion production. 

The problem is simplified, however, by assum1.ng that essentially only ground 

state ions are involved in the collisions since, under the usu~l experimental 

conditions, mean electron collision times are much longer than typical 

de-excitation times. Formally, all of the relevant ir:i:formation associated 

with the various ionization processes is conveniently included in two 

related sets of electron-ion collisional cross sections which are utilized 
.. 

in the analysis: 

{1) total ionization cross sections (for ejection of one or more electrons) 

and (2) multi-ionization cross sections (for the production of an ion of 

any given ionization state from an ion of any given lower ionization 

state). 

. ! 
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It is evident that with the multiplicity of processes and ionization 

states to be considered, the achievement of high accuracy in the calculation 

of these cross sections would be inordinately difficult and time consuming. 

For many purposes, however 1 more approximate estimates of these quanti ties 

are entirely adequate. Hahn and Watson5 have recently developed a 

technique which makes use of an independent particle atomic model6 (IPM) and 

semi-classical projection operators7 to obtain reasonable values for total 

ionization cross sections. We have utilized the Hahn-Watson technique 

in conjunction with previously measured values of electron loss probabilities 

for given inner shell vacancies in neutral atoms8 and a simple model of 

Auger vacancy cascading in ions to obtain estimates of total ionization 

and multi-ionization cross sections for krypton in all states of ionization. 

The results are then applied to calculations of the cumulative ionization 

produced by a relativistic electron ring beam interacting with a pressure 

puff of krypton in order to demonstrate the importance of inner shell 

processes to ion formation rates. 
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II. Total Ionization Cross Sections 

A. Method of Calculation 

We review briefly the Hahn-Watson approach7 and detail the specific 

application of the technique to krypton and its ions. 

The energies of the impacting electrons are assUhled large compared 

with the relevant electronic ionization potentials and in this work are 

considered to be in the relativistic range. All ions are considered to 

have their ground state configuration at the time of collision. The 

ground state configuration for neutral krypton in the usual spectroscopic 

notation is 

and it is consistent with the simple atomic model used in these computations 

that the ground state configuration for a krypton ion of ionization state 

ZI is obtained from the neutral configuration by sequentially stripping 

off electrons from the outermost subshell until z1 electrons have been 

removed. Two dominant ionization mechanisms are considered: (l) direct 

transitions to continuum states and (2) excitation of inner shell electrons to 

excited states followed by Auger transitions.- The evaluation of cross sections 

is based on the Bethe-Born9,lO high-energy approximation theory and requires 

the evaluation of the electric dipole moments associated with the transitions 

of electrons in various atomic subshells to the allowed excited bound states 

and to the continuum. 

Thus the total cross-section for ionization via direct transitions to 

the continuum for electrons of total energy E colliding with ions in 
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ionization state z1 is given by 

(1) 

where the summation is taken over all sub-shells (n,.e), and 

(2) 

Here -8 I a
0 

= 0.529 x 10 em. is the Bohr radius, ct
0 

= l 137 is the 

fine structure constant, ~ = vjc is the ratio of electron velocity to 

velocity of light, y ::: (l-~2 )- 112 , b~.e is an energy parameter of the 

order of-the ionization potential of the (n,.e) subshell, gn..e denotes the 

ntim.ber of electrons in sub-shell (n,£), and M~.e is the square of the 

electric dipole transition matrix element summed over the allowed continuum 

levels and averaged over the initial magnetic substates (electric dipole 

parameter for continuum ionization). 

Similar expressions are also developed for ionization due to 

excitation of inner shell electrons. In this case one has to multiply 

each relevant inner shell excitation cross section by an appropriate 

Auger factor. Thus, the total cross section for ionization by excitation 

of inner shell electrons with subsequent Auger ejection .is given by 

such that 

E 
n£ 

(3) 
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(4) 

B 
where ~n£ is an energy parameter also of the order of the ionization 

Ex 
potential of the (n,£) subshell, Mn£ is the corresponding electric dipole 

parameter for excitation, and Wn£ is the Auger factor or normalized 

probability that a vacancy in sub-shell (n,£) will result in a readjustment 

process in which at least one Auger transition will o~c\~ between some 

pair of sub-shells. Note that this is not equivalent to the definition 

of Auger yield. 

The total ionization cross section is therefore 

( 5) 

The atomic parameters involved in Eqns. (2) and (4) are obtained 

as follows. 

The electric dipole parameters for excitation and continuum ionization 

are given, respectively, by 

-Ex l 
[ U+l)~~+ + £!!"] Mn£ = 3(21+1) n£- (6) 

and 

-c l [{t+l)M~£+ ~~£-] Mn£ = 3(21+1) + ( 7) 

where £± = £±1 and 

I 
- I ... ~ i 
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The integral ~~± associated with allowed transitions from a 

given (n1 £) subshell to all dipole-connected unoccupied. bound levels 

with energy eigenvalues between -Ea and the continuum is evaluated 

using the semi-classical projection operator 

with 

and 

where 

E -;rl l sinu(Pbu) .1\. n~± (r,r') = 

[ 
2 2] l/2 -Ea-2V(v)-(£± + l/2) /v 

, 
u = r - r , v = (r+r')/2. 

( 8) 

(9) 

(10) 

(ll) 

(12) 

(13) 

(14) 

(15) 

The inte ral MB associated with transitions from (n,£). to all g n£± 
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dipole-connected bound levels, occupied or unoccupied,is evaluated using 

the projection operator 

B 1 1 } sin(Pbu) 
1\. (r,r ) = (- • £± 1( u 

(16) 

The radial wave function Rn£ and energy eigen-values -En£ re~uired 

in these calculations are obtained by solving numerically the radial 

Schrodinger e~uation for one-electron orbitals of angular momentum £ 

and principal ~uantum number n, 

= 0 

where r has units of Bohr radius, the energies are in rydbergs and 

2V(r) is the independent particle model potential with parameters for 

krypton as given by Green et.a1. 6 

(17) 

The value of the boundary energy Ea, re~uired in the evaluation of 

~~± for any ion is determined by the following rules (where (n',£±) 

represents the set of bound levels, occupied or unoccupied, which are 

dipole-coupled to the ionic level (n,£) for which ~~± is being computed). 

l) If all of the (n',£±) subshells present in the ion are completely 

filled then Ea = E 'n+ n XI_ 
of the last filled (n ',£±) sub shell. 

2) If more than one (n',£±) subshell is present in the ion and the 

outermost (n' ,£±) subshell has more than two vacancies in the case of p 

and d subshells, then for the purpose of calculating dipole transition 

parameters, the outer subshell is regarded as unoccupied and Ea =En'£± 

I 

i 
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of the last filled (n',.£±) subshell. If the outermost (n',.£±) 

subshell has one vacancy in the case of an s subshell or one or two 

vacancies in the case of a p or d subshell, then the effect 

of the Pauli Principle in lowering the transition probability to 

that subshell relative to that to a completely unoccupied subshell is 

taken into account by computing the as a weighted average of the 

parameters obtained using Ea =En'.£+ of the incomplete subshell and 

Ea = E In+ of the last filled (n',.£±) subshell. The weighting n h_ 

factors are estimated by calculating for an electron in the 

given (n,.£) subshell what fraction of vacancy states allowed.by the 

Pauli principle in the incomplete (n',.£±) subshell are accessible 

on the basis of electric dipole selection rules and spin considerations- •11 

3) If no n'.£± subshell or only one n/.£± subshell with more than 

2 vacancies (p and d subshells) is present in the ion then ~~ = ~±· 

If only one n'.£± subshell with one vacancy in the 

case of an s subshell or two vacancies in the case of a p or d 

subshell is present in the ion, then the effect of the Pauli principle 

is taken into consideration by computing a weighted average. of MJ3 n.£± 

and the ~~ obtained using Ea = E In+ n k_ 
of the incomplete subshell. 

- Very little information concerning inner shell trarisl tions ror iOns 

is available in the literature. We have used the following approximate 

values for the Auger factors Wn.£ for krypton ions estimated from measured 

and theoretical X-ray and Auger transition probabilities and yields for 

neutral atoms.
12

' 13'
14 
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l) For vacancies in either the M or L shells, Auger factors 

are basically e~uivalent to the respective M or L shell Auger yields 

and we take Wn£ = 1, provided there are at least two electrons in the 

next higher shell. This may over-estimate Wn£ in the case of L shell 

vacancies for some ions, but the values are considered to be sufficiently 

accurate in the context of these calculations. 

2) For K shell vacancies created in ions with initially filled K' and 

L shells and at least 2 electrons in the M shell, Wn£ = l. For these 

configurations, the K-shell Auger yield is about 0.3. However, the dominant 

radiative transitions from the L shell result in the vacancy being shifted 

to the L shell which is then followed predominantly by L-MM or L-MN Auger 

transitions. 

3) For K shell vacancies in ions with at least 2 electrons in 

the L shell and fewer than 2 electrons in the M shell, Wn£ = 0.25. 

An approximate calculation of Auger yield for the configuration corresponding 

to complete K and L shells (z
1 

= 26) results in a value of 0.28 as 

obtained from theoretical values of the total K-LL Auger transition 

14 14 probability and total K shell x-ray transition rate for neutral krypton 

and measured values of the x-ray intensity ratio I(Ka)/I(K~)13 for neutral 

krypton. As electrons are removed from the L shell with increase in 

z1, the x-ray and Auger transition rates from the shell are reduced markedly 

as discussed by McGuire1 5 and Walters and Bhalla. 16 The Auger yield, how-

ever, decreases much more slowly with shell depletion and 0.25 is considered 

to be a reasonable value for Wn£ in the specified region of ionization 

states. 

I 
; 
I 

i 
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4) For all other cases, Wn£ = o. 

Finally, the energy parameters 6~£ 

in Eqns. (2) and (4) are approximated by 

d AB . an un£ appear1ng 

B. Calculation of' Total Ionization Cross 

Sections f'or Krypton and its Ions. 

Using the method discribed above, IPM energy eigenvalues En£ 

(18) 

and the electric dipole parameters f'or excitation and continuum ionization, 

.,.._Ex ....C 
~£ and Mn£' respectively, corresponding to the occupied sub-shells of' 

neutral krypton and its ground state ions have been calculated. The results 

are presented in Tables I, II and III. 

Aside f'rom the low value obtained f'or the 4s sub-shell, the IPM 

eigenvalues f'or neutral krypton are in f'air agreement with those previously 

obtained in Hartree-Fock calculations. 17,l8 

The cross sections f'or direct ionization to the continuum 

c cr , ionization due to inner shell excitation and subsequent 

Auger transitions aA, and total ionization ai are ~lotted in Fig. l f'or 

the 36 ground ionization states of' krypton for an electron kinetic energy 

of' 20 MeV. Cross sections at other electron energies may be scaled 

f'rom these values using Eqns. (2) and (4). It is noted that the Auger 

cross section constitutes a substantial fraction of' the total ionization 

cross section f'or a number of' ion states and, indeed, dominates the total 

ionization processes in the ranges ZI = 3 to ZI = 6 and ZI = 18 to ZI = 24. 
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The Auger cross section at z1 = 6 is about four times larger, and at 

z1 = 24, about seven times larger, than the direct continuum cross section. 

A number of interesting breaks occur in the aA plot. The two orders of 

magnitude decrease in the cross section from z1 = 6 to z1 = 7 occurs 

primarily because with fewer than two electrons in the N shell, 

a vacancy in the M shell can no longer result in Auger transitions. 

Similarly, the large decrease noted between z1 = 24 and z1 = 25 results 

from the elimination of Auger transitions following depletion of the M 

shell. The increase observed in the region between z1 = 8 and z1 = ll 

occurs because as electrons are removed from the 3d sub-shell, the 

2p-. 3d excitation channel opens up increasing the probability of Auger 

ionization. Similar increases in the cross-section between z1 = 0 and 3, 

z1 = 18 and 21 and Zr = 26 and 29 also reflect the opening up of new 

excitation channels. 

The continuum cross section crc is again plotted with respect to 

the ionization state z1 in Fig. 2 along with another estimate of these 

cross sections based on an extended treatment of Bethe-Born approximation 

theory for hydrogenic atoms and ions by Omidvar and Khateeb.l9, 20 In this 

formulation, the total continuum ionization cross section is again given 

(for electrons in the relativistic energy range) by Eq. (l) where now 

+ B(ni)} . 

Here Z is the nuclear charge of the hydrogenic ion and A(n£) and 

B(n£) are atomic paramet~rs computed by Omidvar. 20 

We have used Eq. (19) to obtain an approximate cross section for the 

(19) 

electrons in each (n,£) sub-shell of each krypton ion. This was accomplished 
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by replacing Z in .the equation by an e~~ective charge, Ze(Z1,n,£), 

determined by the condition that a point nucleus of such a charge 

would bind a single hydrogenic electron in the state (n,£) with the 

binding energy I(ZI, n, £), associated with an electron in the corresponding 

state in the given ion. Thus 

(20) 

where R is the Rydberg constant. For each ion, the binding energy ~or 

the most easily remov~::~.ble electron (generally corresponding to the sU:b-

shell associated with the largest contribution to the cross section) was 

taken ~rom the calculated values o~ Carlson et a1.
21 

The remaining binding 

energies were obtained using Slater's prescription22 ~or estimating 

shielding constants. As noted ~rom Fig. 2, aside ~rom the results for 

neutral krypton and for the first ionization state, these estimates are 

always larger than the cross sections calculated herein, and, indeed, in 

the range of ionization states around Z = 20, are almost 3 times larger. 

The one point where an interesting comparison can be made is at 

z1 = 35 where the ion is hydrogenic, the IPM potential is coulombic, and one 

accordingly, might expect a correspondence between the two estimates. We obtain 

a value 33% smaller than the value due to Omidvar and Khateeb. The reasons 

~or this discrepancy are two-fold. 
.· -C 

Firstly, the value for Mio obtained 

in this study using Eqs. (7) and (11) is 12% smaller than the value 

. ~ 

obtained from the A(lO) parameter of Omidvar and Khateeb where M10 = 

A(l0)/4z2. This is an indication of the order of accuracy to be expected 

for the projection operator technique. Secondly, the approximation made 

c 
~or 6 10 (Eq. (18)) also results in a lowered cross section estimate. 
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. c 
In effect, Omidvar and Khateeb evaluate the ~n£ parameters precisely 

for the hydrogenic case where, in the notation of Eq. (19), their results 

are reflected in the tabulated B(n£) parameters. 

It is also interesting to note that for the hydrogenic krypton ion, 

~~x 8 -4 the value of the excitation parameter, MJ..o was found to be 5. l x 10 

in the present study as compared with the value of 5.54 x l0-4 obtained 

from Ref. 19. 

Essentially no experimental information is available on high energy 

electron ionization of krypton ions and surprisingly few results for 

krypton atoms. The total ionization cross sections obtained in this 

study for electrons colliding with neutral krypton over the energy range 

from 0.01 MeV to 20 MeV are plotted in Fig. (3) along with the curve obtained 

from the high energy measurements of Rieke and Prepejchal23 and the KeV 

data of El-Sherbini et a1~4 At the lower limit; the collision energy is 

insufficient for K shell ionization. However, since the dominant con-

tributions to the ionization cross sections for the neutral gas arise 

from interactions with electrons from the M and N shells ~ith binding 

energies of at most a few hundred eV, it appears that the Bethe-Born theory 

has validity fer estimating cross sections even down to this relatively 

low energy. 

Agreement with the experimental results of Rieke and Prepejchal is 

well within 30% over the relevant energy range (0.1 MeV to 2.7 MeV). 

The three cross section at 10, 12 and 14 KeV obtained from the beam measure

ments of El-Sherbini et aL 24 were derived by summing the multiple charge 

partial cross sections listed by the authors at each energy. Very close 

(within 5%), although undoubtedly, fortuitous agreement exists with 

respect to the present results at these energies. 

- t 
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III. Multi-Ionization Cross Sections 

A. Method of Calculation 

The production of an inner shell vacancy in an energetic electron-

ion collision either through an upper bound state excitation or continuum 

ionization process can lead, in the subsequent atomic electron reorganization, 

to the ejection of one or more electrons via Auger and electron shake-off 

processes. Associated with an initial single electron ionization process 

in an inner sub-shell (n,£) of an ion of ionization state ZI, one can 

define an electron loss probability function S~~(j) which gives the 

probability that in such a process, j electrons, including the initially 

ejected electron, will be emitted. 

We will assume that for a given sub-shell (n,£), the re-arrangement 

following the production of a vacancy due to excitation to an upper 

bound state will be the same as for continuum ionization and, therefore, 

the corresponding electron loss probability for the case of excitation 

is given by 

~~(j) j > 0 ' (21) 

where L is the upper limit on the number of electrons emitted following 

an ionizing collision. 

The multi-ionization'cross section for the creation of an ion of 

ionization state Zp = ZI + j from an ion of state ZI in an electron-

ion collision is therefore given by 

~/ZI)X~~ (j) (22) 
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Experimental inf'orma tion on the 
Zr 

and Xn.e functions 

is sparse. The only experimental results which appear to be directly 

applicable to this problem are the measurements of' Carlson et a1. 8 on 

the relative abundances of' ions found after the production of specific 

inner sub-shell vacancies in the rare gas and mercury atoms by photo-

electric (X-ray) ejection. However, these results apply only to neutral 

atoms while the electron loss probability functions are required for all 

of' the ions also. Moreover, sui table data on the Auger and radiative 

transition probabilities, electron shake-off' probabilities, etc., for 

the various krypton ions, which, in principle, are required for calculating 

electron loss probabilities for these ions are also lacking. In the 

absence of' specific information, however, one can use some fairly general 

arguments to aid in approximating the dominant features of the electron loss 

spectra as follows. 

l) As z1 increases, various Coster-Kronig transitions become forbidden 

on the basis of' energy considerations. Guided by the IPM calculations, it 

is assumed that no Coster-Kronig transitions associated with the L or M 

shells can occur in krypton ions for z1 > 4. 

2) Assuming that the ionization state is high enough so that Coster-

Kronig transitions cannot occur, the dominant Auger cascade path which 

follows the production of' a given inner shell vacancy is an orderly 

25 26 stepwise propagation of holes produced by Auger processes, ' where at 

each step, the Auger electron is ejected from the same shell as the electron 

which drops to the lower shell. 

3) Electron shake-off', double Auger and other secondary ionization 

processes account for approximately 10 to 20% of the total ionization 

occurring in the neutral atom25, 26 and are, in general, expected to diminish 

in importance as the energy levels become depressed with respect to the 

-...... _ . ; 
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continuum with increase in z1 • In isolating the dominant features of 

the ion electron loss spectra, these secondary sources, with the exception 

of the fi;rst few charge states can be largely neglected. 

Guided by these considerations, the following assumptions are made 

in approximating the loss probabilities. They apply specifically to the 

creation of vacancies by continuum ionization. The loss probabilities 

associated with vacancies produced by inner shell excitations are obtained 

from these via Eq. (21). 

l) The production of a vacancy in the valence N shell gives rise to 

85% probability of one electron emission and 15% probability of two electron 

emission for Zr "" 0 to 3. This is based upon the observations of Carlson 

et.al. 8' 27 that approximately 15% of the ionization events associated with 

the creation by photo-ionization of a vacancy in the valence shells of 

neutral neon and argon corresponds to the ejection of two electrons. 

According to Carlson, 27 this phenomenon can probably be explained theoretically 

only by employing a many-body treatment which explicitly includes electron 

correlation. For Zr = 4 to 8, the probability of one electron emission 

is assumed to be 100%. 

2) For vacancies in the L and M shells, the electron loss probabilities 

for Zr = 0 to 3 are assumed to be the same as for the neutral atom as 

given by Carlson et.al. 8 

3) For M shell vacancies produced in ions of z
1 

= 4 to 6, the 

M-NN Auger process can occur and lOO% two-electron emission is assumed. 

For 6 < Zr < 26, Auger transitions cannot occur and lOO% one-electron 

emission is assumed. 

4) For L shell vacancies produced in ions for which z1 > 3, a stepwise 

propagation of holes produced by Auger processes towards the outer shell is 

assumed. On this basis, for z1 = ~~ we assume 100% probability for four

electron emission and for z1 = 5,6, lOO% probability for three-electron 
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emission corresponding to successive L-MM and (one or two) M-NN Auger 

transitions. For 6 < ZI < 25, only the L-MM process is possible and a 

100% probability for a two-electron emission is assumed. For 

24< Zr < 34, lOO% one-electron emission is assumed. 

5) Because the contribution of K-shell interactions to the total 

ionization cross section is so small (less than 0.5%) for 

0 ~ ZI ·~ 8, it is not necessary to estimate the electron loss probability 

function for K shell vacancies in this region. For ZI > 8, the arguments 

used to predict the K-shell probabilities are similar to those used 

previously, but are complicated by the fact that the initial K vacancy can 

be filled either by an Auger transition with probabilityAK or by an X-ray 

transition with probability 1-AK where AK is the K shell Auger yield. In 

either case, the dominant transition involves the L shell. Assuming stepwise 

propagation of vacancies following the initial transition we obtain the 

following K shell vacancy loss probabilities. 

8 < ZI < 23 67% two-electron emission 
\ 33% four-electron emission 

22 < ZI < 25 67% two-electron emission 
33% three-electron emission 

24 < ZI < 32 75% one-electron emission 
25% two-electron emission 

zi = 32 100% two-electron e:rilission 

32 < z < 36 
I 

lOO% one-electron emission 

The Auger yield ~ was taken as 0.33 for 0 :5 ZI < 25 and 0.25 for 

24 < ZI < 32. For ZI = 32 (ls 2s
2 

electron configuration following initial 

K-shell ionization), electric dipole selection rules forbid radiative 

transitions and two-electron emission is aGsumed to be dominant. 
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B. Multi-Ionization in Neutral Krypton 

El- Sherbini et al., 24 have measured the cross sections for the 

formation of different charge states produced by the collision of electrons 

on rare gases. Values were obtained at electron energies up to 14 KeV 

which, as discussed previously, is considered to be within the range of 

validity of the Bethe-Born formulation. We have therefore calculated the 

multi-ionization cross-sections for neutral krypton at this energy. The 

two sets of results are presented for comparison in Table IV. Agreement 

is within 80% for the first four charge states. The beam cross-sections are, 

however, considerably higher for the production of ionization states 5 

and 6. The factor of six disagreement in the values for ionization state 

6 is not understood, and cannot be explained on the basis of the simplified 

theory utilized here. 

C. Cumulative Ionization Produced by Relativistic 

Electron Ring Beam 

As an :!Jnportant application of these calculational procedures, we 

now consider the problem of computing the cumulative development of 

trapped ion abundances resulting from the interaction of a relativistic 

electron ring beam with a pressure puff of krypton gas (ion loading in 

an electron ring accelerator). 

In the present treatment, the problem is idealized as follows. A 

compressed, relativistic, toroidal electron beam interacts with a transient 

gas puff or an atomic beam pulse. Ions produced by these collisions are 

trapped in the potential well of the ring and successive impacts by the 

circulating electrons result in progression to higher and higher ionization 
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states. We make the assumptions that 

1) the electron kinetic energy and the ring geometry remain constant 

throughout the ionization phase (radiation and collision losses neglected), 

2) the trapped ions are distributed uniformly throughout the ring volume, 

3) the background gas pressure is zero, 

4) the neutral gas pressure can be represented by an analytic function of 

time, 

5) the mean time between collisions is long enough to insure that the ions 

are predominantly in their ground states, 

6) electron-ion recombination and ion-atom and ion-ion charge transfer 

processes can be neglected. 

Under these conditions, the development in time of the various ion 

abundances can be obtained by solving the following set of differential 

equations 

dN2/d:; ~2,0N0 + 82,1N1-82,2N2 ., (23) 

dN35/dt :::: 835,0N0 + 835,1N1 + 835,-N2 + • • • + 835 34N34 - 835 3....N35 c:· , . , ' 

• • • + 

where N 0 is the number of a toms and N i the number of ions (ionization 

state Zr) in the volume V occupied by the electron ring beam. The 

coefficients 

... _ 

. I 
. I 

I 

I 

I 
I 

., I 
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k f. i (24) 

and 

(25) 

where Ne is the total number of electrons in the ring, ~c is the electron 

speed, and o1 (z1 ) and JM(z1 ,zK) are total ionization and multi-

ionization electron collision cross sections for krypton ions of ionization 

state ZI as previously defined. 

Each differential equation corresponds to the net rate of production 

of ions of given charge state Zr where the positive terms on the right 

hand side account for the creation of these ions from ions of lower c~rge 

state and the negative term gives their destruction rate via ionization. 

The pressure profile is taken to be of the form 

P(t) 
{

Pmt/T 0 < t < T 

Pm exp(-(t-T)/~) t > T 

(26) 

so as to represent a linear rise to a maximum pressure Pro. followed by 

an exponential fall-off with decay time T. The number of neutral atoms in 

the ring volume N0 (t) is then obtained from the ideal gas law. 

In this treatment, we have assumed as typical parameters: ring 

volume, V = 1.2 cm3 (corresponding to an electron ring of 3 em radius and 

0.28 em mean cross-section diameter), Ne a 1013 electrons, kinetic energy, 

EK = 20 MeV and gas profile parameters, T = T = 50 1-l sec and P m -- l x lo-7 torr. 

The multi-ionization cross-sections at 20 MeV electron kinetic energy 
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for krypton atoms and ions required in the evaluation of the si,k were 

computed using Eq. (22) and the dominant values are listed in Table v. 

These IDa¥ also be scaled to other energies in accordance with Eqns. (2) 

and ( 4). 

Examination of the data of Table V show that it is only in the first 

few ionization states that multi-ionization processes are at least 

compa~ble to those resulting in single ionization. Indeed for ZI == 7 

to ZI = 32, the only significant multi-ionization processes are those re-

sulting in the ejection of 2 electrons and the relevant cross-sections are 

on the order of 10 times smaller than the single ionization cross-sections. 

Since previous calculations of ion stripping by electron ring beams 

have apparently been based on the assumption that the only relevant process 

is the stripping of one electron at a time by direct continuum ionization,28 , 29 

we have carried through two separate calculations. In the first, the 

differential Eqs. (23) were integrated using the cross-sections of Fig. (l) 

and Table (5) thereby including both direct continuum ionization and the 

effects of Auger and other atomic reorganizational processes leading to 

ionization.3° (For simplicity of discussion, we shall, in the remaining 

text, include these secondary reorganizational processes in the term "Auger 

processes"). In the second, only direct single electron continuum ionization 

was included so that each Eq. (23) reduces to the form 

with 

and 

s. i l ~, -

S· · l N. l - S .. N; 
~,~- ~- ~,~ . 

In these computations, the differential equations were integrated 

..... - ,, 

i 

•. \ 

. I 

I 

.. i 

··I 
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numerically using a fourth order Runge-Kutta-Gill routine with provision 

for systematic correction of integration step size.3l,32 In Fig. 5, we have 

plotted the time dependences of the ion abundances in several representative 

krypton ion charge states, namely z1 = l, 7, 14, 25 and 36 (fully stripped 

krypton) obtained in each of the above described calculations. The solid 

curves correspond to the computations where only continuum ionization is 

considered, whereas the dashed curves represent the case where both 

continuum ionization and the effects of Auger processes are included. 

The roughly exponential decrease in total ionization cross sections with 

ionization state is reflected in the fact that it takes about one msec to 

bring in charge state 14, of the order of 10 msec to obtain charge state . 

25 and about 200 msec to achieve appreciable quantities of fully stripped, 

ions. 

It is evident that Auger processes have a significant effect in 

speeding up the production of any given charge state. As can be seen, the 

peak abundance of charge state 25 occurs 5.4 msec after the inception of 

the ionization phase when Auger processes are included as compared to 18 

msec for continuum processes only. Both ~he significant multi-ionization 

occurring for the first few ionization states and the contribution to 

single electron ionization due to inner shell excitation followed by Auger 

transitions are primarily responsible for this speed-up. 



- 24 -

IV. Final Remarks 

Because of the scarcity of basic information regarding electron calli-

sional ionization processes in heavy ions, we believe that calculations of 

the type discussed here providing estimates of high energy total and 

multiple-ionization cross-sections can fill an important need in a number 

of research areas. Although there exists essentially no experimental data 

for kr,ypton ions with which the present computations can be compared, the 

reasonable agreement obtained with respect to the available measurements 

on kr,ypton atoms is encouraging and gives credibility to the results obtained 

for ions. The contribution of Auger processes to the ionization rates 

produced by an electron ring beam were found to be significant for kr,ypton 

and, on the basis of the previous work by Hahn and Watson,are expected to 

be conside~bly enhanced for higher Z atoms and ions. 
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Table I - The energy ei~envalues En£ calculated with the independent 
particle model (IPM) potential of Ref. 6 for krypton (Z ~ 36) 
and ground state ions. All values are given in rydbergs. Zr 
denotes the degree of ionization. 

En£ 
ls 2s- 2p 3S 3P 3d 4s 4p 

lo41. 137.6 127.4 19.76 16.66 8.32 1.15 0.89 ' 

1051. 144.1 134.3 23.40 20.24 11.98 2.80 2.36 

1060. 150.4 141.1 27 .o4 23.89 15.74 4.53 3.96 

1070. 156.8 147.9 30.74 27.58 19.59 6.36 5.69 

1079. 163.1 154.6 34.45 I, 31.32 23.51 8.27 7.52 

1089. 169.4 161.3 38.17 i 35.10 27.50 10.26 ' 9.43 

1098. 175.7 168.0 41.91 38.92 31.54 12.31 

1107. 181.9 174.6 45.67 42.76 35.63 14.42 

1116. 188.1 181.2 49.44 46.64 39.76 

1124. 194.2 187.8 53.23 50.53 43.93 

1133. 200_.3 194.3 57.03 54.44 48.12 

1142. 206.4 200.7 60.83 58.37 52.33 

1151. 212.4 207.1 64.64 62.31 56.57 

1159. 218.4 213.5 68.46 66.26 60.81 

1168. 224.2 219.8 72.27 70.21 65.06 

1176. 230.1 - 226.0 76.08 75.16 69.32 

1184. 235-9 232.2 79.89 78.11 73.58 

1192. 241.7 238.2 83.69 82.05 77.83 

1200. 247.2 244.2 87.47 85.98 

! 1207. 252.9 250.1 91.25 89.90 ! 

1215. 258.4 256.0 95.00 93.80 
\ 

1222. 263.9 261.7 98.74 97.68 
! 

1229. 269.2 267.4 102.4 101.5 
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- l 

Table I - (Cont.) 

1s 2s 2p 3s 3P 3d 4s 4p 

23 1236. 274.5 272.9 106.1 105.4 

24 1242o 279.6 278.3 109.8 

25 1249. 284.6 283.6 ll3.4 . l 

·I 

26 1255. 289.6 288.8 

27 1261. 294.3 293.8 : 
I 

28 1267. 298.9 298.6 
j 

29 1272. 303.4 303.2 ' 
ll 
I 

) 

30 1278. 307.6 307.6 

31 1282. 311.6 311.8 
' 

32 1287. 315.4 

33 1291. 318.7 

34 1294. 

35 1295. 

·-
~ 

. ' 
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Table II - Electric dipole parameters for excitation M £ for krypton atoms 
(Z = 36) and its ground state ions. All valu~s are given in atomic 

- units. Zr denotes the degree of ionization. The number in 
- ·~ parenthesis associated with each entry is the power of 10 which 

multiplies it. 

wx 
Zr n£ 

ls 2s . 2p 3s ~p 3d 4s 4 

0 5.22(-07) 2.28(-05) 5.33(-o4) 1.68(-03) 3.85(-02) 5. 50( -o4) 1.o4(+00) 8.69(-01) 

1 6.71(-06) 3.49(-o4) 6.79(-o4) 3.61(-02) 4.17(-01) 7.40(-03) 7.49( -01) 7.12(-01) 
i 

2 1.15(-05) 5.70(-o4) 8.02(-o4) 5.44(-02) 4.27(-02) 1.64(-02) 6. 55( -01) ~.84(-01) 

3 1.56(-05) 7.34(-o4) 9.0l(-o4) 6.46(-02) 4.26(-02) 3.51(-02) 5.95( -01) 5.00( -01) 

4 l. 73( -05) 7.68(--04) 9.83(-o4) 6.27( -02) 4.21(-02) 3.81(-02) . 5.24( -01) 4.40(-01) 

5 1.90( -05) 7 .97(-o4) 1.05(-03) 6.07(-02) 4.13(-02) 3.87( -02) 4. 71( -01) 3 .94( -01) 

6 2.05(-05) 8.22(-o4) 1.10(-03) 5.88(-02) 4.o4(-02) 3.85(-02) 4.30( -01) 

7 2.21(-05) 8.43(-o4) 1.17( -03) 5.70(-02) 4.63(-02) 3. 77(-02) 3-97( -01) 

8 2.36(-05) 8.6o(-o4) 1.23( -03) 5.55(-02) 5.16( -02) 3.67(-02) 

9 2.50(-05) 8.76(-o4) 2.29(-03) 5.41(-02) 5.24(-02) 3.56(-02) 

10 2.64(-05) 8.90(-o4) 3.09(-03) 5.28( -02) 5.26( -02) 3.46(-02) 

ll 2.78(-05) 9.01( -o4) 4.70(-03) 5.15(-02) 5.43(-02) 3.36(-02) 

12 2.91(-05) 9.ll(-o4) 4.70(-03) 5.03(-02) 5.28(-02) 3.27( -02) 

13 3.o4{-05) 9.19(-o4) 4.70(-03) 4.92(-02) 5.15(-02) 3.18(-02) 

14 3.16( -05) 9.26( -o4) 4.70(-03) 4.83(-02) 5.02(-02) 3.09(-02) 

15 3.28{-05) 9.32( -o4) 4. 70(-03) 4.72(-02) 4.91(-02) 3.01(-02) 

16 3.40{-05) 9.38(-o4) 4.69(-03) 4.64{-02) 4.79(-02) 2.94(-02) 

17 3.52{-05) 9.43 (-o4) 4.69(-03) 4.57(-02) 4.69(-02) 2.87(-.02) . 

18 3-63{-05) 9.47(-o4) 4.68(-03) 4.48(-02) 4.6o(-02) 

., 19 9.34(-05) 5.18(-03) 4.67(-03) 5.31(-02) 4.51(-02) 

20 1.29( -o4) 7 .68{-03) 4.67(-03) 5. 77(-02) 4.43(-02) 

21 1.53( -o4) 9.34{-03) 4.66(-03) 6.03(-02) 4.35(-02) 

22 l.54(-o4) 9.30(-03) 4.65(-03) 5.94(-02) 4.28(-02) 
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1s 2s 2p 

23 l.56(-o4) 9.25(-03) 4.64(-03) 

24 l.57(-o4) 9.21(-03) 4.64(-03) 

25 1.58(-o4) 9.18(-03) 4.63(-03) 

26 1.6o(-o4) 9.16(-03) 5.88(-03) 

27 3.67(-o4) 9.92(-03) 5.87(-03) 

28 4.92(-o4) 1.o4(-02) 5.85(-03) 

29 . 5.76(-o4) 1.06(-02) 5.84{-03) 

30 5.77(-o4) 1.06(-02) 5.83(-03) 

31 5.78(-o4) 1.06(-02) 5.83(-03) 

32 5.79(-o4) 1.06(-02) 

33 5.8o(-o4) 1.06(-02) 

34 5.81(-o4) 

35 5.81(-o4) 

- 30-

~ n£ 

3s 3P 3d 

5.86(-02) 4.21(-02) 

5.79(-02) 

5. 72( -02) 

4p 

I 

! 

i 
. j 

•I 
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.I 
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12 
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20 

21 

Table III -

ls 2s 

2.86(-o4) 1.30( -03) 

2.81(-o4) 1.19( -03) 

2. 76(-o4) 1.09(-03) 

2.7l(-o4) 1.01(-03) 

2.67(-o4) 9.36(-o4) 

2.63(-o4) 8.72(-o4) 

2.59(-o4) 8.16( -o4) 

2.55(-o4) 7.65(-o4) 

2.51(-o4) 7.20(-o4) 

2 .47( -o4) 6.79(-o4) 

2.44(-o4) 6.42(-o4) 

2.4o(-o4) 6.o8(-o4) 

2 .37( -o4) 5.78(-04) 

2.34(-04) 5.50{-o4) 

2.31(-o4) 5.24(-04) 

2.28(-o4) 5.01(-04) 

2.25(-04) 4.80{:-04) 

2.22(-04) 4.60(..;04) 

2.20(-04) ·4.41( -o4) 

2.17(-04) 4.24(-04) 

2.15(-04) 4.09{-04) 

2.12(-04) 3.94(-04) 

··-· 
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. . .,..,c 
Electric dipole parameters for continuum ionization, . Mn£ 
for krypton atoms (Z = 36) and all of its daughter ions. 
All values are given in atomic units. Zr denotes the 
degree of ionization. The number in parenthesis associated 
with each entry is the power of 10 which multiplies it. 

2p 3s 3P 3d 

2.86(-03) 1.06( -02) 1.93(-02) 6.46(-02) 1.92(-01) 

2.59(-03) 7.64(-03) 1.29(-02) 5.70(-02) 5.60(-02) 

2.36(-03) 5.80(-03) 9.40( -03) 4.59(-02) 2. 75(-02) 

2.17( -03) 4.58(-03) 7.22(-03) 2.96(-02) 1.64(-02) 

2,00(-03) 3.72(-03) 5.76(-03) 2.12(-02) 1.10(-02) 

1.86(-03) 3.09(-03) 4. 75(-03) 1.62(-02) 7 .86( -03) 

l. 73( -03) 2.62(-03) 4.00( -03) 1.28(-02) 5.91(-03) 

1.62(-03) 2.25(-03) 3.42(-03) 1.05(-02) 4 .62( -03) 

1.52(-03) 1.96(-03) 2.97(-03) 8.86(-03) 

1.43(-03) l. 73( -03) 2.62(-03) 7. 56(-03) 

1.35{-03) 1.53{-03) 2.33(-03) 6.56(-03) 

1.28( -03) 1.38{-03) 2.09(-03) 5.76(-03) 

1.21{-03) 1.24(-03) 1.89(-03) 5.11(-03) 

1.15( -03) 1.13(-03) 1.72(-03) 4. 57( -03) 

' 1.10( -03) 1.04(-03) 1.57(-93) 4.13(-03) 

1.05(-03) 9.53(-04) 1.45(-03) J. 75(-03) 

1.00(-03) 8.81(-04) 1.34(-03) 3.43(-03) 

9.61(-o4) 8.18(-o4) 1.25( -03) 3.15(-03) 

9.23(-04) 7.62(-04) 1.17(-03) 

8.87(-o4) 7.14(-o4) 1.09(-03) 

8.54(-o4) 6.70{-04) 1.03(-03) 

8.23(-04) 6.31(-04) 9.69(-04) 

4p 

4.72(-01) 

9.71(-02) 

4.39(-02) 

2.55(-02) 

1.67(-02) 

1.19(-02) 
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lS 2S 2p 

22 2.10(-o4) 3.80(-o4) 7.95(-o4) 

23 2.08(-o4) 3.68(-o4) 7.68(-o4) 

24 2.06(.;.o4) 3.56(-o4) 7 .44( -o4) 

25 2.o4(-o4) 3.45(-o4) 7.2l(-o4) 

26 2.02(-o4) 3.35(-o4) 7.00(-o4) 

27 2.00(-o4) 3.25(-o4) 6.80(-o4) 

28 l.99(-o4) 3.16(-o4) 6.62(-o4) 

29 1.97(-05) 3.08(-o4) 6.45(-o4) 

30 1.96( -o4) 3.00(-o4) 6.29(-o4) 

31 l.94(-o4) 2.93(-o4) 6.15{-o4) 

32 l.93(-o4) 2.87(-o4) 

33 l.92(-o4) 2.8l(-o4) 

34 l.9l(-o4) 

35 1.90( -o4) 

' 
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3P 4s 4p 

5.96(-o4) 9.16(-o4) 

5.65(-o4) 8.68(-o4) 

5.37(-o4) 

5.ll(-o4) 

- ; 
.. - l 
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Table IV - Multi-ionization cross-sections f'or electrons on neutral 
krypton at 14 keV. 

Final Cross Section (lo-18 cm2 ) 
Ionization 

state El Sherbini, et al. Present 

l 9.0 8.2 

2 1.41 2.5 

3 0.99 0.87 

4 0.26 0.16 

5 0.089 0.028 

6 0.041 0.007 
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Table V - The dominant multi-ionization collisional cross-sections 
for electrons on krypton and its ions at 20 MeV. All values 
are given in units of cm2. The number in parenthesis · 

~ 
0 

l 

2 

3 

4 

5 

6 

7 

8 

9 

10 

ll 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

associated with each entry is the power of 10 which multiplies 
it •. z1 is the initial degree of ionization and j, the · 
number of electrons emitted during the ionization process. 

l 2 3 4 5 6 

9.14(-19) 3.03(-19) 1.18(-19) 2.36(-20) 4.44(-21) 1.27( -21) 

1.81( -19) l. 71( -19) 1.11( -19) 2 .05( -20) 3.88(-21) L2l(-21) 

9.70(-20) 1.47(-19) 9.81( -20) 1.85(-20) 3-53(-21) 1.16( -21) 

9.60(-20) 1.34( -19) 8.00( -20) 1.68( -20) 3.27(-21) 1.11( -21) 

1.87( -19) 9.98(-20) 3.72(-21) 3.34(-21) 

2.09(-19) 5.44(-20) 3.09( -21) 

2.00(-19) 4.36(-20) 2.88(-21) 

3- 75( -20) 2.69(-21) 

3.08(-20) 2.52(..:21) 

2.62(-20) 2o37(-21) 

2 .26( -20) 2.24(-21) 

2.11(-20) 2.11(-21) 

1.82(-20) 2.00(-21) 

l. 59( ~20) 1.90( -21) 

1.39( -20) 1.81( -21) 

1.23(-20) l. 73( -21) 

1.10( -20) 1.65(-21) 

9. 88( -21) 1.58(-21) 

8.92(-21) l. 52( -21) 

l.o4(-20) 1.46( -21) 

1.12(-20) 1.40( -21) 

1.16( -20) 1.35( -21) 

. i 

'· 
. i 

! 
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Table V - (Cont.) 

~ 1 2 

22 1.13( -20) 1.30( -21) 

23 1.10(-20) 1.26(-21) 

24 1.07( -20) 1.22( -21) 

25 1.32( -21) 2.00(-23) 

26 1.17( -21) 1.98(-23) 

27 1.00(-21) 1.97(-23) 

28 8.39(-22) 1.95(-23) 

29 6.83(-22) 1.93(-23) 

30 5.2e(-22) 1.92(-23) 

31 3.81(-22) 1.90(-23) 

32 1.e4(-22) 7.56(-23) 

33 1.38( -22) 

34 7 .48( -23) 

35 3-73(-23) 
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Figure Captions 

1. The estimated ionization cross sections, ~c, aA, and cr1 for 20 MeV 

electrons·on neutral krypton and all of its ground state ions. crc 

is the cross-section for direct ejection to the continuum, ~' the 

cross-section corresponding to excitation to unoccupied bound states 

followed by Auger emission, and cr1 , the s~ of crc and~. The "curves" 

were obtained by drawing straight line segments between the cross

section points computed for each ionization state. 

2. Comparison of direct continuum ionization cross-sections computed 

for 20 MeV electrons on krypton and its icns with other estimates 

based on a hydrogenic approximation. The hydrogenic cross-sections 

were obtained using the formulation of Omidvar and Khateeb (See Refs. 

19 and 20) with the effective Z values obtained using Eq.(20). The 

"curves" were obtained by drawing straight line segments between the 

cross-section points computed fdr each ionization state. 

3. Comparison of the estimated total ionization'cross-sections for 

electrons on krypton atoms with available experimental data over 

the energy range from 0.01 to 20 MeV. The· experimental curve is 

a plot of the Bethe asymptotic formula with the parameters for krypton 

listed by Rieke and Prepejchal. (See Ref. 23). The experimental points 

are obtained from Ref. 24. 

4. Time dependen.ces of the trapped ion abundances for several representative 

krypton ionization states resulting from the interaction of a 20 MeV 

electron ring beam with a krypton gas "puf'f". Each abundance profile 

is designated by the degree of ionization. The results obtained 

assuming only direct continuum ionization are presented as the solid 

curves whereas those derived by also including the effects of Auger 

processes are shown as the dashed curves. Also shown is the time 

dependence of the neutral krypton abundance within the ring volume. 

The ring has a mean radius of 3 em. and containu 1013 electrons 

within an assumed fixed volume of L2 cm3. 
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r-----------------LEGALNOTICE------------------~ 

This report was prepared as an account of work sponsored by the 
United States Government. Neither the United States nor the United 
States Atomic Energy Commission, nor any of their employees, nor 
any of their contractors, subcontractors, or their employees, makes 
any warranty, express or implied, or assumes any legal liability or 
responsibility for the accuracy, completeness or usefulness of any 
information, apparatus, product or process disclosed, or represents 
that its use would not infringe privately owned rights. 
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