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ABSTRACT 

An algorithm based on Duhamel's superposition integral is used to simulate cyclic 

voltammograms for iodide electrochemistry on platinum in propylene carbonate. 

The electrochemistry is represented by the reaction sequence 

- -3I -+ I3 + 2e I 

-2I3 
-+ 3I 

2 + 2e II 

where reaction I is rate-limited (Butler-Volmer kinetics) and reaction II is 

reversible (Nernst equilibrium behavior). Since the nonunity stoichiometries 

and Butler-Volmer kinetics in the reaction sequence prohibit the use of analyt-

ical solution techniques, the superposition-integral algorithm is used as a 

fast and accurate method for the numerical simulation. The simulated voltam-

mograms for the iodide system agree very well with experimental observations 

and support the proposed reaction sequence. 

* Present address: AT&T Bell Laboratories, Murray Hill, NJ 07974 

** Present address: Swiss Federal Inst. of Technology, Lausanne, Switzerland 

Key words: cyclic voltamrnetry, simultaneous reactions 
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1. IDtrodacdoa 

The electrochemic:al ozidation of iodide iD propylene carbonate (PC) is an eumple of a 

reaction ~equence that is difficult to interpret usina classic models of cyclic voltammetry. 

Although a rich literat\U'e is available concemina the theory of cyclic volt.ammetry for cases 

of 1:1 reaction stoichiometry, and for reversible electrode reactions, or for Tafel kmetics,l11 

the complezity of the iodide system does not permit a straightforward· application of these 

ezistin& analytic solutions. For the interpretation of the iodide system, numerical solutions of 

the model equations for multiple-reaction systems with nonunity stoichiometries and 

interdependent reaction rates are required. For this purpose, an algorithm based on the 

superposition principle (Duhamel's integral) was developed to simulate the voltammogram of 

the iodide system in PC. 

The model is based upon pure diffusion of three species, I-, 12 , I;, in the electrolytic 

solution and generaliz.ed Butler-Volmer kinetics for rate-limited electrochemical reactions. 

The solution of these equations for a triangular-wave applied potential gives a simulated 

voltammetric response for a given solution concentration, sweep rate, and potential scan. 

The fact that both electrochemical reactions have a non-unity stoichiometry was a strong 

incentive to approach the problem numerically. Although Shuman11U31 has treated the cases 

of 1:2 and 1:3 reactions, his results are limited to revenible kinetics and single, not 

sequential, reactions. Since the governing equations for this problem are linear, the surface 

concentrations of each reactant can be determined using a simple algorithm to evaluate 
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Duhamel's superposition integral. This technique has recently been applied to other 

electrochemical problems141151 and in certain applications can significantly improve the speed and 

accuracy of the calculation compared to finite-difference methods. 

2. Problem Specification 

The reaction mechanism of iodide electrochemistry in PC was derived from cyclic 

voltammetry experiments of dilute iodide in supported PC solutions using a platinum working 

electrode and a thallium/thallium iodide reference electrode. These experiments are described 

in detail in Part I of this series.181 

Two reactions occur in the anodic sweep, 

(I) 

(II) 

At low potential, triiodide is formed according to reaction I. At a more positive potential, the 

triiodide is oxidized further to iodine by reaction II. Both reactions are chemically "reversible," 

in the sense that two peaks are observed in both the forward and reverse scans. Reaction II. 

however, obeys equilibrium (Nernst) behavior at scan rates below 500 mV/s, since the shape and 

position of the anodic and cathodic peaks are independent of sweep rate in this range. Reaction 

I is kinetically limited, since the shape and position of the current peaks depend strongly on the 

sweep rate. 

The starting point for a mathematical description of the voltammetric response of this 

system is Fick's second law, which describes the mass transfer of each- species i m the .. 
electrolyte under pure diffusion control: 

v 

at ( 1) --= 

In this case three species are considered, I-, I2, and I;. The nux of each species to the electrode 

surface is proportional to the derivative of the concentration at the surface and is equal to the 
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rate of reaction of that species. Three coupled equations describe the surface concentrations of 

the three reactants. First, by the restriction that there be no accumulation of any iodide 

species at the electrode surface (such as by adsorption), a balance on iodine atoms at the 

electrode surface yields the following nux relation: 

(2} 

Second, the partial current density for reaction I, i1 , is related to the surface concentration of 

1- and I;, and to the applied cell potential, by the Butler-Volmer equation, 

[2:._]3 

[(1- /J)nrF'Ir]- [ Cr;] 
1
-/JnrF'Ir] 

~P RT ~P RT 
c~ c~ 

(3) 

Since the iodide ion participates only in reaction I, the nux of iodide at the electrode surface is 

determined directly from this partial current and stoichiometry: 

(4) 

The total overpotential, , 1, is defined as the difference between the electrode potential and the 

potential of a reference electrode or the same kind. For this system, 'lr is given by 

'II =- V- ~rtf - ~~ollm - Ut,rt/ • (5) 

where ~~ ollm represents the ohmic drop and the term Ur,rt/ corrects the reference electrode 

potential of thallium amalgam/thallium iodide to the potential of the iodide/triiodide reaction 

at concentration crt/ for both reactants. The reference concentration crt/ was chosen to bt! the 

concentration of iodide in the bulk of the solution. In most cases, the total cell current was very 

small, and the ohmic term was insignificant. 

For reaction I, the exchange current density, io,re/, is based on the reference concentration. 

c.,,' for both I- and I; I and ul,rt/ is related to the standard cell potential Uf (with respect to 

TII/Tl(Hg); saturated thallium amalgam171) according to the Nernst equation, 
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RT. [· e1- e1- ] o s~ ~ Ur,rt/ = Ur + -- In-- - 3ln--
nrF Po Po 

(6) 

or 

o 2RT [ crt/ l Ur,rt! = U1 - --In --
nrR Po 

where p 0 is the density of the pure solvent (PC) in units of kg/cm3 . 

Third, because reaction II exhibits nearly reversible behavior, the potential ( V- ~rtf) is 

related directly to the surface concentrations of iodine and triiodide by the Nernst equation for 

reaction II: 

(7) 

where c1z and c13 are surface concentrations of iodine and triiodide, respectively. In principle, a 

Butler-Volmer expression could be used to describe this reaction m place of the Nernst 

expression. In that case, an arbitrarily high exchange-current density chosen for reaction II 

would simulate the reversible behavior of equation (7). 

In triangular-wave voltammetry, the applied potential, V- ~rtf. is swept linearly at a rate 

of b volts per second. For an anodic sweep starting a\ an initial potential, ( V- ~rtf )mio• 

V- ~rtf= (V- ~rt/)mio + bt •. (8) 

For a cathodic sweep, starting at ( 'v'- ~)mu• 

V- ~rtf= (V- ~rt/lmu- bt,, (9) 
.. 

where t. and t, are times into an anodic or cathodic sweep, respectively. v 

The problem specification is completed by setting the initial ( t = 0) concentration of I-

equal to its bulk value crt/ everywhere in solution. The initial concentrations of I2 and I; can 

be determined from equilibrium (Nernst) equations for reactions I and II and the initial 

potential. 
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3. Application of Duhamel's Superposition Integral 

Since the Fick 's law expression for the mass-transfer of each species is linear (equation 1 ), 

the nux to the electrode surface resulting from any arbitrary (including nonlinear) surface 

boundary conditions can be obtained by superposing the nux contributions resulting from a 

v succession of simple step changes in concentration at the surface. An illustration of the 

principle is shown in Figure 1. The concentration gradient rises initially at the beginning of 

each step in concentration, but the effect of a particular step at future time is damped as the 

response decays. In the limit of an infinite number of small step changes in surface 

concentration, the nux resulting from the combination of all these changes is represented by 

Duhamel's integrai,I81 

ac- t [ac- ao. ] 
a~ {O,t)- { Tt (O,r) a~ (O,t- r) dr, (10) 

where 8,- is the dimensionless concentration resulting from a unit step change in surface 

concentration. Thus, the surface nux as a function of time is calculated from the integral of the 

response of the surface nux to a unit step change in surface concentration, multiplied by the 

time variation of the surface concentration. The advantage of this approach is that flux profiles 

from complicated. nonlinear surface conditions can be determined by a simple integral equation 

involving the concentration field arising from a step change, a problem for which an analytic 

solution is generally available. 

In our case, the response to a unit step change in concentration for a semi-infinite stagnant 

medium is 

where 

Thus, 

., ~ 

o,.-1- -·-Jexp(-(-)de. .;;0 

e= .;:w:t. 
r 

( 11) 

( 12) 
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89· -1 
!l ~ (0, t - r) = 
v.. ..jrrD;(t-r) 

(13) 

4. Solution Tec:hnique 

The application of this integral for linear problems and its approximation by a finite sum 
v 

have been addressed by Wagner1°1 and by Acrivos and Cbambre1101 and is reviewed by 

Matlosz.l111 The procedure for using the superposition integral to calculate the surface 

concentrations and surface fluxes is not direct, since a set of coupled nonlinear functions must 

be satisfied. At a given step, the values of both the surface concentrations and surface fluxes of 

all species are unknown and must be determined. 

To solve this set of coupled equations, a multi-dimensional Newton-Raphson procedure is 

used. The nonlinear equations are linearized in a Taylor series expansion about a set of trial 

values for the surface concentrations. The derivatives needed for the expansion are obtained 

from the equations by numerical differentiation. New values of the concentrations are obtained 

from the linearized equations by matrix inversion, and the resulting concentrations are used as 

new trial values. This prvcedure is repeated until the resulting concentrations no longer differ 

from the trial values. Once the surface concentrations and surface fluxes are known, the total 

current density to the electrode is determined at each potential to simulate the voltammogram. 

5. Concentration Profiles 

Although the full spatial variation of concentration of each species as a function of time is 

not required to simulate the voltammogram, the change in the concentration profiles through 

the course of a single sweep gives a physical picture of the process. The concentration variation 

of each species in the electrolyte as a function of time can be calculated from Duhamel's integral 

using the calculated surface concentrations. Figure 2, for example, shows the concentration 

profiles or 1- for a single reaction, 31- - 13 + 2e-, at various times during the first sweep of a 

voltammetry experiment at 100 mV /s. The initial concentration or iodide is uniform 
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throughout the solution (curve 1). A15 the reaction proceeds, the concentration of 1- drops at 

the electrode surface (curve 2}, the boundary layer moves out into solution, and the surface 

concentration approaches zero (curve 3}. When the direction of the potential scan is reversed, 

the production or iodide at the surface gives a profile having a minimum with a steep gradient 

at the surface (curve 4). Provided the cathodic switching potential is sufficiently negative and 

no other reactions occur, the position of the concentration minimum moves away from the 

surface as the experiment proceeds, and the concentration of iodide at the surface reaches its 

starting value (curve 5). IC the potential is again reversed (as in cyclic voltammetry), the 

concentration profile of iodide would become "S-shaped." 

The presence of these complicated concentration profiles in stagnant solutions during a 

voltammetry experiment demonstrates how the shape of the voltammogram depends upon each 

of the experimental parameters, including the sweep rate and the reversal potentials. For 

example, a faster sweep rate would result in steeper concentration gradients at the su·rface (and 

thus higher currents), and the depletion region near the electrode would be relatively narrow. 

6. Comparison or Model Voltammograma to Experiment 

The parameters used in the simulation are listed in Table 1. Of this set, only the values for 

1 •. ,.1 and t' were adjusted. The diffusion coefficient of iodide in PC was measured by potential 

step experiments, as shown in Part I of this series. In the absence of other measured values, the 

diffusion coefficients of all other iodine species were assumed to be equal. The values for uo 

given by L 'Her et aJ.l 121 have been adjusted to give the correct peak separation between 

·~ reactions I and II. By assuming that the value for iodide oxidation (I) is correct, values of 

865 m V and 1!?65 m V (vs. Tli/Tl(Hg)) for Uf and U!J, respectively were obtained. Independent 

measurements of the exchange current density (i •. ~1 ) and the symmetry coefficient (13) of 

reaction I in PC were not available. These parameters, therefore, were adjusted. Since reaction 

II exhibits essentially reversible behavior, the Nernst equation for that reaction is used rather 

than a Butler-Volmer expression, and no additional parameters are introduced. 
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A comparison of a calculated voltammogram to experiment, based on the parameters listed 

in Table 1, is shown in Figure 3. The most serious error appears near the end of the anodic 

sweep, a discrepancy which is probably due to unsubtracted background currents from the 

supporting-electrolyte solution. 

The sensitivity of the model to io,ref and {J is shown in Figures 4 and 5. When the 

exchange-current density for reaction I is very large (reversible kinetics), the anodic and 

cathodic peak separation is 52 mV (the reversible limiting value for a 1:3 reaction 

stoichiometry121), and the widths of the cathodic and anodic peaks are identical. As the 

exchange-current density decreases, the anodic peak moves in the positive (anodic) direction, 

whereas the reverse peak becomes broadened and shifted in the negative direction. The 

relationship between the accuracy of the value of Uf and the choice of the value for io,rt/ is 

apparent here; a decrease in the value of the exchange-current density decreases the peak 

separation between reactions I and II. Thus poor correspondence between the observed and 

simulated peak separation could result from an inaccurate value of either Uf or io,ref. Figure 5 

shows the same simulation for various values of {J. A symmetry coefficient of 0.5 yields narrow, 

closely spaced anodic and cathodic peaks. As the value of {J is reduced, a larger fraction of the 

applied potential promotes the anodic reaction, and the cathodic peak is shifted and broadened 

accordingly. 

7. Simulated Sweep-Rate Behavior 

Figures 6 and 7 show the model simulation of the experiments given in Figures 4 and 5 in 

Part I. The ~<t> olam term included in the model was used to account for the higher ohmic drop 

associated with experiments done in the larger cell. The simulation does not track the 

experimental curves exactly, because the experiment was done in a cell having a different 

geometry from the cell used to obtain data for fitting the model parameters. Nevertheless, the 

model fairly closely describes the shape of the voltammograms, including the cathodic shift of 

peak I'. 

\./ 
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An interesting bump or slight peak appears on the simulation shown in Figure 6 at 0.8 V in 

the cathodic sweep (negative current, lower curve) in advance of the main triiodide reduction 

wave (peak I'). This "bump" is not a numerical artifact, and it cannot indicate any chemistry 

more complicated or different from that assumed in the first place. 

The current at any given time is the sum of all the partial currents. There is an anodic 

component of the current from the reaction 31-- 13 + 2e- making a positive contribution 

from about 1.2 to 1.0 V. The curve goes close to zero around E = 1 V, because there is a 

balance between the anodic contribution from that reaction and a cathodic contribution from 

the reaction of 12 back to 13. When the potential reaches- 0.9 V, the anodic current shuts off, 

and the current drops to a more negative value (due to iodine reduction) and shows the plateau 

or "additional peak." When the potential reaches - 0.7 V, the cathodic current from triiodide 

reduction begins, giving the corresponding reduction wave at - 0.5 V. It is delayed, compared 

to the cessation of anodic current from that reaction, because the kinetics of Reaction I' are 

inhibited. Thus the combination of the mass-transfer of two reactions with the slow kinetic 

step for the first reaction produces the apparent bump. If this appeared on an experimental 

cyclic voltammogram, it might be misjudged as an impurity or perhaps as an "intermediate." 

8. Discussion 

The parameters given in Table 1 are not necessarily a unique set. The fit shown here was 

made by considering the precision with which each of the parameters is known. Small changes 

in a single parameter, such as the diffusion coefficient, alter the entire voltammogram. To 

obtain a quantitative understanding of the sensitivity of the simulation to all of these 

parameters, a multi-variable regression analysis would have to be conducted. Because the model 

includes several simplifying assumptions (migration and convection effects are neglected, for 

example), such an extension of the analysis is probably not warranted. 
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9. Conclusions 

A numerical model describing the behavior of an iodide solution in propylene carbonate 

during cyclic voltammetry experiments is presented. The simulation describes the sequential 

reaction of iodide to triiodide, followed by oxidation of the triiodide; both electrochemical 

reactions have a nonunity stoichiometry. Duhamel's superposition integral is used to calculate 

surface concentrations of the electrochemical species. A comparison of simulated 

voltammograms to experiment supports the proposed reaction mechanism. 

\./ 
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Table 1. Values of Parameters for Model Calculations 

T = 298.15 OK 

Po = 1.20 X 10-3 kg/cm3 

K = 0.2 mho/ em v 

A = 0.0571 cm2 

ct 0 = 2.5 X 10-6 mol/cm3 ( V- 4>rtl )min = 0.4V 

c~o = 8.8 X 10-23 mol/cm3 ( V- 4>rtl )max = 1.8V 

b = 0.1 Vjs 

n11 = 2 

Uf = 0.600V Uw = 1.265V 

/3 = 0.2 

io,rtl = 6.5 X 10-s A/cm2 

cr 1 = 2.5 X 10-6 mol/cm3 
,rt 

c1- 1 = 2.5 X 10-6 mol/cm3 
3 ,rt 

U1,rtl = 0.754V 

All potentials are vs. Tll/saturated Tl(Hg). 
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List of Symbols 

A Surface area of electrode, cm2 

b Sweep rate, V /s 

•.I C; Concentration of species i, mol/cm3 

ci,re/ Reference concentration of species i, mol/ cm3 

c~' 
I Bulk (or initial) concentration of species i, mol/ cm3 

D; Diffusion coefficient of species i, cm2 / s 

F Faraday constant, 96487 C/equiv. 

..... , 
Exchange-current density of reaction I at reference concentration, A/ cm2 

IJ Partial current of reaction I, A/cm2 

nl Charge number of reaction I 

nu Charge number of reaction II 

R Universal gas constant, 8.314 Jjmol-K 

Time, s 

t4 Time into anodic sweep, s 

;" 

tc Time into cathodic sweep, s 

T Temperature, K 
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Uf, U!J 
Standard electrode potential of reaction I or II, (all concentrations 1 molal) with 

respect to Tli/Tl(Hg), V 

Ur,re/ 
Equilibrium electrode potential of reaction I, (at reference concentration c,.1 ) 

with respect to Tli/Tl(Hg), V 

l.T - cpre/ 
Electrode potential relative to a Tli/Tl(Hg) electrode in the electrolyte solution, 

v 

( V - cp ••I )min Potential at start of anodic sweep, V 

( V- cp••f )max Potential at start of cathodic sweep, V 

x Distance from the electrode surface, em 

/3 Symmetry coefficient for reaction I 

~cpohm Ohmic potential in the electrolyte solution, V 

IJr Overpotential term in the kinetic expression for reaction I, V 

K 

Concentration response to a unit change in surface concentration. 

(dimensionless) 

Electrolyte conductivity, mho/em 

X Dimensionless distance, _....::.__ 
V4i5:i 
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Po Solvent density, kg/cm3 

r Variable of integration in Duhamel's integral, s 

'·.( 

.. 



Figure 1. 

Figure 2. 

Figure 3. 

Figure 4. 

Figure 5. 

Figure 6. 

Figure 7. 
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FIGURE CAPTIONS 

Dlustration of the principle of superposition. 

Concentration profiles of iodide during the first voltammetric sweep. Only the 

reaction 31- - I; + 2e- is considered. The initial concentration (curve 1) is 

unifoqn. Concentration profiles are shown before (curves 2 and 3) and after 

(curves 4 and 5) the anodic switching potential b = O.lV js. 

Comparison of model voltammograms to experiment. Parameter values and 

operating conditions are shown in Table 1. 

Sensitivity of simulation to the value of io,re/. {3 is constant at 0.2 for each curve. 

Values of other parameters are included in Table 1. 

Sensitivity of simulation to the value of {3. The exchange current is constant for 

each curve. 

Simulation of iodide voltammetry in PC as a function of the sweep rate. Other 

model parameters are included in Table 1. 

Simulation of iodide voltammetry in PC as a function of the sweep rate. Other 

model parameters are included in Table 1. 
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