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Abstract: 

Integral representations for Bernoulli polynomials of a complex ar
gument are derived. We achieve this by contour integration of a class 
of integrals over Bose or Fermi distributions involving a complex pa
rameter. It is illustrated how these integrals arise in the calculation of 
canonical partition functions involving complex" chemical potentials" at 
an intermediate step. We also find a relation between Bernoulli num
bers and the ~-function and a special sum rule for the latter. Further 
applications are shortly mentioned. 
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The purpose of this note is to derive integral representations for Bernoulli poly
nomials of a complex argument. As we shall see, they correspond to integrals as 
they may arise in the calculation of partition functions for quantum systems of 
massless particles. They particularly involve integrals over Bose or Fermi distribu
tions with a complex" chemical potential" and we show how they can be calculated 
analytically. The derivation of our results will be a generalization of a previous 
calculation of the thermodynamical potential for the ideal relativistic Fermi gas [1]. 
To our knowledge it has not been given elsewhere. 

Recently high-temperature expansions of partition functions for massive rela
tivistic Bose and Fermi gases were studied extensively in ref.[2] (see also references 
therein) using a Zeta function regularization method to deal with various diver
gent series. Particular attention was given to the fact that the relevant "chemical 
potential" can become complex in physically interesting applications. As usual its 

. real part is associated with a Lagrange multiplier which is introduced to ensure 
charge conservation on the average (grand canonical ensemble). A purely imagi
nary "chemical potential" can be produced by a background vacuum potential in a 
gauge theory at finite temperature [2,3,4]. 

In refs.[5,6] it was analyzed how imaginary chemical potentials are quite natu
rally involved in a canonical ensemble formalism [7] treating Abelian or non-Abelian 
charge conservation in quantum statistics exactly. The occurence of complex chemi
cal potentials can thus be understood in the framework of a mixed canonical/grand 
canonical ensemble [5,6]. There one implements some conservation laws exactly 
while others only in the sense of statistical averages depending on physical circum
stance. This has important conSequences for small systems as for example quark
gluon plasma droplets possibly formed in ultrarelativistic nucleus-nucleus collisions 
[8,91· . 

Having these remarks in mind, it seems worthwhile to present the calculation of 
a class of integrals over quantum distributions with a complex chemical potential 
[51. We are interested in the integrals 

1 Z = dx xn -1 n+l 100 {II} 
n( )F.B - 0 eZ - Z ± 1 + ( ). eZ +z ± 1 , n = 0,1,2,... , (1) 

where the" +" and" -" signs in the denominators correspond to the Fermi-Dirac and 
Bose-Einstein distributions respectively, and where Z denotes a complex parameter. 
First, we observe that' 

In(z)B = -In(z + i7r(2m + l))F , mE Z , 

so that it suffices to study InF only (henceforth we drop the index F). Also 

In(z + 2m7ri) = In(z) , mE Z , 

(2) 

(3) 

so that in order to avoid possible poles in the integrand in eq.(l) we complete the 
definition of In by a restriction on the imaginary part of z, 

- i7r < 1m Z < +i7r 0 (4) 
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After a shift of variables we now obtain 

In(z) = roo
-

z 
dx (x + z)n .1 + (_1)n+l {oo+z dx (x _ z)n 1 , (5) 

J -z eZ + 1 J z· eZ + 1 

thus shifting the integration from t;he real axis to the lower and upper horizontal 
lines in Fig.I. Choosing closed contours as indicated in Fig.l and applying Cauchy's 
theorem yields 

In(z) - .,t ( : ) ZV (1 + ~ _1)"+V+l) 10
00 

dx e~n~v1 

+ (_l)n {Z dx (x - z)n { 1 1 + II}' 
10 e- Z + eZ + (6) 

where we also used a substitution x ~ -x for the first term in the second integral 
and suitably rearranged ·terms. Sirice (e-Z + 1)-1 +(eZ + 1)-1 = 1, we finally can 
perform all integrations: 

In(z) = zn+l + t (:) ZV (1 + (_l)n+v+l) (1- 2-n+v
) r(n-v+1) dn-v+1) j 

n + 1 v=o 
(7) 

r and' ~ denote the conventional Gamma and Riemann's Zeta functions and we 
used a known result for the first integral on the rhs. of eq.(6) [101. Note that for 
1m Z = 0 eq.(7) simply reproduces the result of ref.[11. 

In order to find the advertised relation between In and the Bernoulli polynomials 
we quickly recalculate In for Re Z = 0 by using a series expansion of the integrand 
in eq.(l), which is well-behaved in tllis case, and integrating term by term. Let a 
be real, then according to eq.(I) 

, n odd 
, n even 

(S) 

Both series are known to be summable into polynomial form and they constitute 
Fourier expansions of Bernoulli polynomials in particular [111. Combining both 
cases from eq.(S), we obtain 

(9) 

We conclude from eqs.(7,9) and by uniqueness of the polynomials involved: { . 

(27r)n+l 
In(z) = in+l Bn+l ((7r - iZ)/27r) ; (10) 

. n+1 

here it is important to remember that z is restricted to the strip -i7r < 1m z < i7r. 
Due to eq.(3), however, it is obvious how to calculate In(z) in a neighbouring strip. 
Eq.(10) presents our main new result. 
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We remark here that the author of ref.[2] also in pri~ciple calculated the real 
part of 1n(z) using a similar series expansion as in eq.(8), but he did not comment 
upon the questionable convergence of his series. From eqs.(7,10) we learn that 
considering the real part only necessarily forced him to introduce new polynomials 
depending on Re z and 1m z separately, which can be avoided as we have shown. 

As a first application we .obtain from eqs.(7,10) the following formula relating 
Bernoulli numbers to the r...:. and ~-functions (k = 1,2,3, ... ) 

B1c = B1c(O) = (_2)-1c + 

(-W'k ~ ( k ~ 1 ) (i"Y-' (1+ (-l),+v)(l- T,+v+1) r(k - v) >(k - v) , 

(11) 
which, of course, is real, since only terms even in 1/ - k contribute to the rhs. sum. 
Using the relations B 21c = -2kd1- 2k) and d1- 2k) . 2(211"i)-2kr(2k)S-(2k) [10,11] 
we find from eq.(11) an interesting sum rule for the ~-function (k=1,2,3, ... ) 

(4k)-1 = - I: (2k - 1 ) (ill")2~-2k (1 - 2-2k+2V+1) r(2k - 21/) d2k - 21/) 
v=o 21/ * 

(12) 
where by "*" we indicate that for 1/ = 0 one has to replace 1 -+ 2 in the bracket. 

Finally, we consider the generating function Z [5,6] for charged bosons or fermions 
defined by 

(13) 

here the trac~ refers to the Hilbert space of many-particle states and iI, Np, Na 
denote the Hamiltonian, particle number, and antiparticle number operators re
spectively; the variables are the temperature T ((3 = T-l), volume V, and there is a 
complex parameter ("chemical potential") z. - It is essentially from Z that one can 
calculate by a group-theoretical projection technique [5,6,7] the canonical ensemble 
partition function respectirig an exact internal symmetry. For example, one can 
thus enforce the constraint of Gauss' law upon the physical states of the system 
in a non-Abelian gauge theory. - Evaluation of the rhs. of eq.(13) in the particle 
number representation gives Z for non-interacting particles in d space dimensions 

" In Z±(T, V, Z)d = ± I: (In(l ± e-.8(~+.s) + In(l ± e-.8(Ic-Z) ) 
Ie 

(14) 

where the "+" ("-") sign applies for fermions (bosons) and g counts any internal 
degeneracy of states. We also used the continuum approximation replacing the sum 
over states with energy €k by a d X d-dimensional phase-space integral with €(k) = k 
in the ultrarelativistic limit and performed a partial integration. Via eqs.(1,2,9) 
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for an even number of space-time dimensions we then arrive at the simple result 
(d+ 1 = 2,4,6, ... ): 

In Z±(T V z) = 4 VTd id
+! 7rl+d

/
2

· X { Bd+! ((7r .-oiz)/27r) (Jermions) . 
, , d g d(d + 1) r(d/2) - Bd+! (-1,z/27r) (bosons) , 

° (15) 
here again eq.(4) applies. For d + 1 odd a power series in exp - z (Re z ~ 0) has to 
be added because of the wrong" +" sign in eq.(14) as compared to eq.(l). 

In conclusion we remark that the result in eq.(15) can be improved to include 
finite size corrections and. thus opens the way to treat these quantum gases con
sistently in a canonical ensemble formalism. Presently we are studying such an 
extension and its application to small quark-gluon plasma droplets. It would also 
be most desirable to obtain similar results for cases where the single-particle energy 
spectrum contains a mass gap, eventually allowing e.g. a study of Bose condensa
tion [12] away from the infinite volume limit and related phenomena. 

Figure caption Fig.1 The contours employed for the evaluation of eq.(5). 
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