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Abstract

The'defbrmation energy surféées of fissioning nuclei have been studied
to quantitatively interpret the experimgntally qbser#ed mass asymmetry in
fission, These studies use the calculated deformﬁtion énergy surfaces which
have recently been shown to have reflectlon asymmetric saddle point shapes in
the second (outer) flssion barrieré of actinide nuclel. Quantitative
estlmates éf the mass asymmetry in f1531on, characterlzed.by the peak~to~-valley
mass yieldkratiq, have been calculated from an Anal&sis éf the fission )
vprobabilifié; over the outer barriér.:'Thevprobability»distributions vere
determined”gsing the simple Fermi gas‘lével-dénsiﬁy and the WKB barrier
'penetratioﬁ formulae. Good correlations have been obtained fof a8ll known
radiqchémicélly determiﬁed.peék;to~valley»ratiqg offé&en—eveﬂ fissioning -
nuclei for;whichideformétion energy surface calculatigﬁs are available. One
is able to understana by this analysis the.recehtly,discovered apparently
anamolous=re$uits tﬁat the.thepmal neutron induced fissi9n of‘257Fm yields'a.-

S O : . ; 256‘

symmetric mass_diviéion while the spontanéoug”fiséion of . Fm is fission

asymmetric. A possible explanation fpr'the triple-peaked mass yield fission.

Work performed under the auspices of the U. S. Atomic.Energy'Commission.
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" of nuclei near 226Ra is proposed based also.on the deformation energy

: surfaces."Further experimenté are suggested to tést-the pfesent'theory,'in

particular, to discriminate between analyses based on the fission barrier in

the deformation energy_surfaCes and those baééd on fragment shellﬁeffécts.
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Introduction
One of the most reédily observed expefimental properties of the

fissibn pfocesé has been the determination of ﬁhe mass distribution-of the
résultant fissiéh productsl). Shoftly after the discevery‘of fission over
thirtj yearé ago it was detefmined that low energy neutron—inauced fission
yielded a distribution of fissioh products'Vhich were predominantly the resulg
of an asymmetric mass aivision of the fissioning nuciéus. Over the years
maeny additional experimental studies havevbeen performed to detefmine mass
yield distributions of low energy induced fission. Until very recently the
" results of these studies ha?e‘invariébly shown tﬁe‘mass diétribution to be
sfrongly asymﬁetric. A typicel mass yieid disfribution is shown in fig. 1.
A characterisfic measurement of the asymmetry is'the_ratio of the yield'of
fiséion prdducts corresponding to the peék of the méss distribution to the
yield of.produéts at -ﬁﬁe valley. This peak~to-valley ratio:hasbbeen

252

‘explicitly determined in the case of the spontanebus fission of Cf to be

as large as‘“’750,'and,for some'othér spontaneously fissioning nuclei only

lower limits of this ratio have been found3). For all-nuclei’studiedjit has

~been found that as the fisslon-induc.ing excitation energy is increased, the

peak~to-valley ratio decreases and eventually the distribution becomes
_symmetric about Ao/2. In all previous stﬁdies symmetric division does not
occur until some 20440 MeV of excitation energy is brought into the system.

However, very recently an apparently anomalous case has been discovered in

257

which the thermal neutron;induced‘fiséion of. Fm has resulted in a strongly

symmetric mass distributionh). These results are even more striking because

other current experimental studies have shown that the mass distribution for

the spontaneous fission of the adjacent even-even isdtope 256Fm is asymmetricS).
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Though mény attempts have béen made.to theoreéibaliy intgrpret the
fission masé'diStriBution;'noné haVe been succeséfui for quantitative
predictions, The liquid-drop model analysis6) of.théISystem pfédicts the
mass diéfribuﬁion to belsyﬁmetric>in all cases. Very'often the asymmetry has
been qualitéfively explained as the result of.stfong éhell effects in the
résidualvfiésioh pfoduct nuclei. Thése theoriés implyvthat ﬁhe mass
vdistfibution is detérminéd neér the séiééiéﬁ poinﬁ since this is the fegion
where the Sheli.effects 6f the ffagménté dgminatéi Récentiy a more tractable
fhéofetical intérpretation of the mass distribution wﬁs proposed 5y Moller
aﬁd NiiséonT)_in'which_they have shown that in the actinidé region, the
second fiésioh barrier'has a loﬁef total'enefgy for'asymmetric mass division.
 This is the fifsﬁ micro:éopic calculation which has shown a preference for

‘asymﬁétric shépeé in the fissiéning nﬁcleus, Since‘then, other groups,
notably Nix‘gﬁ;gl,a), and‘Braék gg_gl,g).have done soméwhatvmofe refined
caiculationé_with simlilar results. fheiM61ler;Nilsson picturé gives us a
:qﬁalitétive‘ﬁﬁdeféfandiné of thé mass asymmetry Bﬁt no qﬁanfiigtiﬁé intér—
pretatign was attempted becéuse.of the bélief that the difficult-to;calculate
dyﬁamiéal prdperties of the'division would become important in determining
the specific division. |

| ,vin this paﬁer we present a quantitative intefpretation éf the experi-
mental fissién—broduét‘maéévyieldS'based oniy on.the calculatéa_propeftieévof
deformation énergy surfaces, without attempting a ﬁicroscbpic dynamic
calculation. To do this‘ﬁe have uséd é Qef&vsimple quasi—static theory to
correlate all the known rgdioéheﬁical data. - We d§ not use mass deﬁerminations

made from electronic measurements since the dispersion introduced by these
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techniques partially £fill the'symmetric valley. For example, the peak-to-

1

valley'ratio of the mass yiel& cur&é derived for the spontaneous fission of
252Cf'may be:off*by a factor of 100 due to electronic dispefsion effectslo).
Specificaiiy,'we will‘try ﬁo relate the peak—to-valley ratio of the
fissién mass distribution to the_saddle bqints of the défOrmation energy
surface. Certéinlybthe compléte fission process involves not only the
prdpeftiéé of the deformétidn énergy'Surface ﬁear the saddle point, but also
the shell effecﬁ of the'fiﬁal fission fragments as weli.as the dynamical path
from the saddie to‘the scissioh point.b‘What we are attempﬁihg to do in this
paper is to look at one particﬁlar aspéct of thé problem quantitatively and
to show how the peak~to-valley ratios can be understood'on this basis. Other
defails of the'maSs yield cufve,-such'as the widths of'the distribuﬁion, may'
depend mgre'stroﬂgly on the bther aspects. A complete and quantitative
study of the fission process involving all three aspects will lead to a
. better uhdersfandingvof v fissién asymmetry;v -

\If’Should Bé‘emphasiied ﬁhat our analysis.doés.not employ the '"two
ﬁode" hypothesisl;). We use only one potential energy surfacé for a given
nucleus. Thé probability of symmetric.and asymmetric Tission is based solely,
in our simple picture, on tﬁé available excitation energy in the system as a
'fﬁnction of deformation. )

In the.next section we will‘givé a general discussion of our picturé
of the asymmetric fission process} One péint ﬁhat will come out is; that in
our analysis, the asymmetric.fission process is associated‘only.with a
' localized reéion 6f large defdrmations near the second peak of the fission .

barrier. Hence, our study is. concerned with properties of nuclel at very

large deformations.
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in the.foilowing three séctions we ﬁill diséuss in'defail three
véossible‘éaseg.of asymmétric fiééion depehding on the-excitation energy.
—After»thesé,"we.will Cbnsider the mass yield curve of préton-induéed fission
of rgdium; Whiqhbis one of the.criticalrtesis.of any thédry explaining fiésion
_aéymﬁetry. A_summary and suggé$tioﬁs for fﬁrther‘expériments ﬁo:test thé

btheory'will‘conclude this paperﬂ.
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General Considerations

A deformation- energy surface is & surface in a deformation-coordinate
space that specifies the lowest ﬁotal energy of a nucleus with a given
deformetion. It is calculated by combiningbthe'total energy givenvby the
liquid-dfop model analysis with shell corrections derived from single-particle

. . : Lo, 9,17,12 ME1 ‘—N'l
spectra using the Strutinsky Prescription ). In the Moller-Ni sson
Calculation symmetric deformatiéns described by the Legendre Polynomials Pe(cose)

and Ph(cose)'aré considered as well as asymmetric deformations described by

(cos8) corrésponds only to a

3 5 1

P (coses and P.(cosf). ‘A deformatioﬁ givén by P
shift bf the center of mass of the Wholé nuéleus. In the calculations by
Nix'gz_glgs); and Brack g&_g;:9)vsymmetric and asymmetric deformations are
ihqluded in beﬁief séts.éf deformation éoordinates which aré able to describe
very deférmed'shapes moré adequately. In our aﬁalysis, we shall primarily
employ the deformation energy surfaces calcuiéted By'Maller'and Nilsson.
Results obtainéd using those calculatédvby Nix et al. énd Brack Ei,él: will
aiso be pfesented for comparison. |

Aitypical deformation energy surface is sketched in fig. 2. The
multidimensional aspects qf the surfaée are reduced by combiniﬁg the two

symmetrig coordinates.(€2 and eh) and the two asymmetric coordinates (83 and Es)ﬂ
The surface shows that the ground state, first fission barrier, and secondéry
mihimum have théir loﬁeét.energy along fhé éymmetric axis'(iabelled SYM).
However, the calculétioné éﬁoﬁ that the.saddle'point cérresponding to the second
fissionvbérrier ig located ét_éﬁ asymmetric deformation. Also shoﬁn in fig. 2
are éross sections of the_deform&tion'énergyvéurface through the;symmetric

and asymmetric (labelled ASYM) axes. The cross section through the symmetric

axls shows the
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how fsmiliar doubie-peeked,fissioo oerrier and thet,throuéh'the asymmetric
axis shows that the deforﬁation enefgy surfsce'clearly prefers_an asymmetric
deformation.

This asymmetric saddle poinﬁ indicates that aﬁ ohe outer barrier)the;
fissiosing ouoleos prefers_a nonsymmetric shepe. The simplest pioture of the
fissionbpfoceSS'based on the deformation_energy surface is one in which the
nuclear defofmatioh folIOWS.anvadiabatic:path of lowest energies.from the: |
ground state minimum to scission. To obtain symmetrlc fission, the path is
restrlcted to the symmetrlc axis and 1t passes over the flrst peak then the
(isomerlc) secondary mlnimum and over the (symmetric) mopntaln top to fission.
When-the'restriCtion to the symmetric axis is relaxed the path will still.
follow the first peak and the secondary minimum.sloﬁg_the”symmetric axissas
befofe._ But:from the'secondafy minimum; ﬁhe'path_will deviate ffom fhe.
stmetric exisvand'seek to climb over the asymmetric saddle point to
estmetric fission. In‘the ﬁass yield eurve.(fig. i) tﬁe vaiue at the valley
corresponds to symmetrlc fiss1on whlle the most probable yleld ocecurs at an
asymmetric mass d1v1sions which corresponds to fission over the asymmetrlc

e .
saddle point. Hence the peak-~to-valley ratio is a comparison of the two pathsv
of fissios; The portion of peth from the ground state minimum, over the
' firs§ berfier.ﬁo tpeeseoondaiy ﬁinimum, that is common'to both fission paths
will be caneeiled out inAthe peaketo—valley ratio aod what needsvtobbe
stu@ied'is the difference in peths after the secondary minimum. Thus in our
.analysis of pesk—to;valley‘ratiosg we are“coﬁeerned with properties ofvs
nucleus'at'very large deformations. The huclear shape at the secondary minimum -

“has_a ratio of axes approximately 1:2 and the shape at the"symmetric mountain
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top has a ratio of axes of approximately 1:2.7. At these large deférmatiohs,
the relevant déforhation pointé'afe the asymmetric saddle point and the
symmétric mouhtéin top. These are the equilibrium pdints in the deformation
energy surface which are invariant under coordinaté t;gnSformation, whereas
non-equilibfiumvpoints have little physical meaning. We shgll make use only
of these points in the calculatéa defofmatién enérg& surfaces in our attempt
to quantitatively interpret the peak-td-valley ratiog_experimentally observed
in the fission process. o |

The deformation energy surface'as a function of'asymmetry at the
second fission barrier lends itself to classification into three different
cases to be considered in the fission process. These cases are shown 'in fig. 3
and are dependent:on fhe excitation energy brbught into the fissioning nucleus.
Case I represents the situation when the excitation energy brought into the
systém is above both the symmetric:and asymmetfic fission barriers. Case II
is when the energy is above the asymmetric barrier but below the symmetric
barrier., Case III is when the energy is below both bafriers. . We will di&ide
all of thelexperimental data into their appropriaté cases and attempt‘to‘

quantitatively interpret the observed peak-to-valley ratios.
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Case I: Energy Above. Both Barriers_

i

For thls case we propose that the probabillties of fis51on1ng into

symmetrlc and asymmetric products are proportional to the number of levels

o available_at-the‘symmetrlc end asymmetric barriers. Tc’evaluate the number of

levels for eech'case'we use the simple Fermi-gas, level—density formalism

2Va(ET;ES)

P = ce

[Rp— )
2vsa zET Eai

P = ce - ,“

where Psband P& are the probabiliiy for symmetric and asymmetric division
respeCtively;'ET is the excltation energy; Es‘and'Ea are the energies of the
symmetric and asymmetric barriersg and g and &' are the level density parameters

N - . .

for the symmetrlc and asymmetric cases respectlvely bThe “height of the

' symmetric barrier above the" asymmetric barrler is designated H, that 1s,.

In the Fermi—gas model the level-density parameters are proportional to the .

Ve

‘number of particles (A) and can therefore be written as.

;

e = XA

a! =‘XiA .

: Making these_substitutiohs and takingvthe ratio of the probability of asymmetric

to symmetricjfission,Yielde, we get

e e o _ v o ,... : | . o .
. ; -—g.'- = 1§ - - — " . » ‘ i
AR A ATE)-E,) ?YXA(ET B - ; . ALY
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It can be ea51l& seen tha£ thls equatloﬁ has the correct asymptotlc propertles
If h goes to zero (i.e. the difference between the symmetrlc and asymmetric
barrier disappgars), then ¥ and X' become equal and the»right—hand portibn of
the eqﬁaﬁion.goes tb zero; and, therefore, ﬁhe probability.ratio of asymmetric
to symmétric fisSion goes to oné. When ET (the éxcitation energy) becomes very
large relative to h, X and x’ become equal and the rlght—hand side of the

equation again becomes zero, which again predicts symmetric flSSlon

Equation (1) may be written as

_ VA{ET—EQS vA(E —Esj

U e (2)
a . o Fo .
;n P . \ 1n 3 |
s : s .

A plot of /K?f;:fgz/gn (Pa/Ps) agains£ fE(ﬁ;jﬁgqyén (Pa/Pé) should ‘be linear
if x and X' are constant. To make suéh a blot it islnecessary to evaluate
the various quantltles in the ordlnate and absc1ssa. Tﬁevratio of probabilitigs,
P /P . of asymmetrlc to symmetrlc fission is taken to be the experimentally

observed ) peak—to—valley ratio (p/v);

8Y)

a:E
P v
S

]

The excitation energy E

T is given for neutron-induced fission by the sum of the

kinetic energy of the incident neutron and thé gxperimental neutron binding
energy 6f'the cqmpoﬁnd'nucleus. The energy of the asymmetric saddle ﬁoint is
identified as the‘empirical barrier height of the second (outer) fission barrier.
These empirical values were derived from the analysis of experlmental data by

Bjdrnholm 3), Britt gE;gl,lh),_and Back gz_g;:ls). In cases where empirical
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valués.are ndt_aﬁdiiable we have'uSed,the semifempirical values of'Pauli'and
Ledergerberl6), wﬁb aléo tabulatedlﬁheA§§lﬁesq6f h = Ea'w.Es from calculétions
baséd §n:the work of Bréck g3_§;,9)- Thé §alues'for Es are obtained-by adding
the eﬁérgy differehée, h, bétween‘thé aéymmeﬁfié saddle and the symmefriC'
moﬁﬁtain toﬁ_to'ﬁheﬁhéight,of‘the‘outer,fiséioﬁ_barfier, Ea, Thus h isyﬁhe
Qﬁly riumber we get from the theory énd in this Qaj we hopeato be free, as ﬁuch
as possib;e, froﬁ all the uncertaiﬁties.éf the theory.

‘Table 1 presents:ihe valués>uéed in calcula%inglthé.ordinété and
 ébééiésa for eq. (2) and fig._h presents a plot of these-data Eased on the -
4 MSller—Nilssdn deformafion energy,sgrfaceé (usipg surface;dependent paifing
'stréngths). The data at“large excitation énefgies corfeépond.fo‘iarge values
on the dfainate and abscissa. As caﬁ Be seen, these:data aefine'a‘reasonaﬁle
éﬁfaigh£ liné; with séme deviation at thé low—énergy end.4 The mégnitudés of
X énd X" are‘deﬂermined ffémbfhe iine. They are found té be equal (which is
réasqngblé;’éiﬁce:fér.high éneréies; the éffeét of h.is uﬁimportant),and of
tﬁe Qaluell/lb. ;This giveé fér fhe_level denqity péfémeter-in the Fermi-gas
‘ mode1, é =:A/lb,'wﬁigh is in good agfeement with the value obtained from an
.'analysis.of neutron-capture resonances and 6f»0£hervnuclear reactions where a
is t&pically determined to bekbetween A/8 to A/l2. For low-energy points, both
'XJand X' are seen to be no longer constant as a function of energy. Their
.values at anj point may be detéfmined from the taﬁgent to a smooth curve paséing
through the dét# points. Since the smooth curve behds up from.the straight
~line as_éﬁelgoes to decreasing values oh éhe\abscissa, this means the value of
x' is decféasing_(the tangentbiﬁtercept‘¢n the ordinate is a larger-ngmber)
implying a decrease in the_ﬁﬁmbef’qf levels when the energy‘is close té the
déformation éhe?gy sufface;;

*
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Figure 5 displays the same plot for other calculations of deforma-
tion energy surfaces. Good correlations of all éxperimental data are obtained

in all versions, and the various versions lie very close to each other. The

\

values of X determined from lines corresponding to the Nix and Pauli-

' Lédergerbef calculations are smaller, X ~1/36, which shows that the present
: ’

analysis‘is not a sensitive methoa to obtain the value of the level density"
paraﬁeter. Sﬁall.shifts of the line§ will result in large changes in the value
of X.

To make predictions‘of the peak-to-valley ratio of thermal neutrdn—

257

induced fission of Fm, we modify eq. (2):

]
i
=
o]

1 P _ T "a . R . _2&
1nv-2./x‘" —2 -2/ 5 T=5 (3)

s

The plot of the left-hand side against '/(ET—Ea)/(ET—ES) is shown in fig. 6
using MGller and Nilsson's deformation energy surfaces. From the calculated

257

abscissa valuelfor thebthermal'neutron induced fission of m we predict

its §edk;to¥falley ratio to be 1:8. This éompares well with tﬁe experimental
value of 1 (i.e. symmetric fission) rince tﬁe range of values we are talking
about is from'l.fo about T750. The uncertainties in theory are more than
enough to acéount for the difference of 1.8 from 1. The physical reason why .
we have close—to—symmetrié fission in this case is that the energy difference,
.h, between asymmetric saddle point and the symmetric mognfain top is small
(only 0.2 MeV).so that at the neutron bihding energy, 3;2 MeV above the
barrier, its effect is not large. In other cases such as U and Pu, h is about

2 MeV and hasg a significant effect for excitation energies corresponding to

thermal neutron fissiomn.
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:Wheﬁ.we éarry ouf a éimiiér calculation with Nix;s or Pauli-Ledergerber's

déforﬁétiéﬁ énergy'surfaces; ﬁe obtain a much iarger valﬁe of peak—to—valley
ratio for thé prediction: 3600 and 60, respecti#el&.'-The main reason is
.‘that, Nix's and fauii—Ledergerberis calculations givg.a very large V£lu¢ of h/
‘for 258Fm.(2.2 Merana.l.Q Mev réspectively); ‘These very large ValQes of h
may be due to the fact that Nix and~Pauli¥Lederger5ér do not use enough éhglls
in the calculation basis for such large.asymmétric'deformations.Tv'The |
inélusion of,many shells may lower the vaiue pf h which would thus tend to
make it consistent with the experimental results. At the moment we also have
some reservations'about the Nix value since this model also predicts a large

value of h for Po where no asymmetric fission is observed.

Tas & technical pdint, we would like to point out that it is not true that an

increase in size of the basis will always bring ddwﬁ'thektdtélfénergy Qf‘the
,nucieus, WhatvisvdécreaSedfié the sumhation 6f energies of'phe oc¢upied 
'single~particle levelé,'buﬁ the shellvcorréction can be eithér‘iarger or smaller.
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Case I1; Intermediate

l N

In this case the input énergy_is abové the asymmetric barrier but
below the symmetric barrier. The probability of asymmetric fission will still
be taken as proportional to the number of levels available for
the fission process.

2vy'A ET Ea

P = .ce . o
a A _ : ’

where the syﬁbol? have the same meaning as in the previous case. . For symmetric
fissioﬁ; howevef, the excitafion energy is below the barfief;band therefore

the probability'for éymmetric fission will be‘deéendent on the pfobébility'that
the baffier can be:penétratéd. The standard WKﬁ<bafrier penetrétion forﬁaiism

is used and yields the probability for symmetric fission to be

= ¢!

Ps o 1 ' .
I 28 ,5/3 : -,
-1 + exp 2/\/‘{2- A |ES-ET| de ‘

/

5/3

where BA is the inertial parameter Qf the fissioning nucleus and the integral

- is evaluated over the penetration path.

For continuity with Case I, i.e. Ps should be the same in value

‘whether the Férmi«gas level density formula or the penetrability formula is

used for the Case.E = ES, it is seen that

T

e = 2¢
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- It turns out. that for the data available, it is a very good approxima-

tion to assume that the“exponential term in‘the'denominaﬁor.of the expreésion

fbr'Pglto be large so that

Using a parabolic approXimation for the barriér'shapelto be penetrated

we may write P_ in terms of a quantity . hw.

flu) (E E )

The quantity hw is sometimes known ‘as thé*transparency and it is

dependent\on both the inertia parameter and the curvature of the barrier, and
is proportional to A‘5/6 in the simple irrotational flow model.
As in case I, we take the'ratio”Pa/PS and after a 1ittle algebra, we

obtain
. 2P~ - VE —E :
1 Ca ; T 2T
1576 In =5~ = 2vX NYE MY S (%)
(E -Ep) s (E -E;)  hwa .
In the last term we have tried to take the A—dependence of hw out by
multlplylng 1t by A5/§ so that it is a constant term if the inertia and curva-

'ture of barr;er stay about the same.
In fig; ‘T the left—hand side of the above equation is plotted
-1
agalnst A /3VE -E / based on Moller and Nilsson's deformatlon energy

surfaces. . Thefdata are shown in Table 1. There are only four experimental

%
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points that fall into thisnprésent caée ana they show very'good.correlation.

The slope éives.é value for'x' = H%-. This is ﬁuch smaller than the value
obtained for high energies from Case I. One possible explanation is that at

the asymietric saddle point one is experiencing aaéhéll effecﬁ in the Strutinsk&
9 | |

senée relativé to the sjymmetric mountain top, and a'shell effect implies a

low=level density. When one refers to-fhe single~particle level diagrams

calculated By‘Nilsson'g£_§;,l8’l2

), and counﬁs the levels in a given ehergy
range about the Fermi level, it is fognd that.at'tWO deformafions whoéé shell
energy différs Ey 2 MeV, the siﬁgle-pafficle lével densities may differ by a
factor of three. The ordinateéintércept of the plotbgives for fhe transparency
hw = 3.3 MeV_for_A = 238. This‘number‘is much too large when compared with

the usually accepted empirical values that range from 0.5 to 1.5 MeV. The‘

reason is unclear. It may be due to.zefo—pOint—energy effects which are

important in this present case because the excitation energy is within two

MeV_of the barrier. It mey also be due to the very approximate but simple

' formulas that we have used for evaiuating the fission probabilities.

For comparison with calculations based on deformation énergy surfaces
of Nix, and Pauli-Ledergerber, similar plots are shown in fig. 8. There are
more experimental points falling into case IT with Nix's and Pauli-Ledergerber's

results. Each set of data still lie on very reasonable straight lines. The

values of the transparency hw based on Nix's and Pauli-Ledergerber's results

. remain approximately the same. The value of ¥ is even smaller (X-“’l/lOO)a
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_CaSe III: Energy Below Both Barriers

In this case the eﬁergy is.bélow Both the éymmetric mountain top and
the asymmetric:saddie. All the data we have found that.fall iﬁto this category
are»obtained by ;péntgnéous'fission studiesA(i.e,vET = O)._ Boﬁh the pfobaﬁility
of_symmetric fiésiqn and the'probgbility of .asymmetric fissionvare given by

the standard WKB formula

a - ' B
f\/_@ 5/3EET)d‘

is the inertia'ﬁérémeter of penetrating through thejasymmetrié

5/3

5/3

Qhere B'A
saddle, and BA is that through the symmefric mduntain top. On taking the -
rétio of probabiliﬁiéé,\thé pénéfraticn.péth ffom the ground étate to the
secondary minimum that ié éommon to both cancel out, and we need only consider
the penetratlon from the secondary minimum to the emerglng p01nt out of the
.barrler by way of the asymmetric saddle or the svmmetrlc mountain top. We

' approximate the_barrier shape for such penetration by a parabola thatvpasses
through the secondary minimum and the emerging point with the top of the pafabola
at the éame energj'asvthe asymmefric‘saddle (or the symmefric mountain'top)v

(see fig. 9 ). The result is the following: .

1n 52 {/_2 «E—'f(E -E,, E_ ) - y/ V”_'f E-E., E) PElA
S v
where f(c,a) = j‘/g'(l - i) + E'+ 51n—lv/f$ // (1 +'—) - o | (5)

’“I
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and d is the penetratlon path length from the secondary mlnimum to the emerging

- point and its ‘values (assumed to be the same for both the symmetrlc and asymmetric

' fission paths) were obtalned from barrier shapes calculated by Nilsson

12)

et al. .. E, is the energy of the secondary minimum above the ground state,

1

which we take from the empirical values of isomeric threshold energies (Table 1).
In this eQuation there are two parameters to be determined. - Up until

recentlj there has been only one radiochemical result of the pesk-to-valley

252

ratio for épontanéous fission, which is the case of ¢f- (p/v = 750). The

other spontaneous fisslon results are given only as lower limits. As a
reasonable number we have taken an empirical value for B' from fitting

spontaneous fission half-lives to the barrier shapes calculated byvNilsson

12)

et al.” ). This value turns out to be given by

gg;_= 0.3390 Mé.v‘l/2 : : (6a)

with refe“ence to Nilsson's deformatlon coordlnates : Then the B value is

252

obtalned by flttlng the Cf. peak- to~valley ratio . as given by P /P in the

" above equation:

.§§5=.o.37h7 Mey™L/2 - o . .- (6b)
\/h ,

It is to be noted that B' is smaller than B but only slightly. It is reasonable

that B! is smaller than B since the level density at the symmetric mountain top
is larger than that at the asymmetrié éaddle, and theoreticsal calculations

indicate that the inertial pdrameter should increase with increasing level

densityg). _However, the finding that B8 ahd B’ are approximately equal may
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appear to be in contradiction with calculations that show that inertia
P Lo \ ‘ ‘
parameters at the barriers and the_minima mey differ by a factor of three.
With the values of £ and B' thus determined, the peak-to-valley ratios

can be calculeted. The resﬁlts are tabulated in Table 2. Thus the‘mase_yield
' 256

of the spontaneous fission of Fm‘is'caieglated to'have_peakrto-valley ratio
of 43 which compares reasonably well with the experimental number of 12 5). The

256

-physical reason why‘the fission of Pm is asymmetric is that even though the

energy difference, h, between the‘asymmetric saddle and the symmetric
mountain top is small, in the case of tunnelling'under the barrier, it is felt

- quite strongly. This is to be contrasted with the case of the thermal neutron-'

257

induced fission of 'Fm, where" h is just as small, but its effect is very
little when the excipation energy is substantially above the barrier. A

critical test of the present theory will be to measure the peak-to-valley
ratio of the thermal neutron induced fission of 255

3 .

Fm (which we predict to

258

fission syﬁmetrieally) or of the spontaneous fission-of Fm (which we predict

to fission asymmetrically).

S
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The Radium Region
It is well—known ﬁhat the mass yield cufve of ﬁroton—induced fission

19,20

of 226Ra‘ha§ threé peaks )3 thdtfis to say, the prbbability ofifiséion is
large fo? both'symmetric and asymmetric f;ssion. In our picture thié requires
thrée minimum-energy péths across the outer barrier, one at the symmetric axis,
one at an asymmetric configﬁration aﬁd the:third at a shape correspdnding»td
the mirror image of the asymmetric configuration. Moller and NilssonY)
receﬁtly calculated the defofmation energy surface of a nearby nucleus 222Ra;
(in contrést to their previous calculatioﬁs, £hey have used in thié‘éasé a
surface—independént pairing strength) which displays such a featuref Their
results are shown in fig. 10. 1In theAfigﬁre, beyond the éecoﬁdary minimum, in
the outer barrier region, one finds two mountain§ sitﬁated at some asymmetrié
defofmation. ‘Between the two mountains is the symmetriévpath which is
energetically favorable.  On further sides of the two mountains are the
agymmefric pathébwhich are also faﬁored. Such a struéfure would produéé a

triple peaked mass yield cufve for the fissioning nucleus@ Similar calculations

by Nix do not show this triple valley feature and therefore in our model

cannot be used to interpret this particular experimental mass distribution.

Howéver,_even the Moller-Nilsson picture is unable to account for the obsérvation

that at low energies, the asymmetric peaks of the mass yield curve are much
higher than the symmetric peak but at high energies they are lower, and at some
intermediate energy (~ 11 MeV bombarding -energy in case of: proton-induced

s o 226 | | o 20 .

fission of Ra) the three peaks are about equal” ). The failure of our
picture to understand such a switching-over of the highest peak may be

illustrated in fig. 11, which shows that as the excitation energy is increased,
3
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the three peaks will smear out into a flat-top maés yield curve without the
~ switch-over occurring at\an& energy. 7

Oﬂelﬁay fo“éccount for thé switch;oQér is tb realize thaf thé shell
effect c;n Bé ébfuhctiOn of excitatién énérgy. The energy.of‘symmetric path -
aboveﬁthe aé&mﬁeffic paths in éhe 6ﬁter Bafrier is Vefy smallvaccording_ﬁo
MSiler and Niléson. _Acfually in our.eétimation,'to cause the peak—fo—valley
rafio of.mass'yields to be 2, one nééds oniy an enérgy d;fférencé'of about
O.Z-Mev. Iﬁ is bérhaps noﬁvinconceivable that as tﬁe’exéitatiQn.engrgy is
increased; the shell effects are alte?ed sﬁCh thatxthé energy'differeﬁce:
isichaﬁgéd frém‘+0;2’MeV t6.40‘2 MeV; thﬁs effecfing'a switch-oveér in the.mass—
yieid'ﬁggks.

l,Anotherﬂpossiﬁie explanafion méy bé‘that the;évitch-over is fo a large -

extent &ue'to the présenge of a'highéf dhance fiséion (i.e. tﬁé fission of the
compound nucleus éfter one,Qr more neutréns are evaporated). It has récently
béen’found.by Perry and FairhallQl) that.tﬁe first chance fiséion df 228Ac at
18 MeV éxéitaéion energy is symmetric. Tﬁis is & surprising result since it
has beén long'éstablished that for a widé range of energies the fission yield
of 227Ac is triple—peaked. Tﬁevsuaden chahge to symmetric fission of the
a&Jacent isotope is not understood és yet. . It may be due to the fact thaf
228 . 226 | |

Ac is an odd~odd nucleus. If Ac, the adjacent'odd—odd nucleus, is also

fission éymmetric,-then we suggest:that the proton-induced fission of 2?635 is

227 226

compqSed;of.the~fissionvqf Ac ‘and thegsecond'chanée fission of “Ac:

p + 22633 ——f;—> 22Y_Ac —_— 226Ac +n

b

fission fission
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At low excitation energies, only first chance'fission is energetically

227

possible, and one sees .only Ac fissiohingband this gives generally a triple-

AN

peaked mass yleld curve with asymmetrlc peaks much hlgher than the symmetric

peak. As one increases the energy, the second chance flssion (2?6Ac) sets in

‘and its Symmetric mass yield ‘is also present in the final mass yield measure-

[]

ment.

227,

Using the liquid drop barriers of Ac and 26Ac as- glven by Myers and

23)

Swiateckigz), Gatti finds that the second chance fission sets in at about

10 MeV of bombarding energy and the second chance Pission yield stays about
constant [at 17;50% corresponding to the value of aF/an, (the retie of the

Fermi level'density parameter at the saddle and at the ground state) equal to

1.2 or 1.0 respectlvely] relatlve to the first chance fission until the third

_ chance fission sets 1n et about 18 MeV proton bombarding energy. The effect

of the sec@nd'chanee fission on the final mass yleld is shown schemstically

.in fig._lé. This figure shows‘the mass yield for the first ehance fission

(227Ac) : (226

the second chance fission Ac), and the cumulative mass yield (SUM)
which is what is observed experxmentally. These. yields are shown at five
proton bombardlng energles (E ).' Thls shows a plausible explanation for the

experimentally observed switch-over of the symmetry and asymmetry mass yield

peaks at-about,Epj= 11 MeV.
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Summary and Conclusion

In thié.study it is shown that a quantitative interpreﬁation of all
available peak-to-valley rafios:in the fission ﬁass yield cﬁrve.can be obtéined
based‘on the Aéfbrmation_gnergy surface. Furthermore, séme informastion con-
cerning leVel-density.parametens and ihertia parameteré éré obtained in the
region arouhd the second Earrie;. The analysis has beenvperformed using threé'
:different Sets-of_deformation energy surface calcuiatiohs (MG1ler-Nilsson, Nix,
and\Pauli—Lédergerber). Aii thrée have been suéceséful in predicting>the.
géneral.trends of the mass diétribution as é function,bf thé energetics of the
fissioning ﬂﬁeieus, Hoﬁe#er,.the‘results of_MSlleréNilssoﬁ yield the
best quantitativé agrgement with experiméﬁt. .From the satisfdétory-correlatipnsv 
) that édme'out‘éf the present analysis, it may‘éppear that before a good and
,realistié'dyhamic célculationrié done on fiséion asymmetry, it is perhaps
pfbfitable'toAiodk at the probleﬁ from sa quasi4static point‘of view with more
sopﬁistiéatedvfission;probabiiity formulae than those employed in this'papér.

The two mbsﬁAimportant ﬁhysical quantities that affec£ the mass yield
curve are first, the excitation energy above the outer barrier and secondly,
the energy difference, h, between the symmetric mountain top and the asymmetric
saddle. When h is zero or small, there is little difference between the
~ symmetric fisSiOn path and asymmetric fission path, and the pesk-to-valley
ratio isiéxpected tb approach one. When h is i;rge, of course; ésymmetric
fission.prevails. The masé'yield curve is also quite a strong function of the
excitation eneréy. As the eﬁefgy‘is wgll ab&ve the barrier, thé effect of h
is not seen and symmetric fission is observed. But as the énergy is decreésed,

the effect of h becomes more significant and causes asymmetric fission.



@

258

25 S LBL~25)4

In this picture it is possible to explain the recent data of the

256 257

spontaneous fission of Fm and the neutronfinduced fission of Fm. For the

latter case; h is émall, and even at the energy of thermal neutrons, one is suf-
ficiently gbove the outer barrier not to feel £00 muéh the effect of h and
hence the peak-to-valley ratio is close to unity. In the same way, our analysis

255

would predict the fission of théfmal neutron—iﬁduced-fission of Fm to be

.symmetric.b For the case of the spontahedus fission of 256_F_‘m, even though h

is small, the'éxcitation enefgy'is zero, i.e. the fissién is & penetrétion 4
prbceéé through the barrier, which can‘feel é&en the smali value of h and thus
asymmetric fissioh is observed. In theAsame way; our analysis would predicf
the‘spontaneous fissidﬁ of 258Fm fo be asymmétric.

'Experimgnts to measure mass yields of the spontaneous fissibn of

255

Fm and the thermal neutron-induced fission of- Fm would be strong tests
of our theory. They will also help to differentiate between our theory which
is based on évquasi-static analysié_in the regian of the second barrier and

the théory oftéh advocated that the fission asymmetry is due to fragmeht shell

'effedté, determined predominantly near the scission point{ In the later theory,

256Fm) would be

255

258Fm (and of

25

the mass yield curve of spontaneous fission of

very Similér to the thermal neutron-induced fission of 7F‘m {and of. Fm).
Qtﬁer very crucial experiments in the further understanding of fission
asym@etry;are’fhose measuring the mass yield ofinuclei in the radium region;
in particular, the low energy fission yield of polonium.isotopes. This region
provides criﬁicél test of any theory of fission. Further experiménts,

especially those in which higher chance fission can be substracted will be

extremely*valuéble.
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Table 1. Quantities used in eq. (2-5) for determining peak-to-valley ratios.
Incident : v ’ .
a neutron b T € d e
Nucleus Pa/PS energy PN ET Ei _ Ea | | ES |
U (Mev) |(Mev) | (MeV) | (Mev) | (MeV)|Ni1-T8(case)|Nil-TI"(case) Pauli’(case) ﬁixj(case) _
234y 390 o |6.9 9 | 2| 6ot sanm) | ogatm) | ea(rn)  |8.s(rm)
120 2.5 | L (1) (1) (1) (1)
5 1k, 20.9 (1) (1) (1) (1)
236 o e m L | '
U 600 0 . 6.6 6.6 2.4 | 6.0 - 8.L8(11) 9.3(11) 9.7(11) 9.4(11)
150 2.5 | 91 (1) (I1) (11) - (11)
T3 5. 11.6 (1) (1) (1) (1)
21 8. 14.6 NG . (1) (1) (1) '
_ _ :
T 1k, 20.6 (1) (1) (1) (1) 3
. . 1
238, - >500 S.F. 6.8 0 2.08 5.8z 8.43(111) 9.1(IIT) |{10.0(ITI) |9.9(IIT)
2h0p,, >270 S.F. |6.8 | 0 2.6" | 54" 7.3 (111)|  7.9(TIT) | 9.1(TTI) |8.8(TIT)
235 o 6.8 (11) (11) (11) (1)
~ 90 a5 3 (1) (1) (1) (1)
6 1k, 20.8 (1) (1) (1) (1)
- 2hep, 290 0 6.5 6.5 | 2.2 | 5.3 1.2 (11) 7.7(11) 9.0(II) 8.8(11)
. - N , _ . g
ek, >700 s.F. |6.9 0 3.2 | 5% 6. (r1n)|  7.0(rIz) | 8.i(rzr) | 8.o(1Ir) =
e hsaod | s e | o 2.6° | 5.3%| 6.6 (111)| 7.0(111) | 8.3(1Ir) |8.2(111)

" (continued)



Table 1  (continued)

Incident _ o .
 Nucleus | P /P 2 neutron | 5 b ¢ | g% | £°© : gt
a s | energy | N . T i a e _ v : s |
(MeV) (MeV)~ MeV) (MeV) (MeV)rNil—Ig(case) Nil-iIh(case) Paulii(caSe) ﬁixj(eese)
22f6Cm - 1o 0 - |6.6 | 6.6 | 3.1k> s.uk - 6.6 (1) | T7.0(II) _i8.5(11)‘ 8,0(11)
ESOCfi -~ > 60 .0 6.7 6.7 3.1k h.sk 5.1 (1) 5.3(I) _7.3(Ii) 7.3(II)
#2ce | ~150 s.F. |6.0 °| 0 2.7% | 4.0%| b5 (1II)|  bu(IID) | 6.5(1IT) | 6.5(ITI)
28y |~ 1200 | s |6.8P 0 2.08 | 3% 3.6%(rI1) | s.3(11n) | 5.6(TI1)
?58Fm: - sym" 0 6.5° 6.5 | 2.0 | 3.3% 3;5q(III) o 4.5(1) 5.3(I)

&The ratio of pesk-to-valley ylelds of fission product mass distribution taken from von Gunten (ref.,3)),unless.
otherwise noted. ' '

is experlmental neutron binding energles calculated from the experimental masses tabulated by Myers and
Swiatecki (ref 22)),

cCompbund nucleus excitation energy-(ET = incident neutron energy + neutron binding energy).

'dEi is the energy of the secondary minimum in the deformstion energy surface relative'tonthevgrdund state.

a

Iy

®E_ is the energy of the asymmetriq second saddle point relative to the ground state.

g is the energy of the symmetric seéond saddle point relative to the ground state.

€Nil-I = calculated values of h are taken from ref. 7) (the case where surface dependent pairing strengths

are used), and added to E_ to give E_. ‘ '
thl IT - calculated values of h are taken from ref. 7) (the case where constant palrlng strengths are used),
and added to E to give E .

(continued)
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Table 1 (continued)

'Pauli - calculated values of h are taken from ref. 16) and added to E, to give Eg.
Inix - calculated values of h are taken from ref. 8) and added to E, to give E_.
AkReference l6).

13,)

QReference

15).

mReference
UReference lb'). . ' : : . -
®Reference S).

pCalculated'value~from ref.'az).

The value of h is estimated from deformation energy surface plots provided by MSller and Nilsson (ref. 7)),

' rReférence_h).

|
W
T

n52-1a11



—30- | LBL~25L4

Table 2. -Experlmental and calculated values of peak—to—valley ratios for
‘ ’ o spontaneously f1ss1on1ng nuclei®. .

Nuc¢leus | .,~ S | : | _vPeak Yield/Valley Yield
| » Experimental : Calculated
v238U | L > 500° L 8 x 10
2ha, - ’ - > 700° - 5.l X_lou?
g | s sx103° | o 2 x 10"
- 2 ‘ ‘ ~7§0b | | ritted
2565 B : ~12 | . s

aCalcﬁlations were performed using eq. (5) with values of B and B' given by
eq. (6ba,b). ‘Experimental parameters used in eq. (5) are presented in Table 1.

bRéference 3); v . ‘ -

“Reference 5).

6 -
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Figure Captions

Fig. 1. A typicel mass yield curve. The data®) is présented for the neutron

235

induced fission of U at two neutron energies: thermél and‘lh MeV.

Fig. 2. Schématic fepresentation of‘a defpfmatidn_energy surface as a function'_'
ofisymmetfic‘and asymmetric dgformations.- For detéils see text. |

Fig. 3. Claésification of. cases for sfudy 6f ﬁaés aéymmetry. Case I corresponds

to the situatidn where the excitation energy E_ is above both the symmetric

T
mountainbt0p; Es, and the asyﬁmetri§ saddle_point,;Ea. Case II cofresponds
. to the situation where ET isAaboVe Eé, fut below ES; .Case IIT correépopds‘
to the situation where E, is below-bdth E and'Ea. -.

Fig. ﬁ."Corrélatioh giveﬁ by eq. (2) for Case I data using the MBller-NilésonT)
tﬁeoretical'barriers. The line is drawn in to smoothiy Join experimental
'data poinﬁs.‘ |

Fig.‘S. Same as fig. 4 but using fouf setSuOf'theoreticgl fission bafriers:

A > Malier‘aﬁd NilssdnT) using a suffaée dependeht'pairing strength (this
is the same"data used in fig.'h); + 4‘M311ef anvailssbnT) using a cohstant.
pairing streﬁgth; 0O~ Nik8); ® > vauli and Léderg.:erberl‘6) . The two lines
are drewvn to bracket the experimental data.

" Fig. 6. 'Corfélation given by éq, (3) for Case I data. This graph is used for.
(257 _ v ;

Fm, n, f) peak-to-valley ratio. Moller and Nilsson's

predlctlop of the . th

theoretical barriers are used.
Fig. T. Correlation given by eq. (4) for Case,Ii-data uéing»MSller aﬁd Nilsson
.theofetical barriers. Thé.line is drawn fhrough the experimenfal data points.
'Fig. 8. Samg as fig. 7 but using four sets of theoretical fiésion barriers:
A - Moller and Nilséon75 with surface dependent pairiné strength (this_is the

same data used in fig. T), + - Moller and Nilsson7) with a constent pairing
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8

stre;ig'_bh, O~ Pauli and Le.devr,‘gerberl6); ® - Nix ). The lines are drawn

'joining the.various sets of data.

~

Fig. 9. The dark line is a schematic representation of the fission barrier

alongléjmmétric.deformation;. The 6u€er'barfief is appfoximgtéd by a
pafabola-(dasﬁed‘line)rwhich passes'thrdugh the(seéondary minimum an&
spontanéous fission emerging poiht and has the same maximum as the outer
fission barrier. The:@enefratioﬁ path (d) is from the second minimum to point
( of émeréence, A similgr approximdtion is'appliea fdrjthévasyﬁmétric barrier.
Fig. 10.  Deformationienérgy surface of 222Ra in the region of the second saddle
~ point as Caléulated by Moller and Nilsson7) using a copétanfkpairing stréngth.
Fig. 11. A'hypbthetical represehtation‘of the triﬁle peéked fission mass yields-
| of'nuclei in'the rgdium regioh. Thevleftfhand curve gives the cfoés—ééction
| of'deformationvénergy‘surface near ﬁhevouter peak'as a function of shape :
asymméﬁry. The right<hand curves give thé mass yields at various excitation
ehergies indicaﬁeda
Fig.v12. A possible explggation of the experimehtally observed mass yield distri-~

butions in the proton induced fission of 226Ra. The mass. ylelds of first

(227Ac) and second (226Ac)

chance fissions.are indicated along with the cumulative
fission maés,yiéld. These yields arevpresented schematically for five dif-
ferent bombarding energies (EP)' The considerations of both the ¥irst and the

second chance fission are necessary to explain the variation of the symmetric

. fission yiéld,peak reletive to the asymmetric yield peak.
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—LEGAL NOTICE

This report was prepared as an account of work sponsored by the
United States Government. Neither the United States nor the United
States Atomic Energy Commission, nor any of their employees, nor
any of their contractors, subcontractors, or their employees, makes
any warranty, express or implied, or assumes any legal liability or

- responsibility for the accuracy, completeness or usefulness of any

information, apparatus, product or process disclosed, or represents
that its.use would not infringe privately owned rights.
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