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On Thermohydrologic Conditions near High-level Nuclear 
Wastes Emplaced in Partially Saturated Fractured Tuff 

Abstract 

Part 2. Effective Continuum Approximation 

K. Pruess,J.S.Y. Wang, andY.W. Tsang 

Earth Sciences Division, Lawrence Berkeley Laboratory 

University of California, Berkeley, California 94720 

This paper presents an effective continuum approximation for modeling of fluid and 
heat flow in fractured porous media. The approximation is based on the thermohydrolo­
gic behavior observed in detailed simulations with explicit consideration of fracture 
effects (see the companion paper; Part 1, this issue). The crucial concept in the develop­
ment of an effective continuum approximation is the notion of local thermodynamic 
equilibrium between rock matrix and fractures. Where applicable it provides a substan­
tial simplification of the description of fluid and heat flow in fractured porous media. We 
derive formulas for effective continuum characteristic curves (relative permeabilities and 
capillary pressures) in terms of the properties of fracture and matrix continua, respec­
tively. Numerical simulations demonstrate that under favorable conditions the effective 
continuum approximation closely matches predictions obtained from an explicit model­
ing of fracture effects. It is also demonstrated that the approximation breaks down under 
unfavorable conditions (very tight rock matrix). A simple criterion for the applicability 
of an effective continuum approximation is derived from consideration of diffusive 
processes. A quantitative evaluation shows the criterion to· be consistent with results of 
our numerical simulations. 
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1. Introduction. 

This is the second of a series of two papers dealing with the thermal and hydrologic 

conditions following emplacement of high-level nuclear waste packages in a partially 

saturated formation with both fracture and matrix porosity and permeability. In the com­

panion paper (Part 1, this issue) we presented numerical simulations of the complex fluid 

flow, heat transfer, and phase transformation processes induced by a strong heat source in 

an unsaturated fractured-porous medium. Our aim in those simulations was to obtain 

detailed insight into" the thennohydrologic behavior on the scale of individual fractures 

and matrix blocks. However, an approach in which detail on a millimeter and sub­

millimeter scale is resolved is clearly not suitable for describing the behavior of flow sys­

tems on a large scale (of the order of 1 km) or for extended periods of time (102-104yr). 

The ''explidt discretization'' approach followed in the companion paper is straight­

forward conceptually, and it is well suited for fundamental studies of idealized systems, 

but it is not practical for most ''real' ' problems, where the amount of geometric detail 

and complexity would be far beyond the capacity of digital computers. Even if computa­

tionally feasible, a detailed explicit treatment of all fractures would hardly seem desir­

able in practice, except perhaps for systems with extremely sparse fracturing. Available 

field data on fracture distributions are typically rather incomplete. Moreover, in modeling 

thennohydrologic conditions one is usually interested in predicting averages over some 

macroscopic scale, and too much detail on the level of individual fractures would be 

redundant. It is the purpose of the present paper to introduce an approximation for 

modeling of fluid and heat flow in fractured-porous media which, when applicable, can 

provide a highly simplified yet accurate description. We seek to develop an approach 

which will be useful for describing multi-phase fluid and heat flow in large flow regions 

containing ubiquitous well-connected fractures. 

A powerful approach to modeling of flow in fractured media is the double-porosity 

method, originally developed by Russian hydrologists (Barenblatt et al., 1960), and intro­

duced into the petroleum literature by Warren and Root (1963). In this method, a 
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fractured porous medium is partitioned into (1) a primary porosity, which consists of 

small pores in the rock matrix, e.g., intergranular vugs or vesicles, and (2) a secondary 

porosity, consisting of fractures and joints. Each of the two porosities is treated as a con­

tinuum, whose properties can be characterized by means of the customary porous 

medium properties, i.e., permeability, porosity, and compressibility. Flow within each 

continuum is assumed to be porous flow, governed by Darcy's law. The global flow in the 

medium occurs only through the fracture continuum, while fractures and rock may 

interact locally by means of "interporosity" flow. In the classical double-porosity work, 

a quasi-steady approximation was made for interporosity flow, which is usually satisfac­

tory for problems involving isothermal single-phase flow (Moench, 1983). However, in 

problems involving multi-phase fluids with large and varying compressibility, and cou­

pled fluid and heat flow, the period of transient flow between matrix and fractures can be 

very long. For this type of problem, the double-porosity method was extended to a 

method of multiple interacting continua (MINC) by Pruess and Narasimhan (1982, 

1985). The MINC-method treats interporosity flow in a fully transient way, using numeri­

cal methods. 

The assumption that global flow occurs only through the network of well-connected 

fractUres breaks down for multi-phase systems with strong capillary effects. Depending 

on overall phase composition, the wetting phase(s) will preferentially occupy the small 

pores in the rock matrix, while the non-wetting phase(s) will tend to reside in the largest 

voids, i.e., in the fractures (Wang and Narasimhan, 1985). If the phases tend to be highly 

segregated between primary and secondary porosity, then global flow of the wetting 

phase will take place through the primary porosity, crossing fractures at asperity con­

tacts. Flow systems with two kinds of global flow have sometimes been referred to as 

''dual-permeability'' reservoirs (Miller and Allman, 1986); they are encountered in par­

tially saturated groundwater systems (Wang and Narasimhan, 1985), in geothermal reser­

voirs (Pruess, 1985), and in oil and gas fields (Dean and Lo, 1986). Modeling of flow in 

these systems is complicated by the fact that flow geometry may be different for different 

phases, e.g., for the non-wetting phase flow in the matrix blocks may be local and one­

dimensional (toward the fractures or into the blocks), while for the wetting phase there 
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may be throughflow through the blocks in a global sense. 

Rather than going to approximations which are more complex than the double­

porosity concept, we pursue in the present paper a much more simplified approach, in 

which we attempt to approximate fluid and heat flow in a fractured porous medium by 

means of a single effective or "equivalent" continuum. An "equivalent" continuum 

may be defined as one that will yield the same mass fluxes, and temperature, pressure, 

and saturation distributions as an explicit discrete fracture-porous matrix model, given 

the same initial and boundary conditions. 

Possibilities and limitations for representing the permeability of a fracture system 

by means of an equivalent porous medium have been studied by Long et al. (1982). 

These authors have considered steady isothermal single-phase flow in fracture networks, 

with completely impermeable matrix. The main emphasis of the work by Long et al. was 

on sparsely fractured systems with fracture density not greatly exceeding the percolation 

threshold. In contrast, we are dealing with highly fractured flow systems (fracture spac­

ing of the order of 1 ft), where a continuum treatment of fracture permeability on a scale 

large compared to matrix block sizes appears unproblematic. However, we are interested 

in processes which involve extensive boiling of formation water in the matrix, so that 

matrix porosity and permeability cannot be ignored. The main issue then becomes how 

the interaction between fractures and permeable rock matrix can be accounted for in 

non-isothermal multi-phase flow. 

Our effective continuum approach for describing flow in well-connected fractured­

porous media is based on intuitive notions for the behavior of such systems, and on 

insights gained from detailed numerical simulations (see the companion paper; Part 1, 

this issue). We present a simple formalism which allows us to compute characteristic 

curves (relative permeabilities and capillary pressures) for the equivalent continuum in 

terms of characteristic curves of the matrix and fracture continua, respectively. Results 

of numerical simulations indicate that under favorable conditions the effective continuum 

approach can closely approximate the behavior of a fractured porous medium. We also 

discuss and demonstrate conditions for which the effective continuum approximation 

breaks down, and derive criteria for its applicability. 

)' 
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The effective continuum concept had been originally introduced in ad hoc fashion 

(Pruess et al., 1985), in a form that was applicable only to conditions and processes 

where phase saturations in the fractures remained essentially constant. In this paper we 

give a more general treatment, which is applicable to the entire range of saturation condi­

tions, from single-phase gas to two-phase gas-liquid to single-phase liquid. 

2.0 The Concept of Effective Continuum. 

When a fractured porous medium with well-connected fractures and a tight rock 

matrix is subjected to a hydrologic or thermal perturbation, it will undergo a change in 

thermodynamic conditions which will tend to propagate rapidly through the fractures but 

will migrate only slowly into the tight unfractured rock. Because of the different 

response times of fractures and rock matrix, in general a disequilibrium will evolve in 

which there may be considerable differences in temperatures and (liquid and gas) phase 

pressures between fractures and matrix. Also, liquid saturation in the rock matrix will 

evolve in a non-uniform fashion, because regions deep inside the matrix blocks will be 

slower to respond to external perturbations than regions near the block surfaces. The 

magnitude of these differences will depend upon the relative time scales of the external 

perturbation, and the equilibration process between fractures and rock matrix. This is 

illustrated in Figures 15 and 16 of the companion paper (Part 1, this issue), which show 

that with increasing distance from the waste packages matrix blocks tend to respond 

more uniformly. If the rate of change in thermodynamic conditions caused by the exter­

nal perturbation is "sufficiently" slow and the equilibration between fractures and rock 

matrix "sufficiently" rapid, then fractures and rock matrix will remain in approximate 

thermodynamic equilibrium locally at all times. In this case, the description of the ther­

mohydrologic processes can be simplified considerably, because it is not necessary to 

keep track of the changes in fracture and matrix conditions separately, the two being 

linked by local thermodynamic equilibrium. Therefore, one (complete) set of thermo­

dynamic variables will be sufficient to characterize the state of the system locally, and it 

should then be possible to represent the fractured porous medium by means of a single 

effective continuum. 
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From the discussion given above it is clear that the feasibility of an effective contin­

uum description will depend on the nature of the external perturbation, upon the proper­

ties of the fractured porous medium, and upon the space- and time-scales of observation. 

It is an approximation which should never be used indiscriminately but needs to be care­

fully evaluated for any particular set of circumstances and conditions. 

When an effective continuum approximation is applicable, it is necessary to obtain 

expressions for the effective continuum parameters in terms of properties of the intact 

matrix rock, and the network of interconnected fractures. Denoting quantities pertaining 

to fractures with subscript f and to rock matrix with subscript m, we have for a volume V 

of the system 

V=Vm+Vr (1) 

Let c!»m be rock matrix porosity, i.e. the void fraction of intact rock, and c!»r porosity of the 

fractures. Under idealized circumstances the fracture domain might be considered to 

consist entirely of void space (<!>r=l); however, "real" fractures will in general have 

considerable roughness and may contain fill, so that <l>r<l. The partitioning into matrix 

and fracture domains is not unique but partly a matter of convenience. For certain 

analysis it may be advantageous to include wall rock to a certain depth into the ''fracture 

domain''; in such a case c!»r<l or c!»r<l is possible (see Table 2 of the companion paper; 

Part 1, this issue). 

We define "equivalent continuum" porosities as the fractions of total volume V that 

represent voids in matrix and fracture domains, respectively. Thus we have 

- Vm 
c!»m = cl>m- (= c!»m if Vr < Vm), and v (2a) 

(2b) 

An analogous averaging formula can be used to compute effective continuum liquid 

saturations, in terms of the matrix and fracture saturations, Sz,m and Sl.f: 

(3) 
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The treatment for effective continuum characteristic curves is considerably more 

difficult To obtain useful results, it is necessary to assume that the absolute continuum 

permeabilities of matrix and fractures can be treated as scalars. In the appendix we show 

that it is possible to derive an expression for total (liquid or gas) phase flux, which can be 

interpreted as referring to a single effective continuum with absolute permeability, 

-
k=km +kr , (4) 

and relative permeability, 

(5) 

- -
Here km (kr) is the equivalent single-phase continuum permeability of the matrix (frac-

tures) and k~·m (k~,r) is the corresponding relative permeability for phase 13 (= liquid, 

gas). Note that different relative permeability functions are expected to apply in matrix 

and fractures. An equation equivalent to (4) was recently used by Klavetter and Peters 

for liquid phase flow (Klavetter and Peters, 1986; Peters and Klavetter, 1988). 

In these equations, we have defined relative permeabilities relative to total single 

phase permeability k, so that 0 S k~ S 1. Alternatively, the reference continuum permea-
-

bility may be chose~ as km, the permeability of the unfractured rock matrix, so that 

-
k=km, (6) 

and 

- -
.. km + kr kr 
k~ =~ · _ =k~,m + ~ k~,f. (7) 

km km 
This is the normalization that was previously chosen by Pruess, Tsang, and Wang .. 

(1985). The special approximations for k~ made in the Pruess et al. paper were possible 

because k~.f remained essentially constant throughout the processes considered. 

The quantitative evaluation of the effective continuum relative permeabilities is 

straightforward Given a certain average liquid saturation S1, the corresponding liquid 

saturations S1,1 and St,m in fractures and matrix can be found from Equation 3 and the 
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condition of suction equilibrium (see appendix): 

Ps.f (Sl,f) = Ps,m (Sr,m)· (8) 

Here P5 is the (negative) suction pressure, representing capillary and phase adsorption 

effects. Knowing the saturations in matrix and fractures, one can evaluate the effective 

continuum relative permeabilities by explicit computation from Equation 5 or 7. Exam­

ples are given in Figures 1 and 2. These refer to the two cases with initially immobile 

and mobile liquid in the fractures, respectively, which were presented in the companion 

paper (Part 1, this issue). When plotted on a log-log scale versus gas saturation, it is seen 

that effective liquid relative permeabilities · exhibit a characteristic "double-hump" 

shape. This is caused by a sharp reduction in liquid permeability in the fractures for 

rather small average gas saturations. Similar effective liquid phase penneabilities had 

been proposed previously by Peters and Gauthier (1984), Montazer and Wilson (1984), 

and Peters and Klavetter (private communication, 1985; 1988). However, these authors 

did not consider gas phase and non-isothermal effects, and based their model on capillary 

equilibrium between matrix and fractures. 

The approximation of treating permeability as a scalar may or may not be realistic, 

depending upon fracture geometry and waste package arrangement. For the idealized 

geometry treated in the companion paper (Figure 1 of Part 1, this issue), this approxima­

tion is accurate because for the particular geometry considered the pressure gradient 

driving glob~ flow is parallel to the fractures. 

3.0 Numerical Simulations. 

We have applied the formulas given in the previous section to obtain effective con­

tinuum parameters for the fractured porous medium considered in the companion paper 

(Part 1, this issue). Subsequently simulations of thermohydrologic conditions following 

waste emplacement were carried out for the same initial, boundary, and source condi­

tions as studied in the companion paper. Note that in an effective continuum approxima­

tion flow around an infinite linear string of waste packages (Fig. 1 of the companion 

paper) has one-dimensional cylindrical symmetry. There is no flow between matrix and 
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fractures in the axial direction, the entire medium being represented as one single contin­

uum. In our computations we used a one-dimensional grid with cylindrical symmetry, 

which corresponds to one symmetry element of our idealized emplacement configuration. 

Grid block radii were identical to those used in the explicit fracture calculations (Table 3 

of the companion paper). Typical CPU times for effective continuum calculations on a 

Cray X-MP computer were (Case 1, liquid immobile in fractures) 97.9 s for 5 years phy­

sical time, 311.8 s for 100 years, and 358.1 s for 1,000 years. This is comparable to exe­

cution times for porous medium calculations without fracture effects, while explicit frac­

ture calculations were slower by a factor of about 20. Results of calculations for 

backfilled emplacement conditions are given in Figures 3 - 11. Comparison with explicit 

fracture calculations presented in ~e companion paper, and with porous medium calcula­

tions with no allowance for fracture effects, reveals the following trends. 

Overall there is excellent agreement between the explicit fracture and the effective 

continuum calculations. Temporal and spatial variations ~f thermodynamic parameters 

(t~mperature, pressure, saturation) agree closely while the results obtained from the "no 

fractures" calculations (unmodified rock matrix parameters) are generally rather 

different. The effective continuum model can simulate the heat-pipe effect (vapor-liquid 

counterflow) in a fractured porous medium which keeps the temperature near the heat 

source near 1 00°C for a short period of time in Case 1 with liquid immobile in fractures 

(Fig. 3) and for an indefinitely long time in Case 2 with liquid mobile in fractures. 

Without taking into account the fractures which are the main conduits for gas-flow from 

the canister to the ambient rock, the ''no fractures'' calculations will predict higher tern­

. perature near the canister. The effective continuum model also reproduces the saturation 

and pressure field much better than the "no fractures" calculations (Figs. 4 and 5 for 

Case 1 and Figs. 8 and 9 for Case 2). It seems particularly significant that gas and liquid 

flow rates in the effective continuum model show very close agreement with those 

predicted from the explicit fracture calculations. The flow rates depend on the gradients 

of .the thermodynamic state variables (pressure, temperature, saturation), providing a 

very sensitive measure of the behavior of the system. Minor quantitative differences 

between explicit fracture and effective continuum results can be readily understood from 
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the nature of the approximations made in the effective continuum model. For example, 

Figure 3 shows that the effective continuum temperatures in Case 1 (liquid immobile in 

fractures) remain slightly longer near 100°C than predicted from the explicit fracture 

model. This occurs because in the effective continuum model liquid can vaporize locally, 

and the vapor generated from boiling immediately has the large fracture permeability 

available. In the explicit fracture model on the other hand the liquid and/or vapor phases 

must first flow a short distance ( < 11 em) through the low-permeability matrix. This 

requires a pressure gradient (see Figure 16 of the companion paper) as well as a tempera­

ture gradient between matrix and fractures. Related to this feature is that the heat pipe 

(vapor-liquid counterflow) process in the effective continuum is slightly more efficient 

than in the explicit fracture system, because the resistance for matrix-fracture flow is 

absent in the former. This can be seen in Figures 6, 7 (Case 1) and 10, 11 (Case 2) from 

the fact that near the inner boundary of the heat pipe mass fluxes in the effective contin­

uum are slightly larger (note the logarithmic scale). 

The results given in Figures 3 - 11 substantiate the accuracy of the effective contin­

uum approximation for the early time period of heating and partial drying near the waste 

packages. Because of the large amount of computing work associated with explicit frac­

ture calculations a comparison with effective continuum predictions could only be made 

for a rather short ti~e following waste emplacement. We expect the validity of the 

effective continuum approximation to be process-dependent, so that a verification for a 

wider range of conditions and parameters is desirable. For example, one may wonder 

how well the effective continuum approximation will work at later times, e.g., during the 

process of cooling and resaturation following attainment of peak temperatures. 

In order to accomplish an evaluation of the effective continuum approximation for 

processes and conditions at later time we proceed as follows. We first run an effective 

continuum calculation out to the time at which a comparison is desired. Then we use the 

effective continuum results to initialize an explicit fracture calculation, utilizing the 

assumption of local thermodynamic equilibrium between matrix and fractures to generate 

the initial conditions. This requires solution of the non-linear Equation (8) with the con­

straint Eq. (3) for each grid block of the effective continuum model, which is 
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accomplished by means of Newton-Raphson iteration. Subsequently the problem is res­

tarted in two alternative ways, using either an explicit fracture or an effective continuum 

approach, so that the desired comparison can be made. An added difficulty here is that at 

later times all transient changes take place at much smaller rates than in the initial period 

following waste emplacement, so that the precise level of (dis-) agreement between 

explicit fracture and effective continuum calculations is much more difficult to ascertain~ 

Further complications arise from somewhat different space- and time-discretization 

effects in the two models. 

We have performed two sets of comparative calculations for backfilled emplace­

ment conditions and Case 1 (liquid immobile in fractures) hydrologic parameters. One 

set of calculations was initialized at t = 5 'yr after waste empJacement; corresponding to 

the period where formation temperatures and extent of the dried zone approach a max­

imum. The second set of calculations was initialized at t = 26.28 yr after emplacement, at 

which time resaturation is taking place in the vicinity of the emplacement hole. In ~e 

effective continuum calculation, grid element #3 at a radius of 0.366 m (see Table 3 of 
( 

the companion paper) is beginning to resaturate at 26.40 yr, or 45.1 days subsequent to 

restarting at 26.28 yr. Here we will summarize the main features of these calculations 

with respect to the validity of the effective continuum approximation; the reader 

interested in a more detailed discussion and comparison of the calculations is referred to 

a laboratory report (Pruess et al., 1987). 

In Figure 12 we have plotted radial heat flow at 5 yr after waste emplacement, and 

at the end of a subsequent 190.2 day restart period. It is observed that, because of slowly 

declining heat output from the waste packages (see Figure 9 of the companion paper), 

heat flow rates during the 190.2 day simulation period decline for r < 8 m while they 

increase at larger distance. In the region of 2.7 m < r < 5.5 m heat transfer is accom­

plished by a heat pipe mechanism (note the flat temperature profile in this region, Fig. 

12), while at smaller and larger distance from the waste packages heat transfer is mainly 

conductive. In the region interior to the heat pipe, heat flow rates for explicit fractures 

and effective continuum agree well. Throughout the heat pipe region the effective contin­

uum approximation overpredicts total heat flow by 4% in comparison to the explicit 
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fracture results, indicating that the effective continuum provides a slightly more efficient 

heat pipe mechanism than the flow system with explicit fractures. This can also be seen 

from the total rates of radial liquid flow shown in Figure 13. At the inner boundary of the 

heat pipe, near r = 2.7 m, inward liquid flow in the effective continuum model is approxi­

mately 30% larger than for explicit fractures, while for r > 3 m there is excellent agree­

ment between the two descriptions. As had been pointed out above, the slight difference 

in heat pipe behavior can be explained in terms of some added flow resistance in the 

matrix in the explicit fracture model, which is absent in the effective continuum. 

The explicit fracture and effective continuum calculations initialized at 26.28 yr 

after waste emplacement covered a 221.1 day period, showing excellent agreement 

between the two descriptions with again a slightly more efficient heat pipe in the effective 

continuum (see Table 1). This causes temperatures in the conduction region interior to 

the heat pipe to be slightly (1 °C) h1rger in the explicit fracture model. The temperature 

gradient is approximately l0°C/m near the inner boundary of the heat pipe (r = 3.5 m), so 

that a 1 °C difference in temperature corresponds to a 10 em difference in effective heat 

pipe length. This is a small effect indeed considering that total heat pipe length is approx­

imately 4.7 m. 

From the calculations presented above ·we conclude that the effective continuum 

approximation closely mimics the thermohydrologic behavior of the explicit fracture 

model for the particular parameters and conditions used. Both descriptions produce the 

same system behavior, and all fluid and heat flow rates agree to within a few percent 

everywhere except in a narrow region near the inner boundary of the heat pipe. This 

slight discrepancy occurs because in the effective continuum approximation the heat pipe 

mechanism is slightly more efficient, with vapor being able to take advantage of the large 

fracture permeability without any impedance from the rock matrix. 

4.0 Calculations for a Case with Tight Matrix. 

Recent measurements have suggested that the value of 32.6 microdarcy used for 

matrix permeability in the simulations discussed above may be high, and that a value of 

1.9 microdarcy may be more representative of the Topopah Spring densely welded tuff 
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(Braithwaite, personal communication, 1984). For such a tight matrix the process of ther­

modynamic equilibration between fractures and matrix may be considerably slower, 

which raises questions about the applicability of an effective continuum approximation. 

We have performed explicit fracture and effective continuum calculations for a 

matrix permeability of 1.9 J.Ld. All other parameters were chosen as in Tables 2 and 3 of 

the companion paper (Part 1, this issue). Results given in Figures 14 and 15 show that in 

comparison with explicit fracture calculations the effective continuum approximation 

overpredicts gas and liquid flow rates by a factor of about 2. The short temperature pla­

teau in the effective continuum m~l near r = 0.8 m (Fig. 16) indicates the presence of a 

heat pipe mechanism which because of the low matrix permeability is suppressed· in the 

explicit fracture calculation. These observations as well as a more detailed analysis of the, 

tight matrix calculations in a laboratory report (Pruess et al., 1987) demonstrate that the 

effective continuum approXimation breaks down when the matrix is too tight and approx­

imate local thermodynamic equilibrium cannot be maintained. 

5.0 Applicability of Effective Continuum Approximation. 

Before applying an effective continuum approximation for modeling thermohydro­

logic processes in a partially saturated fractured-porous medium it is necessary to estab­

lish the validity of the approximation for the conditions under study. One way of doing 

this is by comparing effective continuum calculations with results obtained for an explicit 

representation of fractures. However, explicit fracture calculations are tedious and 

costly, and a simpler means of ascertaining applicability of an effective continuum 

approximation is desirable . 

For the idealized flow geometry considered in the present study (see Fig. 4 of the 

companion paper; Part 1, this issue) we examine the diffusive processes of gas, liquid, 

and heat flow in r- as well as z-direction. In radial flow governed by a diffusion equation 

it is possible to define a ''radius of investigation'' 

(9) 

which provides a measure of the radial distance to which a perturbation imposed at t = 0, 
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r = 0 will propagate after timet (Matthews and Russell, 1967). Note that ri is only an 

approximate measure because diffusive processes are characterized by broad distribu­

tions rather than sharp fronts. The parameter Dr is the d.iffusivity appropriate for the pro­

cess under consideration. It is Dr = K/pc for heat conduction, and Dr = ki<I>~J.L for fluid 

flow. Here K is thermal conductivity, pis density, cis heat capacity, k is permeability, <1> 

is porosity,.~ is compressibility, and J.1 is fluid viscosity. 

Similar considerations can be made for linear diffusive flow perpendicular to the 

fracture planes. We define a penetration depth 

Z=~, (10) 

where Dz is the appropriate diffusivity for flow in the matrix perpendicular to the frac­

tures. In a heat conduction problem this corresponds to the depth at which the tempera­

ture change in a semi-infinite solid at initially uniform temperature amounts to 48% of a 

step change imposed at t = 0 at the boundary z = 0 (Carslaw and Jaeger, 1959). 

We are now in a position to develop a criterion for the validity of the effective con­

tinuum approximation. Consider a radially symmetric flow system as shown in Figure 4 

of the companion paper (Part 1, this issue) being subjected to a perturbation at ''small'' r 

at time t = 0, which at time t will have propagated to a radius ri given by Eq. (9). Furth­

ermore, consider a time increment 

(11) 

for which according to Eq. (10) the diffusive process(es) perpendicular to the fracture 

plane will penetrate all the way to the center plane of the matrix (fracture spacing 2L). 

During the penetration time tL the radius of investigation will increase by 

Mj = 2 [ 1fir(t+tt) - ~] 

(12) 

An effective continuum approximation should be applicable when the diffusion in 

z-direction is fast enough so that during the penetration time tL the advancement &-i of 

the radial diffusion is "small." This leads us to propose the following condition as being 
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sufficient to ensure validity of the effective continuum approximation: 

(13) 

From Eqs. (11) and (12) this can be rewritten as 

(14) 

Alternatively, using Eq. (9) the criterion can be stated in terms of the radius of investiga­

tion 

(15) 

Based on the above derivation, either of Eq. (14) or (15) should provide a sufficient 

criterion for the applicability of an effective continuum approximation. Note that, 

regardless of the applicable thermal and hydrologic parameters, an effective continuum 

approximation will be valid at "sufficiently'' large times or radial distances. At this point 

we have not attached a precise quantitative meaning to the inequalities (14) and (15). 

Diffusive processes are characterized by very broad fronts, so that it is not clear by what 

factors time or distance should exceed the above estimates to provide for ''approximate'' 

local equilibrium between matrix and fractures. 

We wish to point out the analogy between a fractured porous medium and a layered 

formation. It is well known that the pressure responses in different layers of an aquifer 

converge towards a uniform behavior for sufficiently large times and distances (Javandel, 

1968). 

In order to apply the criteria derived above it is necessary to identify the 

diffusivities to be used in Eqs. (14) and (15). For Dr the diffusivity corresponding to heat 

conduction is appropriate, as this provides the mechanism for radial propagation of the 

imposed perturbation. It is not quite so clear what the appropriate choice for Dz should 

be, because the interchange between matrix and fractures involves two-component two­

phase fluid flow as well as heat conduction. In two-phase systems compressibility can 

become a very complex parameter, because pressure propagation is coupled to tempera­

tures which are buffered by the heat content of the solid (Sorey et al., 1980). For the 

present problem we believe that the most appropriate diffusivities for characterizing flow 

·? 
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in the matrix perpendicular to the fractures are the diffusivities for single-phase gas flow, 

and for single-phase capillary-driven liquid flow. The reason for this is that because of 

the predominantly radial heat flow, temperatures at a given radial distance r do not 

depend strongly on the location z in the matrix. Certainly when an effective continuum 

approximation is applicable temperatures and pressure will depend primarily on radius r, 

being only weakly dependent on z. Then most phase change effects will take place near 

the matrix-fracture interface. 

Diffusivities for the thermal and hydrologic parameters used in our simulations (see 

Table 2 of the companion paper; Part 1, this issue) are given in Table 2. Note that the 

diffusivities for liquid and gas flow are of similar magnitude. They are larger than the 

thermal diffusivity for the calculations with large matrix permeability (32.6 J.Ld), but are 

smaller in the case of a tight matrix (1.94 Jld). Taking Dr= 8.16 x 1o-7 m2/s and using 

for Dz the smaller of the gas and liquid diffusivities, inequalities (14) and (15) for the 

validity of the effective continuum approximation take on the following form: 

(a) for large matrix permeability (32.6 J.Ld) · 

t >> ~583 s, or 0.053 days 

ri>> 0.122 m; and 

(b) for tight matrix ( 1.94 J.Ld) 

t >> 7.71 x lets, or 0.89 days 

ri >> 0.502 m . 

Our comparisons between effective continuum and explicit fracture calculations 

were made at a time of 160·days (or larger) for the case with large matrix permeability, 

and at a time of 36.5 days for the tight matrix case. These times exceed the right hand 

side in the above inequalities for time by factors of 3016 (or more) and 40.9, 
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respectively. The excellent agreement between effective continuum and explicit fracture 

calculations observed for the case with large matrix permeability (Figs. 3-13) indicates 

that a factor of order 3000 in the time inequality is ''sufficiently'' large, while for a factor 

of order 40 significant deficiencies of the effective continuum approximation are 

apparent (Figs. 14-16). Because of the general form of the time-distance relationship in 

linear diffusion (Eqs. 9,10) we expect that the inequality factors in the space domain 

should scale like the square roots of the corresponding factors in the time domain. 

6.0 Discussion and Conclusions 

In this paper we have presented an effective continuum approximation for modeling 

fluid and heat flow in variably-saturated fractured-porous media. This approximation is 

based on the concept of approximate local thermodynamic equilibrium between rock 

matrix and fractures. Where applicable it provides a drastic simplification of flow prob­

lems which makes it possible to perform simulations over large space- and time-scales. 

Formulas were derived for expressing effective continuum parameters in terms of matrix 

and fracture data. 

Through comparisons with calculations in which fractures were represented expli­

citly it was demonstrated that the effective continuum approximation gave very accurate 

results in a case with "large" rock matrix permeability (32.6 ~), but gave poor results 

for the small space- and time-scales investigated in a case with "tight" matrix (1.9 J.Ld). 

It is clear, therefore, that the validity of the approximation depends on the particular 

parameters and conditions present in a flow system. 

Considerations of "global" diffusivities as well as diffusivities for "local" inter­

porosity flow between matrix and fractures lead to general approximate criteria for the 

validity of an effective continuum approximation. These criteria were shown to be con­

sistent with the results of our numerical simulations. Generally speaking, the effective 

continuum approximation will break down for processes involving rapid transients, and 

for conditions of very tight rock matrix or large fracture spacing. The diffusivities to be 

applied for evaluating the validity of the effective continuum approximation are specific 

to the process under study. For example, if a variably-saturated fractured-porous system 



- 18-

initially at steady state is perturbed by means of heat input the diffusivity to be used for 

global flow is that corresponding to heat conduction, while in a case where the external 

perturbation consists of water infiltration into fractures a diffusivity corresponding to 

liquid flow in fractures will have to be used 

It should be emphasized that regardless of applicable diffusivities an effective con­

tinuum approximation will be applicable when ''sufficiently'' large space- and time­

scales are considered. The estimates for these scales given in Section 5 have important 

practical applications for numerical simulations. Whenever space- or time-discretization 

is chosen coarse enough to meet the criteria for validity of an effective continuum 

approximation its application is justified. With coarse discretization one simply fails to 

resolve details on smaller scales on which deviations from the effective continuum 

approximation could be seen. 

The effective continuum approximation was used in recent simulation studies of 

repository-wide gas phase convection effects by Tsang and Pruess ( 1987). The smallest 

volume element in their computational grid had a volume of 2.4 x 1 OS m3, corresponding 

to an average linear dimension of more than 60 m for the smallest grid block. This is 

large compared to the estimates given in Section 5, ~o that on the scale considered an 

effective continuum approach was justified even for the tight matrix case. 

il 
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Appendix: Characteristic Curves for an Effective Continuum 

Let us consider two-phase flow in a fractured porous medium. We write Darcy's 

law in the following form: 

- [ ftl Fp,fractures =- kf kp,f J.l.p c (VPp.r - PP•f g) · 

The notation is 

F =mass flux 

J3 = phase index (J3 = liquid, gas) 

subscript m = relating to matrix 

subscript f = relating to fractures 

lcm (kc) =equivalent single phase continuum-permeability 

of matrix (fractures) 

=relative permeability to phase J3 in matrix (fractures) 

= density of phase J3 

=viscosity of phase J3. 

= pressure of phase J3 

=acceleration of gravity. 

(A.l) 

(A.2) 

The flux expressions given above should not be considered ''point'' quantities, but 

represent averages over a suitably chosen area. This area may be thought of as an inter­

face area between grid blocks in a discretized description of flow (with grid block 

volumes being equal to or larger than an REV). Requiring approximate local thermo­

dynamic equilibrium between matrix and fractures, we have 
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( 1) equality of temperatures, 

and 

(2) equality of phase pressures, 

Pp.m = Pp,f (J3 =liquid, gas). 

More explicitly, the pressure condition can be written 

(A.3) 

(A.4) 

(A.4a) 

(k:4b) 

Noting that P1 - P8 = P. is the suction pressure in the liquid phase (representing capillary 

and phase adsorption effects), subtraction of the gas pressure equation from that for 

liquid gives equality of suction pressures in matrix and fractures: 

Ps.m = PsJ · (A.5) 

Under conditions of (local) thermodynamic equilibrium we also have PP•m = pp.c and 

J.Lp.m = J.Lp.r so ·that addition of the fluxes for matrix and fractures gives the following 

expression for total flux (note that equality of pressures implies equality of pressure gra­

dients): 

Fp = Fp,matrix + Fp,fractures 

- - ~ 
=- Ocm kp.m + kc kp.r) (VPp - Pp g). 

Jlp 
(A.6) 

Here the relative permeabilities kJS•m and kp.c have to be evaluated at saturations Sp.m and 

Sp.c, respectively, such that Ps,m (Sp,m) = P,J (Sp.r). 

The expression for total flux can be interpreted as referring to a single effective con-
- -

tinuum with total effective phase permeability ofkm kp.m + kr kp.r. For single phase flow, 
- -

the effective continuum permeability becomes k = km + kc , so that the effective contin-

uum relative permeability can be defined as 
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- -
- km kp,m + kt kiM 

kp- lcm+kt . 
(A.7) 

The total phase flux is then given by the following single continuum expression: 

(A.8) 
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Table 1. Vapor Flow Rates in Heat Pipe Region at 26.89 yr 

Rate of Outward Vapor Flow (kg/s) 

Distance Explicit Effective 
(m) Fractures Continuum 

3.56 1.72 X 10-4 2.57 X 10-4 

4.46 6.93 X 10-4. 7.03 X 10-4 

5.52 7.40 X 10-4 7.41 X 10-4 

6.74 7.45 X 10-4 7.48x10-4 

8.18 7.71 x 10-s 8.43 x 10-s 
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Table 2. Diffusivities for Fluid and Heat Flow Processes. , 

process parameters 

heat conduction K = 1.6W/m°C 
p = 2550kglm3 

CR = 768.8 J/kg°C 

single-phase km = 32.6 X 10'""18 m2 

gas flow cl>m = 10.3% 
13 =liP =10-5 Pa-1 

* J.1. = 1.2 x Hr5 Pa·s 

--,tight matrix km = 1.94 X 10'""18 m2 

unsaturated liquid km = 32.6 X 10'""18 m2 

flow cl>m = 10.3% 
13 = dSddPcap = 2.34 X 10'""7 Pa-l t 
Jl.l = 2.79 x Io--4 Pa·s* 

--,tight matrix km = 1.94 X 10'""18 m2 

* vapor at T = 1 00°C 

tat initial saturation S1 = 80% 

*at T= 100°C 

diffusivity (m2 /s) 

8.16 x w-7 

2.64 x w-6 

1.57 x w-7 

4.85 x w-6 

2.89 x w-7 
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Figure 13. Rates of radial liquid flow and suction pressures at 5 yr + 190.2 days 
(Case 1; backfilled emplacement conditions; points labeled "f" and 
"m" represent fracture and innermost matrix regions. The solid lines 
are eye-fits). 
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Figure 14. 
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Rates of radial gas flow at 36.5 days ("tight" matrix; backfilled emplace­
ment conditions; the points labeled "explicit fractures" represent total 
radial flow, summed over matrix and fracture). 
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Figure 15. Rates of radial liquid flow at 36.5 days ("tight" matrix; backfilled 
emplacement conditions; the points labeled "explicit fractures" represent 
total radial flow, summed over matrix and fracture). 
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Figure 16. Temperature profiles at 36.5 days ("tight" matrix; backfilled emplace­
ment conditions; the points labeled "explicit fractures" represent averages 
over the matrix domain). 
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