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Abstract 
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Pfirsch has shown that the charge and current density in the guiding-

center representation have contributions from electric dipole moments and 

magnetic dipole corrections. We explain these moments in terms of elementary 

guiding-center theory, and point out their role in the law of momentum 

conservation. 

* Work supported by U.S. DOE under Contract No. DE-AC03-76SF00098. 
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In developing a self-consistent plasma dynamics in the guiding-center 

(g.c.) representation, it is necessary to distinguish between the particle 

density and the g.c. density, as the source of electric field. This 

distinction is responsible for "finite gyroradius" effects, as is well known. 

An additional effect, heretofore overlooked, has recently been discovered 

by Pfirsch. 1 In a careful analysis, based on Wimmel 's modification2 of 

Littlejohn's guiding-center Lagrangian, 3 he obtained the following expressions 

for the electric dipole moment~ of a g.c.: 
/'.. 

~ = (me/B) b x Yn· ( 1) 

and for the correction l!.' to its magnetic moment: 
A 

.Y.' = (m/B)( v
11 

y0 - b Yo ·Y.E) ( 2) 
/'.. 

Here the g.c. velocity is v
11
b + ~ + Yo• the sum of parallel velocity, (zero 

/'-. 
order) electric drift yE = (c/8) t x b, and the classical (first-order) drift 

Yo• due to V..LB, to field-line curvature, and to the acceleration dyE/dt (so­

called "polarization" drift). 

We have independently discovered this same result, from a covariant 

Lagrangian analysis4 motivated by the search for a momentum conservation law5 

in the g.c. representation. We found that the total momentum density~ is (in 

the non-relativistic limit) the sum of two terms: 

~ = ~ink + 9tin' 

where the Minkowski momentum density is 

Q ... k = 0 x B/4~c 
1"11n - -

and the kinetic momentum density is 
A 

~in = t "gem <vllb + ~>, 

the sum of parallel and electric-drift contributions. The associated 

"macrofields" ~ and tl. defined by 
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(4) 

( 5) 
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-..· 

.!:! = ~ - 411'f1, 

satisfy the usual macro-equations: 

V•O = 411'p , - gc 

( 6) 

c vxtt- a~/at = 411'igc• (7) 

where the total charge and current density (p,i) are related to their g.c. 

counterparts in the standard way: 

p = Pgc - V•£., 

i = igc + c VxM. ( 8) 

The polarization£. and magnetization Mare the corresponding dipole densities: 

t~ith p
0 

= 1/2 

£. = E n<:Q.>. 
A M = E n<-bp + ~·>, 

0 
2 . 

m v~/B the zero-order magnetic 

(9) 

moment. Identical results have 

been obtained for the non-relativistic problem by Pfirsch and Morrison. 6 

It is the purpose of this paper to explain the origin of the dipoles, :g_ 

and ~·, and to interpret the Minkowski momentum. The electric dipole :g_ 

represents a displacement &r between the gyro-average position of a particle 

and the position of its g.c.: 

:g_=e&t; (10) 

thus the displacement is, by (1), 

-1 A 
&r = Q b x Yn· (11) 

where Q = eB/mc is the signed gyrofrequency. Taking the time-derivative of 

(11}, we have 

(12) 

(treating Q and~ as constant here), which we recognize as the second-order 

inertial drift of the gyro-mean particle position due to the acceleration of 
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the first-order drift y
0

. Since (12) is a standard result, obtained by 

iteration of the Lorentz force equation, we can now work backwards to deduce 

( 1) • 

The magnetic moment correction ~· is interpreted as the standard 

contribution7 of a moving electric dipole: 

~· = R. x y/c. 
A 

(13) 

Upon substituting the zero-order y = v
11
b + yE into (13), we see that (2) is 

simply a direct consequence of (1). 

Finally, we examine the Minkowski momentum. By (4), (6), (9), and (1), we 

see that 

~ink = ~ x ~/4~c + t "gcm<Yo>· 

Thus the momentum density g is, by (3) and (5), 

(14) 

A 
g = ~ x ~/4~c + t "gem <VII b + yE + y0>, (15) 

just as one would expect intuitively. (The two alternative expressions, (3) 

and (15), resolve the ancient Abraham-Minkowski controversy for the g.c. 

problem). 

In closing, it must be stressed that, although the dipoles (1) and (2) are 

second order effects, they cannot be discarded. For they appear to first 

d . ( 15) d ( 9) d 1 t f t N th t 1 . 5 ' 6 or er 1n an , an resu rom an exac oe er-symme ry ana ys1s 

of the system Lagrangian action principle. 

This work resulted from discussions with Bruce Boghosian and Philippe 

Similon, and was supported by the U.S. DOE under Contract No. 

DE-AC03-76SF00098. 
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