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GYRORESONANT ABSORPTION FROM CONGRUENT REDUCTION
- OF AN ANISOTROPIC PRESSURE FLUID MODEL

" Lazar Friedland
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University of California
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A system of Maxwell, multi-fluid momentum and anisotropic pressure
equations for a weakly inhomogeneous magnetized plasma is written in a
special Hermitian form. A recently developed congruent reduction technique,
for extracting embedded, multi-di‘mensional, pairwise mode conversion events,
is applied in studying the electron gyroresonant absorption problem. The mode
conversion from an electromagneﬁc mode to a fluid pressure mode near the
fundamental and second harmonic gy-rdfrequency is interpreted as
gyroresonant absorption. The transmission coefficient is found for the
perpendicular propagation case in an arbitrary three-dimensional plasma and
magnetic field geometry, demonstrating the potential of the approach for
systematically reducing the order in general muilti-component wave
propagation problems in nonuniform plasmas. |

* Permanent address: Center for Plasma Physics, Racah Institute of Physics,
Hebrew University of Jerusalem, Jerusalem, Israel.



l. INTRODUCTION

Gyroresonant absorption problems at both the electron and ion cyclotron
frequencies and their harmonics in a nonuniform plasma belong to a class of problems
typically requiring lengthy and complex calculations.! The complexity is due to the fact
that the absorption process basically is a thermal effect and therefore the theory
necessarily involves solutions of the system of Maxwell and kinetic equations, a difficult
task in usually three-dimensional plasma geometries. Even when the spatial variation
of the equilibrium plasma parameters is sufficiently weak and the description of the .
waves via the geometric optics seems to be feasible, one cannot use the conventional
geometric optics theory directly, since typically the gyroresonant absorption process is
highly localized in space. This fact, in some sense, simplifies the theory, since various
slab models can be used in studying the,\details of the interaction. Nevertheless, even
the one-dimensional calculations perfoc med to date had been rather complex and
certamly very different in each particular application.

On the other hand, the recent developments of the congruent reduction? and
multi-dimensional mode conversion3 theories provide new tools in simplifying
multi-component wave propagation probléms in plasmas. These theories comprise a
systematic method of solving homogeneous integral equations of form

J'd‘x' D,(xx) Z(x) = 0 | (1)
for an N-component vector-field Z(x) on space-time [x=(r.t)] , where the dispersion
A A *» .
kernel 6 is Hermitian [Dij(x,x')=Dji (x',x)] and known. In cases when Z describes a
perturbation of a smooth, but weakly varying background equilibrium, the dependence
A
of D on (x+x')/2 is weak compared to that on x-x' and the eikonal representation

Z(x)=A(x)expliy(x)] with slowly varying amplitude A and rapidly varying phase v is
feasible. Then one can rewrite (1) as the slow amplitude transport equation

oD dA 1 d(aD
DeA = °A |+ O(82 2
[ uax'Ll ng\ak) } &) ()

A
where ku(x)=a\y/ax“. D(k,x)= Id“sD(x~s/2,x+s/2)exp(-ik's) and d«1  isasmall



.dimensionless parameter associated with the nonuniformity of the background. It is
our understanding of the solutions of Eq.(2), which had advanced significantly with the
~ development of the above-mentioned reduction and mode conversion theories. The
congruent reduction theory2 yields an algorithm for eliminating some of the
components of A from the problem by preserving, at the same time, the form, first
differential order and the hermiticity of the' reduced transport equation, which
describes the remaining wave components. This reduced equation still has form (2)
with D replaced by reduced matrix DT of rank M<N such that all its elements are of

O(8). Typically, in non-degenerate plasma regions, where only one of the eigenvalues
of D(k,x) vanishes at a time, one has M=1 and thus the system reduces to a single first
order PDE for the last remaining component of the amplitude, so that the problem
becomes easily integrable. In a more restricted class of problems the final reduced
matrix has rank M=2 and describes the pairwise mode conversion problem, solution of
which for a general geometry was found in Ref.3. The total wave-action flux is still
conserved in this type of problems (degenerate plasma regions) but, nevertheless, the
flux is redistributed in two distinct channels (modes) automatically prescribed by the
reduction procedure. This redistribution phenomenon is typically localized , so that
outside the regions of the near-degeneracy of D, the reduction to case M=1 is again
possible and the simple integrability is restored for each of the' two channels
~ independently.

Thus if a physical problem is described, in its unreduced form, by Eq.(2), the
solution can be found systematically by combining the reduction and multi-dimensional
mode conversion theories. We therefore conclude that the problem of finding the
solution in practice can be replaced by the question of whether a particular application
allows description in form (2). We shall use the term "Hermitian problem"'if the answer
to this question is positive and show that the multi-species, anisotropic pressure
magnetized plasma fluid model, in its unreduced form, comprises a Hermitian problem
(see Sec.lll). Thus, within this model, all wave problems in weakly nonuniform
plasmas can be dealt with systematically , as described above. As an example, the
actual reduction for the fundamental and second harmonic electron gyroresonance
cases will be carried out in Sec.V and the results interpreted as the mode conversion

from the electromagnetic to plasma pressure-fluid modes.



Il. HERMITIAN FORM FOR COLD MULTI-SPECIES PLASMA MODEL
It is instructive to find the Hermitian form (2) for unreduced wave problems in
the cold plasma case first. We start with the linearized Maxwell-momentum equations

1 aB -
VxE ""ET (3)
1 aE1 4re
VXB1= —_ —Zzaa aO al (4)
al . E, +1V xB 5
a ot a(1+-c-alX°) (8)

~where mg ,Z, and € are the mass, the charge number and its sign,

04

respectively for species o, and Bg and Ny are the equilibrium magnetic field and

density. We multiply Eq.(5) by .(Nao)m (note that dN¢/dt=0) and define vector

c(dn)"B .
A2 | .
Z={ c(4n) E, |=Re{|2 |exp(iy) ©)
v _
1 a
_(Naoma) 2val_

Now, by inspecting Egs.(3-5), one finds that indeed, without any further approximation,

the amplitude A = (b, a, v) is described by Eq.(2) where the Hermitian dispersion

matrix is giveh by



D=1k, 0 &k O @ 0 0 iwpy 0 | 3 (7)

0 0 0 oy O 0 @ -Qy, Q| Ve

0 0 0 0 oy 0 iy 0 -y Ve
f

0 0 0 0 0 ey W0 R o[ Ve

Here a fixed cartesian coordinate system is used and the corkesponding amplitude
-components are shown above and beside the matrix for easier identification of various

matrix components. Also we use definitions  ca=3y/t , 'cmp=i(4nezza2Na0/ma)1/ 2

and cQ,=128ZyBg/myc, where the sign is defined by the charge sign of the
corresponding species . Note that all the frequencies differ by a factor of 1/c from the

conventional definitions, which is convenient since now ® and k have the same
dimensions. Thus we have demonstrated that the unreduced cold plasma case
comprises a Hermitian problem and therefore, within the model, various wave
problems can be systematically reduced as described above and therefore solved in
principle. Examples of such a reduction can be found elsewhere.2

At this point we shall discuss applications with the background magnetic field
Bg which defines a preferred direction in the plasma. The dispersion matrix D has the

form given by Eq.(7) in any fixed cartesian coordinate system. We can ask the
question about the effect on the form of the transport eduation, if, instead of constant

base vectors ey, ey, 8z, one chooses a different orthogonal representation, say eq,
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s, 83 (ei'ej=5ij) associated, for example, with the direction of the magnetic field and
'thus dependent on position. The answer to this quéstion can be found in Ref.2. Indeed,
the use of the new representation is equivalent to introducing a linear transformation of
the amplitude A , i.e.

Alx)=Q(x)eA(x) (8)
where Q is the transformation matrix. It was shown in Ref.2 that then, to O(3), the
transformed amplitude A is described by the transport equation of the same form as (2)
with D replaced by D given by '

-D-ii(z)=Q D_Q +— [{%Pmn}@ni*%{Dm'on;}*‘{omrﬂn;}omnl (9)

m-mnnj 9

where z=(k,x) and {F,G}:(BF/ax“)(aG/aku) - (aG/ax“)(aFléku) is the conventional

Poisson bracket. Now we can finally answer the question about the effect of
intrbducing a preferred coordinate system. Since transformation Q in (8) does not
depend on k, the nontrivial Poisson brackets in Eq.(9) vanish and D is simply the

congruent transformation of D: |
D =Q%*D«Q (10)

Therefore, in conclusion, Eq.(2) with D given by (7) holds in any slowly varying

cartesian coordinate system.The convenient choice is the system with e, along the

direction of the background magnetic field Bg. One can, of course, use a non-cartesian
coordinate system, such as the conventional base vectors ei=(exiiey)/\f2' and

e;=Bg/|Bg|. In this case we write S=S,e,+S.e.+S,e, , where S is either b, a, vy or

k. Then, in the new representation, the evolution of the amplitude A=(b_, b_, b;, a,, a.,

8z, Vo4 V- Vorz) IS described again by Eq.(2) with the dispersion matrix given by

[
¥



D=0 -k &k 0 e 0 0 oy O a (1)

-k, ik, 0 0 0 (& 0 0 oyl 2
0 0 0 -icopa 0 0 o+Q, O 0 | Vox
0 0 0 0 'i‘”pa 0 0 0y 0 | Vgy
|0 0 0 0 0 fiopy O ' 0 ©_| Vgz

where Q =tIQ .| with the signs again defined by the charge sign of species a.

Finally, we observe that as the result of the Hermiticity of D, Eq.(2) yields the

conservation law, i.e.,

4 oo, Fneeasop (12)
dxp' akp. ‘
In the cold plasma case described by dispersion matrix (7), Eq.(12) becomes
%‘l{+ VG =0 (13)

where
U=(B)+ EVBr+ N m (V)2 ; G=clExB,V16n

and (..) describes the averaging over the rapid phase v . Thus, we simply obtained

the energy conservation law for the perturbed fluid.

lIl. THE ANISOTROPIC PRESSURE MODEL
Addition of thermal effects modifies the momentum equations for various

species, which now become



‘ 1 1 |
M (Rt +V oV)V_=zeZ (E 4=V xB)-——VeP_ (14)

o
where the anisotropic pressure tensor P is described by: 4
9P [3t+P o (VV )+(P oWV ) +Q xP -P xQ =0 15
a a [»1 a a -a a a o

We neglected the heat flux in the last equation, i.e. assumed a sufficiently low
temperature case. The effect of collisions was also neglected for simplicity.
, At this point we shall choose the most simple equilibrium, i.e. assume the
Boltzmann distribution of the unperturbed density |

Nao(r) =naoexp[ieza¢(r)/'l' a] - (16)

with temperature T, constant throughout the volume. Also we shall use an isotropic -

pressure model in the equilibrium .
P =N (nT1 ' (17)
ad a0 1+

and assume no streaming in the fluid
Va0= 0 (18)

It-can be easily verified that Egs.(16-18) indeed describe a good equilibrium of

Eqgs.(14) and (15).
Now we shall linearize the momentum and pressure equations
12

1 a
| maaval/at = ﬂae(E# 5 valXBO) - N_a; VeP (19)

al

Py, N T27ev N TTY 1+VV 1O xP P’ 3@ =0  (20)
Jt ao'a " VaT a0 a [(VV g )+ al) PP Par 8™

Here we defined Py '= Py1/(To)2. It can be seen from Eq.(20) that Py’ is of
O(Ta”z). Let us make an additional ordering assumption, i.e. we shall treat the objects

kViho/@C = (Kac)(T /M) 1?2 as being of O(8). Then, to the lowest order, we can replace

the operator V in (19) and (20) by ik and d/at , in (20), by -iw. The result is

, 172
aVa i °Ta , .
ma—-‘—at =i:za9(E1-i-;ValXB°) - lrkopal (21)

al
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' . ' . 1/2 :
mPal+ '(anxpax' Paxeao) = NaOTa (k'vall + kva1+ Valk) | (22)
In dealing with Eq.(22), at this stage, we replace the vector product in the left hand
side by the equivalent matrix operations, i.e., write

. . . - ' ’ T
@70, PG =8, Py Py @)

al =a

where the matrix Qa is defined via

[0 i iQ
a0z aly
Q= Ky, 0 Ky, (24
i 'IQaOy IQcnOx 0 ]

It is convenient, at this stage, to introduce the representation in which Q,1s diagonal.

The desired base vectors are e,. and e, as defined above. In terms of these vectors
Q =Q(ee,- ee)s= Q (o0 -ee) (25)
where Q =t| Q ql. Inthis representation Eq.(22) is particularly simple and becomes,
written in components (we shall omit the subscript o for simplicity) - |
(0-Q)P, = NT"%(k v.+ kv,)
@+ P, =N T
(@-2Q)P. = 2N, T" %k, (26)

kv +Kv)

(©+29)P, =2N.T "%k v,
172
P, = N,T[2(k v+ kv,) + K.v,]
‘ 12
0P, =N,T (kv +kv,_+3kV,)

and for the remaining tensor elements

P_Z=P P_=P_ P--=P++ (27)

Z+ ] +2 z-!
Finally, we introduce new variables P, ,=P,,~N2 and P,,=(2P,,-P,,)NT0 and,

similar to the cold plasma case (see Eq.(6)) use the eikonal representation, i.e. define

the wave field Z via



" cByn)2] b
CE4/(4m)1/2 a

(Nom)1/2v1 v
.(TNO)-“2PZ+ Pz+|

Z= | TNgy12p,. | =Re || pp | expliv)

(TNgy172P_, .,
(TNO).1 /2P+ - Py -
(T No)'“zs.g..;. Pis

Egs. (3), (4), (21) and (26) can now be written in form (2) for the amplitude A=(b,'a, ".ov

Pz4+ Pz-s Pots Pies Piyes P2z2) with the Hermitian dispersion matrix given by (compare

with Eq.(11) for the cold plasma case)

Dbb

Dba

0

where the various matrixes are

Dbt>=Daa=

O O e
O - O
—_—0 O

- O O

O

|

=)
© o =
o = o

10

= Re[Aexp(iy)]

(28)

0
0
(29)
vv vp
D
vp  ppl
| 0+ o]
0 oQ 0 (30)
0 O,
-ik2 0 ik+
0o ik -k (31)
ik <k 0



11

(0 Bk, 0 Bk 2 Bk, 0
D, - Bk, 0 Bk, 0 2Bk 0O (32)
Bk, Bk 0 0 k2 5728k, | |

Q9 0 0 00
0 o 0 0 0 0
-2
D - 0 0o Y2 | 0 00 33)
0 0 0 (@2Q)2 o o
0 0 0 0 ® 0
| 0 0 0 0 0 o

Here B=vi,/c and we observe that the thermal effects are introduced via the coupling

matrix Dvp between the fluid velocity and pressure tensor perturbations. This

completes the derivation of the Hermitian form (2) for the anisotropic pressure fluid
model. |

We shall conclude this section by the following two remarks. The first is regarding
the validity of the model. We expect the fluid description to be valid in cases when the
phenomenon of interest involves interactions with the bulk of particle distributions.

_Therefore, such effects as the Landau damping by the distribution tails are clearly -

omitted from the fluid description. On the other hand, in the vicinity of the cyclotron

resonances, where @-nQ_~0(3), the bulk of the distribution of the corresponding

species is in the resonance, since, by our ordering assumption kvyp/wc~0(3) .

Therefore, the fluid description of the resonant cyclotron interaction can be expected to
be valid. This indeed will be demonstréted in the examples in Sec.Vl by a direct
comparison with the results of the kinetic theory.

The second remark is related to the energy conservation. Due to the hermiticity of
D, as in the cold plasma case, the anisotropic pressure model yields the conservation
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law of form (13). This is of course an expected feature of the theory, since the
. collisional dissipation was neglected. The energy conservation is especially important
in the context of possible localized linear mode conversion events in our multi-degree
of freedom system. The energy is conserved globally, still allowing the energy flux
redistribution in various channels (modes) when the local linear mode conversion

takes place.

V. CONGRUENT REDUCTION

Before proceeding to various examples, let us briefly describe the details of the
reduction procedure.e‘ The method is applied as follows. Consider an unreduced,
Hermitian, NxN dispersion matrix D characterizing a Hermitian problem, i.e. the case

described by Eq.(2). If any diagonal  element of D, say Dy , is of O(1), then the k-th
wave component Ay can be eliminated from the problem and the remaining N-1

éomponents are again described by Eq.(2), with D replaced by the reduced
(N-1)x(N-1) dispersion matrix DF given by

r . s ,
Dy=D;-D, DDy ¢ HK | (34)

This is the essence of the the Reduction Theorem proven in Ref.2. The case, when all

the diagonal elements of D are of O(3), but a non-diagonal element is of O(1), still
allows the reduction of order (even from N to N-2, in this case2). This situation,
however, is very rare and will not be discussed here.

Eq.(34) describes a single reduction step. The procedure is then repeated for the
reduced problem described by DT and so on, until one arrives at the final reduced

dispersion matrix. Df with all elements of O(8) . The final transport equation still has‘
form (2) but is irreducible within the geometric optics approximation. In the most simple,
doubly degenerate case, the rank of Dfis 2 and the transport equation describes the
pairwise mode conversion problem3. Examples of this type of problem will be given in
the next section.

We notice that according to Eq.(34), Dij" (i,j=k) differs from the original dispersion
matrix element only if both coupling elemgnts Dik and ij do not vanish. This is an

important observation because of the sparsity of many unreduced dispersion matrixes
(see, for example, Eq(29)). Indeed, we can shorten the reduction procedure, at each
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reduction step, by eliminating the amplitude component (say A) characterized by the

- smallest number of the non-vanishing coupling elements Djy (i#k). Three cases of

increasing corhplexity are then encountered frequently:
Case 1. Dy;=0 (i=k) . None of the components of the dispersion tensor are modified as

the result of the reduction in this case, i.e. Dijr = D;j (i,j#k), and component A, simply

drops from the problem [A,~O(8)].

Case 2. Dy#0, Dy;=0 ,i#l (i,l#k). Only one matrix element in changes in this case as
the result of the elimi-nation of Ay, i.e., the diagonal element D" = Dy, - lbkllz/Dkk- All
the rémaining elements Dijr=Dij (i,j#l).

Case 3. Dyj#0, Dym#0, Dy;=0, ilm (i, I, m=k). In this case four elements of D are

effected by the reduction, i.e., Dy, Drﬁm’ Dim and Dpy; |

Thus, in conclusion, the reduction algorithm is relatively simple for sparse

matrixes and the algebraic complexity increases rapidly when the matrix becomes
increasingly non-sparse as the resuit of the reduction. At this point we proceed to
examples in which Cases 1 and 2 above are the only ones encountered in the step by

step reduction process.

V. REDUCTION OF THE ANISOTROPIC PRESSURE MODEL AND

GYRORESONANT ABSORPTION
We return now to the anisotropic pressure fluid case and consider the electron

cyclotron frequency range, neglecting the ion contribution. Also, Eqgs.(26) show that
thermal effects are most important in the vicinity 'of the fundamental or second

harmonic gyroresonances (i.e., where w+Q, or w+2Q are of O(3)) since one expects

components p,. or p,,. to be relatively large in these regions. Consequently, we shall

neglect all the components of p but p,. (or p,. for the second harmonic case) in the

wave amplitude [Eq.(28)]. We shall consider the fundamental resonance first, so that
the amplitude vector is A=(b, a, v, p,.) , where v represents the perturbed electron

fluid velocity. Additional simplification is achieved by restricting the treatment to the
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~ perpendicular incidence case, i.e., ky=k, ky=K,=0, described by the unreduced

. dispersion matrix (see Eq.(29))

b, b, by a a a

o O 0 0 0
0 o 0 0 0
kN2 0

0 0 o kA2

0 0 -kN2 o 0 0
D=0 0 kW2 0 o 0

kW2 kW2 0 0 0 ®

0 0 0 g O 0O

0 0 0 0 o, O

o 0 o0 o0 0 -imb
o 0 o o o o

Ve V.V po
k2 0 0 0 0 |
<kN2 0 0 0 O

o 0 0 0

gy 0 0 0

0 ia)p 0 0

0 -0 icnp 0

0 oQ 0 0

0 0 o BkAN2

0 0 BkN2 tQ

a (35

Pz-

At this point we start the reduction procedurs, by focusing our attention on the

vicinity of the fundamental cyclotron resonance, w+Q~0O(8). We eliminate the

components b, b_, and v_ first. These reduction steps correspond to Case2 in Sec.lV

(ohly one non-vanishing coupling element in the dispersion matrix). As was shown
earlier, the reduction affects only the corresponding diagonal elements of the

dispersion matrix. The reduced émplitude becomes A=(b,, a,, a., a;, v, vz, Pz.) and

the corresponding reduced dispersion matrix at this stage is



bz a a 2 Y+ Vz Pz-

[ o kY2 k2 0 0 0 0 b,

k2 @ 0 0o o, 0 Y

k2 0 eoleQ) o o o 0  a

‘ D4 o0 0 0 oo 0 o, 0 % -~ (38)

0 i@, 0 0 o O 0 v,
0 0 0 do, 0 o pry2 v,

0 o 0 0 0 g2 w2

Now we can eliminate a, , again Case 2 in Sec.IV. We assume, of course, that the

corresponding diagonal element (m—k2/cn) is of O(1). The resulting dispersion matrix

describes amplitude A=(b,, a_, a., v, V5, P5.) and has the form

o k2 k2 0 0 0
iky2 ® 0 i, 0 0
iz 0 o0l 0 0
-2
D= 0 -icop 0 HQ 0 0 37)
A-k-e?)
0 0 0 o STk /Y2
w?—k?
. | o 0 0 0 B2 o+ |
y We observe now that the system splité into two decoupled problems for amplitudes

Ay=(bz, a,, a,v,) and Ao=(v,, p;.) characterized by dispersion matrices



o k2 kyZ 0
kK2 @ 0 i (@K~ a?) Wz
D,= ‘ 2- Q-2 ; Dol oK 38
Tz o0 o-0Q—? ) Wk , (38)
-0 | Y2 e
0 ‘i(Dp 0 (D'PQ-

It can be easily verified that D4 represents the usual cold plasma extraordinary mode,

which, obviously, is not influenced by thermal effects at the resonance. No coupling to
fluid-pressure modes takes place in this case. On the other hand, complete near

degeneracy of Dy requires

co(mz;kz-mgﬁ/{m2-k2) ~ O(5) | (39)

since Bk and w+Q are of O(3) by assumption. When Eq.(39) is satisfied, further
reduction of D5 yields singular coefficients and thus is forbidden within the geometric

optics approximatibn. The final near-degenerate dispersion matrix has the

D. 1 |
D.=|
2 [T\* Db] (40)

and the corresponding transport equation (2) serves as the system of

characteristic form

coupled mode equations:3 describing two weakly coupled modes,

Da=m(m2-k2—mp2)/(m2—k2)=0 (obviously the cold plasma ordinary mode) and
Dp=w+Q=0, which is the fluid pressure mode, carried by the component p,_ of the

pressure tensor perturbation. The coupling is due to the thermal effects and n=pk/N2
serves as a weak, aimost constant, troughout the degenerate region (normal

degeneracyz) coupling coefficient .
.Now we can find the transmission cosfficient of the ordinary mode through the

mode coupling region. The transmission, for general geometry, is given by3
) _ .
T=exp(-2zf|/B)) @41)

where
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3D, 2D, 3D, 3D,
B={D.D} .= -
{ a b}xo,ko axu- Bku aXP' akp. _

(42)
Xo ko

and is evaluated at the crossing point  Xg, kg (Dg=Dp=0 at xg, kg) which is defined

along the geometric optics ray generated by the dispersion D=0 (in our case the ray

for the ordinéry cold plasma mode). Evaluation of T in the case of interest yields

. nB2k2m2
T=exp|. ———2 (43)
2u0]keVQ|

This expression, for the perpendicular stratification of the magnetic field (VQ L By),

coincides with the result predicted by a more elaborate kinetic theory.5 Note that
Eq.(43) was derived by using the multi-dimensional mode conversion theory3 and,
therefore, is not limited to the case of the perpendicular stratification and can be used

in plasmas of arbitrary geomstry. |
At this stage we proceed to the second harmonic case and thus retain the

component p_. in the amplitude instead of p_,. Thus the unreduced amplitude

becomes A=(b, a, v, p,.) and the corresponding dispersion matrix is [see Eq.(29)]
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b, b. b, a, a a Ve V.V D,
@« 0 0 0 0 kN2 0 0 0 0 T,
0 @ 0 0 0 kN2 0 o0 0 0 |b.
0 0 o ikWZ kZ 0 0 0 0 0 b,
0 0 -kWN2Z @ 0 0 oy 0 0 0 B,
D={0 0 kN2 0 © 0 0 gy 0 0 fa (44

kV2ikKN2Z 0 0 0 o 0 o 0, 0 o

0 0 0 0 -ia)p 0 0 o-Q 0 0 A

c 0 o0 O 0 +dop 0 0 o 0 W

o 0 0 © 0 0 B2 0 0 (@+20)3 P,

As before, for simplicity, we restricted the treatment to the perpendicular incidence
case (ky=K, ky=kz=0)§ Now we observe that elimination of components b_, b_, v. and

vz, again corresponds to Case 2 in Sec. IV. The resulting matrix



b, a, a az Vi Ps-
o k2 k2 0 0 0 b,
kK2 o 0 0 o, 0 a,
. A m_,.fze_ 0 0 0 a
0-Q '
. D= 2 | (45)
K +a?
0 0 0 . P90 0 a,
o
0 dw, o 0w BRZ| Y,
o o0 o0 0 pufz =X | P,.

describes the amplitude A=(b,, a,, a., az, v,, p+-). Now , obviously, component 'az can

be simply omitted (Case 1 in Sec.lV) and a. can be reduced as Case 2. The result is

bz

(@-Q)(2w2-KD) - 2002

) 2(wP-0Q-0?)

k2

0

0

Next, we reduce b,, which results in

a,
ikiy2
10))

-IO)p

0 pefz &

[ (wP-k2) [20(@-Qr0l-wl?

(0-Q)(20™k’) -
-icop

0

2
anop

Vi
0

I(.')p

o+Q

IIO)p

o+Q

Biy2

P+

0

0

B2

0

piiy2

+2Q

2 |

bZ
% 46)
v+
P,.
47)

describing A=(a,, v,, p,.). Finally, reduction of a, (again Case 2) yields the final

characteristic matrix
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2m[(m2-k’)(mz-nz-mg)—mg(coz—wg)]

B2 D 1

f (coz—kz)[Qm(m-Q)—mgl ~ ol _| @ (48)
n* D,

B2 wa

describing the remaining amplitude components A=(v_, p,.). Similar to the ordinary
mode case, one finds a possibility of a complete near-degeneracy of this matrix when
2af(@?—K) (@ -0~ 00X 0?-uD)]
D = ~ O(9)

a 49)
(mz—kz)[Zm(co—Q)—cog]—mgmz

D, = (@+2Q)2 ~ O(3) (50)

Condition D,=0 yields the cold plasma extraordinary mode dispersion relation, so that,

in the degenerate region, (48) describes the coupling between the extraordinary mode

and the the fluid press.ure mode (Dp~0), associated with the excitation of component
- p,4- of the perturbed pressure tensor. The element n=[3k/~/§ in (48) serves as a weak

[O(8)] coupling coefficient.
At this stage we can find the transmission of the extraordinary mode at the

second harmonic through the mode conversion region. Again we shall use expression

(41) for the transmission coefficient, yielding

nszzmg (mLkz)[Zm(m—Q)-wg]—mzmg

(51)
4lke VQ)| w(mz-nz-mg)

T=expy -

Note that since Eq.(51) is evaluated at the crossing point, where D;=Dp=0, we can

substitute w=-2Q and ‘
w?—k2= AP~/ (P -Q%-w?) (52)

Then, after some algebra, the transmission coefficient becomes
2, 2
np3k cog 30)2-2@%
P |keVQlw 30)2-40):

T=ex (63)

again in a full agreement with the results of the kinetic theory5 in the case of the

perpendicular stratification of the background magnetic field (Bg L VQ ).
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V1. CONCLUSIONS

i. It was shown here that the unreduced anisotropic pressure, muiti-fluid
plasma model can be formulated'in the Hermitian form (2), characterized by dispersion
matrix (29). Consequently, within the model, all waves in a weakly varying plasma can
be dealt with within the framework of the congruent reduction method.2 This method
automatically yiélds either a single PDE describing one of the wave components in
the non-degenerate plasma case, or a system of coupled mode equations (two'
coupled PDE's) in nearly degenerate plasma regions, where the mode conversion
takes place. Thus the degenerate case reduces to the multi-dimensional mode
conversion problem, solution of which for general geometry is already known.3

ii. Examples of application of the reduction algorithm in the vicinity of the
electron fundamental and second harmonic gyroresonances, in Sec. V, demonstrate
our systematic approach to the reduction of order. The procedure yields the
characteristic coupled mode system at the resonances suggesting the .interpretation of

- the gyroresonant absorption as the mode conversion from the electromagnetic mode to
a fluid-pressure mode. The transmission coefficients thus obtained were found in a

complete agreement with the predictions of the fully kinetic theory.5
iii. We have considered the normal incidence case (k1Bg) and single species

plasma in the examples in Sec.V . Nevertheless, since the method is general, it can be
automated by using a computer, thus allowing the study of much more complicated
mode interactions such as those in muiti-species plasmas of arbitrary geometry, where
the usual theories are typically restricted to slab models and become extremely
elaborate and non-trivial.

iv. The possibility of formulating both the cdld plasma and the anisotropic
pressure fluid models in the Hermitian form suggests that higher moment equations,
and possibly the kinetic problem in the absence of collisions, also comprise the
Hermitian case. We shall address this problem in our future studies.
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