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ABSTRACT

Standard eikonal theory reduces, to N=1, the order of the system of
equations underlying wave propagation in inhomogeneous plasmas. The
condition for this remarkable reducibility is that only one eigenvalue of the
unreduced NxN dispersion matrix D(k,x) vanishes at a time. If, however, two
or more eigenvalues of D become simultaneously small, the geometric
optics reduction scheme becomes singular. These regions are associated
with linear mode conversion, and are described by higher order systems.
We develiop a new reduction scheme based on congruent transformations
of D, and show that, in "degenerate” plasma regions, a partial reduction of
order is possible. The method comprises a constructive step-by-step
procedure, which, in the most frequent (doubly) degenerate case, yields a
second order system, describing the pairwise mode conversion problem,
the solution of which in general geometry has been found recently.

INTRODUCTION

Small amplitude waves in inhomogeneous plasmas are described by
systems of linear equations for such quantities as electromagnetic fields E,
B, perturbed average velocities V, of various species in fluid models, etc.
The complexity of the problem due to the multicomponent structure of the
waves is typically resolved by using some sort of reduction (elimination) of
several wave_components from the problem. The conventional geometric

~ optics theory,' for example, makes use of the reduced dispersion tensor D,
. a 3x3 matrix, describing the components of the electric fieid E alone. The
. geometric optics theory then uses a perturbation expansion technique to

reduce the problem even further. In non-degenerate cases, when only one
eigenvalue of D vanishes at a time, the theory reduces to the solution of a
single first order equation for the scalar amplitude of the electric field. This
perturbation scheme, however, becomes2 singular in cases when an
additional eigenvalue of D becomes small.< More generally, the singular
situations are characteristic of near degeneracies of the yunreduced (N-th
order) system and are associated with such phenomena as resonances
and mode converison.

This paper summarizes our recent study of reduction in geometric
optics,” and describes a constructive procedure which yields the optimally
reduced system, describing the smallest possible number of "irreducible”
wave components. The final system avoids singular coefficients, has the
lowest possible order, and at the same time preserves important properties
of the unreduced wave, such as the conservation of the wave-action flux.
As an important application, in doubly degenerate plasmas, the theory
yields a second order system, describing the pairwise mode conversion
problem, the solution of which in general geometry has been obtained
recently.4



TRANSPORT EQUATION AND CONGRUENCE TRANSFORMATION
Our starting point is the linear integral "evolution™ equation
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for the (complex) N-component field Z(x) on space-time. The two point NxN
kernel Dj; is assumed to be Hermitian and its local Fourier transform
D(k.x) = Id‘s b (x+%s, x-%s Jexp(-ik-s) 2)

defines the dis ersuon matrix of the unreduced problem. The eikonal
representation g‘v xp[i\y(X)]. with slowly varying amplitude A(x) and
wave vector ku(x)- /ox+, leads to (Refs.1,3):
D oA 190DRK)
DeA =il ¢ W 2

'A}+O(62)5L(A) (3)
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where & is the small parameter describing the slow variation of the
background. Egq. (3) is the conventional transport equation, being the
starting point of the geometric optics perturbation scheme. This equation
also yields the action flux conservation

aFxyax* =0, JHx)= ,e\:(aoii/ak“)Ai + 0) (4)
At this stage we make the transformation to a new amplitude A via

A(x) = Q(k(x),x) * A(x) ()

where the matrix Q(k,x) is assumed to be slowly varying and invertible.
Then Eq.(3) can be written for A:

DeA =Q"eL(Q¢ A) (6)

where the {ransformed dispersion matrix D is given by the congruence
transformation

D=Q%“DeQ (7)
The purpose of the transformation Q is to simplify the problem and in
particular (see the next Section) to annihilate, if possible, some wave
components, thus reducing the order of the system.
REDUCTION THEOREM
The main result of our studies is the following Reduction Theorem:

It there exists at least one large (of O(1)) element in the matrix D(k,x),
characterizing the unreduced N-component (N-th order) system, then one of
the components of A can be eliminated from the problem in such a way that
the remaining N-1 components of the wave are fully described by a
reduced, Hermitian tensor D' with the reduced transport equation of form
(3),D bemg replaced by DI,
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The proof of this theorem can be found in Ref.3. Here we shall briefly
describe the reduction algorithm. The reduction proceeds differently in the
following two cases :

Case 1, For general N, suppose that the element Dy, of Dis O(1). Then the
reduction to N-1 is achieved by Qj; = §;i - 8;xDki/Dkk + 9ikdik - This
transformation annihilates the k-th corhponént o# A, ‘eavmg the remaining
components of A unchanged, so that the reduced wave amplitude is Af =

{A;, i=k}. The reduced dispersion tensor, to lowest order, is ’

D' = D;-D, DDy + ik (8)

Case 2. When all diagonal elements of D are O(3), but qu (r=q) is of O(1),
we use the transformation matrix Q; = §;+ adjr§q, where a=11if
Re Dgy = O(1) and a=i if Im Dq, = O(5). Aftér this trdisormation the g-th
diagonal element of D is Dgoq = 2Re(aDgq) + O(8) = O(1).Therefore the
reduction to N-1 can be ach?e%ed as in Cdse 1. It can be also shown that
the reduced matrix then has D, ~ O(1), so that Case 2 actually allows
reduction from N to N-2.

The Reduction Theorem provides a tool for reducing the order, step-
by-step, for weakly varying plasmas of arbitrary geometry. The succesgive
application of the algorithm yields a final reduced Hermitian matrix D' of
rank M<N, such that all its elements are O(§). A further attempt to reduce
the system would yield singular coefficients, so that the system is
"irreducible” within the geometric optics approximation. The simplest and
most frequent case is M=1, when all but one of the components of A are
eliminated from the problem. This is the non-degenerate case, when only
one eigenvalue of D is small. The final transport equation P this case is a
single first order PDE for the remaining wave component A'.

NORMAL DEGENERACY AND MODE CONVERISON

Less frequent, but nevertheless important in applications, is the
situation when M=2, in which case the fina)] system comprises a set of two
coupled PDE's. The final reduced matrix D' in this case can be written as

f O 7
D = (9)
m D,
where all elements are of O(6), and let us denote Af- (Az.Ap)-

Now we argue that since the degeneracy implies a simultaneous
satisfaction of three smaliness conditions (D4,Dp, n~ O(3)), the degeneracy
is a rare phenonenon. The most probable scenario of the double
degeneracy, therefore, is that due to some special physical conditions
(efxistence of a global small parameter, for example) one of the elements of
D'is O(d) i? an gg_m_mu? re?ion of the phase space. We also argue that
since Det(D') = D;Dp-[n|<, only when n~ O(3) in an extended region of the
phase space does there exist the possibility of having two distinct modes
(Dg=0, Dp=0) away from the degenerate region. We shall refer to this
situation as .

The reduced tr‘?nsport equation (3) in the case of the normal
degeneracy becomes



. a .
V, 9Aox-iX-R°A_ = mA,

s mPa -
V~aA/ax-|x~RAb= m°A,

where VK, p= 0D, p/ok,, and Fi,_l b - 3D p/oxH are the group four—veloc:ty
and spatld gracJa ent (%r four-refraction). These are constam vectors
evaluated at the crossing point x kR where Dg( Kg) =

(10), x"=x-x,. Solution of Egs. (?0 as been found in Ref 4 Qt was shown
that the action flux J, associated wnth the dispersion relation Dy = 0 in the
non-degenerate reglon is only partially transmitted through the
neighborhood of the crossing point, and that the transmission coefficient is

(10)

T = exp(-2xin|/B) (1)
where B is the Poisson Bracket
= (aDa/ax“)(an/ak ) - (9D /ok ) (aD,/ox") (12)

Summanzmg, we have shown that pammse mode conversion events
are typacally associated with normal degeneracy of the final 2x2 dispersion
matrix (M=2), and that the reduction aigorithm automatically provides the
characteristic form of the dispersion tensor, describing two easily
identifiable coupled modes asssociated with the diagonal elements of the
matrix, while its non-diagonal element serves as a small coupling
coefficient. Thes4e elements can then be used directly in the mode
conversion theory® for calculating the transmission and mode conversion
coefficients in cases of interest.
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