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ABSTRACT

Two types of combustion problems relevant to the gasification,
ignition and combustion of fuels in combustion chambers using
sprays are theoretically analyzed using mathematical and numerical
techniques. The problem of the vaporization, ignition and
subsequent combustion of a fuel droplet in a hot convective flow
at atmospheric or moderately elevated pressures is analyzed using
boundary layer theory around a spherical fuel droplet. The
preliminary stages leading to the onset of ignition are treated as
a perturbation of the boundary-layer non-reacting flow using the
method of matched asymptotic expansiods. The quasi-steady laminar
combustion regime of the fuel droplet is analyzed using the
flame-sheet approximation. The internal circulation of the liquid
phase is also included in the analysis. The results show that
ignition occurs towards the rear of the droplet where the residence
time is longer. The droplet burning rate, however, is maximum at
the forward stagnation point where the boundary layer is thinner.
Liquid internal motion has only a minor influence on the burning
characteristics of the droplet. A second group of problems studied
is the quasi-steady thermal ignition of a premixed combustible gas
flowing in mixed—convective conditions past a hot cylindrical,
inert or catalytic, surface. The laminar boundary-layer equations
including finite-rate kinetics are solved and the location of the
ignition region 1is determined using the method of matched
asymptotic expansions for large activation energies. Ignition is
shown to occur very close to the surface where the temperatures are
higher and downstream of the forward stagnation point where the

heat losses are smaller.
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Introduction

Studies of the ignition and combustion of gasified fuels are
traditionally classified according to whether the fuel and
oxidizer are premixed or not (Williams, 1965; Kanury, 1975;
Glassman, 1977). The processes of ignition and combustion of
single droplets and sprays belong to the latter case, and are
controlled primarily by the convective and diffusive mixing of
the fuel and oxidizer. The resulting chemical reaction, if it
occurs, is referred to as a diffusion flame. Studies of single
and sptay droplet combustion are relevant for the improvement of
the combustion efficiencies using spray injection (Chigier, 1976;
Blazowski, 1978) When the fuel and oxidizer are thoroughly mixed
prior to their exposure to an ignition source, the mixture is
referred to as a premixed combustible and the resulting chemical
reaction, if it occurs, 1is referred to as a premixed flame.
Studies of the ignition and combustion of premixed combustibles
are relevant to a variety of engineering applications such as
auto-ignition of combustible mixtures in diesel engines, flame
stabilization in combustors, improvement of combustion
efficiencies, explosions, and catalytic pollutant-control
devices. (Blazowski and Walsh, 1975; Pfefferle, 1978).

In the present work, several diffusion and premixed
combustion problems relevant to the gasification, ignition and
combustion of fuels in combustion chambers using sprays are

analyzed theoretically. The problems include the quasi-steady



thermal ignition of a premixed combustible gas flowing past a
hot, <c¢ylindrical, inert or catélytic surface, and the
gasificafion, ignition and combustion of single fuel droplets in
a hot convective environment. In what follows, a literature
review of studies related to the above subjects and a description

of this work are presented.
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Chapter 1

Literature Review
1.1 Premixed Gas-phase Ignition by Inert Surfaces

Several theoretical and experimental studies have been
published of thé thermal ignition of a premixed combustible gas
by hot catalytic and inert surfaces. These theoretical studies,
however, have been restricted to the simpler geometries of
stagnation-point flows, flat-plate boundary layer, and
spherically symmetric flows. Sharmé and Sirignano (1969) and
(1970) performed numerical analyses of the ignition of a premixed
gas by a hot inert surface in a stagnation point and in a
flat-plate and wake flow respecﬁively. A very complete review of
the existing iiterature up to 1970 was presented by Merzhanov and
Averson (1971). Alkidas and Durbetaki (1971) and (1973) wused
numerical methods to integrate the boundary layer equations for
the reacting flow in plane and axisymmetric stagnation points
respectively.

\ Liflan (1974) introdﬁced the technique of matched asymptotic
expansions for large activation energies in a study of
counterflow diffusion flames. Using first-order matched
asymptotic expansions, Law (1978a) and (1978b) analyzed the
stagnation point and the spherically symmetric ignition of a
premixed gas by an inert surface. Su and Sirignano (1981)
improved the results of the spherically symmetric ignition case
by using second-order matched asymptotic expansions; Using

first-order asymptotics, Berman and Ryazantser (1978), and Law



and Law (1979) studied the gas-phase thermal ignition by a hot
inert flat plate. In their numerical analyses, Trevifio and Sen,
(198la), (1981b), and (1982), studied the effect of the plate
thermal resistance and of the Prandtl number on the ignition of a
premixed gas by an inert flat plate. Trevifio and Fernandez-Pello
(1983) used matched asymptotic expansions to study the effect of
the platé thickness in the gas-phase thermal ignition process.
Law and Law (1981) used a combined perturbation/numerical
procedure and included the effect of reactant consumption in
their study of ignition by a hot flat plate. The transient
ignition process of a stagnant fuel has been studied for the
cases of a flat plate and a spherical particle by Law (1979)
using matched asymptotic expansions. The same spherical case was
analyzed by Su et al (1979) using numerical integration.
Transient ignition in boundary layer flows past a flat plate has
been studied by Trevifio and Sen (1980) and (198la) with the use
of the finite-difference technique.

An experimental study of gas-phase ignition in the
free-convective flow past a hot vertical surface was conducted by
Cairnie et al (1981). Their results show the inadequacy of the
Arrhenius model when the ignition temperatures are below 1000 K.
Stout and Jones (1949) measured the amount of energy necessary to
ignite.fuel—air mixtures. Experimental studies of gas-phase
igﬁition by heated cylindrical rods have been presented by Mullen
et al (1949) and by Adomeit (1965). The first apthors found that
ignition was more readily accomplished for larger rod diameters
and higher initial gas temperature. The authors indicated that

the most likely ignition locations were the downstream stagnation
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point and the region located about 70° from that point. In his
work, Adomeit relates the ignition delay tc¢ the initial heat
conduction process in the gas. A very 'complete review of

experimental works has been'presented by Laurendeau (1982).

1.2 Premixed Gas-phase Ignition by Catalytic

Surfaces

Theoretical studies of the thermal ignition of a premixed
combustible gas by a catalytic surface have also been limited to
the geometries described above. Mory et al (1277) performed
experimental and theoretical calculations of low temperature
combustion of hydrogen-air mixtures. The catalytic active regions
were observed to be non-uniformly distributed. Ablow et al (1980)
studied the relative contribution of surface and gas phase
reactions in a stagnation point flow by means of experimental,
analytical and numerical models. Schefer et al. (1980) presented
experimental results of both, surface and gas-phase reactions in
catalytic flat-plate flows of hydrogen-air mixtures. Schefer
{1982) used a numerical model including seventeen reactions to
solve the boundary-layer equations for laminar flow of a
hydrogen/air mixture past catalytic and inert flat plates.
Trevifio and Fernandez-Pello (1981) and Trevifo (1983) wused
matched asymptotic expansions to study the gas-phase ignition in
flat—plate and stagnation point flows respectively. Law and Chung

(1983) considered the inhibition of the gas-phase ignition



through reactant depletion by the surface catalytic reaction.
Fakhery and Bucckius (1983) studied the twransient catalytic
¢ombustion of a fuel mixture at a flat plate neglecting the

effects of gas-phase reactions.

1.3 Droplet 1Ignition

The ignition process of a fuel droplet exposed to a large
temperature environment was studied experimentally and
theoreticaliy by El-Wakil and Abdou (1966). Temperature,
diameter, and total ignition delay of the droplet were obtained
under a variety of operating conditions. They found that total
ignition delays were shorter for more vblatile fuels, smaller
initial diameters and higher initial droplet and air
temperatures. In an experimental study, Polymeropoulos (1973)
measured the vaporization rates and ignition temperatures of
liquid drops in free convection using porous spheres coated with
a film of fuel. A theoretical and experimental investigation was
performed by Sangiovanni and Kesten (1975) using furfuryl
alcohol droplets of 300 um in diameter. Their theoretical model

considered the unsteady ignition of a spherically symmetric

droplet. Saitoh et al (1982) studied the problem of droplet

ignition near the ignitable limit. In their experiments they
found that under those conditions, ignition time delays were

longer ‘for initially smaller droplet diameters due to the
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reduction of the local Damk&éhler number.

An analysis for ignition and extinction of condensed fuels
in axisymmetric stagnation flow was presented by Fendell (1965)
using pertubation theory for sméll and large values of the
Damkéhler number. Numerical integration was employed for moderate
values of the Damk&éhler number and the characteristic S-shaped
ignition-extintion curve was obtained. Matched asyptotic
expansions for large activation energies were used by Law (1975)
to study the quasi-steady, spherically-symmetric ignition and
extintion of a fuel drop based on the solution by Linan (1974) of
the problem of counterflow diffusion fiames. The mathematical
correspondence between the two problehs was discussed and
ignition and extinction criteria were obtained. Asymptotic

expansions for 1large activation energies were also used by

Krishnamurthy (1976) in a study of ignition in the

stagnation—point' boundary layer. An ignition theory for
spherically-symmetric droplets was presented by Law (1978c)
accounting for the transient heating of the droplet. A study of
unsteady ignition and extinction of spherically symmetric
droplets was performed by Pindera and Brzustowski (1984) using
stability theory. Their analysis yields the S-shaped
ignition-extintion curve as well as some information about the

stability of the transitions between the different regimes.



1.4 Droplet Combustion

Theoretical and experimental investigations on the
combustion of a fuel droplet were presented by Wise et al (1954)
and by Hotel et al (1954). The first authors studied.the effects
of several parameter using a porous sphere with a controlled
supply of fuel. In their study, Hottel et al. used real droplets
of different sizes and measured vaporization rates of several
fuels. The theoretical approaches of these authors were based on
a spherically symmetric drop model. Sanchez Tarifa et al. (1960)
also considered a spherically symmetric droplet in their
steady-state analysis of combustioh of monopropellants and
bipropellants. The unsteady behavior of the flame-to-drop
diameter ratio was shown by Nuruzzaman and Beér (1971) in their
experimental study using monosized droplet streams. Waldman
(1974), employed the method of matched asymptotic expansions
using the ratio of the droplet radius to the diffusion field
radius.as ﬁhe,small parameter. In his spherically symmetric
model, the outer region' was shown to be dominated by unsteady
diffusion while thé inner region was gquasi-steady and
convective-diffusive in nature. Experimental observations of
droplet bﬁrning in the absence of gravity were made by Knight and
Williams (1980) using a freely-falling chamber which provided 2.2
seconds of negligible gravity. A quasi-steady analysis of droplet
combustion including the effect of fuel vapor accumulation in the
inner region was presented by Law (1979). The neglect of such

accumulation was shown to yield inaccurate estimates on the rate

-



of chemical heat release. Complete réviews of droplet combustion
theories were presented by Williams (1973), Faeth (1977), and Law
(1982a) and (1982b).

Free-convective effects on the burning of a droplet were
sudied by Potter and Riley (1980) using numerical techniques, and
by Fernandez-Pello and Law (1982b) using power-series expansions.
Fernandez-Pello and Law (1982a) studied the gasification,
ignition, steady burning and extinction in the stagnation point
of a fuel particle under mixed-convective conditions. Explicit
expressions were derived for the mass burning rate and.for the
critical ignition and extinction Damkdhler numbers. The forced
and mixed-convective burning of a particle was analyzed by
Fernandez-Pello, (1982a) and (1982b) respectively, using
power-series expansions valid up to the point of boundary-layer
separation. Information on the drag experienced by a vaporizing
droplet has been obtained by Yuen and Chen (1976) and the motion
of the liquid inside an inviscid droplet was studied by Harper
and Moore (1968). This internal circulation has a strong effect
on the heating rate of the droplet as sﬁown by Prakash and
Sirignano (1978) and (1980). These authors considered the
quasi-steady gas phase and thermally-unsteady liquid phase for a
droplet in a forced-convective environment using an integral
approach for the gas-phase solution. Tong and Sirignano (1982a)
showed that the one-dimensional unsteady core region can be
extended to the droplet surface with a small correction due to
the existence of a liquid-phase boundary layer. Approximate
analytical solutions were developed by Tong and Sirignano (1982Db)

and (1983) for the liquid region which are matched with the gas



phase solution at every instant of time.
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Chapter 2
Gas-Phase Thermal Ignition of Premixed Fuels

by Catalytic and Inert Cylindrical Surfaces

2.1 Introduction

The potential ignition of a premixed combustible gas flowing
over a hot inert or catalytic surface is of relevance to the
study .of several combustion problems such as flame
stabilization in combustors, catalytic pollutant-control
devices, explosions and initiation of fires. The
thermal-ignition process is primarily the result of the
transfer of heat to the surrounding gas by the hot surface
which initiates the chemical reaction. Because of the
sensitivity of the chemical reaction to temperature, the
ignition of the gas would probably occur ih the boundary layer
adjacent to the solid surface, where the temperatures are
higher. The temperature of a catalytic surface is expected to
be higher than that of an inert surface because of the heat
released by the catalytic reaction. Thus, ignition of the
combustible gas should more 1likely occur if the surface is
catalytic than if it is non-catalytic. This situation would
have a positive effect in the case of a flame holder as it
would stabilize the gas-phase reaction. On the other hand, it

may have a negative impact if the surface is that of a

catalytic combustor as the role of the catalytic combustor

would become unimportant once a fast gas-phase reaction is -

established.

In this chapter the process of gas-phase quasi-steady

11



thermal ignition of a premixed combustible gas by hot catalytic
and inert cylindrical surfaces is analyzed for the case of a
uniform and constant surface temperature. In the case of a
catalytic surface it is assumed that the surface catalytic
reaction is infinitely fast so that a state of thermal
equilibrium exists along the surface. In the gas phase a
finite-rate reaction of the Arrhenius type with a large
activation energy is considered. First-order matched asymptotic
methods for large activation energy are used to predict
ignition. The gas flow past the cylinder is considered to be of
the mixed (free and forced) convection type. It is assumed that
the Reynolds and Grashof numbers are large enough so that the
boundary-layer approximation is applicable to describe the flow
and that the thickness of the boundary layer is small compared
with the radius of the cylinder.v The critical gas-phase
Damk&hler number for ignition will be deduced and the ignition
distance along the cylindrical surface will be obﬁained. The
gas-phase ignition distances for the inert and catalytic
surfaces will be compared and it will be shown that although
the catalytic surface tends to inhibit the gas-phase ignition
process through the mechanism of reactant consumption, the
larger surface temperatures expected in this case will favor

the onset of ignition.

12
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2.2 Analysis
The problem to be analyzed and the coordinate system used in

the analysis are shown schematically in Fig. 2.1. A mixture of

a gaseous fuel and oxidizer with wvelocity U_,, temperature
T., and concentrations Yio0 (i = F, 0), flows over a hot

catalytic or inert cylinder which has a uniform temperature T,,.

The acceleration of gravity g is in the direction opposite
that of the flow. In the case of a catalytic surface, the
combustible gas is assumed to undergo an infinitely fast
catalytic reaction at the cylinder surface where the fuel is
instantaneously cpnsumed. In both cases a finite-rate
homogeneous quasi-steady ignition reaction of ﬁhe Arrhenius
type is considered to occur in the gas phase. It is also
assumed that the Reynblds and Grashof numbers are large enouéﬂ
so that the boundary-layer approximation holds, and that the
thickness of the boundary layer is small compared with the
radius of the cylinder. A one-step, irreversible chemical

reaction is assumed of the form:

VF[F] + VO[O] —_— _VP[P]‘ ‘ (2.1)

where vy is the stoichiometric coefficient and [I] represent

the species (F = fuel, O = oxidant, P = products).

The equations that govern the process are the mass, momentum

in the x-direction, energy and species boundary-layer equations
for a reacting flow past a cylinder. These are neglecting

curvature:

13



3(pu)  3pv) S
é’x + aﬁ =0 (2.2)

Ou Su dle | G du

oT
puCp == + pvc, ag ag ( ) - Qug (2.4)
pu gy-’ s pvoa= BY, = (y aY‘ + W (2.5)

where i = F, O, P. In the above equations p, T, A, D, and }

Cp,

are respectively the density, temperature, specific heat at

constant pressure, thermal conductivity, diffusion coefficient
and viscosity of the mixture. Q is the heat of reaction per

unit mass of fuel, u and v are the velocities in the x and y

directions respectively, Y; is the mass fraction of species i,
and Y; is the mass ratio between species i and fuel. For a

second-order Arrhenius type reaction, the production term Op is

given by:

We = - AWpVep? T Y Y, exp(-E/R'T) | (2.6)

where A is the pre-exponential factor, Wp -is the molecular

weight of the fuel, E is the activation energy, and R is the
universal gas constant. For an infinitely fast surface

reaction, the boundary conditions for the above equations are:

14
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At y = 0:

u=20, ve=20, T=T, .,

catalytic surface: Yp = 0, Yo = Yow =Yg YFoo +

inert surface: Yp = Ypoo Yo - Y000 - (2.7)
At y 9 oo

u =2 Uoo Sin(X/R) ’ T = T‘,° ’ YF - YF“ ’ Yo = Yo“- (2.8)
where Y, is the stoichiometric mass ratio between oxidant and
fuel.

Defining a stream function VY, such that the mass

conservation equation is satisfied:

oy 3y
Pu=uw51:— , PV E T e | - (2.9)

assuming that the quantities pT, pA, PH, pD2, and cp are

constant, and introducing the dimensionless independent

variables:

Y
X
11=(Re4+Gr2)‘/°I Pi%i , O=g (2.10)
0 Foo
and the functions:
¥ .01 g XYy @an

“GRetsorpve ' ' TTQ@ T T yw

15



in the boundary layer equations

(Egs.(2.2)-(2.5)], these
become: ‘
(gi)z*‘ ar Pzr 92T ar azf
omooon  om? 90 372
sin(20) f—f,, ¥sing . o f (2.12)
20(1+90) %~ T o(1egt) 2~ O
8\' of oT araT ¢ a2f ~ o~ -
_1.15_ fﬁ.a%—,‘1 Pramt DaVFYoexp(-Ta/T) (2.13)
; ,
ara% aY  _arav_ 4 8% 2 1e
05?15'3" 3 "’a—aan'sﬁﬁf -D YFYOexp( Ta/T) (2.14)
where Re, Gr, ér,»Sc are the Reynolds, Grashof, Prandtl and

Schmidt nuﬁbeis,

T, is the nondimensional activation energy,

and ¢ is the mixed convection ratio, respectively defined as:

Re = 2RUso P
c
e
z=_SE
Ta= ——_-—6'

The transformation

gR3P% (Ty - Teo)

B T %
| Hoo
Sc =
fooDoo
§ = Gr/Re?

of Egs.(2.3)-(2.5) into Egs. (2.12)-(2.14)

is given in detail in Appendix A. The parameter:

A WQ Vo R2 P°° P“

Da =

Re (1+92)’* W R boo

(2.15)



is the ratio of the residence time and the chemical time, p, is

the mixture pressure, and W is the mean molecular weight of the

mixture. The formulation of the problem wusing the

nondimensional parameter (Re4+Gr2)1/8 permits the continuous

solution of the problem of mixed-convection flow from the

forced-flow limit (¢ = 0) to the free-flow limit (¢ = oo)
(Fernandez-Pello and Law, 1982).

The nondimensional boundary conditions are:

At = O:

Al

of/on = 0 , £f=0, T =Ty »

catalytic surface: Yp =0, Yo = Y0ow -~ (YS/'YO)YF°° ’

inert surface: Yp = Ypoo Yo = YO°° : (2.16)
At TN oo

3t /am=(1+¢%)"1/4(sin0) /O , T= Tey » Yp= Ype » Yo~ Yoeo  (2.17)

We now introduce a more convenient transverse independent

variable defined as:

o0
N Iexp(-h) dm
_ n

‘n (-]
.M h=Pr| fdn , Ap=|exp(-h) dn (2.18)
£=1 Ap ’ rjo n P Io

in the energy and species equations [Egs. (2.13)-(2.14)]. These

become:

17



1 9% a1 af , 91 3F
Prafz * O (exp(h) AP 55 53 " exp(2h) Ap? 3m35) *
329 1 9y, ar vy
-S!E 35T * ° (exp(h)Ap ao az exp(2h)Ap m -a-c—,l ) -

D,Y; Ypexp(-Ta/T) = 0 (2.20)

The onset of ignition in the gas phase will be analyzed under
the conditions when the activation energy is large. Similar
analyses were performed by lLaw and Law (1979) and by Trevifio

and Fernandez-Pello (1981) in their respective studies of the

thermal ignition in the boundary layer over an inert and a:

catalytic flat plate.

Before the establishment of the ignition reaction, the gas

flow is assumed to be. chemically frozen and consequently only -

the surface catalytic reaction is present in the catalytic

case, whereas no reaction occurs on the inert surface. Under

¢

these conditions, which correspond to the 1limit T, — e,

Equations (2.19) and (2.20) reduce to:

25

F‘;‘g'gz' + o (exp(h) Ap g; %I - exp(2h) Ap? ?nglﬁ o (2.21)
2~ -~

's"EgTYT +o (exp(h) Ap g; g: - ex (2h)Ap2 of aY‘) 0 (2.22)

18



with boundary conditions:

At & = 0:

T =T, ,

catalytic surface: Yp =0, Yo = Yo, - (y’s/yo)YF°° p

inert surface: Yp = Ypo, , Yo = Yoo (2.23)
at & = 1:
T = T°° ’ YF = YFeo P YO = YO“' (2.24)

Equations (2.12) and (2.13) with their respective boundary
conditions are solved numerically to obtain the value of the
Nusselt number at the cylinder surface. This parameter will be
needed later in the determination of the ignition conditions.

If the physical conditions are sufficient for the ignition

of the gas, the homogeneous gas-phase chemical reaction will be

‘initiated near the cylinder surface where the temperature is

higher. Although in the case of the catalytic cylinder the fuel
concentration near the surface is small due to the existeﬁce of
the fast chemical reaction, the gas-~phase reaction will still
occur near the surface. This is due to the stronger dependence
of the reaction rate on temperature, particularly for large
activation energy [Eq.(2.6)]. However, the effect of reactant

consumption is very important in the case of the catalytic

surface and must be taken into account. At the onset of

ignition, the temperature and concentration profiles will be

perturbed by a small quantity of order € from the corresponding

19



profiles in the homogeneous frozen flow. Therefore, a solution

in this region (inner zone) is proposed of the form:
T=7T¢g +60 ,

Yy = Yj¢ - Bie® | (2.25)

v

where O is the perturbed temperature and Bi is a function of

the Lewis number and is equal to one for the case Le = 1.
An order of magnitude analysis of the temperature and
species concentrations near the cylinder surface shows that the

.proper stretched transverse independent variable for this zone

should be of the form Y ~&/e. Furthermore, by selecting:

x=-Ap[_ ]% . - (2.26)

the differential equation for the perturbed temperature is

transformed into one that is identical to that obtained for a

flat plate. In terms of % the temperature and concentration

profiles become:

T=T,+ €O -,
catalytic surface: Yp = - E(rp X + BFG)., Yo = Yo, + 0(E) ,
inert surface: Yp = Yp, + 0(E) , Yo = Yo, + O(E). (2.27)

where Yo, = Yoo = (Yg/¥5) Ypeo- ‘

20



~diffusion and reaction terms are of order €

Substitution of the above relations into Eqs.(2;i9) and

(2.20) shows the convective terms to be of order 83 while the

2 for the catalytic

surface and of order € for the inert surface (See Appendix B

for details of this analysis), The small parameter is found to

be given by € = Twz/Ta. This order of magnitude analeis shows

the inhibitory character of the catalytic reaction which is
seen to reduce the gas-phase reaction by an order of magnitude
through the mechanism of fuel depletion. Moreover, in the case

of a stoichiometric mixture, the gas-phase reaction term in the

.catalytic-surface case is reduced by two orders of magnitude

from its value in the inert-surface case. In such a case; the
reaction, diffusion, and convective terms are all of the same
order of magnitude and the fuil equation
(reactive-diffusive-convective) has to be solved. Physically
this means that, due to the low concentration of reactants near
the surface, the gas-phase reaction is initiated further away
from the surface where the velocities are higher. Since most
catalytic combustion applications operate with lean mixtures
this case is not considered here. For the lean-mixture
catalytic-surface case the resulting equation for the perturbed
temperature is:

o260
5T ,_gl (X - x8) exp(6 - X) = 0 (2.28)
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an 8?;, Cp (Tv - Too)
A [{ . (2.29a)

and:

2 Q T YrooYoy Pr Da exp(-T2a/Tw)
Ay = - ‘: Foo 0w — — (2.29b)
0 Cp Ta2 (Tw - Too)® [ Nug /Re(1492)¢]

is the relevant Damkdhler number for the catalytic-surface

case.

For the inert-surface case the perturbed equation results:

D2, - =' ' 2.30
5t 2 exp(6 - X) = 0 ( )

2 -
a,e — 29T YreYouPr D2 exp(-Ta/Tw) (2.31)

BoCpTa (Tw - Too)? [ NuZ /Re(1+92)"

" is the relevant Damk&dhler number for the inert-surface case.

In the above equations, Nug = qu/[lw(Tw-T,)] is the

frozen-flow local Nusselt numbér, which contains the dependence

on the angular location of the Damk&hler numbers 4; and A,. The

boundary conditions for Eqs. (2.28) and (2.30) are 6(0) = 0

L4

and (39/3x)|°° = 0. The latter boundary condition is obtained

4
through the matching of the inner and outer solutions as

discussed by Law and Law (1979).

The heat flux at the cylinder surface is a parameter that



has the potential of being indicative of the onset of ignition.

The general expression for the heat transfer at the cylinder

surface is:

oT oY
W Al P05y

Q | (2.32)
w

where the first term is due to the temperature gradient at the
cylinder surface and the second term is due to the heat
released by the catalytic reaction, if this is present, at the
cylinder surface. The nondimensional form of Eq. (2.32) for

unity Lewis number is:

Catalytic cylinder:

Qw R Cp NU(

= -1 (2.33)

Qwy =

Inert cylinder:

- qw R _ Nu¢ [‘ 98
Iz = ReT2(1 e 92) o0 o(Tw - Tog)  RE'K1e92)7oL ~ X

w] (2.34)

Equation (2.33) shows that the net heat flux at the surface
of the catalytic cylinder is independent of the onset of the
gas phase reaction. This is due to the fact that variations of
the two terms in Eg. (2.32) exactly oppose each other. As the
gas phase reaction develops, the heat released by the catalytic

reaction decreases with the increased reactant consumption in



the gas-phase reaction. However, the corresponding incfease in
the gas-phase temperatﬁre results in the decrease of the
temperature gradient at the surface and consequently in the
reduction of.the'heat flux from the surface to the gas. The

condition of zero heat transfer at the catalytic surface only

occurs for the case of a=1, On the other hand, Eq. (2.34)

indicates that the heat flux at the surface of the inert

cylinder decreases during the onset of ignition from its frozen

value to zero at the moment of ignition when QO/GXIW = 1. This

is due to the increased geneiation of heat by the gas-phase
reaction, which results in the increase of the gas temperature
and consequently in the decrease of the temperature gradient at
the surface. The above effects are scaled by the value of the
Nusselt number at the corresponding angular location. The
general trend of these results is similar to that predicted for
a flat plate- (Law and Law, 1979; and Trevifio and

‘ Fernandez-Pello, 1981).

2.3 Results
The variation of the frozen-flow Nusselt number along the

cylinder surface is presented in Fig. 2.2 for values of the

mixed-convection ratio of ¢ = 0 (forced flow), ¢ = 1 (mixed

flow), and ¢ = e« (free flow). It is seen that the surface

Nusselt number (heat flux) decreases from a maximum at the
forward stagnation point to a minimum at the point of boundary

layer separation. This is due to the growth of the boundary
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layer with the angular coordinate.
" Information about the gas-phase ignition process is obtained
from the integration of Egs. (2.28) "and (2.30). The numerical

integration of these equations shows that there is a critical

value of the Damkshler number A = A® for which a unique
solution of the corresponding equation exists. For A > A€

there are no solutions of the equations and for A < A® there

are to solutions of each equation, one of which has no physical

meaning. The critical Damk&hler number A® indicates the

thermal runaway and therefore determines the onset of ignition
in the gaé phase{

The maximum value of the perturbed temﬁerature occurs at

X—e. Fig. 2.3 shows this maximum value, O(e), as a function
of the Damkéhler number Al for different values of the

parameter Q. fhe upper branches correspond the physically
meaningless solution. The critical bDamkdhler numbers Alc
correspond to the points of infinite slope (ae<w)/aAl = oo) ,
The values of the critical Damkéh}er numbers Alc obtained from
Fig. 2.3 are presented in Fig. 2;4 as functions of a. It is

observed that the critical Damkbdhler number Alc increases as
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the parameter O increases, that is, as the fuel mixture becomes
leaner, the fuel temperature T, becomes lower or the gas-phase

heat of reaction Q is reduced. The effect of the parameter a

on the initiation of the gas-phase reaction is not readily
apparent from Fig. 2.4 as the combination of variables-forming

‘this parameter also appears in the denominator of the

expression for the Damk&hler number Al (Egq. 2.29). With only

one exception, an increase in @ produces a negative effect on

the onset of the gas-phase reaction as will be’explained now. A

decrease in the mixture temperature T,, the fuel concentration

Yresr Or the gas-phase heat of reaction Q, yields an increase in

the critical Damkbdhler number Alc, as Fig 2.4 indicates, and

also produces a decrease in the particular current . value of

the Damkdhler number A; (Eq. 2.29). The result is a reduction’

in the possibility of ignition in the gas phase. An exception

to this trend corresponds to an increase in the surface

temperatﬁre T,- This also produces an increase in the parameter

a and consequently an increase in the critical Damk&hler number .

Alc (Fig. 2.4). However, due to the very high sensitivity to

temperature of the exponential in the expression for the
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Damkéhler number'AI,'the effect is a substantial increase in

the latter, possibly beyond the critical value and therefore
promoting ignition in the gas phase.
Integration of Eq. (2.30) for the inert cylinder results in

the ignition curve presented in Fig. 2.5. It is seen that in

this case a unique ‘critical Damkdhler number A2° = 1 is

obtained. This result is similar to that obtained by Law and
Law (1979) for a non-catalytic flat plate.
The dependence of the ignition process on the problem

physical variables is obtained by equating the Damk&hler

numbers A; and A, to their corresponding critical values A€
1 2 1

and A,®. The location along the cylinder surface at which
2

ignition occurs is found through the angular dependence of the
frozen-flow Nusselt number Nug appearing in Egs. (2.29) and

(2.30). In order to facilitate the graphic representation of

the ignition angular location, it is convenient to define two

Damkéhler numbers Alc and AZG which are independent of the

polar angle 6. The new Damkdhler numbers are defined by:

- [ Nurq? -
Am,..[m]zsn , n=1,2 (2.35)

- - et ma . P T T TP I TR RS — cemia mmsemes 1w -

where Nugg is the frozen-flow Nusselt number at the forward

27



stagnation point. When the maximum perturbed temperature 0 ()
is plotted against the Damk&éhler number Ano' different curves

are obtained for different values of the angular location @ as

can be seen in Fig. 2.6 for a representative case. The
critical values of the two new Damk&hler numbers defined by Eq.
(2.35) can be found by sétting Al and A2 in Eq. (2.35) equal to

their respective critical values given in Figs. 2.4 and 2.5,

that is:

2
c _ [ Nur1%c -1

These c¢ritical Damk&hler numbe:s are. functions of the

angular coordinate G, as can be seen in Eq. (2.36);_and their

variation with O obtained with the aid of-Figs. 2.2, 2.4, and

2.5 is shown in Figs. 2.7, 2.8, and 2.9 for values of the

mixed-convection ratio of ¢ = 0, ¢ = 1, and ¢ = o

4

respectively. As in the results presented before, the critical

Damkéhler number Alcc for the catalytic case, has a pa;ametric

dependence on @, whereas a unique curve is obtained for AZGC'

It is also seen that for all flow conditions, the criticgi

Damkdhler numbers decrease as the angular coordinate increases,

indicating that ignition occurs more easily with increasing
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distance downstream from the front stagnation point. The
dependance of the ignition location on the variables of the
problem is obtained by substituting the expression for Da (Eq.

2.15) into Eq. 2.29 for the catalytic surface and Eq. (2.31)

for the inert surface and then equating Al and A2 in these

equations to ;heir corresponding critical values given in Figs.
(2.4) and (2.5). It is deduced that the ignition angular
coordinate increases as the activation energy increases, or as
the initial gas temperature, the fuel concentration or the
surface temperature decreases. These results agree with a
phenomenological description of the problem in terms of the
respective variations of the physical and chemical times with
the above variables. As the initial gas or plate temperature
décreases; the physical time decreases and in order to balance
the fixed chemical time, the reaction must occur further
downstream where the boundary layer is thicker, heat losses
are smaller, and consequently, the physical time is larger. As
the activation energy increases or .the initial fuel
concentration decreases, the chemical time increases and in
order to balance the chemical and physical times, the ignition
process must occur fufther downstream, where the physical time
is larger. |

The ratio of ignition angular locations between catalytic

and inert cylindrical surfaces provides interesting information

about the differences between the ignition processes in bpth
cases. For the same fluid properties, excess oxidizer and

activation energy, but different plate temperatures, the
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following relation between both ignition locations is obtained:

g (T~ T)®Ta T exp(-Ta/Tw,)

(2.37)
O2  (Twp~Teo)? T} exp(-Ta/Ty,)

In a practical case, it 1is expected that the surface
temperature of the catalytic cylinder would be larger than the
temperature of the inert cylinder because of the generation of

heat by the catalytic reaction. From Eq.(2.37) it is seen that

in this case Gl'< ) due to the strong temperature dependence

of the exponentials. This result suggests the advantage of
using a catalytic surface in flame holders instead of an inert
one since gas ignition will occur closer to the forward
stagnation point. For the same plate‘temperature, however, Eg.

(2.37) gives:

— ~ — A] x (2.38)
which indicates that under these circumstances ignition occurs
further downstream for the catalytic than for the inert

surface. For example, in a free-convection fiow (¢ = ee) with

o0 = 0.1 and €= 0.002, if the ignition location is the front

stagnation point for an inert cylinder, the corresponding

ignition location for a catalytic cylinder would be 0=170°,

close to the rear of the cylinder. This result shows the

inhibitory character of the catalytic surface reaction on the
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gas-phase reaction because of the reduction of the fuel

concentration near the wall.’

2.4 Concluding Remarks

An analysis has been performed of the gas-phase thermal
ignition of a premixed combustible gas flowing over a hot
catalytic or inert cylindrical surface. The analysis shows that
if gas-phase ignition is intended, the use of a catalytic
surface 1is recommendable because the higher temperature
generated by the catalytic surface reaction will favor the
ignition of the gas. On the other hand, if the catalytic and
inert surfaces have the same temperature, gas-phase ignition
will occur later with the catalytic surface because the
consumption of fuel at the surface reaction inhibits the
chemical reaction in the gas phase. The -analysis also shows
that in both cases gas-phase ignition conditions are more
favorable as the flow approaches the separation point. Since
the analysis is not applicable once the boundary layer
separates, it cannot predict the exact location where ignition
will be initiated. Fo£ natural convection, however, separation
does not occur until practically the rear stagnation éoint,
thus, it appears that this would be the location where ignition
occurs under this flow condition. For mixed and forced
convection flow, boundary-layer separation occurs somewhere
along the rear portion of the cylinder depending on the

mixed-flow intensity and it is not possible to identify the



initial location of ignition. For an inert cylinder it appears
that ignition would be initiated in the wake region at the rear
of the cylinder since there the residence time should be large.

In the case of a catalytic cylinder, however, the products of

the surface reaction may accumulate in the wake region in which

case gas-phase ignition may not occur in this zone. If this is
the case, ignition will most likely occur at the point of
boundary-layer separation. The present analysis can be easily
applied with minor modifications to the case of spherical
surfaces. If the sphere has a catalytic surface its surface
temperature will reach the adiabétic flame temperature because
the heat released by the surface catalytic reaction cannot be
evacuated. Thus in this case ignition wiil likely occur
uniformly on the sphere surface and a flame will immediately
~surround the sphere. In the case of an inert sphere it will not
be possible to keep its temperature constant since convective
cooling of the surface would occur prior to ignition. However,
the case of a constant-temperature sphere has little practical

importance.
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Chapter 3

Mixed-Convection ignition of a Droplet or a Cylindrical Fuel

3.1 1Introduction

The thermal.ignition of condensed and liquid fuels has beeﬁ
the subject of many theoretical and experimental investigations
due to the relevance that this phenomenon has in an important
number of combﬁstion processes such as droplet and spray
combustion in engineering applications, and initiation and
propagation of fires. When a liquid fuel droplet or other
condensed ignitable material is introduced in a
high-temperature oxidizing environment, the resulting
temperature gradient at thé surface Qf the fuel will produce a
heat flux from the ambient toward the dréplet. This heat flux
will in general serve two purposes: Part of the heat flux will
be further transmitted toward the interior of the fuel and will
result in an increase of the liquid temperature. The rest of
the heat flux will be used to overcome the latent heat of
vaporization 6f the fuel and will therefore result in the
evaporation of the liquid at the surface. The fuel vapors
produced at the gas-liquid interface will be diffused outwards
and convected downstream and outwards into the high-temperature

oxidizing region. Under the appropriate conditions, which will

be identified later, the fuel and oxidizer will combine and

initiate a reaction process which may lead to a temperature
runaway and to a fully established diffusion flame. In the case

of a droplet that has been injected into a combustion chamber,
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the objective of the combustor designer is to proﬁote and
accelerate the onset of the ignition process described above.
On the other hand, in fire-prevention studies one is interested
in suppressing or at least delaying the ignition process. As it
will be shown in the analysis, there are several factors that
affect the initiation of the gas-phase reaction, among which we
may mention the convective conditiohs, the ambient teﬁperature
and oxidizer céncentration, and the activation energy.

In this chapter, an analysis is presented of the
quasi-steady ignition of a constant-temperature, spherical or
cylindrical, 1liquid or condensed fuel that is exposed to a

high-temperature oxidizing gas. It is assumed that the
oxidizing gas is flowing with a velocity U, which is parallel

to the direction of gravity. As a result of this, a
mixed-convection flow pattern is established in the vicinity of
the droplet or cylindrical fuel. Moreover, it is assumed that
either the Reynolds or Grashof number is large enough so that
the boundary-layer approximation is validated and that the
thickness of the boundary layer is small compared with the
radius of the dropiet or éylindrical fuel. The droplet or
cylindrical fuel is assuméd to be in equilibrium vaporization
at a uniform and constant vaporization temperature. The weakly
initiating gas-phase reaction is assumed to be a one-step

process governed by an Arrhenius-type expression with a large

activation energy. First-order matched asymptotic expansions,

for large activation ehergy are used to describe the ignition
process. The analysis yields the critical Damk&hler number for

ignition as well as the location on the droplet surface at

34



which ignition is likely to begin.

3.2 Analysis
Figure 3.1 shows a schematic of the model to be analyzed as
well as the coordinate system employed. A singlé—component fuel

droplet or condensed cylindrical fuel of radius R at its

vaporization temperature T, is in equiiibrium vaporization in
an oxidizing gas of high temperature T,, oxygen concentration

Yoeor and velocity U,. The acceleration of gravity g is in the

direction of the flow. The appearance of a chemical reaction in
the gas phase will be directly related to the values of the
residence and chemical times. If the chemical time is much
larger than the residence time, ignition is not poséible. On
the other hand, if the ratio of the residence time to the
chemical time is large enough, an ignition reaction is
considered to take place in the gas phase. Since the chemical
reaction is very sensitive to temperature, the ignition process
will occur near the outer edge of the boundary layer where the
temperatures are higher. This reaction is assumed to be

irreversible and to consist of one step:

VF[F] + VO[O] E— VP[P] (3.1)

where Vv, is the stoichiometric coefficient of species i and [I]

N

represents the species (F = fuel, O = oxidizer, P = products).

Under the assumption of a large Grashof or Reynolds number,
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the process is governed by the boundary-layer conservation
equations of mass, momentum in the x direction, energy, and

species. These equations are, neglecting curvature:

o(a pu) 3(a"pv)

ox oy =0 | (3.2)
pu%:- + pV gu = PeUe o= U + 9(Poor p)sin10'+gg—(uvg—:) (3.3)
pucp g% + pvc, % = g-g(xg;;-) - Qg (3.4)
pu g_x\ih, pv- g:‘ = .g-g-(pD g%‘)»,zf‘wf | (3.5)

where the last equation actually represents as many equations
as species are to be considered ( i = F, O, P). In the above
equations, the constant n is equal to 0 for cylindrical

geometry and 1 for spherical geometry. The fluid properties

are: density p, viscosity W, specific heat at constant pressure

c thermal conductivity A, and diffusion coefficient D. Q is

pl
the heat of reaction per unit mass of fuel, Y; is the mass

ratio between the species i and the fuel, u and v are

respectively the velocities in the x and y directions, T is the

temperature and Y; is the mass fraction of the species i. The

production term O is given by an Arrhenius-type expression:
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Wg = - AWpVEp?T Y, A exp(-E/R'T) (3.6)

where A is the pre-exponential factor, Wp is the molecular

weight of the fuel, E is the activation energy per mol, and R
is the universal gas constant.

The boundary conditions to be met by the above equations are
the requirements. of no-slip at the surface, equilibrium
evaporation and mass conservation at the surface; and the
conditions at the free stfeam. In mathematical form these

requirements are:

At y = 0:
u=0 , Pvhgg=MT/y , T =T
pv = pvY¥p - PD(dYp/dy) ,

0 = pvY; - pD(dY;/dy) , i #F. (3.7)

At y — eoo:

u=Ug=(2-n/2)U,sin(x/R), T = Ty, Yp =0, Y, = Yooo- (3.8)

The next step is the introduction of a stream function defined

by:

_ 3(a"4’) n - a(a"\P) (3.9)
a"pu = Ueo 5y y APV =T P
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so that the continuity equation is immediately satisfied.’

It is convenient to define dimensionless variables for the

-temperature, activation temperature, and mass fractions as:

ST 2z _S%E o %W 3.10
T— Q ’ .Ta- ﬁQ ’ Y]v— v] wi i (', )

}

~and appropriate dimensionless independent variables as:

d

. UP Y "
z:I-—-— . g (3.11)
o Poo R

| x

Assuming that the quantities pT, PH, PA, p2D, and c, are

constant and introducing more appropriaté boundary-layer

independent and dependent variables given by:

n = (Re? + 6r2)1/8 ; = Rel/2(1 + ¢%1/8 5,

£ = (Re? + Gr2)-1/8 y/6 = Rel/2(1 + ¢%)1/8 y/o. (3.12)

in the boundary-layer equations [Egs.(3.2)-(3.5)], these

become:
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dr¥ 3 B¢ Y a2t
(_)+°a_ﬁadan (r+ d'a—o,+nfO'C0tO')—1Tz
sin(20) T-To  Psino CERY
+ — + . (3.13)
20(1+92)'2 T -T, o(1+92)'/2 on? :

araf aT 4 o2f . A ‘
mao (f+dé——+nfocoto)ﬁ_ﬁm+DavFv0exp(-Ta/T). (3.14)

J2Yy

ar ay; +nfccotd)g7t =§LW -D,Y¥,expt-Ta/T). (3.15)

of
ﬁ"a—o— -(1+0x=

0

where the dimensionless parameters are:

(2= 3 )RUco Pro gR3PE (Too = Tw)
Re = Ty , Ors= TPo
(3.186)
Cp U T .
= P~ oo Sc = Lo

Pr= = ’ PosDos

and the mixed-convection ratio is defined as:
f= Gr/Re2 (3.17)

A detailed derivation of Egs. (3.13)-(3.15) is given in
Appendix C. The parameter Da represents an appropriate
Damkdhler number, or the ratio of the residence time and the

chemical time. It is given by:

2 )
Da = —~WoVoR' PPy ' (3.18)

Re (1+92)"4 WR Moo
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where p is the pressure and W is the mean molecular weight of

the mixture.

term is negligible and the flow is said to be frozen.

conditions given by Egs. (3.7) and (3.8) become:

Under the preceding variable transformation,

At n=0:
afr af | ..Q o
_4?1- - -(f*dad +N O'COtO')-Pr hfg ﬁ ] - Tw ’
- f - 18\7
(f+o§3+nrocotc)(1-v,) Scam
af { ¥, = J_Efﬁ
At N O oe:
af i - v -
_Sl\_d___ ’ T=T“! YF--O ’ YQ=Y°°°

om c(1 4..?2)‘/4

/

If this Damk&hler number is too small the reaction

the boundary

(3.19)

(3.20)

"It has been recognized above that the ignition process must

be initiated towards the outer edge of the gaseous boundary

layer because it is there where the temperature is high enough

to compensate for the retarding effect of the large activation

energy.

It is then convenient to introduce a coordinate

transformation that will translate the origin to the outer edge

of the boundary layer. The coordinate m, which goes from 0 at



g

)

the fuel surface to o at the outer edge of the bdundary layer,
is replaced by the coordinate §, which goes from 0 at the outer
edge of the boundary layer to 1 at the fuel surface. A similar

transformation has been used by Krishnamurthy (1976) in a study

of ignition at the stagnation-point boundary 1layer. The

variable § is defined by:

o0
ngp(-h) dm

&=1 ——rme ’
Ap (3.21)

n - af o
h=Pr Io(f+o-a—6—+nfocoto)dn , Ap-I()exp( h)dm

As a result of this transformation, the boundary-layer
equations for conservation of energy and species [Egs.(3.14)

and (3.15)] become:

,_[a: ]z 32§ d[ae ]gf_a_T « D% Gexp(-Ta/H) = 0 (3.22)

Pridml 3ZZ ~Llomlaz ac
1982329 rd&q313Y oo = 3.23)
f’?[ﬁ] 5T - o[ﬁ] 7 55 D% Yyexp(-TasT) = 0 ¢

When the activation energy is large, Ta >> 1 and the'
temperature T is low, the reaction term becomes negligible and

Equations (3.22) and (3.23) simplify further to:
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1 1084 927 ar a7
prisw) 587 ~°apas - O (3.24)
1 987 92V ar 8y,
prlam) 387 " 9% 50 - ° (3.25)

which corresponds to the frozen-flow or non-reactive

vaporization solution.

Near the outer edge of the boundary layer (E—0), the
temperature is sufficiently high ahd therefore a chemical
reaction will be initiated. Due to the very high sensiti#ity to
temperature of the exponential reaction term, the chemical
reaction will be confined to a very narrow zone at the outer
edge of the Dboundary 1layer. The temperature and
species-concentration profiles in this region will be slightly
perturbed as a consequence of the weakly-proceeding'reaction.
The temperature and species concentrations in the ignition zone

are therefore proposed of the form: [

T = T¢ + €0 (3.26)

Y.

i = Yif = €8 : (3.27)

where 0 is the perturbed temperature. With the assumption of

unity Lewis number, the equations for the perturbed temperature
and concentrations are identical, which validates the use of
the same perturbed variable in Equations (3.26) and (3.27).

As it was mentioned above, the ignition zone will be

restricted to a narrow region in the vicinity of E=0.

Consequently, stretching this coordinate seems appropriate. The
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stretched coordinate can be shown to be of the form y ~ &/e,

and, following the arguments used in Chapter 2 for the ignition
of a premixed fuel, the stretched transverse variable is

selected as:

[a‘f
X=- I3

] L3 ' (3.28)
§=0] € .

because this choice will permit the evaluation of the solution

in terms of an already solved problem. In terms of %L, the

temperature and concentration profiles in the vicinity of &=0

become:
T =T, + €(0 - %) , , (3.29)
Yp = -€(0 + rp X) (3.30a)
Yo = Yoo - €(8 + xX) (3.30b)
where:
re | /O = 01 /93 (3.31)
aZ o 9|0 9Z |o/ 9&lo

Substitution of Equations (3.28)-(3.30) into the

energy-conservation equation [Eq.(3.22)] shows that the small

parameter is given by the expression €= T“Z/Ta (the treatment

of the temperature exponential term is similar to that used in

Appendix B for the case of a premixed fuel. In this case,
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however, the temperature is perturbed from its free-stream

value) The differential equation for the perturbed temperature

results:
926 06
Xzé-iz— - Rzg5 +A(X-x0)exp(-x)=0 (3.32)
where:
A = Pr %o.Da exp(-Ta/Teo) o= Prsing (3.33)
- x H ’ H(1+p2)174
and:

2
of 2
H:([i_ (8£ )]é=o) = Pr2( f(oo) +o’a—6-(°o)+ n f(e0) oCOtT)

0g \om
_ an BY" _ Cp (Too = Tw) + hfg
«= 52|,/ Bcl, 3

The three terms in Eq. (3.32) can be easily identified as

diffusion, convection, and reaction, respectively. The

parameter A represénts the ratio of the residence and chemical

times and is therefore the relevant Damkshler number of the
problem. If this Damk&hler number is too small, the reaction

term drops out of the equation and the frozen case is obtained.

It should be noted that the Damkéhler'number A is a function of
the angular coordinate 6 and that consequently the ignition

process is also O-dependent. The parameter_!) appears as a



N

factor in the convective term and it controls the relative

importance of this term with respect to the other two. In the

case of a forced or relatively mild mixed flow (0<$<5), this

term must be retained and the full partial differential
equation has to be solved. In the case of a free-convective

flow, however, the convective term vanishes since for this case

Q > 0 as ¢ =,

3.3 Results

Equation (3.32) has been solved numerically by Lifian (1974)

for several values of the parameter . The solution provides

the Damk8hler number for ignition, Ac, as a function of «.

Those solutions are shown in Fig.3.2, where the characteristic

s-shaped ignition curves can be seen. For each value of the

~parameter O there is one s-shaped curve. For values of A below

the critical value A® two solutions are obtained one of which
has no physical meaning. For A larger than A€ no solutions of

the equation exist. The point A=AC® corresponds to the thermal
runaway and indicates the transition from the
incipient-ignition regime to the diffusion-flame regime. The

influence of the flow parameters on the onset of ignition at

the stagnation point of a fuel particle was analyzed by

Ferﬁandez-?ello and Law (1982). The analysis in this chapter is
concerned with the determination of the region along the fuel

surface in which ignition is likely to occur. For a given set
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of physical properties and flow conditions, we seek to
establish the location of the thermal runaway along the fuel
periphery. The Damkbéhler number defined by Eq. (3.33) maj be

rewritten in the case of free convection as:

AVYpoo P oo @XP(-T2/Too)

A= AN
%P Pr R W V2

(3.35)

where v, is the entrainment velocity at the outer edge of the

boundary layer and is a function of the angular location along

the fuel surface. It is given by:

_ Va4 U of ' (3.36)
Voo = GF m(f(«nda—d-(whnf(oo)ccotd)

The value of the entrainment velocity has been obtained from
a numerical solution of the problem of free-convective
vaporization of a spheric¢al or cyiindricai condensed fuel. Thé
details of this solution are the following: In Equations (3.13)

and (3.14), the exponential reaction term is dropped by letting

Ta — e, as corresponds to the frozen flow, and derivatives in

O are replaced by backward differences. The resulting ordinary

differential equations are solved using a quasilinearization

and iteration technique (Wu et al, 1982) at each axial

location. Figﬁre 3.3 is a plot of v_, normalized by its value

at the stagnation point, versus the angular coordinate G for a

spherical fuel droplet with Ja=1 vaporizing in air (Pr=0.7).
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Near the rear stagnation point of the droplet, the rapidly
converging flow results in the fast thickening of the boundary
layer and the formation of a downward plume. A boundary-layer
solution does not exist in this region.

The location of the thermal runaway can be obtained by

defining a Damkéhler number based on the entrainment velocity
at the front stagnation point, v,,. This Damkdhler number is

defined as:

AYg00 P Moo €XP(=T2/Too).

— ) (3.37)
X P Pr R W Voo'n

Ad=

In terms of the Damkéhler number defined in Eq. (3.33), the new

Damkthler can be written as::

Ag = [Veo/ Vool 24 (3.38)

o]

and the corresponding critical Damk&hler number can be written:

At = [Veo/Veao] 2p¢ (3.39)

The ignition distance as given by the angular coordinate ©

can now be obtained from Equation (3.39) and with the aid of

Figs. 3.2 and 3.3. The location O, of the thermal runaway as a

function of the critical Damkéhler numbervAcc for several

values of the parameter O is shown in Fig.3.4. The parameter Q

is expected to be small because of the large values of the heat
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of combustion Q for most fuels. Fig. 3.4 shows that the

critical Damkdhler number Ao.c decreases with increasing

distance away from the front stagnation point. It can be
deduced that the location of the thermal runaﬁay is displaced
downstream as the Grashof number and the activation energy
increase or as the ambient temperature and oxygen concentration
decrease.

-The analysis shows that ignition of a vaporizing droplet in
a free-convection flow is 1likely to occur near the rear
stagnation point =~ with the resulting diffusion flame

propagating toward the front of the droplet.

3.4 Concluding Remarks

The quasi-steady thermal ignition of a condensed cylindrical
or spherical fuel, including the important practical case of
ignition of a vaporizing droplet, has been analyzed with the
use of first-order matched asymptotic expansioﬁs. The
mathematical model is based on the asshmptioh of the existence
of a thin mixed-convection boundary layer on the surface of the
fuel, and on the existence of a state of equilibrium
vaporization with a constant fuel temperature. The analysis
shows that the weakly-proceeding ignition.reaction is initiated

near the edge of the boundary layer, since it is there where

the temperature-dependent reaction rate {Eq.(3.6)] reaches a

sufficiently large value. This occurs in spite of the fact that
the fuel concentration is relatively low near the edge of the
boundary layer because the dominant effect in the reaction rate

is that of the temperature in the exponential Arrhenius term.
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The analysis also establishes that the ignition process is

directly related to a suitably defined ratio of the residence
and chemical times: the Damk&hler number [Eq.(3.33)]. The

numerical value of this ratio indicates whether the flow is

chemically frozen (A << 1) or weakly reacting (A = 1). In the

case of a free-convection flow, it is demonstrated that the

equation governing the process is diffusive-reactive in nature

[Eq. (3.32) with Q=0]. The absence of the convective term is
explainéd by the fact that, in the ignition region, the flow
velocity is very low and approaches a value of zero at the
outer edge of the boundary 1a§er. On the other hand, in the
cases of forced or moderately-strong mixed convection, it has

been shown that the governing equation is

convective-diffusive-reactive in nature [Eq.(3.32)]. The

presenée of the convective term in this case is due to the
existence of a non-zero value of the flqw velocity as the edge
of the boundary layer is approached. A detailed study of the
free-convection case has shown that ignition is more likely to
occur at locations increasingly farther away (downstream) from
the front stagnation point. Although both the chemical and
residence times increase with increasing distance downstream,
the faster growth of the latter yields a value of the Damkdhler
number which increases with the downstream distance, therefore

explaining the predicted behavior. Since it is assumed that a

temperature runaway occurs once the ignition criterion is met,

it may be concluded that ignition starts uniformly at all

points downstream of the critical location O, (Fig.3.4). As the
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global Damk&hler number is increased, ignition occurs
simultaneously over a larger portion of the droplet until
finally, when the Damkdhler number equals its critical value

for ignition at the front stagnation point, the droplet is

completely surrounded by an ignition reaction.
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Chapter 4
Mixed-Convection Droplet Combustion

with Internal Circulation.

4.1 Introduction

In most spray combustion systems the vaporization and
combustion of the fuel droplets occur in a convective
environment. If the convective conditions are strong enough,
the shear stress at the gas-liquid droplet interface could
induce internal motion within the liquid (Law et al.,v1977;
Prakash and Sirignano, 1978). The internal circulation will not
only affect the heating rate of the droplet but could also
influence its vaporization and combustion characteristics, thus
affecting the rate of fuel vaporization and consequently the
droplét lifetime.

In this chapter, the combustion of a single-component fuel

‘droplet in a mixed-convection environment is analyzed once the

transient heating of the droplet has been completed. The
fluid-mechanical characteristics of the model are similar to
those of the analyses of Harper and Moore (1968) and Prakash
and Sirignano (1980); i.e., the existence of liquid and
gaseous boundary layers near the droplet surface bounded
respectively by a liquid and a gaseous inviscid flow. The
assumption here that the droplet has reached thermal
equilibrium permits a simpler solution of the problem and
consequently allows for a more detailed analysis of the effect

of the droplet internal circulation on its burning

characteristics. This analysis is applicable to most of the
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lifetime of the fuel droplet whenever the difference between
the initial and the vaporization temperature of the fuel is
relatively small (;ow boiling-point fuels, low aﬁbient
pressures). This results because the initial heating time of
the fuel droplet prior to the odset of evaporation is normally
very short and because of the non-uniformity in the 1liquid
temperatufe is reflected primarily through the magnitude of the
heat flux‘oh the liquid side of the droplet surface, which very
soon becomes negligible in comparison with the heat required to
evaporate the liquid. Futthermore, although the analysis is not
rigorously applicable when the magnitude of the liquid heat
flux is significant, its predictions are not expected to differ
‘substantially from those that would be obtained from a model
that considers transient droplet heating.

In this analysis, the series-expansion approach used by
Fernandez-Pello (1982) for the burning of a solid particle in a
mixed-convection environment is extended .to the liquid-phase
boundary layer. The result is a se;.of ordinary differential
equations for the gas and liquid phases that are coupled by
their boundary conditions at the interface. The equatiohs are
solved numerically using an iteration method and the analysis
identifies two parameters related to the internal circulation
of the droplet. One refers to the convective conditions of the
droplet burning process and is given by a mixed-convection
parameter based on the intensity of the mixed flow. The other
refers to the shear stress at the gas-liquid interface and i§
given by the ratio of the product of viscosity and density in
the gas and the liquid. The variations with these parameters of

the primary variables involved in the problem are presented for
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the case of droplet combustion under..séveréi convective
conditions. The pure vaporization of the droplet is a
particular case of the analysis and since the combustion and
vaporization processes are similar, only one particular case of

droplet vaporization is presented.

4.2 Theoretical Model

The model considers the steady, mixed-convection, laminar
boundary-layer combustion of a fuel droplet once the initial
transient heating of the 1liquid has been completed. The
generation of liquid internal motion by shear stress at the
gas-liquid interface is considered in the analysis. A
particular case of this analysis is the pure Qaporization of
the droplet.

The general character of the modél to bevdeveloped is shown
schematically in Fig. 4.1. The gaseous inviécid flow
Surrounding the fluid droplet generatés a Qas-phase,
mixed-convection, laminar boundary layer near the droplet
surface. In this boundary layer lies a diffusion flame that
establishes a uniform and approximately constant elevated
droplet temperature through a balance between heat transfer
from the flame and endothermic evaporation of the liquid fuel.
' The fuel vapors are transported outwards by convection and
diffusion, reacting at the flame with the inﬁardly trénsported
oxidizer gas. The heat generated by the chemical reaction is
transfered both outward to the ambient and inward toward the
droplet. The gaseous boundary layer generates by shear stress a
liquid-phase boundary layer near the droplet surface. This

boundary layer induces an inviscid circulating flow at the
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dréplet core. The model in the éase,of pure droplet evaporation
is a simplified version of the above. droplet combustion model:
Since there is no chemical reaction, there is no generation of
heat and there is no production or consumption of species. In
addition, the environment coﬁsists of a highv'temperature
infinite source of heat. | |

The analysis assumes that the gas and liquid Reynolds or
Grashof numbers are large enoughAso that ;he boundary-layer
approximation holds and that the thickness of the gaseous and
liquid_boundary léyers are small in compatiso;vwith the droplet
radius. It is also assumed that the surface tension is large
enough to keep the droplet spherical and that the liquid and
gas flows aré axisymmetric. The géseous inviscid flow is
considered to be the potential flow over a sphere and the
liquid inviscid flow is assumed to consist of a spherical
Hill's vortex. The analysis is not applicable in the rear
region of the droplet where separation'of-the gaseous boundary
layer and wake-flame combustion occurs. It is assumed, however,
that the separation of the boundary léyer does not affect the
charadteristics of thé Hill's vortex. The analysis also assumes
that the burning droplet is in equilibrium vaporization at a
constant Vaporization tempeiature. The combustioh conditions
are considered to be away from ignition or extinction so that
the flame;sheet approximationléan be applied to describe the
gas-phase reaction. A one-step, irreversible, chemical reaction
is assumed to occur between fuel and oxidizer. Radiation from
the flame and fuel surface is neglected. Because the
characteristic transport times of the gas ahd liquid processes

are much smaller than the characteristic time for droplet
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radius variation (Prakash and Sirignano, 1980), the gas and

liquid-phase phenomena are treated as quasi-steady.

4.3 Analysis

The coordinate systems adopted are indicated in Fig; 4.1,
To analyze the characteristics of the boundary layer, the
origin of the coordinate system is fixed at the front
stagnation point on the droplet surface. The x coordinate
follows the droplet surface which is assumed to be spherical.
The y coordinate is normal to the droplet surface with the
positive direction being outward for the gas phase and inward
for the 1liquid phase. To describe the potentiél flow, the

Hill's vortex, or the droplet regression rate, a pdlar

coordinate system with origin at the center of the'droplet is

adopted. The polar angle is G and the radial coordinate is r,
with R being the instantaneous radius of the droplet.

The flow field is divided into four interrelated regions
(Fig. 4.1). In region I a gaseous inviscid flow of'uniform
temperature and composition surrounds the fuel droplet. This
flow is taken to be the potential flow past a sphere

(Batchelor, 1970). Its stream function is given by:

R3 : '
=1(r2-2 2 .
¥ = §(r = )Uessin2o (4.1)
Variables without subscript refer to the gas phase and

those with subscript 1 refer to the liquid phase. The above

stream function provides the tangential velocity at the droplet

surface which is used as one of the boundary conditions for the



gaseous boundary layer.

Region II consists of a gaseous; reacting,
mixed-convection, laminar boundary layer that is generated near
the droplet surface. Neglecting curvature and assuming
axisymmetric flow, the steady-state boundary-layer equations of
conservatidn of mass, momeﬁtum in the x direction, energy and

species for this region are respectively:

o(apu)  d(apy)

3% 3y = 0 : (4.2)
ou ou _ dUe . 0 du
u a—x'+PVW-peUed—-+ 9(poo— pisinc +a—g-(u-a-g) (4.3)
' oT o .

’“ 4.4
pucp F pVCp F ag ( ) ( )
pu 2 91' cpvgy =g (g ) e m (4.5)

The equation of state is:

pT - PooToo A : (4.6)
and chemistry:

Vp([F] + V4(0] = Vp[P] _ (4.7)

where a one-step, irreversible chemical reaction has been
assumed.

Region III ~consists of a 1liquid, noﬁ—reacting,
uniform-temperature and composition, laminar boundary layer
generated near the droplet surface. Neglecting curvature, the

constant-property equations of conservation of mass and
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momentum in the x direction for this region are:

d(auy) . d(awvy)
ox CITH

=0 '+ (4.8)

% 3y, ¢ Mk T "’L-ag{ - (4.9)

The gas and liquid boundary layers are coupled at the
droplet surface through their respective boundary conditions of
conservation of mass and momentum.

Region IV consists of a liquid inviscid circulating flow of
uniform temperature and composition generated at the droplet
core. This flow consists of a Hill's spherical vortex whose

stream function is given by:

Viv = - %rz (R? - r2) sin2c '  (4.10)

where A represents the strength of the vortex and is equal to

3U,,,/2R2 in the case of an inviscid forced-convective flow

(Harper and Moore, 1968). The presence of the boundary layers
reduce the strength of the vortex to a fraction of its full

inviscid value so that in general, for the forced-convection

case, A=3CU“/2R2, where C represents that fraction. In the

free-convection case there is no free-stream velocity and a

characteristic free-convection velocity must appear in the

expression for A. This characteristic velocity is uc=VRgT, and

it may be concluded that in general, A=3Cuc/2R2, where the

constant C depends on the particular flow conditions. In the
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general mixed-convection case, the constant A is given by:

_ 1/4 ' '
A= 3Re(1+92) %‘3 (4.11)

where the constant C has to be determined during the solution.

The gas-phase Reynolds number is defined as Re = u,R/vV_, the

Grashof number as Gr=R2g(T,-Te)/(TwV_2), and the

mixed-convection ratio as ¢=Gr/(3Re/2)2. ¢=0 corresponds to the

forced-convection limit and ¢-—9e to the free-convection limit.

The boundary conditions that complete the specification of

the analysis are the following. In the gas, the temperature and

composition approach ambient conditions as y -% e, while the

tangential velocity approaches its value in the potential flow,

i.e. ug = (3/2)u,sinc. At the liquid-gas interface, y=0,

conservation of mass, matching of shear stresses, and
conservation of energy and species provide the following

conditions:

mass: py = =PV = m'Y,

shear stress: J(du/dy) = —u‘_(au,_/a.y‘_),v

energy: A(0T/dy) = m''L, (4.12)
species: pv = pv¥p - pD(IYp/dy),

vaIi = pD(dY;/dy), i#F.



Applied at the interface there is also the constant and

‘known vaporization temperature of the fuel, T = T,, and the
non-slip condition, u = u;,. In the liquid, at the inner edge of

the boundary layer, y;—°, tangential velocity and vorticity are

matched with the values corresponding to the Hill's vortex. An
iterative solution is required because the strength of the

vortex is unknown. Finally at x=0, the variables must comply

with the axisymmetric characteristics of the flow, i.e. u = y =

0, 9T/dx = Y /dx = 0.

The approach followed here to solve the gés phase equations
[Egs. (4.2)-(4.7)] is similar to that presented by
Fernandez~Pello (1982). The problem is solved by first

introducing the Shvab-Zeldovich variables:

Cp (T - Too) . (Yo = YOOO) Q
B‘ L Mool

(4.13)
_ YeQ (Yo - Yoo Q
82 - MeVvel Movol

to eliminate source terms from the energy and species

equations, and a stream function defined by:

d@y) - olay) | (4.14)

such that the continuity equation is satisfied. The problem is

generalized by introducing the nondimensional variables:
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"pay
0 P B

X

== (4.15)
R ’

o n = (§Re)"2(l*‘92)v'

expanding the trigonometric terms into series of the polar

angle ©:

sin0 = ¢ - 03/6 + ...,C080 = 1 - 02/2 + ...,cot0 = 1/0 - G6/3 +

and correspondingly assuming series expansions for the stream

and energy-species functions of the form:

¢ = (3Re2(1+92) " & fo(m) + 03 £y(m) + ]

_ v (4.16)
81 = =B [Go(m) + o? Gy(m) + =]
where the mass-transfer number is defined as:
VoooQ _ Cp(Tw = Too) : (4.16a)

B =

NoVo L L

For the solution of the liquid-phase equations [Egs. (4.8)
and (4.9))], an approach similar to the one used in the gas

phase is followed. The continuity equation is satisfied with a

stream function V,, such that:

9@y, o(ayy)
sus v BBy e (4.17)

The nondimensional variables:



X

R ’ n,= (%Rel)‘/z(l+\92)‘/° o : (4.18)

g = ?f

are introduced, and a series expansion of the form:

W= (%Ret)vz(MPz)V'[ O Fo(m)+ O3F(my) + =] (4.19)

is assumed for the 1liquid stream function, where thev

liquid-phase Reynolds number is defined as: Re1 = UR/V,. A

more physically-meaningfull liquid Reynolds number based on
some characteristic liquid velocity cannot be calculated until
the strength of the vortex is known.

After introducing these series expansions in the
boundary-layer equations and retaining terms up to the third
power of B, the following two sets of ordinary differential

equations are obtained:

Gas phase:
£o''' + 2f9fp'" - £4'2 = AGy_ - Ay - (4.20a)
Prolgy't + 2£4Gy' = 0 (4.20b)

£ '42f0E " T-4f £+ 4£15(" '—£0fp' '/3 = A1G1-R3Gg+A,  (4.20C)

ProlGy ' + 2£3G;' - 2£4'Gy + 4f1Gp' - £0Go'/3 = 0 (4.204)

Liquid phase:
[N vy 2 2 = : (4.21a)
FO + ZFOFO Fo + 4C</9 0 .

Fy''' + 2FgF;'' - 4F'F ' + 4Fy''F; - FoFq''/3 - 8C%/27 (4.21b)
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The coefficients A; have the following values at each side

of the flame:

for n < nf:
A= AlTHy) ’ Ay = 1+(T+P)(1+A)
(1+95)172 | (1+92)7/¢ (4.22a)
A, = 200+ L9) a o 21 PII4A)]
PTEOe9DZ 0 T Trg(qage)inz
for M > Mg:
_ (AGs -A-1)(z+Y) =
METsdegnrz 0 M7 g
' (4.22b)
A, o 2AGE-A- (T ] §) 2
3 ° 36r1e9)V2 " 4T 31912

where the parameters 1, A, and Gg¢ are defined in the

Nomenclature.
The boundary conditions for the above set of equations

become:
F0(0)=-Pf0(0), F1(0)=-Pf1(0). Fo'(0)=f0'(0)' Fi'(O)-fl'(O).
FO"(0)=-Pf0"(0), Fl"(0)=-Pf1"(0), Go(0)=1, G1(0)=0.

Gp'(0) = 2Prfy(0)/B, Gy'(0) = Pr[4f,(0) - £4(0)/31/B,

£o' (=) =1/ (1+6%5) /4, £ (0)=-(1462)1/4/6, Gp(e)=0, Gy (=)=0,



Fo'(“’) - 2C/3, Fl'(‘”) = ‘C/g.

In the above equations, P = \/up/p.lpt and C is obtained

through the matching of vorticities of the liquid boundary

layer as y — o and the Hill's vortex. The resulting expression
for C is:
\ 1 \'{]
(3Re,) 2 WH1492)1 0 Foloe) + 0FF ()]

- . (4.23)
$wi(o-to¥)

Equations (4.20) and (4.21) and their boundary conditions

contain seven parameters: B, T, A, Pr, Re,, and P. The first
five are related to the droplet combustion process while the
last two are related to the motion of the liquid. The parameter
P gives the relative magnitude of the viscous forces in the gas
and liquid phases, while Re; indicates the convective conditions

under which the droplet is burning. The pure vaporization of
the droplet is a particular case of the analysis. The governing
equations and boundary conditions in this case become identical

to those given by Egs. (4.20) and (4.21) by defining the

nondimensional temperature as 0 = Gg + 02G1, replacing- the B

number with the Jacob number, Ja = cp(Tw - T,)/L, and using the

values of A; corresponding to N > 7Mg¢ with G¢ = 1. The number

of parameters is reduced to five, i.e., Ja, T, Pr, Re,, and P.
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4.4 Reasults

The coupled sets of ordinary différential equations (4.20)
and (4.21) are integrated simultaneously wusing a
quasilinearization and iteration scheme and a Runge-Kutta-Gill
fourth-order method (Wu et al., 1982). An initial guess or the
previous iterated value is used for C and its value is compared
with the new value calculated with Eq. (4.23). The solution is
considered achieved when the difference between the previous
and the new value of C differ by less than 0.1 percent.

Because of the large number of parameters involved in the
problem and for the sake of clarity , ‘'this section has been
organized as follows: The basic case of a hexadecane droplet
evaporating or burning in air under forced flow conditions at
the predetermined ﬁeynolds number and atmospheric conditions is
presented in detail. The effect of the 1liquid motion and

mixed-flow intensities on the combustion of the droplet is

analyzed by presenting the variation with P and ¢ of the most
characteristic values of the droplet-combustion process. Since,
as it will be shown later, the internal circulation doeé not
affect substantially the droplet combustion process once the
heating period has been completed, the reader is referxed to
the works of Fernandez-Pello (1982) and (1982) for details
about the influences of the fluid properties, ambient oxygen
_concentration or intensity of the mixed-convection flow on the

combustion of the droplet. The numerical values of the

parameters corresponding to hexadecane burning in air at T, =

20°C and 1 atm. are: B=11.6, 1=0.91, A=9.85, Y=0.0663, Pr=0.72,
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Re=2500 and P=0.0137; and for the inert evaporation of

hexadecane in air at an ambient temperature equal to the flame

temperature in the combustion case, T,=2725°C and 1 atm they

are: Ja=-21.06, 1T=-0.813, Pr=0.72, Ref=2500 and P=0.0137. To

analyze the effect of the liquid motion on the characteristics
of the combustion process of the droplet under varied flow

conditions, calculations are performed for several values of P

and ¢ while keeping the other parameters fixed and equal to
those corresponding to the basic hexadecane case.

The velocity profiles in the liquid and gaseous boundary
layers as functions of the polar angle are presented in Figs.
4.2a and 4.2b respectively for the cases of pure vaporization
and combustion under forced flow conditions. Comparison of both
velocity fields shows that the predicted ;iquid velocities are
larger in the case of combustion than in the case of
evaporation. The stronger internal <circulation in the
combustion case is caused by a larger shear stress at the
droplet surface which results from the presence of larger gas
velocities and a thinner boundary layer. The larger velocities
are caused by the expansion of the gas in the vicinity of the
reaction zone. The separation of the boundary layer occurs at a
slightly larger polar angle for the case lof evaporation.
Although a stronger internal circulation helps to retard the
separation of the boundary layer, the larger flow velocities
existing in the combustion case seem to counteract the fact

that the internal motion is stronger in the case of
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evaporation.

Figures 4.3a and 4.3b show fespectively, for the cases of
pure evaporation and combustion in forced convection, the
temperature and species distributions for several polar angles.
In both cases, the results show the growth of the boundary
layer and the increase, in the combustion case, of the flame
stand-off distance with the polar angle. The temperature
gradients atr the droplet su?face are larger in the case of
combustion due to the proximity of the flame to the droplet
surface. Comparison of the gas-phase velocityvand temperature
distributions for the case of combustion (Figures 4.2b and
4.3b) with those reported by Fernandez-Pello (1982af for the
combustion of a solid PMMA sphere, ihdicate that the motion of
the liquid does not affect the overall characteristics of the
droplet combustion process. As it will be shown below, it does
affect the quantitative values of some of the variables
involved in the process.

The streamline field for the case of droplet combustion in
a forced-convection flow is shown in figuré 4.4 for the purpose
of flow wvisualization. The figure is developed by first
calculating the streémline pattern in each of the regions I to
v and‘ﬁhen by superposition of the different patterns. The
matching beﬁween the streamlines of the inviscid and viscous

flows is performed by approximately joining the corresponding

streamlines. The liquid streamline pattern indicates that most

of the vaporizing liquid is convectively brought to the surface
from the region surrounding the axis of symmetry of the
droplet. The liquid contained in the core of the Hill's vortex

has no access to the droplet surface except through the

’
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mechanism of regression of the droplet surface. The gas-phase
streamline pattern shows the converging streamline moving away

from the surface for increasing values of the polar angle and

it also indicates that the flame is located near the outer edge

of the boundary layer.

The velocity and temperature profiles for the
forced-convection combustion of a droplet for different values
of the parameter P are presented in Figqures 4.5a and 4.5b for a
polar angle of 45°. The value of P=0 corresponds to no internal
motion and P-14to a liquid and a gas of comparable densities
and viscosities. The results show that the value of P affects
considerably the magnitude of the velocity in the internal
.circulétion, increasing with P as expected. With respect to the
gas phase, the droplet internal circulation affects primarily
the thickness of the boundary layer, decreasing as P increases.
A thinner gaseous boundary layer results in a flame closer to
the droplet surface and consequently in an increase of the
surface heat flux. The maximum gas velocity, however, remains
practically constant because as P increases the velocity
becomes larger near the droplet surface, counteracting the
thinning of the boundary layer and the increase of fuel vépor
additions (Figure 4.7).

The variation of the normalized shear stress along the

periphery of a droplet burning in forced convection is

presented in Figure 4.6a for several values of P. For

comparison, the case of pure vaporization of hexadecane is also
included in the figure. It is seen that the predicted shear
stress for the case of pure vaporization is considerably

smaller than for the case of combustion. This results in a

67



weaker internal motion for the case of pure vaporization as it
was shown in the comparison of Figures 4.2a and 4.2b. The
variation of the shear stress distribution with P is 1less
significant, decreasing as P increases. Figure 4.6a élso shows
the varijation with P of the value of the polar angle at which
the boundary layer separates. It is seen that as the internal
circulation increases the location of boundary layer separation
is displaced downstream. The displacement, however, is small,
indicating that the existence of internal circulation does not
vary significantly the location of boundary-layer separation.
Figure 4.6b shows the variation of the normalized shear stress
aloné the periphery of a hexadecane droplet for several values
of thé mixed-convection ratio. The predicted locationé of the
maximum shear stress and of the separation point occur farther
downstream as the flow gradually passes from the forced to the
free-convection 1limit. This is a consequence of the reduction
of the adverse pressure gradient as the flow approaches the
free-convection limit. The point of separation is slight;y
displaced downstream when circulation is present.

The predicted variation of the normalized mass burning rate
along the periphery of a droplet burning in forced convection
is shown in Figure 4.7a for several values of P, Also_included
in the figure is the vaporization rate for the case of pure
vaporization of hexadecane. It is seen that the predicted rate
of fuel vaporization is considerably larger for the case of
combustion than for pure vaporization at an ambient temperature
equal to the flame temperature. The fact that in a burning
droplet the boundary layer is thinner and the flame lies within

it results in higher vaporization rates than for pure
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vaporization. The predicted variations of the mass burning

rates with P indicates that the rate of fuel vaporizatioﬂ
increases with the internal circulation. This result is due to
the thinning of the boundary layer as P increasés. Because the
flame stand-off distancé decreéses (Figuie 4.$a), the surface
heat flux and consequently the rate of fuel vaporization both
increase. It should be noted, however thét the predicted
influence of the liquid motion on the rate of fuel vaporizétion
is not large underrnormal conditions. The internal circulation
must be increased considerable to produce Significant
variations in the vaporization rate. Figure 4.7b shows the
predicted variation of the local mass burning rate aloné the
periphery of a hexadecane droplet for different values of the
mixed-convection parametér. The local burning rate decreases
with the polar angle as the flame moves away from the-surface

in the thickening boundary layer. This decrease is more

pronounced when forced convection is dominant (0<¢<1) since for

these cases the boundary layer grows more rapidly. For the case

=1 the flame at the front stagnation point is closest to the

surface (Fernandez-Pello and Law, 1982) and thus gives the
maximum burning rate at that location. |

The dependence on P of thentemporal variation of the
droplet radius squared in thevforced-convection combustion of a
droplet is presented in Figure 4.8a. The overall rate of fuel
vaporization is calculated here by integrating ‘the locai
burning rate along the droplet periphery up to the point of
boundary-layer separation and assuming‘that the burning rate is

zero beyond the separation point (Fernandez-Pello, 1982a). Also
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included in the figure is the variation of the vortex constant
C with the parameter P. This last information is particularly
inte;esting because it‘permits the correlation of the résults
obtained varying P with those that would be obﬁained varying
the droplet Reynolds number (Eq. 4.23), which is tﬁe
information most probably available in a practical application.
In Figure 4.8a it is seen that in spite of the fact that the
droplet regression rate is relatively sensitive to variations
of P when thisiparameter is small, the overall effect of the
internal motion on the magnitude of the burning rate is not
lérge. For example, for the normalized regression rate to
increase 10 percent above the basic case calculated here
(P=0.0137, C=0.07), the flow velocity must be increased
approximately ten times. The strength of the internal motion is
also most sensitive to P when this parameter is small. The
circulation increases with P because there is less resistance
of the liquid to the imposed motion. Figure 4.8b shows the
variation with time of the droplet radius squared for a
hexadecane droplet burning under different mixed-flow
conditions. The overall mass burning rate is calculated for the
cases of zero burning rate.and of constant burning rafe (equal
to that obtained at the point of separation) Lkeyond the

separation point. In the former case the calculated droplet

regression rate increases with ¢ because separation occurs
further downstream as ¢ — <., In the latter case the predicted

droplet regression rate is fairly independent of ¢. This result

is important because it permits the evaluation of the droplet
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burning rate under any flow conditions. The variation of the

vortex strength C with the flow intensity is also weakly

dependent on ¢. The maxima observed near ¢=1 for the droplet

regression rate and the circulation strength are due to the
combination of natural and forced-convection effects which
reduce the thickness of the boundary layer, increasing the

burning rate and the shear stress at the droplet surface.

4.5 Concluding Remarks

An analysis has beén performed of the effect of the
internal circulation on the mixed-convective combustion of a
fuel droplet once the internal transient heating of the liquid
has been completed. The use in the analysis of the scaling
factor [(3Re/2)% + Gr2]1/8 yields a continuous solution
between the forced and free-convection limits. The analysis
provides explicit expressions for the local vaporizétion rate
and for the variation of the droplet diameter with time as
functions of the gas mixed flow and 1liquid circulation
intensities. It is predicted that, for any mixed-flow

condition, the existence of liquid motion results primarily in

the reduction of the thickness of the gaseous boundary layer,

the downstream displacement of the point of boundary-layer
separation and the augmentation of the 1local and overall
Vaporization rates.

The internal circulation inside the droplet appears in the

problem through two interrelated parameters, P-Vuwpm/uﬂn and

C-const.(3Re/2)“2(1+¢2)U8. The former parameter represents the
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shear-stress characteristics at the droplet surfacé. The
presence in it of the ratio of gas to liquid densities reflects
primari;y the effects of the expansion of the gas near the
flame region on the velocity gradient normal to the droplet
surface. The latter parameter reflects the intensity of the
convective flow and is directly related to the strength of the
internal liquid circulation. Noteworthy is the identification

of the strength of the internal circulation for any mixed flow

condition as A-CVN[(3Re/2)4+Gr2]“4/R3.

The study of the transient heating of the droplet could be
performed using the present model by: (1) incorporating to the
formulation the transient liquid energy equation; (2) removing
the condition that the suifaceltemperature is constant: and (3)
adding the ‘heat flux at the liquid side in the interface energy

conservation equation, i.e: replacing the boundary condition

given in Eq.(4.12) by AJT/dy = m''L +(KBT/3y)l. Since the liquid

momentum and energy equations are uncoupled except for the
above boundary condition, the application of the ﬁresent
‘results to any instant during the droplet lifetimé will depend
only on the error introduced by using‘the boundé:y conditions
as given by Eqs.(4.12). With regard to the surface temperature
of the droplet, there is{ experimental evidence that for
hydrocarbon droplets burning in the standard atmosphere, the
droplets start to evaporate very soon after injection in the
hot environment (Faeth, 1977; Law, 1982; Lasheras et él.,
1981). Theoretical studies (Law, 1982) also predict that the

droplet surface temperature reaches an approximately constant
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value very early during its lifetime. Therefore, since the
constant surface temperature condition applies to most of the
droplet lifetime, the extension of the preséht results to .the

transient droplet-burning process depends-priMarily on the

error introduced in the energy conservation condition at the

interface. This error depends on the relative magnitude of the
heat conducted toward the interior of the droplet and the heat
used to evaporate the liquid. In general we can conclude that

this analysis is applicable to most of the evaporating droplet

lifetime if (AJT/dy)< m''L. This is the case for most low

boiling point, light hydrocarbons burning under atmospheric

'pressure., However, whenever the contribution of the liquid heat

flux becomes important, the present analysis will predict
larger vaporization rates than those actually occurring. The
larger gas normal velocity will perturb the characteristics of
the boundary layer and an earlier separation of the boundary
layer will be predicted. Since the errors introduced in the
prediction of the 1local vaporization rate and boundary-layer
separation counteract each other when calculating the total
vaporization rate, it is possible that the present analysis
will provide reasonable estimates of the droplet lifetime under
transient-heating droplet-burning conditions.

It should be pointed out that although internal circulation

may not affect significantly the process of steady droplet

evaporation or combustion, it is very influential during the

initial transient heating of the droplet. From the
characteristics of the streamline pattern in the interior of

the droplet (Figure 4.4), it can be inferred that droplet
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heating by convection should be importaﬁt, with the slower
Conductive heating being limited to the vortex core. Prakash
and Sir;gnano (1978) estimate that the droplet heating time
could be reduced by an order of magnitude due to the presence

of the internal circulation.
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Chapter 5

Conclusions

Analytical and numerical methods have been employed to
model the behavior of three relevant reacting flows in the
presence éf mixed (forced and free) convectivé conditions. One
group of problems involves the initiation of a gas-phase reaction
by a hot cylindrical surface inmersed in a premixed combustible
mixture. The treatment of this type of combustion probléms has
been limited so far to the simpler geometries of ignition by a
flat plate and ignition in the stagnation-point boundary layer.
In tﬁe analysis presented in Chapter 2,_the method of matched
asymptotic expansions has been used to divide the flow region
into a frozen-flow =zone and a weakly-reactive zone. Some
assumptions of previous investigations, such as the existence of
.a laminar boundary layer and of a constant and uniform surface
temperature have been retained. However, in the present study,
the. analysis of ignitiog by a hot cylindrical surface has been
extended beyond fhe front stagnation point, and in fact has
included the portion of the flow up to the point of
boundary-layer separation. It is worth mentioning that in the
case of a free—coﬁvective flow, separation does not occur until
very near the rear stagnation point, and therefore, the analysis
is valid along most of the cylinder surface. An important result
of the present investigation has been the ability to predict and

understand the role of the flow chemical and residence times in
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determining the region of the flow field which has reached
critical ignition conditions aﬁd that cohsequently will become
the ignition zone. The critical ignition condition is given by a
particular value of the Damkdhler number, which is the ratio of
the residence and chemical times. The analysis has shown that
'ignition should begin near the rear stagnation point in the case
of ah inert surface, and near the point of boundary-layer
separation in the case of a catalytic surface. The fact that
ignition always occurs very close to the hot surface has resulted
in an equation governing the energy transport in the ignition
zone which is ‘only diffusive-reactive in nature with negligible
convective effects. This behavior is the same independently of
the type of surface promoting the gas-phase ignition, but in the
case of a catalytic surface supporting a catalytic reaction,
ignition is more readily accomblished due to the more elevated
surface temperature.

The method of matched asypmtotic expansions has also been
employed in Chapter 3 to study the gas-phase thefmal ignition of
a fuel droplet vapofizing in a convective oxidizing environment.
The qualitative description of the ignition process is similar to
that observed in the case of ignition of a premixed gas, but, in
the case of an evaporating droplet, the thin ignition zone is
located. at the edge of the gaseous bﬁundary layer surrounding the
droplet, where the temperature approaches the ambient conditions.
Critical assumptions have been made in order to concentrate
efforts on the effect of the flow conditions on the location of
the critical ignition point. Previous studies of droplet ignition

have assumed spherically-symmetric conditions and therefore have
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assumed the existence of a stagnant ambient:. Such an assumption
has been removed in the present study, but some other fundamental
assumptions have been retained such as the existence of a state
0f equilibrium vaporization with all the heat arriving at the
droplet surface being used to evaporate the liquid, with no heat
transfer to the interior of the droplet. The existence of a
laminar flow around the droplet, the neglect of internal
circulation, and the existence of a perfectly spherical droplet
are other limiting assumptions made in the analysis. Since the
ignition process occurs toward the outer edge of the boundary
layer, it has been shown that the form of the equation govérning
the transport of energy in the reaction zone is different for
different types of flow conditions. In the case of a
free-convective flow, the velocity in the reaction zone
approaches the value of zero prevailing at infinity. Therefore in
this case, the resulting equation is diffusive-reactive in nature
with convection effects being negligible. On the other hand, in
the case of a forced or mixed-convective flow, the gas velocity
approaches the non-zero value existing in the outer flow, and
consequently the energy-transport equation in the ignition zone
contains diffusive, convective, and reactive terms, and the
solution becomes more involved. As in the case of ignition of a
premixed gas, the ignition of the gas around a droplet is more
likely to begin near the rear portion of it, although in some
cases an ignition reaction may completely surround the droplet.
The study of gas—pﬁase reactions around a vaporizing
droplet has been carried out one step fﬁrther in Chapter 4 by

investigating the regime of quasi-steady combustion of a droplet
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in mixed-convective conditions. The analysis has assumed ghat the
droplet has reached thermal equilibrium and’  that the gas-phase
reaction <can be well represented by the flame-sheet
approximation. Under these conditions, it has been shown that the
internal motion of the droplet has only a minor influence on the
combustion characteristics of the droplet. The influence of the
convective conditions on the mass burning rate of the droplet has
also been studied in this work, and it was found that the largest
global burning rate corresponds to the case of a mixed-convection
ratio of approximately one when a constant value of the local
burning rate 1is assumed beyond the point of boundary layer

separation (Fig.4.8).
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Appendix A

The transformation of Equations (2.3)-(2.5) starts by the

introduction of the new independent variables:

I Pdg » O=®F o (A.1)
oPoo |

and the dependent variables:

T g - W v | (A.2)

Upon transforming Equations (2.3)-(2.5), terms containing

x—deriéatives‘of the density cancel out, so that the effect of

the transformation, after assuming that the quantities pT, pA,

pu, pDz, and Cp are constant, is to obtain a set_pf equations

equivalent to that for a constant-property formulation:

3y 32y Ay J%Y s1n(2c) T- T,, 3y
_az:_aoaz -3 _zaz 4 = e'. — Tw 7 Gr smd * 557 (A..3)
042 f 3y éf L O AWgYPhToR2 g o oxn(-Tasf)  (A.4)

34‘37, a‘# 3\7, 1 827,- . Aw°VOP§°Too R

————— =sc v, exp(-T A.S
9230 909z 5¢c 3z Tloo Yy exp(-Ta/T)  (A.5)

where the nondimensional parameters are defined in Chapter 2.
The boundary conditions [Egs.(2.7) and (2.8)] are

correspondingly transformed, and become:



At z=0:

dy/9z=0 , OY/96=0 , T=T

w ’
catalytic surface: Yp=0 ’ Y0=Y0e™ (Yos/Ys) YFeo ’
inert surface: Yp=Yp, ’ Y6=Y0oo - , (A.5a)
At Z—oo:
dy/dz=Re sin6 ,  T= T, , Yp=Yp. , Yg=Y¥g, . (A.5b)

The next step is to transform the transverse coordinate z and

the stream function ¥ into more convenient scaled variables

according to the assumption of the existence of a boundary

layer. The new variables are defined as:

-+ _ ¥
N = (Re4 + Gr2)V/s 2 ’ Yy = et s O/ (A.5)

and Equations (A.3)-(A.5) become:

0y 929 33 _ sin(20) T-Tw Psing 3%

- = (A.7)
INOGON BGONT 2(1092) 72 To-Tog (1692) 2 OT
oy oF oy of a2f o~ = =
5,% 39 5—3— F = PI_FTT{Z + D,V Ypexp(-Ta/T) (A.8)
9y 3Y; 393y _ 4 ¥Vi _ DaYr Ypexp(-Ta/T) (A.9)
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while the boundary conditions [Egs.(A.5a-b)] are transformed

to:

At N=0:

dy/on=0 -, dy/do=0 ., T=T, ,

catalytic surface: Yp=0 ’ Yo" Yoo~ (Yog/Vos) YFeo  +
inert surface: Yp=Yp, K Yo=Y0oo - (A.10a)
At TN-Joo:

dy/dM=sinc/ (14214 | qer_ Yp=Ype + Yo=Yge - (A.10b)

Finally, recognizing that the stream function ¥ must
contain a factor of O, the new stream function is defined as:
f =vy/0 : (A.11)

" and when this is used in Equations (A.7)-(A.9) the result is

Equations (2.12)-(2.14).



Appendix B

Equations (2.28) and (2.30) for the perturbed temperatures

in the catalytic and inert case respectively are obtained in

the following manner. The stretched variable Y defined by
Eg. (2.26) is introduced in the energy and species egquations
{Egs.(2.19) and (2.20)] togéther with Equations (2.25) for the
temperature and concentrations in the inner zone. Terms
containing the stream function f as well és the frozen-flow

temperature and species concentrations are represented by their

Taylor-series expansions near the cylinder surface (M=0), i.e.:

”f=‘fw+g—f{vn*... (B.3)
Qu-vi"g_{!vﬂ*"' - (8.4)

where the boundary conditions at the surface for the stream
function [Eqgs.(2.16)] have been taken into account in (B.1) and
(B.2). The temperature exponential in the reaction term is

treated as follows:
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exp(-Te/T) = exp [ ‘ a?‘ J -
fwo--fl‘n + €6
omiw

exp [T [' - —(9 X)]] = exp(-Te/Tw)exp(6-X) . (B.S)

where higher-order terms have been neglected in the

Taylor-series expansion for the frozen temperature and the
small parameter has been selected as e-»Twz/Ta in the last

step of (B.5). The energy and species equations [Egs.(2.19) and

(2.20)] become:

Catalytic cylinder:

1 [8i§| ]2329

PrLomivd 32 * ‘
af| 7', 1 @3¢ azf ,
3[2f ! — B.6
ge [anlw](zaoan axx anzvao")* (B.8)

exp(-Ta/Tw)Da €2 (- X -3Fe)(\7°\,, - e X - egOlexp(6-X) =0.

af| 12020
8‘[81{' ] W *

9?2 Gl '
o€l B, aT‘f| ]( a3f F’xz bﬁf"’v&?X) . (8.7)

exp(-Ta/Tw)Da €2 (-1 X -3,9)(\/0\,, -enpX - eBB)exp(6-X) =0.
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Inert Cylinder:

I[a‘T} ]zaze .
Pridmiwl 3@
a%| 11 af a2r |
3|21 1 o9 _
o6 5mlv ) 3agamzl, x" 5wzl 56 XD * (6.8)

exp(-Ta/Tw) Da € (Ve - € B:6) (Y .~ €By0) exp(6-X) =0.

g_[a‘i‘,l ]2829

Fal ) o ¢ |
| 'y a3t azf 26 |
351[ fI ](%ﬁ v X Xz |, 30 X) + (B.9)

exp(-Ta/Tw) Da € (Y, - € B0)(Yp - €By0) eXp(6-X) =0

where:
_ 9V o _ OYy| / aT, (B.10)
r = omn w/a"’lw ' rof om |,/ 9mlv

The relative size of the convective and reactive terms can
be seen in Equations (B.6)-(B.9). As it is established in the
discussion following Equations (2.27), the convective terms are
always smaller than the reactive terms and may therefore be

neglected.



Appendix C

Introducing the coordinate transformation defined by
Equations (3.11) together with the nondimensional wvariables
defined by Equations (3.10) and the stream function defined Ey
Equations (3.9) into the boundary-layer equations for
conservation of mass, momentum, energy and species
[Eqgs. (3.3)=(3.5)] reduces the problem to the following three

differential equations:

oy 32y oy Z‘J'
373653 (ad nycoto) 357 -
. - 83
Rezi'_f‘_(z_z_d_) + Gr;’ Tf:smd + aﬁ'{' | (c.1)
ayoT oy oT
3735 _(-ﬁ + nycoto) 3% "
'_:‘_.ng AWOVOP YFVOexp(-fa/f) (c.2)
Hoo
ay 3%,  ay av
an‘ (35 + nycoto) 37'=
| 1 9% AWgVpp3e T R2 G ¢ exp(-Ta/f) (c.3)
5927 e PO 3

Use of the same variable transformations in the boundary

conditions [Eqgs. (3.7) and (3.8)], reduces these to:

At z = 0:
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oy s _
-a?=o ’ -(5—+n“‘c0td)-PrhﬁF v' T "TV ’
0%
(gi +nycoto) (1-¥%;) = g‘-g— v : . (c.4)
oy o 1 3Y,
(-a—d +nycoto) Y; = - 'S—c'a—zl i=zF

At z — oo:
oy/dz = Re sin6 , T=17T, , Yp=0 , Y5 = Yy, (C.5
Appropriate boundary-layer scaling is now introduced by

defining the transverse independent variable and the new stream

function as:

- ¥
M = (Re* + Gr2)V/e z ’ Y = (Re¥ + Gri)i/s (A.6)

so that Equations (C.3)-(C.5) becomg;

3y 3y Yy ZW
3mdoom ~ 3o *n¥eotd) moz
sin(20) . T Tw ‘Psmo’ 83¢

c.?7
2A1+92)72 " TVT (o922 I (€.

T af oF 57 527 . o
_afl 35" zmqfcoto’) 3 _F!r_za-r\ + DY Ypexp(-Ta/T) (C.8)

while the boundary conditions become:



v vy = ot .

57 < 0 "‘gz""“’“t""%;ﬁ » T=1.,

% v 1 3% - (C.10)
(35 *n¥eota) (1-¥p) = 5cm

Y - S _ 1 oV . N

(aj‘- +nycoto) V; = - §—lan , izF

At N — oo:
Yy sino = i .= ¥
= —— 1 12T » =0 » %=V (c.11)
M " (1ep2)* =TT = .
The final step, noting that the expansion of the sine

function contains a factor of O, is the introduction of the

function £, defined as:
£ = y/c (C.12)
which permits writing Equations (C.7)-(C.11) in their final

- form given by Equations (3.13)-(3.15) and (3.19)-(3.20). Other

dimensionless parametetsbhave been defined in Chapter 3.
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