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Abstract

We derive a general expression for the beat-resonant coupling of '
electrostatic modes in a Vlasov plasma. “The result for the coupling of two
modes has a simple structure: the appropriate momentum gradient of the
equﬁibrium particle distribution is weighted by a positive coupling coeffi-
cient and averaged over the resonance surface in momentum spa.cé. The
contributions of all the resonance surfaces are then summed. This basic
structure had been previously exhibited only for specific homogeneous
plasma models. The present theory, which unifies and greatly simplifies
these individual treatments, is based on a variational formulation of the
Vlasov-Poisson equations. Using Lie transforrns. we re-express the varia-
tiona} principle in oscillation center variables: and then obtain the non-
linear wave dynamics from the independént variations of the wave phase and

the wave amplitude. The power of the method is then applied to a strongly

magnetized, strongly inhomogeneous, nonneutral plasma model,
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1. Introduction

We present a derivation of the beat-resonant coupling between two
electrostatic waves in a nonuniform Vlasov plasma. This process',—;hich is
also known as nonlinear Landau damping or induced scattering, has been
studied in less general settings by various authors. 1-10 Our derivation
involves two ingredients. We use a variational formulation of the Vlasov-

Poisson modelu.14 which describes the particle dynamics via a phase

15-17

space Lagrangian. The second ingredient is the use of Lie trans-

20_1_&18-22 to construct a ca_nonical transformation to oscillation center
variables. This change of variables is facilitated by the form invariance
of the particle Lagrangian under canonical transformatiouns.

Theoretical work on beat;resonant co;Jpling dates to the earliest
studies of quasi-linear theory and the devel;)pmént of weak turbulence theory.
Most previous studies have treated infinite homogeneous plasma models,
and accordingly the modes were described as plane waves. 1-5.7,8.10
Discussions of inhomogeneous equilibria have assume.d sufficiently weak
spatial dependence to justify an eikonal form for the waves.6' 4 (An exception
is the 1.mpub1ished work23 of Johnston which discusses nonuniform plasma |
-quite generally. )

Our derivation is considerably more' general, allowing us to treat
waves in plasmas of arbitrary inhomogeneity, including, in particular,
equilibria of bounded extent. Accordingly, we do not assume. that the modes

involved are of plane-wave form; rather, their spatial structure is left un-

constrained. In particﬁlar. we are able to treat both the global eigenmodes
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of fﬁe system (satisfying realistic boundary conditions) and complicated
disturbances driven into the plasma by external sources.

We do make several key aséumptions which 1limit the generality of
the results. The waves are assumed to have sufficiently small amplitude
that nonlinear effects may be treated perturbatively and that the time scale
of the linear frequencies is short compared to the nonlinear time scale.
We neglect the linear damping of the waves in the derivation of the beat-
resonant coupling. These approximations are familiar from previous
theories of nonlinear wave interactions. 10 Beyond these assumptions, the
' particle motion in the unperturbed plasma (no waves) is assumed to be
integrable. This requires three invariants; the specification of these
invariants will depend cn the characteristics of the equilibrium. If the
unperturbed particle trajectories are non-integrable, then even the study
of the linear wave dynarmics presents major difficulties, 31,32

The oscillation center description has been previously used to study

7,18,24-28 Our work stands in closest

various nonlinear plasma problems,
7
relation to Johnston's oscillation center theory of induced scattering in
. . . 23
homogeneous plasma and its extension to the inhomogeneous case. The
salient distinction between the present derivation and Johnston's work is the
use of a variational principle to obtain the dynamical equations for the wave v
action. Johnston directly calculated only the energy change of the beat-
resonant particles. The equations for the wave amplitudes were then

inferred by positing appropriate Manley-Rowe relations. We are able to

derive these relations as consequences of the wave dynamics.
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The variational principle we employ is similar in spirit to Low's
varijational prirxciple.ll but differs by utilizing a phase-space Lagrangian to

describe the particle motion. ! This phase space formulation provides
a Hamiltonian description of the particle dynamics and allows one to exploit

Lie transform methods without sacrificing the self-consistency required

between the fields and particles. Recent appreciétion of this advantage has

motivated applications of the variational principle to gyrokinetic forma}lism,14

covariant pondermotive theory, 29 and relativistic guiding-center plasma
theory. 30

We now discuss the organization of the paper. The next section
formulates the variational principle (1). In section III, we choose a form
for the electrostatic potential which tailors the variational principle to the
situation of weakly interacting waves and explicitly introduces the wave
amplitudes and phases as fields to be varied. In section 1V, we define the
oscillation center transformation which eliminates the primary wave oscil-
lation in the partic}e motion. The variational principle is then re-expressed

in oscillation center variables (30). In section V, we carry out the varia-

tion in the oscillation center representation. This yields the slow-time scale,

ﬁonlinear wave dynamics (54), and we specifically focus on the beat-resonant

coupling (53). In section VI, the general formula (53) is evaluated for a
simple model of a magnetically confined, pure electron plasma. 33 Compli-
cations introduced by bounded equilibria are discussed. Section VII sum-

marizes,
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II. The Variational Principle
Our theory is based on the variational principle 8S = 0 defined by
the action functional: |
t

2
S(1,8,%) =/ dt {fd6zo f(z ) [1(z ,t) - 8(z_,t) - H(L, 8,2)]
t

| ' '
+/d3xlv¢l2/8ﬂ; . )

The notation in (1) is as follows: z° denotes a point in the six dimensional
single particle phase space. An initial or reference distribution of particles
is described by fo(zo)' The phase épace Lagrangian for the particles,
3’ . é-ﬁ, is expressed in terms of the action-angle variables (..1..'.3 ), their
derivatives 3 = dﬁ/dt. and the single particle Hamiltonian H(], 8, ¢ ). The
action-angle variabies in (1) are regarded as functions of‘ (zo,t). The field ¢
is a function of (z.t) where x denotes a point in 3-dimensional (physical)
space and t is the time coordinate; we assume & satisfies some prescribed
boundary conditions.

fhe choice of action-angle variables for the single particle Lagrangian
is motivated by the foresight that we will be assuming a plasma equilibriurﬂ
with integrable single particle dynamics. However, for the pur poses of
formulating the variational principle, action-angle variables are not required.
Any other canonical set of variables could be used without changing the form
of S, or more generally, the particle Lagrangian could be expressed in terms

of noncanonical variables. 34
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The Hamiltonian is the sum of kinetic and potential terms:
H(L, 8,8) = Hk (1. e)+[d3x P(x:L, 8) &(x.t) (2)

Here p(gs; L. 3) is the single particle charge density, p= g 63(£-§(l, 2)),
where R(I, 2) is the spatial position pf(a particle with phase space coordi-
nates (L, 3). For multiple species, the particle action in (1) must be
summed over species,

The 'independent variation of l(zo.t) and g (zo,t), subject to the

constraint 68=0 at t=t and t=t,, yields Hamilton's equations for a

1 2’
particle,

6 = 8H/0L
(3)
1 = -9H/38 .

-~

In the variationof S with respect to &, we assume that 6&=0 on

the boundaries and obtain Poisson's equation

vzca=-4n/d3e d31 P(f_;z‘.f_)f(i,g,t) . (4)
The Vlasov distribution f in (4) is defined in terms of fo(zo) and the solu-
tion to (3) by |
£(1’, 8, ¢t) s/d": £ (z) 83(8'-6(z ,t)j 53(1'-1(2 1)) ; (5)
~ "' ~ - ~ ~"0 ~ ~"0o
this implies the Vlasov equation
.aflat-l-{f.H]:O , 6)

in terms of the canonical Poisson bracket {f, H}.



III, Weakly Nonlinear Waves

We now consider a plasma characterized by a slowly varying equilib-
rium supporting small amplitude, weakly damped, weakly interacting waves,
In applying the variational principle, we assume a form for &(x,t) appro-
priate for such a plasma; the potential is the sum of an unperturbed potential
¢e(£) ("e'" = equilibrium), thc;. potential of the primary modes ¢m(_:5, t)

("m'" = modes), and the potential of the nonlinear beats ¢b(5, t) (‘D" = beats):
o(x.t) = ¢ _(x)+¢ (x,t)+¢(x,1t) . ()

The unperturbed potential ¢e(£) is independent of the modes (zero
order in the mode amplitudes). In reality there are, of ﬁourse, nonlinear,
quasi»stétic corrections to ¢e(£)' but these are not required for the beat-
resonant coupling and we neglect them.,

The primary modes are represented by

-ia_(t)
¢m(£, t) = Z An(t) e ° ¢n(£) +c.c. , ®)

-ia_(t)
where An(t) is a slowly varying amplitude, e n is a rapidly varying

pbase, and ¢ _(x) the spatial function of the o2 mode. Both A and e
are real-valued functions of time; \pn may be complex-valued. We assume
here for simplicity that the waves are normal modes of the plasma; in
Appendix A we discuss how to treat external sources,

-

When q;n is a normal mode, its frequency

Qa EW =w(0)

n n n »+Awn(t)} ’ ()



has a constant term wio) from linear theory, with nonlinear corrections
fa wn(t) which vaiy on the slow time scale,
The beats between primary waves, which depend on the phases, are

represented by ¢b(:_5. t). It suffices to consider second order beats of the

form:
S -i(e_+a_) -i(a -a )
¢ (x,t) = z A A [e nom Y omix)te nom *m?,(i‘.)"c'c-] .
nm
' (10)
Here q;nm = \pm ’ q: q; ~ » and we let q; - = 0 since this term

represents a slowly varying correction (i.e. no phase) to the ﬂnperturbed
potential ¢e .
With this form for &, the Hamiltonian (2) is the sum of a zero order

piece,

=H+ /dxpcs(x). (11)

a first order perturbing term,

3 |
hm=/dxp¢m, | (12)

and a second order perturbing term,

3
hb-/dxp¢b. (13)
Inserting (7) into (1), we can effect the variation with respect to
&(x,t) by independehtly varying each of the functions ¢e . An' a . \pn

Y _ _, ¢ — . Since the amplitudes A_are assumed small, stationarity
am’ " nam n

(8S = 0) must be satisfied at each order in An .



By transforming (1) to oscillation-center variables, the variation
ssléun = 0 yields the desired beat-resonant coupling. Wé discuss this in
the following sections., The evaluation of 6S = 0 before transforming to
oscillation-center variables is presented in Appendix B; we describe two of
those results here to indicate how the dielec;tric response enters.

To state these results concisely requires some additional notation,

Let ;(( w) denote the susceptibility operator defined by

i(w)hg)=-(2n)3/d3x' /d31 Z(aj £ == 100 putxs 1 oot "iD) | M)
~ (14)

‘where fe(l) is the unpertui-bed distribution function, Bj denotes the differ-

ential operator j . -sa-I-, wi = aj he , and pj (?5;2_) is the Fourier coefficient
‘ ijj:e ~o g ol J . AN
of p(zzl,3)= e ~pj(i::‘£). We may write y(w)= x'(w) +ix (w)

al [and -~ ~
using the Plemelj formula.35 to separate ¥ into Hermitian (x') and ant -

Hermitian (i ;(') terms,
*
Now combining (7) and (1), the variation 65/54:!1(35) = 0 yields (B9),

the linear mode equation:

2 2 4,,(0) -

vy (x) - 4m X' )y _(x)= 0 (15)
Since the damping of the primary modes is neglected ;('(wl:o)), rather than
;((w(o)), appears in (15).

n

The variation 6S/6¢ﬁ(£ )* = 0 yields a similar result (B7) for the

shielded beat potential

10



2 - 4 [ 3 ’ * 1
(X)W X0 M = 1ET /d I ; Pylxs 1) Com, (LNt 5-10)
- (16)
where W _ E w(O) - w(O) and C — . is the Fourier coefficient of C _ (B6).
nm n m nm, j nm

From Johnston's earlier discussion7 we know that physically the right-hand
side of (16) represents the sum of the 'polarization charge density' and the
charge density due to the beat pseudo-potential which acts on the oscillation
centers,

Introducing the Green fu.nction36 associated with (16),

[v° - 4m X (W] G(x.x" 0) = 8(x-x") (17)

Lo d

we have ‘

q.'m.ﬁ(x) = -i(Zn)4/ 3 ! G(x x ’s /d 1 z p (x J Cnm J('L)(w - ._-iO)'1

~

(18)
The shielding of q:m_.ﬁ is seen in the eigenfunction representation of G,
~ %x .
A (x, @) Au(gc_'. w)
G(}.‘_,zl,w) = - z : (@) (19)
o } H
where {A “] are the eigenfunctions (assumed complete), 37
2 a
Vv -4ny(w)A yWy=-¢ (W)A , W 20
( X(e) A (x,0) = - (@)A (x, 0 (20)
and ‘Kp are the adjoint eigenfunctions
2 - 4~ % o '
V- 4ny(w) )A JW=-¢ (W) A ) I 21
( x(¥) )4 (x, ©) g A (x, @) (21)

11



‘The adjoint susceptibility is defined by (X(w)f¢1.¢2) = (¢1. )‘((w) ¢Z) where
3 * 3 2 _ < s
(al,oz) = fd x ¢1 ¢2 . We assume ]d x ll\ul =1 and an adjoint normal-
ization such that (X WA ) =1
u u
Physically eu(w) may be interpreted as the dielectric response at

th _
frequency W to the U™ component of an electrostatic perturbation. This

(0)

) = 0, where
n

interpretation is motivated by noting that (15) implies e;(w

_ . B . .
C € (W) =€ (w)+ie (w) is given by

€ (@) =/d3x lwnlz+4vxn(w) . (22)
xn(w)=-<¢n.i(w)¢n> i (23)

Thus undamped normal modes correspond to eigenfunctions with eigenvalue
zero, and the normal mode frequencies are given by the zeros of the real

part of eu(w).

IV, Oscillation Center Variables

For a particle oscillating in the field of an electrostatic wave; the
oscillation center descriptionv' 18, 24-28 is analogous to the guiding center
description of a gyrating particle. We shall use a Lie transform to construct
the oscillation center representation. The efficiency of Lie methods for con-
structing canonical transformations is well known, the technique having been
described by various authors. 18-22 We only outline the construction here.

The oscillation center transformation is a canonical, time-dependent

map At(-g' l) = (8’,1’) to oscillation center variables (9:, ‘I:). l\t is con-

structed to ensure that the dynamics, re-expressed in (2’, 1.:) variables, is

12



free of the rapid, first order oscillations due to the waves in ¢m . Because
At is canc;nical. we may regard it as generated by the flow of an auxiliary
Hamiltonian vector field with Hamiltonian W(g. l, t).

In practice, the calculations associated with the transformation may
be expressed directly in terms of W(_g .i. t), derived as a perturbation series
in the wa-ve amplitudes: W = W(o) + W‘l) + W(Z) + 0, We requires.only the
first order term; the zeroth term is set to zero to assure that the new variables
reduce to the original particle variables in the absence of the waves. Thus
W = W“); we henceforth omit the superscript.

2
The generator W is determined from 0

oW
St {Ww.h }=-b . o (24)

By assuming that he is integrable (i.e. independent of ©), and neglecting the

time dependence of An(t) and an(t), this is easily solved. Let

-ian ij- ©
szAne W(E.3)+cc.. and Wn=ze~~w (1)
n

n j noi
then
wo=ie(I)-w) Y @ pxsI) e (x) (25)
nuj i n j~’~ n ~ )

Since we are neglecting the linear damping of the primary waves, only the

-1
principal value contribution (wj - wn) of the primary resonance is kept.

P~

The problem of incorporating primary resonant particles into the oscillation

center representation has been discussed exhaustively by Dewar. 18, 24,38

13



Given W, standard perturbation theory 0 provides an expression for
thé new Hamiltonian K(_g ' L. t). The terms in K needed to describe the

beat-resonance interaction are:

3

K(8,1.t) = he(_{) +/d x ¢b(5.t) 5(&3._{. t) .

1
3 {w, hm] (26)

where

P(x:8,1,8) = p(x; 8, 1)+ (W, 0] + 3 {W, [W,p}}+-- (27)

L d

is charge density kernel for oscillation centers. The expression for P isa
"multipole' expansion of the physical charge density about the oscillation center.
The first term‘ in (27) is the charge density if the particle is located at its oscil-
lation center. The next term {W, p} is a first order correction due to the dis-
placement of the particle from its oscillation center; {W, {W, p}} is a second
order correction and so on.

Finally the Vlasov distribution function transforms as
£(1,0,8) =F(A (1, 9),t) =F(1,8,t) - (W,F}+ 3 {W, [WF}}+--- (28)

where F (I, 6, t) is the oscillation center distribution function. Note that at

£=0, £(1,8,t=0) = (1, 8) =F (A _ (I, 8)) where F (1, 8)=F(1, 8,t=0).
To rewrite the variational principle in the oscillation center description

requires only that the particle Lagrangian be transformed. The Lagrangian

fields for particles (I, ) and oscillation centers (‘y. 8’) are related by

14



AL8 (Gt Iz 1) = (§(2),t), 1'(z/,t)) (29)

where z; = At= o(zo). In words, (29) equates the new variables 2" .{:

evaluated at the new initial condition z; to the particle variables 9, L
evaluated at z, and then mapped by 1\t » the oscillation center transformation.
The form of the phase space Lagrangian is invariant under a canonical trans-

formation, 15,17

and the Jacobian of the transformation is unity. Thus insert-
ing (29) into (1) yields an oscillation center variational principle S’ satisfying

s'(1’, g'. ®) =S(1, 8,%) where

t
s’(1’,e’, @) = zdt aé: F (z)[1(z ,t)-8(z ,t) - K(1',6",9)] P d3x|V<I>|2
~'3! l 0o o o "~ ~ "o ' 8m

2

(30)

From this point, we shall drop the primes on oscillation center quantities.

V. The Oscillation Center Varijational Principle
The qualitatively new featﬁre of the transformed variational principle is
its explicit dependence on wn = &.n through the resonant denominator in Wn(g,l),
“which enters S(1, _9,- @) through the Hamilfohian K. Our central concern
therefore is the variation £>S/5r_'1.n = 0 which will yield the ampl.itude dynamics.
We shall also require the oscillation center dynamics and the Vlasov equation
for F,
As before, 65/63 =0 and 6S/6£= 0 give Hamilton's equations, but

now for the oscillation centers,

15



i

-aK/ag

. (31)
8 8K/81

In terms of the solution to (31), F(g. l. t) is related to Fo('g o 1) by

FE', 1 t) = / a%z F (2 ) 5702 - 8(z_ ) 621 - 1(z_, 1)

which is equivalent to

(32)

E+{FK}=0, FE.Lt

0=F(.0).  (33)

b3
It can be shown that the variations of S with respect to ¢° » ¥ , and
n
+)*
\P( )

reproduce the results of Appendix B. The variation with respect to
An is described at the end of this section.

We now perform the phase variation 8S/§ a - Let £ denote the
Lagrangian of (30)

£=/d6z F(z)[l-é-K]+/d3x|v¢>|218n,
© 0 0 ~ «~

then 9£/9 &'n = Jn defines a canonical momentum, conjugate to the phase,

(34)

which we shall refer to as the action of mode n. The phase variation 6S/6 a = 0
leads to the Euler-Lagrange equation for J .

J =08&/8a_ . (35)
n n
To focus on the slow time scale, we implicitly assume that (35) has been time

averaged to remove rapidly oscillating phases.

This could be formally
achieved by a coarse graining in time.

16



In evaluating Jn = 88 /awn for the left hand side of (35), we simply

note that wn appears only in K,

J = -/d31 636 F (I ,6 ) 8K(1,#8,t)/8w
o 0o O0~p ~o ~ o~ n

-/d3l d39 ¥(1, 8, t) ax/awn

1 3. .3 ) '
- z[d 1d°6 F (1) Fu_ {W,hm] 4+ h.o.t. (36)

Here Fe is the zeroth order 'piece of F, given by Fe(I) = fe(I) from (28).
In (36) we require only the slowly varying terms of {W.hm} to obtain the
lowest order contribution to Jn (time averaged). From our definitions of

W (25) and hm (12),

-i{a_+a ) -il@ -a )
1 _ n m n m
3 {W,hm] = z AnAm [e K _te Knm+c c]
n,m
(37)
with coefficients,
1 3
Knm si;wn./dxwm} (38)
K =1 ‘W d3 * 3
,n'ra‘zln-_xp‘l'm . (39)
Thus (36) becomes,
3 =-a% [a% &% ¢ (1) 0k /ow (40)
n n e~ n n
where
K = (K -+ K*
o ( nn nﬁ) : (41)

17



. 25.2 i
The K-¥% 1:heorem25 9 which relates Kn(‘g . l) to the real linear

susceptibility X:‘ (23) provides & simple physical interpretation for (40). In

our notation, the theorem states

ot (0)y _ 3, 43 (0)
Xp(w ) =- / 8d I £ (1)K (v ) (42)
With (42) and (22), our result for Jn becomes
A 2 e’ )
Jn = %n 3% (ll-"u ) + hio.t . (43)

n

Thus the magnitude of the lowest order contribution to Jn is the "plasmon

density. " 3,10 (To check this interpretation one can easily show that the

(0)

second order mode energy is wn

. . 40
Jn with Jn given by (43). ")
We now evaluate 9£/d a . the right side of (35), keeping those terms
2
which contribute to beat-resonant coupling. The electrostatic term, ax |ve]™,

contributes only rapidly varying terms to 38& /aan and may be neglected. This

leaves

82 .. /d31 &’ F(1, 8,1 3K/%a_

da
3, .3 3 I 3 . |
- —— ] +
[ 1d7e F(I, 8,t) 7o, [2 {w.hn_ 1} fd x pcbb]'l-h.o.t.

(44)

For the beat-resonant coupling, the relevant terms in K carry the

-ifa *a_)
beat phase e n T | At second order, these terms may be written:

18
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1 3 ’ -i(a - a.m) _ -(a_ta )
E{W.hm} tldxpe = AnAm[e Tste T +c c.] (45)
‘ nm
where
Tnm = /d x p«p x) (46)
Tnﬁ = nr—x'i / x) _ (47)

'
and the summation ann is primed to indicate that when n=m the terms with

ti(a_-a_)
phase e B ™M are neglected.

To obtain 2 slowly varying contribution to (44) we combine (45) with the

appropriate second order, driven response in F given by

oF 1 3 '
S+ {Fh )= {re. [E {w,h_1] +/d x pcbb]} i (48)

We solve (48) using the approximation that An and wn are time-independent,
and select the causal response by assuming that wn has a small imaginary

part which damps the wave as t-» -« | For the Fourier coefficients of F,

ij-8
= 2 e Fj(l‘, t), this gives
J ~
~ -i(e_*a_) -ife_-a_)
Tom,i € T Ta i° -
Y 4 ? »
= = +
Fi=08) 2 AA | % ~w__ +10) w_- (__+10)
-~ ~ nm ) am ) nm
. i@ _+a ) o ila-c )
(T ) e (T _ .) e
nm, -j nm, -J
i T, t @ -10) | w.+@ — -i0) (49)
J nm ) nm v

19



where T . is the jt—h Fourier coefficientof T, w = w(o) + w(o)
» -~ nm nm n m

and W e = w(O) - W (0) ©

nm n m

With (45) and (49), we find from (44)

YLD -

—--- A A (2m al 8 f T .+ . -

n i ( ) / ( ) [I oJl (w,-(w +i0) w°_(w 'iO))

+|T — +(T__
nm, j mn, -}

P d

2 </, 2 |
’An z Am(rnm+ rmE)

m

where the resonance denominators have been evaluated by the Plemelj formula,

and we have used the identities

%
B(w, - T,y = 8

L o~

' G(wj-w,nm) 'I‘nm = 6(w_-wnm)'1‘

A~

to obtain the couplings,

4 3
T =(2m JZ/d x(ajfe) 6(w - w

-(er)4z jd SRR

L

"~

1

 E

% 2 1
1 (w,-(u.' -
nm

+i0)

N

Combining (35) and (50) gives the action-transfer eciuation:

RILHWE

which describes the amplitude dynamics.

20

+r_)

} wj = (wm'-ﬁ- io))]

(50)

(51)

(52)

(53a)

(53b)

(54)

35

¢
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The form of the coupling ie very simple. Consider (53b): for each

50 _ (0
n

m ) = 0, we integrate the action gradient of the

beat-resonance wj -

equilibrium BJ. f, over the resonance surface with a weight IZTﬁ j'lz which

[
o~ ~

h v
reflects the strength of the jL Fourijer component of the beat disturbance pro-

duced by primary modes n and m. Then all such resonances are summed.

There are two distinct contributions to the weighting factor IZTn'xﬁ j‘ 2,

L d

The unshielded contribution arises from {W, hm} in the oscillation center
Hamiltonian, while the other contribution arises from the shielded, self-
consistent beat potential (18) \bﬁ . We shall evaluate these contributions
for an example in the following section.

6\11' derivation shows that the modulus-squared form of the weight

4 ,
03 of beat-resonant interaction which

arises quite generally. Early studies
did not use the oscillation center representation. were able to demonstrate
this form for only the simplest models and even then with very much greater

effort.

There are conservation laws associated with (54). From the relations

(51), (52), w_j = -wj . wnm = u.:m‘1 , and wnﬁ = -wma » we find the symmetries
r =T and T _=-T _ . (55)
om mn nm mn

This implies a simple result for the action transfer of two modes interacting
via these couplings:

r A

% G+ Ju;) - (56)

B o8 N
el

nm
r — A
nm
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Thus, for example, J_+J is conserved by the coupling I . . That (56)
n m ‘ nm
should also apply to many modes in the random phase approximation is clear
from the preceding derivation.
By combining (43) and (56), we can recover the usual Manley-Rowe
1-’elatious.3"7 Of course, whether the process described by T foxr T )
: nm nm

is interpreted physically as induced scattering or wave emission/absorption

¢’ de’ .
d d heth l “lAz+I mlAz i d by th
epends on whether 5o o m o is conserved by the
n m
interaction. 3,7

Before turning to the example, we briefly discuss the variation

£SS/E>An = 0, which determines Awn in (9). From (30) we have

§S/5A -.--/62]?.(2 ) 9K /3A +-l- d3x BIVlelaA (57)
n o0 O n 87 _ n

The electrostatic contribution is (after time averaging),
3 9 2 3 2
[dx-arn’lvtbl = 4A_ /dx |vq;n| +h.o.t. (58)

From (26), (37), and (45) thg oscillation center contribution may be

written,

[dbz F (z J)3K/0A = 2A [d31d39 f (1)K
©c"o o n n e~""n

’ 3[ 3 s [ -Hogmen) .
+§: A ; (zn)/d I(F (L, ¢) [e (T Tom )

m

-i(a.n+ a.m)
.+ .cC.
+ e (anmj Tmn.j) +c.c ] (59)
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. s '
where, as before, the prime on the summation Z’; indicates that for m = n
& *
the term (T — . +(T _ ) ) is omitted. Iuserting (F.) from (49), and
nn, j om, -j i

time averaging we find that only the principal value contribution of the beat

resonance countributes,

4
2
/d6z F (z JOK/0A =2A d31d39f K +A z A (N0 +0 ) (60)
o o o n n e n B & moom nm
where
- 3 N 3 ' 2
o__ = 2(2m) ? /d I(ajfe) l'rnm.j +'1'mn'j| /(wj -w ) (61)
_ 3 z 3 * 2
Qm__n = 2(2m) : /d I(ajfe) ITnE-.j +(Tm3. -j) | /(wj-wm'ﬁ) . (62)
From (22) and the K-X theorém (42) we note that
3 2 3.3 ©), . °¢n
- I
fd xlvq;nl -4qm ja’6d IfeKn(wn) = en(mn ) + awn Awn+h.o.t.
80:"1 A
=-5—J-Awn (63)
n

since e;(w:lo)) = 0. Thus adding (58) and (54) gives, from 65/6An= 0, the

second order frequency shift due to the beat-resonant interactions:

+ nm_ﬁ) . (64)

Since our derivations are based on the variational principle (30), it is
interesting to note that our results for the wave action-transfer (54) and non-

linear frequency shift (64) are consistent with the canonical relations for
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action-transfer and frequency shift described by Sturrock using a Hamiltonian
o 4
description of wave dynamics. ! m particular, (Jn. u,n) serve as action- .

angle variables for mdde n and we may rewrite (54) and (64) .in the form42

. GHI
Jn = " 5 (65)
n
9H
. (0) _ . § :
¢ -w = ow= aJn (66)

if we assume the beat-resonance interaction Hamiltonian HI is,

_ 6 1 3 -
HI = [d zoro(zo) [E {W'hm}+/d x 0 ¢b] ‘ (67)

o1 3_ - . -
with 7 {W,h_1+ fd x B ¢, given by (45).
That (65) reproduces (54) is clear by inspection; to recover (64) from
(66) we write 9H_/8J = (0H,/0A )(6A /8J ) and use 8A /2T =
1 n 1 n n n n n

2m(A (3’ /3w )"} from (43) to obtain
n n n

A 8¢’
n n

27T jw
n

Awn = BHIIaAn . (68)

(64) follows immediately.
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V1. Application to 2 Bounded, Single Species, Guiding Center Plasma

o 44 have explored the confinement of a cylindrical

Recent experimenis‘
electron plasma in a field geometry which is nominally axisymmetric. A
strong, uniform axial magnetic field provides the radial confinement and the
axial confinement is provided By electrostatic fields which are due to nega-
tively biased end cylinders. Since the plasma is nonneutral, there is a radial
electric field which produces an azimuthal Ex?- drift rotation of the élasma.
For typical experimental parameters the cyclotron frequency, plasma fre-
quency, and rotation frequency satisfy w > wp > w_ . The plasma
dynamics can be modeled by a drift kinetic description of the electron guiding
centers. 33,45

The radial confinement of such a plasma is intimately related to the
cylindrical symmetry o’ the system. To understand this link, it is useful to

introduce the canonical angular momentum (conjugate to the azimuthal angle ¥)

of the electron guiding centers,

leB 2
- 123

where re is the radial position of the it—h electron guiding center and -e is
the electron charge. We have taken the vector potential Aw(r) = % Br, corre-
sponding to a uniform axial magnetic field. If the system is cylindrically syl;n-
metric, Pw is conserved and zi:riz is fixed. The mean square radius of the

guiding center plasma can increase only if the angular momentum decreases.

An investigation of external sources of angular momentum is therefore of
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utmost importanceu for an understanding of the radial transport a‘nd confine-
ment.

It is believed that small asymmetries in the confining electric and
magnetic fields cause a significant torque (dP, /dt # 0) in the experiment543

p

and mechanisms allowing such asymmetries to transfer angular momentum

33,46 Among the nonlinear mechanisms

to the plasma have been proposed.
which have been ccmjectured33 is‘ the coupling of a field asymmetry to a
collective mode via the beat-resonant interaction. If this interaction were
A strong enough to déstabilize the mode, then the angular momentum of the
plasma could be significantly changed by the angular momentum of the grow-
ing mode.

A quantitative analysis of this particular process has been hindered
by the complexity of the beat-resonant coupling when derived using non-

Hamiltonian perturbation theory. In this section, we evaluate our general

expression (53) for_ the drift kinetic model used in previous studies. 33,45
The angular momentum transferred to the plasma when a mode is driven
unstable by a field asymrﬁetry has been recently studied47 in detail using

the general form of the coupling in (53).

In the model mentioned above, we take the plasma equilibrium to be a
cylindrically symmetric, quiescent electron column of length L with periodic
boundary conditions. There is a uniform magnetic field in the axial direction
E =B éz and a radial equilibrium electron field Ee = (- &Pelar)ér . The

electron guiding centers stream freely along the magnetic field and E X E

drift azimuthally., There is a perfectly conducting wall at radius Ro . The
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justificatibn of this model is discussed in references 33 and 45.

Since cylindrical coordinates will be used for both the guiding center
phase space and three dimensional physical space, we shall write guiding
center variables. e.g. (R,¥, Z), in upper case and let (r, ¢, z) denote a

point in physical space. The guiding center Hamiltonian is
2 3
H(1,8.,2) =P, /2m + [ d"x P(x:1,8) &(x, ) (70)

where © = (¥, Z) and L: (PW. PZ) are canonical coordinates. (We assume
for simplicity that L. = 2% so Z is anangle.) The éharge density

p(z;‘l,g) = -e 8(y-¥) 8(z-Z) 8(r - R)/r has the Fourier expansion

ij-© .
p(g;}_.gnze*"p(i:y | (71)
5 :
with
-ij - 8 ) -
plx;I)=-ee = T8(r-R)/(27)"r . (72)

In (72), 6 = (¢,2) are the azimuthal and axial coordinates (lower case) in

physical space. Finally, let £ and k denote the integer components of j

~

so that j-g‘=l¢4"kz.

We will consider only two modes and the beat-resonance associated

(0) (0)
1 w

with the difference frequency @w," - w,". For the coupling rlz in (53b)

. - _ 3 -
we require le from (47): le- K12+ fd x p\blz. where KIZ =

2 vy [P}



For this model, the susceptibility operator (14) may be rewritten

using (72) so that for an arbitrary function,

ij-8
AMx) = D e~ “Ad) , .

. Z ij-8 2 -1
X% (w) M.’f) = - e 4Te mwc dpz(ajfe)(wj - w -i0) Aj(r) . (73)

j ~ -~
-

Note that the resonance denominator is the familiar drift kinetic resonance,

with
3h_ 8h,  oh_
Y3513 1P +ke>Pz=“’r tkv

where v =2 is the parallel velocity; the momentum gradient is

of  8f | g Bf B
ajfe=k8P'+laP¢=;(kav-rwcar) ¥

Therefore the eigenfunctions introduced in (20) have the form
+ij. ©

. Au= e ~1’]p(r;w) where H = (j, p) and p=1,2,3,... indexes the

radial eigenfunction, ﬂu, which satisfies

2
2 2 -1 )
[?drrdr - rz -k +4me mwc/sz(ajfe)(wjom- i0) ]ﬁu(r.w) = -eu(w) nu(r’w)

~ ~
-

(74)

with boundary conditions 'l']“1 (r =0) finite and ‘nu= 0 at the wall r = Ro
Standard theorems assert that the set of solutions, to such a non-self-adjoint
boundary value problem, is complete.
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The primary modes in (8) which satisfy (15) have the form

+ij 0

¢n(§—) = e ’ln. ~nn(r,w£‘o)) where T]n(r. w:o)) satisfies49.(74) with
-(!!-iO).1 replaced by (w,

i o

for simplicity that even if q:n represents an externally driven mode (see

(w - w(O))-l and €, " 0. We assume here

Appendix A) it still has a unique -'in value. For such modes, ]d3x Otbn

iin"2 (0) . .
-e e 'nn(R; wu ) and the Lie generator (25) is
.y Unc® .
Wo=-ie(w, -w)le~® “n (R;0'®) . (75)
o ia © n n
Hence the unshielded term in le is
2 i(j,-i,)-®©
_ e ~1 12" <
Kiz=-7 ¢ Q3 (76)
where
Q3= (wy )™t @ M) 4,8 [ ~u)Tn ) (77)
21 11 J2

The remaining contribution to '1'12 is the shielded beat potential ¢ 13
given by (18). From (B6) we obtain the charge density source CIE for the

beat potential,

2 1(j,-1,)-8

*
=ie e (le- (Nzi) ) (78)

cxi

where
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N.s =1 (R)a [(a £, )n (R)/(w, -wgo))].-

+ (3, n RN, £)N R (w -l . 79)
i, e ! 3, 17

From (73) one easily sees that the adjoint eigenvalue problem (21)
P~ ij ° e %
has solutions Au (x,w)=e ~ ”T\u(r, w) with normalization

(Z'l'r)z / ° nu(r. w)zrdr = 1. With the adjoint solutions, we construct
o _

the Green function (19) and then evaluate the beat potential from (18),

2
b30x) = (-2e/m) Z 85,5 13, P o, AT 916,009 (80)

where W= (j.p), M. =(j..p) » and

3 ~ i-i. g« x =1
Au.ul.uz = Tw m Au. e dP (N, - N, )(wj - w5 -i0) . (81)

L4

Finally, the shielded contribution to le is ,
agn - s .8 :
3 4, 2 ,-35) ~z
== (2 ~ A Rw-= w =
/d qullz (2¢e"/m ) e . T uzﬂu( 12)/€u( 12) (82)

where U = (il-iz.p).

Thus the full coupling, obtained by summing (76) and (82), is

2 2, 2 3§
2T 5= [-Qﬁ+(4e /m%) % AL " uZ"u‘ )/e]e d132" . (83)
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There are several interesting features to (83). First, the motivation

for the definition of A in (81) is the resulting simple correspondence

ety
with the three-wave coupling for this model. 33 Taking into account notational

=M, . . where M, . .
Mooty 3P0 Py m) 5P 3P 3 1Py7i 5P

differences, 30 one finds A
is the three-wave matrix element defined in reference 33. Thus nplz is the
result of a three-wave interaction in which the third wave (¢ 12) is not a
normal mode, consequently the effective coupling is smaller due to shielding
€ u(m 13 -1. This interpretation is familiar from simpler homogeneous
plasma models, 4

The radial summation % in the shielded beat potential is not familiar
from homogeneous plasma theory; it arises from the radial inhomogeneity of
the equilibrium fe(an , Pz). The equilibrium is homogeneous in the az?-. n
muthal and axial directions which permits modes of plane wave form el'g' ~

| | i)-42)-8

and implies the beat wave (80) will also be of plane wave form e
inthe ¢ and z coordinates. However, the radial dependence of fe re-
quires a more complicated radial dependence in the primary modes, and

their beat excites all the radial modes 'r]u(r, w This is reflected in the

13-

gsummation & in (83).
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VII. Conclusions

We have derived the beat-resonant coupling for émall amplitude
electrostatic waves in a Vlasov plasma. Our key assumption, besides weak
nonlinearity. is the requirement of integrable particle dynamics in the
ﬁnperturbed plasma,

The derivation reformulates and generalizes Johnston's oscillation
center theory of induced scattering by utilizing the variational principle (30)
for an oscillation center plasma. We obtain the action-transfer equation and
nonlinear frequency shift in canon.ical form.

The coupling has a simple structure; in particular, we easily obtain

. 2 c
the weighting factor |T — .+ T__ .|~ in modulus-squared form. This
. am,j = mun,j

L d

form has previously been obtained only for homogeneous plésrna models, and
it allows us to readily derive the Manley-Rowe relations satisfied by the beat-
resonant interaction.

Th§ formalism has been applied to a drift kinetic model of an electron
plasma. This is a 'specific example of an inhomogeneous Vlasov equilibrium
for which previous non-Hamiltonian derivat'ions of the beat-resonant coupling
have required considerable labor and yielded results of great algebraic

complexity.
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Appendix A

In conjunction with our ansatz (7) for ®(x,t) we may adopt various
boundary counditions. Let D denote the region containing the plasma and
8D denote the region boundary.

The simplest possibility is a time-independent boundary condition
Ve‘..’f’(i € 38D) appropriate to the equilibrium ¢e (x). For this

choice,

8 (x) = Ve(zg)'

fl
o

¢m(§. t) for x € 3D : (Al)

"
o

°b(’£’ t)

Here the primary waves '.Iun(i) vanish on 9D and correspond to normal
modes of the plasma.

A second type of boundary condition, relevant to recent experiments
ou electron plasmas, 34 arises when an external voltage is applied at the
boundary to excite waves. When this applied signal is peaked at a single
frequency w we have a boundary cond1t1on of the form V(x t)=V (x) +

-iw
(G(t) e ot v (x) + c.c.) which is satisfied by assuming, for X € 8D,
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0 (x) =V (x)

-iul(t) -iwot
Al(t) e 4‘1(:5) = G(t) e Vo(:_g)

» o o (A2)
A e ¢ (x)=10
g¥1 ° n~

A
n

¢b(=_5. t) = 0 .

Thus one of the waves in ¢m is driven by the external signal and all others
are normal modes. Note that for the driven mode we have Al =G and

Q= wot so that these fields are completely determined by the boundary
conditions and accordingly are not varied in calculating 8S = 0.

Evidently more complicated external sources can be treated in a

similar way.
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Appendix B

In this Appendix, we discus-s the variation 8S = 0 using the form
for & gi§en by (7) but without transforming to oscillation center variables,
This is instructive because the results obtained from the amplitude and phase
‘variation depend on whether one uses particle variables or oscillation center
variables. We also wish to provide a derivation of the equations for the
primary mode potentials (15) and the beat mode potentials (16). For these
purposes it is sufficient to evaluate the stationarity condition for the slow-
time scale (i.e. neglecting terms with rapidly varying phases) and at lowest
order in the wave amplitude. |

We first consider the variation of S (1) with respect to 4;:5({), and

%
find from 65/64’;1}?; =0,

ila_-a ) :

Alalq%y _ym+aA e B M /d31 aep f(1,0,t) =0 , (B1)

n m am o m . ~ e
btaini B took i the identi =yt

In obtaining (Bl) we took into account the identity t];m.ﬁ = tlJm.n. .

For the second term in (Bl), we require the driven respounse in

-i(a - am)
£f(1, 6, t) proportional to AnAm e . This response is found from

the second order Vlasov equation (6),
(2),, (2) - (1)
oot + {£7,0 ) =-{f \n }-{f,h] (B2)

where he . hm and hb are given by (11) - (13) and f(l) satisfies the first

order equation,

of Mot + (1), B =-{f b 3. (B3)
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We solve (B2) and (B3) neglecting the time dependence of the amplitudes An
1y -

and the frequencies &n . This gives for £ ',

(M= qw, 1) (B4)

(2)

in terms of W (25), and for the Fourier coefficients of £ ’

{24 A 'i“‘n'“m’zaf) Sx o _+iC - tw _+ion-! (B
j = nme (je xoj nx"ﬁlnrn—.j(j-(nﬁ 10)) o‘( )

~ o~ ~

-i(un- am)

In (B5) we retain only the term with the beat phase e The second

term in square brackets, C » is the Fourier coefficient of Cm?1 .

oA, §

C = {{fe. w_ 1. /d xpy

which arises from the inhomogeneous term {fu), hm} in (B2).

+ {{;e. w1, ]d3x wn}. (B6)

With { given by (BS5), we may rewrite (Bl) as

.2 a -
Wiy _ - amX (o )¢ _=-(zn)"i/d31 20z € o - _sion™ @7)
o o ¥ o JARE: o .

vl L

o4

where i(m)- is the susceptibility operator (14). This is the desired equation
for the beat potential; the variation with respect to t.p:m(zs) leads t§ a
similar result.

The primary mode potentials are determined by 65/5¢: =0 ina

similar calculation. We first obtain
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2 2 e [ .3 3 ' _
ASvy jam 4 A e a’1d’e pf(1,8,t) =0, (B8)

-ia
then substituting for { the first order response (B4) with phase e n gives,

(0)

2 >0
v \l-'n - 4n¥x (wn

)4, =0 . (B9)

For normal modes we may also vary ‘S with respect to An and a_ .

(0)

The amplitude variation, 58/6An = 0, gives the dispersion relation e;‘(wn )=0
for the linear frequency.

For S expressed in particle variables, there is no explicit dependence
on the frequencies c'xn . The variation with respect to u.n gives the Euier-
Lagrange equation d/dt(d :./adn) =98/0 a where £ denotes the Lagrangian

of (1). Unlike the oscillation center Lagrangian (34), we now have
8£/8dn = 0, and consequently the phase variation in particle variables

implies 81‘-/3(1u = 0. If we evaluate 8£/3 a without neglecting the linear

damping of the primary modes a-priori, then

8s/8a - /d6z f (z ) 8H/da
n 00 O n

2 _,, (0
-2 2 e*(w{%)zm (B10)

~ where e; is the imaginary part of the dielectric kZZ). Thus stationarity re-
quires the linear damping to be negligible. Stated differently, by ignoring

the time dependence of An when integrating (B3) we have assumed the linear
damping is negligible on the fast time scale. Qur evaluation of 85/% a = 0 in

(B10) reflects tBis assumption.
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F inref. 33 is related to f in this paper by F =mzw f .
o e ° ce
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