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1/f Noise from the Diffusion of Particles or Heat* 

John Clarket and Richard F. Vosstt 

Department of Physics, University of California 
and 

Inorganic Materials Research Laboratory 
Berkeley, California 94720 

ABSTRACT 

\ 

1/f-like number fluctuations of particies in Brownian 

motion, observed by light scatterin-g, and temperature flue-

tuations in thin metal films, observed as 1/f noise in 

resistance, agree quantitatively with the theory for diffu-

sive systems. The characteristic frequency dependent 

correlation length is observed in the metal films. 
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l 
In the previous letter, we showed that fluctuations in a diffusive 

medium lead to a 1/f-like frequency spectrum. In this paper we show that 

-
the theory gives quantitative predictions in good. agreement with experi-

ment. We first present results for a light scattering experiment on 

particles in Brownian motion, and then show that 1/f noise in metal films 

can be explained by the modulation of resistivity by temperature flue-

tuations. 

Light s.cattering is a common experimental method of .observing 

Brownian motion. Using a monochromatic source, one can determine the 

diffusion constant, D, from the fluctuation spectrum of the intensity of 

the side scattered light. 2 These fluctuations are a two-particle inter-

ference effect: as any two particles move relative to each other, the 

relative phases of their electric fields at the detector vary, causing a 

change in intensity. The spectrum is a Lorentzian and is independent of 

frequency, f, for f<<DK2 /~, where K is the amplitude of the scattering 

vector for the light. If the incident beam illuminates only a subvolume 

of the sample cell, the number of particles in the beam, N, fluctuates, 

l with a predicted 1/f-like spectrum. One should be able to observe this 

effect in the side scattered light at low enough frequencies where the 

1/f-like behavior dominates the Lorentzian. However, it is simpler to 

observe the effect in the forward direction where the 1/f-like behavior 

dominates the entire spectrum. Here, to lowest order, movement of a 

particle does not change the phase of the scattered light at the detector, 

and the interference terms vanish. .. 
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Consider a beam of light of intensity I illuminating a small area, 
' . 0 . 

A, of a sample cell of thickness ~. If cr represents the cross section 

for scattering light out of the beam for each particle, the transmitted 

intensity is I= I
0

exp(-Ncr/A). For a small fluctuation,~, inN, the 

fluctuation in intensity is ~I= -Icr~/A =-[~n(I /I)]I ~/N , so that 
0 

(1) 

* wher~ SI( f) :: (~I( f)~I (f)) and SN( f) is the 1/f-like spectrum for flue-

tuations inN. 

With a photomultiplier, we measured the intensity of light from an 

incandescent bulb transmitted through a sample cell of thickness ~ = 0 .2· 

em. A circular aperture of diameter d 'Vl001J limited the beam area. The 

cell contained 0.34ll diameter polystyrene balls suspended in water 

(D ~ 10-7 cm2sec-1 ). The na~ural frequency of the system was 

f = D/Trd2 ~ 3xl0-4Hz • We used a PDP-11 computer to measure the auto­o 

correlation function for the intensity, and by calculating its transform, 

to qetermine the spectrum in the range 4xlo~2 Hz to 10Hz. SI(f)/I
2 

for 

two samples with different concentrations and apertures is shown dotted 

in Fig. 1. The values of I and fluctuations in I (which were orders 
0 0 

of magnitude below the spectra shown) were determined with an empty 

sample· cell. 

Since f >> f , the spectrum is in the high frequency limit. 
0 

Inserting A= TTdR in Eq.(16) of the previous letter~ and N = Trn d2£/4 
0 

in Eq.(l), we find 
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(2) 

The solid lines in Fig. ~1 are a plot of Eq. (2) for the values used in 

the experiments. The agreement in slope is excellent and the scaling 

with relative changes in d and n
0 

is correct. The systematic error in 

the magnitude almost certainly arises from the factor of 3 uncertainty in 

the value of n • 
0 '. 

A quite different class of diffusive system involves heat flow, 

and as an example, we consider 1/f noise in thin metal films. Hooge and 

Hoppenbrouwers 3 have studied 1/f noise in continuous metal films, mostly 

Au? and found 

( 3) 

* for the voltage noise spectrumS (f) =(~V(f)~V (f)). N is the total 
v 

number of carriers in the sample,and Vis the average voltage across the 

sample. Although both the numerical coefficient and the exact 1/f law 

represent a rather approximate fit for a large number of samples, Eq. (3) 
' ; . 

is a useful basis for order-of-magnitude comparison with theory. 

We have repeated the experiments using evaporated metal films. We 

obtained order-of-magnitud~ agreement with Eq. (3) for films of Cu, Au, 

Ag, u.ntl Pl> with .N'VlQ 12
, but the observed noise for Bi, where N'VlO\ was 

much smaller than predicted. All of these results, however, would be 

consistent with Eq. ( 3) if N were defined as the total number of atom8 
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in the sample. 

4 . . 
We postulate that temperature fluctuations account for the 1/f 

noise in thin metal fi~ns. As a simple model, we consider an elec-

trically conducting bar of length 2R.
1 

and rectangular cross section 

2R.2x2~ 3 immersed in an insulating medimn with the same thermal diffu-

-+-
sivity, D. We n,eglect any boundary resistance. If _T(x,t) is the local 

temperature, the spati8.lly averaged temperature of the bar T( t) = 

(8R. 1 R.2 R. 3 )-1~T(~,t)d 3x. Since T(t) is analogous to N(t) for Brownian 

* motion, the spectrmn of the temperature fluctuations, ST(f) =<L\T(f)L\T (f)> 

can be immediately obtained from the Brownian. motion spectrmn. This 

spectrmn is well approximated by a white spectrmn at low frequencies, a 

1/f-like intermediate region, and an f-3/ 2 high frequency behavior. We 

assmne, therefore., that ST(f) follows a model spectrmn with three 

distinct regions: ST(f) = C/f1 for f<f 1 ; ST(f) = CQ/f for f1<f<f3; and 

ST(f) = C0f~12 ;f3/2 for f>f3; f 1 = D/4nR.~, and f 3 = D/4nR.~ are the lowest 

and highest natural frequencies of the system. Since <(L\T) 2> = Js:(f)df, 
0 

we find that C 
0 

= <( L\T) 2 >j[3+ln( f3/f1)]. 

-
If the bar has a temperature dependent resistivity and is carrying 

a constant current of uniform density, a temperature fluctuation,, L\T, 

will produce a voltage change L\V = VI3L\T, where V is the average voltage 

-1 ' 
and S = p ap/aT is the temperature coefficient of resistivity. The 

spectrmn .can then be written as SV( f) = V2 82ST( f). For a system of heat 

capacity CV in thermal contact with a reservoir, 5 <(L\T) 2> = kT2 /CV. 

Using our model spectr~ for ST(f), we find in.the intermediate region 

fl<f<f3 
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( 4) 

For most metals ·at .room temperature, CV ~ 3Nk where N is the number of 

atoms in the sample, B ~ 0.003, and D ~ 0.5 cm2sec-1 . Using these values 
. 3 

.for citypical·sample of Hooge and Hoppenbrouwer , 800~ x 10~ x.soeR, we· find 

( 5) 

for 6xlo-
4 

Hz<f<l.6x109 Hz. In view of the scatter· of the experimental 

results, we feel that this value is in excellent agreement with Ect. ( 3) 

(with N = nU!nber bf atoms) . 

This simple model in which 1/f-like temperature fluctuations pro-

· duce voltage fluctuations when a constant current flows through a 

te~perature dependent resistor is a considerable simplification of a 

complicated system. · Metal film, glass substrate; and ambient atmosphere 

do not form a uniforni system for heat conduction. This lack of inhomo-

genei ty may be expected to smear out any changes in slope and to intra..: 

duce a stirface dependence to the noise' when the coupling between various 

elements changes. Since a resistivity fluctuation across a given cross 

section changes the current path, the assumption of uniform current 

density is not strictly valid. This approximation should be reasonably· 

accurate for small fluctuations in a long narrow bar. It is also 

'important to riote that the sample is not in thermodynamic equilibrium. 

-2 Up to i kW em of surface area may be dissipated, raising the sample 
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temperature above ambient temperature. This effect is of particular 

importance when_ the film is immersed in a cryogenic fluid, and may con­

tribute to th~ observed temperature independence of the noise. 3 Further, 

a resistivity fluctuation causes a change in the power dissipated in the 

region of the fluctuation and a consequent feedback effect. This effect 

would be expected to change the magnitude of the noise as well as the 

dependence on V. However, the f~ct that SV( f) is experimentally closely 

proportional to V2 indicates that feedback is not generally a dominant 

effect. 

Fluctuations in a diffUsive medium involve a frequency-dependent 

correlation length, A(f) = (D/~f) 1/2 • We have observed spatial corre-

lations in the noise using the experimental configuration of Fig. 2(a). 
0 

A Bi film of thickness lOOOA was cut as shown into two long strips each 

of length R. and width l2ll. Separate batteries and large resistors, R , 
0 

_were used to supply a constant current to each strip. The two noise 

voltages V1(t) and V2(t) were separately amplified and the spectrum of 

their sum or difference measured by a series of tuned circuits modeled 

in a PDP-11 computer. If S+(f) and s_(f) are the spectra of V1(t) + 

V2(t) and V1(t)' - V2(t), the fractional correlation between the strips 

.is 

C(f) = (S+(f) - S_(f)]/(S+(f) + S_(f)]. (6) 

When the two voltages are independent, S + (f) = S _(f) and C( f) = 0. When 

the two strips are completely correlated, V1(t) = V2(t), s_(f) = 0, and 
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c( f) = 1. For temperature flu.ctuations at high f, .A.<<~ andC( f) + o, 

while at low f)~.·2,and C(f)+ constant. The changeover should occur when 

A.~~, the separation between the centers. Results for two different ~ 

are shown in Fig. 2(b). For ~3 cm2 sec-l we expect the changeovers at 

4 Hz and 0. 4 Hz. The data are 'in good agreement with our expec-

tations. 

The magnitude of the noise at a given frequency often changed with 

time, probably because of ir:r:eversible changes in .the films caused by 

the high current densities (~10 5 A cm-2 ). Since we could not measure 

S+( f) and S _ (f) simult~eously, this variation sometimes added a fre­

quency independent shift to C(f) (see Fig. 2(b), ~ = 2.5 mm). For the 

same reason, each spectrum was limited to the range of frequencies over 

which the computer could take data simultaneously (~ 2 decades). We 

could observe C( f) only for a very limited range of L The· 3-dimensional 

frequency- depend~nt correlation function is proportional to ~-l exp ~-£/"A) 

The 1/~ dependence implies that the noise in the two Eftrips does 

not become completely correlated even though. "A>>L The low frequency 

limit of C(f) decreases for increasing~. For·~ ~7.5 mm it became 

impossible to distinguish a correlated region from scatter in the data. 

For ~ $ ~. 5 mm we were unable to attach the required number of leads. 

Diffusion implies 1/f-like spectra and frequency dependent corre­

lations. We have shown two examples of how these theoretical ideas can 

be simply applied to vastly different physical situations to yield 

quantitative predictions in good agreement-with eXJ?eriment. Diffusion of 
.. 

particles or diffusion of heat occurs in most experimental systems and 

each can be a cause of 1/f noise.. In semiconductors, for example, we 
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expect both diffusion of impurities or lattice defects and temperature 

fluctuations to contribute to the noise. Although the theoretical ideas 

were developed for equilibrium systems, they provide an excellent first 

approximation for non-equilibrium situations. 

We are grateful to Professor G. I. Rochlin and Dr. D. McBride for 

the use of their interfaced PDP-11 computer. We thank Professor L.M. 

Falic~' Professor A. B. Pippard and Dr. J. R. Waldram for their critical 

comments. Finally, it is a pleasure to thank Professor C. Kittel for his 

advice and encouragement throughout the course of this work. 
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FIGURE CAPTIONS 

Fig. 1 Two intensity fluctuation spectra for experiment (dotted) and 

theory (solid). 

Fig. 2 (a) Experimental configuration for correlation measurement. 

(b) Fractional correlation for two samples. 
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