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Abstract

Analytical studies are made to predict space-time-dependent concentrations of
radionuclides transported through water-saturated fractured porous rock. A basic model,
which is expected to generate conservative results when used in long-term safety
assessment of geologic repositories for radioactive waste, is established. Applicability and
limitations of the model are investigated. /

In the basic model, one-dimensional advection in a single planar fracture of infinite
extent is coupled with diffusion in the rock matrix perpendicular to the fracture. Sorption
and radioactive decay with no precursors are included. Matrix diffusion and radioactive
decay make contaminant stay within some distance away from the source releasing
contaminant for a finite period of time. Back diffusion is observed after the release period
in the vicinity of the fracture entrance.

Though enhancing early-time transport, longitudinal dispersion in the fracture may
be neglected for long-term evaluétions by assuming greater advection and fracture apertures
than actual values. For multiple parallel fractures, the single-fracture model is still
applicable for moderate overlap of concentration fields inside the rock matrix. Neglecting
radioactive-decay precursors results in overly optimistic estimates of concentration in the
fracture in early times. Transverse dispersion merges plumes released from individual
waste forms in a repository. Beyond the near region, the repository is treated as a single

large source. An equivalent single-finite-source solution is a very good approximation.



Méss transfer and transport from a cylindrical waste solid are studied in the
cylindrical geometry by assuming molecular diffusion in the rock matrix parallel to, as well
as perpendicular to the fracture, without advection. Radioactive decay enhances mass
release from the cylinder. Even though the mass flux from the waste into rock is lower
than to the fracture because of lower porosity, the larger waste surface exposed to the rock
matrix and the greater matrix sorption can result in greater release rate to the matrix. With
diffusion only, the basic model cannot be conservative against the cylinder model, with
respect to the diffusive mass flux from the waste surface and to the distance that the

contaminant can reach.
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Chapter 1

Introduction and Summary

1.1 Introduction

A geological waste repository will be the final reservoir for radioactivity generated
by nuclear power. It will remain radioactive for a very long time, with some radioactivity
even remaining for millions of years. As yet, complete analyses for predicting safety of
geological disposal are not available. Such analyses would include three stages, proceed-
ing from the assumption that water will be the only vehicle for transport from the repository
to people: (1) failure of the artificial containment and subsequent water intrusion, (2) con-
taminant migration by groundwater to the biosphere, and (3) injestion of radioactivity by
human beings [1]. This dissertation deals with processes involved in migration of con-
taminants to the biosphere. |

In a geological disposal system, radioactivity is confined by engineered barriers and
dense geological formations. Engineered barriers may include inert waste solid, such as
borosilicate glass, a container, and backfill. Engineered barriers are especially effective for
confining relatively short half-life nuclides such as 90Sr and 137Cs. The geological forma-
tion surrounding the waste repository plays an important role in the case of long-lived
actinides. It is essential for predicting the safety of the geological disposal system to
understand how radionuclides are transported into and through geological layers.

The prime requirement for the rock hosting the waste solid is low permeability and
porosity. The waste repository would be constructed at depth of several hundred meters
below the surface, where the permeability of some dense host rocks may be completely due
to fractures. Fractures have permeabilities several orders of maghitude larger than the rock
matrix itself, if the geological layers are fully saturated with water. Assuming that
hydrogeologic migration of radionuclides is very slow because the porosity of the saturated

rock matrix is very low might lead to overly optimistic estimates of repository performance.



For a saturated fractured porous medium, two approaches are considered. In one
approach it is assumed that regional flow through great volumes of fractured rock cannot be
analyzed by describing each of the discrete fractures deterministically, and that continuum
or equivalent-porous-media analysis can be used if equivalent-porous-medium parameters
can be assigned to the fractured system [2]. If such an equivalent porous medium exists,
then we can apply earlier analyses of mass transfer and transport through a porous medium
[3-6]. In the other approach fractures of large aperture are considered to be of special
importance to safety assessment of waste disposal. Fractures are divided into principal and
minor fractures depending on their aperture. Principal fractures are considered as main
paths to the biosphere, whereas minor fractures are considered as pores together with other

void spaces in rock matrix (Figure 1.1).

Microfissures with
diffusion only
.4 e,

v 0.0l-.lmm

Figure 1.1 A two dimensional view of the microstructure in
granite showing typical sizes of grains, microfractures
and fractures (Source: Birgersson and Neretnieks [8])
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To have an equivalent porous medium, a fractured medium of interest must have the
following properties: (1) fracture number density is sufficiently high, (2) fractures have
similar apertures rather than broadly-distributed apertures, (3) fractures have distributed
orientations rather than uniform orientation, and (4) the medium has a representative
elementary volume (REV) [2]. An REV can be thought as follows: Porous media actually
consist of pores and solid. Microscopically, rocks are heterogeneous media. By taking a
large enough volume of rock, we can average over the volume various rock properties such
as porosity and density and consider the averaged properties to apply at every point inside
the volume.

It is observed, however, in candidate geologicai formations such as granite, basalt
and tuff that fracture apertures have log-normal distribution [2]. The log-normal distri-
bution of fracture apertures implies that there are a few fractures of large aperture and
enormous numbers of microfractures. If this is the case of the waste repository, we should

take the latter approach.

1.2 State of the Art

Studies of migration in discrete fractures with matrix diffusion were begun by
Neretnieks [7] in early 80’s. He first pointed out the importance of diffusion of radio-
nuclides from the principal fractures to the surrounding rock matrix in the context of the
waste disposal. Clear indication of matrix diffusion was obtained by Birgersson and
Neretnieks [8][9] in the field tests in the Stripa mine, Sweden. In Neretnieks’s model
fractures and pores in rock matrix are assumed to be saturated with water. Water flows in
fractures, whereas in rock pores water is assumed to be stationary. Fractures are simplified
as planar parallel conduits. Molecular diffusion of the contaminant from fractures to the
surrounding rock matrix was pointed out to be an important retention mechanism for
transport in fractures.

Many efforts have been made for investigating transport through a fracture-matrix



system in natural environment or in laboratory experiments. One of the key issues in frac-
ture-flow transport is how to deal with hydrodynamic dispersion in fractures. Fickian
dispersion and channeling dispersion are two widely-accepted mechanisms. Channeling
dispersion in fractures can be considered because in actual fractures both fracture walls
contact with each other at various points, creating multiple water conduits in one fracture.
Each conduit might have different hydraulic properties, such as path length and width,
resulting in dispersion of the contaminant.

Abelin et al. [10] made an attempt to simulate tracer migration in natural fractures
by applying Fickian and channeling dispersions. Migration was investigated by injecting
tracer solution into a fracture and by measuring breakthrough curves at points about 10 m
apart from the injection point. They also measured the concentration of the tracer in the
rock matrix adjacent to the fracture, and obtained direct evidence of matrix diffusion.
Observed breakthfough éurves show long tailing after the injection is terminated. Both the
Fickian and channeling models could yield very good “best-fit” curves for the long-tailed
breakthrough curves, and they claimed that available data are not sufficient to firmly
conclude which is the principal mechanism for dispersion.

Hadermann and Jakob [11] measured fracture-flow transport in laboratory experi-
ment. They used drilling bore cores of crystalline rock originated from northern Switzer-
land. Fickian dispersion-advection model is applied. They pointed out that the main fea-
ture to be explained by any model is the trailing part of the breakthrough curves over long
times, and proposed matrix diffusion, non-linear sorption, sorption kinetics, and
channeling in fractures for possible mechanisms causing the trailing part. They chose
rhatrix diffusion, with which they claimed that they could show quantitative consistency.
Channeling model was not recommended there because the model could increase the
number of independent parameters dramatically.

Reeves et al. [12] studied migration through the highly-fractured Culebra dolomite

in the Waste Isolation Pilot Plant in New Mexico, and concluded that matrix diffusion is.
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very important as a retardation mechanism, and that fracture dispersivity exhibits a
decidedly secondary importance.

Thus, experimentally the importance of matrix diffusion is well established whereas
for the dispersion in fractures more discussions are still needed.

Many analytical studies have been done after Neretnieks [7]. They are based on
the same assumptions made by Neretnieks: planar fractures, stationary water in rock
pores, water flow in fractures, and matrix diffusion.

Rasmuson and Neretnieks [13] and Tang et al. [14] studied the effect of '
longitudinal hydrodynamic dispersion with a mathematical model and parameter sensitivity
studies. Both studies claim that longitudinal dispersion has significant influence on early
arrival of the contaminant. Sudicky and Frind [15] showed the effect of neighboring
parallel fractures by solving the mathematical problem analytically. However, the analytical'
solutions proposed by them contain errors; the solutions do not satisfy the boundary
conditions.

Effects of radioactive decay chains of multiple members are studied by Chambré et
al. [5] and Sudicky and Frind [16]. In [5] an attempt was made to obtain the non-
recursive analytical solution for a decay chain of arbitrary length, and the decay in the rock
matrix was neglected. The recursive solution for a chain of arbitrary length was obtained
as the preceding form of the approximated non-recursive solution. In [16], on the other
hand, the solution for a two-member chain and for an impulse release at the fracture
entrance is obtained analytically.

In these analytical studies, including this dissertation, the region of interest excludes
the region near the repository, where repository heating and possible mechanical distur-
bance during the construction of the repository make the situation more complex. Because
repository heating is a function of time, physical properties such as the molecular diffusion
coefficient, the sorption distribution coefficient, and water viscosity would also be a func-

tion of time. Also in this near-region, hydrodynamic dispersion in the fracture may not be



a Fickian dispersion [17].

One important feature of fracture-flow transport which has never been discussed
explicitly in the previous analytical studies is the intersection of fractures. Hydraulic
properties of fracture network consisting of intersected fractures have been analyzed in [2],
where contaminant transport associated with matrix diffusion, sorption, and hydrodynamic
dispersion is not considered. Intersection of fractures introduces a lot of mathematical
complexity. Moreover, we do not have enough data to establish a deterministic model,
where we at least need to know the mean distance between intersections and angles formed
| by two intersected fractures. Three-dimensional description of fracture network might be
necessary. It is unlikely to obtain such information in future. Rather, we should consider

that for a considerably large distance repeated intersections of fractures make the

contaminant well-mixed among these fractures, so that one averaged fracture can represent

the transport phenomena. The effect of intersection, then, might be treated as the
dispersion in mathematical models.

Besides these analytical studies, there are several numerical analyses available,
usually by finite-element method [18][19] or the integrated finite-difference method [20].
Although numerical schemes can handle more complex systems, validation of results is
usually a problem. Analytical studies are more suitable for validation of numerical schemes

as well as parametric studies.

1.3 Purposes of This Dissertation

Transport models for radioactive contaminant through a fractured medium would be
established aiming at two different goals. In one category, a transport model is established
to explain in-situ experiments or to predict migration of contaminant for a certain specific
repository‘ site. The model would be required to generate numerically as close results as
possible against experimental results. Numerical methods would be applied to incorporate

complex physical and chemical mechanisms that are actually observed in the experiments.

»



In the other category, including this dissertation, a transport model is established in order to
understand what are the key mechanisms and how they control the contaminant transport.
The actual situation may be abstracted to emphasize important processes. Knowledge
obtained from this type of studies can provide the logic for establishing future national
criteria for long-term performance and repository-site selection.

The analyses in the second category stated above, then, should be performed from
the standpoint of looking for a “bounding theory” for migration of radionuclides through a
geological medium. Considering that before actual waste emplacement we must assure that
the waste repository system, including the host rock, can confine radioactivity for tens of
thousands to possibly millions of years, depending upon what national criteria are adopted
for long-term performance, we must have a reliable theory that can predict migration of.
radionuclides for such a long time. Complicating the model is not necessary the best way
to obtain a reliable model. Rather, we should investigate every physical processes that
could affect migration and its relative importance, and establish a model with essential
physical processes and assumptions that are reliably known to generate conservative
results.

The previous analytical studies reviewed above lack the standpoint of looking for a
bounding theory. For example, we saw that there are discussions and confusion about
how to deal with hydrodynamic dispersion. If, however, we need a bounding theory, then
we could neglect this mechanism in the model; what we need is the logic that assures that
the model without hydrodynamic dispersion can generate conservative results. Another
example is found in the study with the multiple-parallel-fracture model. Since there is no
such fracture system as multiple parallel fractures in natural environment, increasing
complexity of the model from a discrete fracture to multiple fractures does not directly
contribute the reliability of safety assessment for the overall geologic disposal system. The
meaning for increasing complexity should be sought in finding whether or when the

discrete-fracture model becomes a conservative one.



In this dissertation, first the advection-dispersion-matrix diffusion model for a
planar parallel fracture in the Cartesian coordinates is established as a basic bdunding
model. Then, the effects of longitudinal dispersion, adjacent fractures, multiple-member
decay chains, and transverse dispersion with multiple patch sources are investigated by
comparing a model incorporated with each of these mechanisms to the basic bounding
model, to obtain under what conditions the proposed basic model can apply, or these
effects can be neglected.

One remaining question is the effect of the planar geometry used instead of the
cylindrical geometry of the candidate waste containers. The geometry would affect the
near-field transport and mass transfer from the waste container, i.e., the source term for the
far-field transport. It is important to understand how the near-field transport affects the far-
field transport.

Thus, the purposes’of this study can be summarized as (1) obtaining a basic, yet
bounding model to predict the far-field transport of radionuclides through a fractured
porous rock together with the conditions for applicability of the basic model, and (2) pre-
dicting the near-field mass transfer and transport from a cylindrical waste solid to a frac-
tured porous rock and investigating how the difference in geometry would affect the far-

field transport.

1.4 Summary of Results and Conclusions

Chapter 2 is the key chapter in this thesis. Proposed there is the basic bounding
model whose applicability and limitation are investigated in subsequent chapters. The basic
bounding model is established based upon the following assumptions: (1) radioactive
decay with no precursing nuclides, (2) a discrete fracture of infinite extent, filled with
water, (3) rock matrix saturated with stationary water, (4) unidirectional flow in the
fracture, (5) longitudinal hydrodynamic dispersion in the fracture, (6) one-dimensional

molecular diffusion in the rock matrix, perpendicular to the fracture plane (7) local sorption



equilibrium between rock surfaces and water. The contaminant source is exposed only to
the fracture and of infinite extent along the direction perpendicular to the flow direction, so
the fracture is considered to be one-dimensional.

Analytical solutions for (1) the concentrations in the fracture and in the rock matrix,
(2) advective mass flux in the fracture, and (3) cumulative release in the fracture are
obtained for a source strength given as an arbitrary function of time, and with or without
longitudinal dispersion in the fracture. Analytical solutions for a band release are also
derived. The band release is defined by assuming congruent dissolution of the contaminant
with the waste solid and no dispersion at the dissolution location. The waste solid is
assumed to be dissolved for a leach time at a constant rate. Then, the concentration at the
boundary vanishes after the leaching period.

The characteristics of the fracture-matrix transport are investigated with the basic
bounding model in Chapters 2 and 4, using the band-release solutions. Matrix diffusion
retards significantly the transport in the fracture even without sorption. Unlike transport
through porous media, where the contaminated area advances chromatographically, the
contaminant remains in the region near the source even after the source ceases emitting the

contaminant, and eventually decays out. Chapter 4 gives new insight into how a

contaminant is transported after the source ceases emitting the contaminant. In the vicinity

of the fracture entrance, the contaminant diffuses back to the fracture because
uncontaminated water is entering the fracture. The contaminant is, then, carried by
advection in the fracture, and again diffuses into the rock matrix.

Followings are the summary of the applicability and limitations of the above-
mentioned basic bounding model.

In Chapter 3 longitudinal dispersion in a fracture is investigated. Comparison of
the cases, (1) infinite Pechlet number and large fracture aperture, and (2) small Pechlet
number and realistically small fracture apérture, shows that in case (1) contaminant is

transported to a farther point even at an early time. Over long times, especially after the
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leaching period, matrix diffusion becomes dominant so that effects of longitudinal
dispersion become negligible. Thus, longitudinal dispersion can be safely neglected by
assuming large fracture aperture and water velocity compared to the values observed in
natural environment.

Transverse dispersion in the fracture is studied in Chapter 7 with mutiple-patch
sources of finite areal extent, by comparison of the multiple-paich solution with (1) the
solution for the infinite-extent source obtained in Chapter 2, and with (2) the solution for a
single-patch source equivalent to the multiple-patch source. The multiple-patch source
would be better description of actual repository consisting of thousands of canisters than
the infinite source. In the most near region from the source, where plumes generated from
the patches are distinguishable, the multiple-patch-source solution must be used. Due to
transverse dispersion, plumes generated from patches begin to mefge with each other, and
at some distance away from the repository these plumes are completely merged. There
both the infinite-source and the equivalent-finite-single-patch solutions give identical
results. At larger distance we can consider a repository as a finite single-patch source.
Except the near region, the basic bounding model considered in Chapter 2 gives
conservative results.

In Chapter 5, effects of multiple parallel fractures are investigated. Sudicky and
Frind [15] gave analytical solutions that contain some serious errors. In Chapter 5
corrected solutions are given, and it is pointed out that the exact analytical solutions are not
suitable for numerical evaluations for the case of shallow penetration into the rock matrix
by molecular diffusion. A superposition approximation is proposed as an alternative. A
maximum Fourier number is given for the criterion for a valid superposition. After the
source ceases releasing the contaminant, the criterion becomes more limited. In a region
very far from the source locafion superposition yields good approximation at any time
because so little contaminant can reach there that penetration into the rock matrix is very

shallow. This analysis is limited to a system of parallel fractures.



In Chapter 6 two-member chain transport through a single fracture is considered.
Analytical solutions for a general release mode are derived, utilizing the analytical solutions
for an instantaneous release obtained by Sudicky and Frind [16]. Numerical examples are
given for a band release for the 237Np — 233U— chain and the 234U — 230Th — chain to
compare with the results of Chambré et al. [5], who neglected radioactive decay in the rock
matrix. Also investigated is the effect of presence of a mother nuclide, by comparing the
23TNp concentration obtained from a 241Am — 237Np — chain with that from the
assumption that 237Np is a mother nuclide. Approximation applied by Chambré et al. is
found to introduce considerable errors for the concentration of the daughter nuclide.
Ignoring the presence of 241Am in the source results in optimitic evaluation of maximum
concentration and time of first arrival of 237Np.

In Chapter 8, a new topic is dealt with. Turning our eyes from the far field, we
look at near-field phenomena. We investigate in this chapter the effects of the geometry
and molecular diffusion in the rock matrix parallel to the fracture plane. A cylindrical waste
solid of infinite length is assumed to be intersected by a planar fracture. At the entire
cylinder surface, solubility-limited concentration is maintained. The contaminant is release
into the rock matrix as well as to the fracture. Two-dimensional diffusion in the fracture
and three-dimensional diffusion in the rock matrix are assumed. The governing equations
are established in the cylindrical geometry. The exact analytical solution for this problem
has been first obtained by Chambré. The numerical evaluations are shown here.

For shorter-lived radionuclides, diffusion from the cylinder reaches the steady state
faster. Because the fracture is assumed to conduct the contaminant faster than the rock
matrix, mass flux from the cylinder into the rock matrix becomes less near the fracture.
Although the mass flux into the fracture is much higher than into the rock matrix, the amout
released into the rock matrix can be greater than that into the fracture, because of much
larger surface area exposed to the rock matrix. If that is the case, the earlier mass-transfer

theory [5] for a waste cylinder completely surrounded by porous rock is applicable.
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Comparing the results from the planar-geometry model, considered in Chapter 2,
the cylinder model gives greater mass flux into the fracture and deeper penetration into the
fracture than the planar model, if molecular diffusion only is assumed in the fracture. In
diffusion-dominant fractured media, the basic “bounding” model is no longer bounding,
and the cylindrical geometry and the diffusion in the rock matrix parallel to the fracture

plane must be assumed.
1.5 Recommendations for Further Studies

For the far-field transport, more attention should be paid to the fact that sorption
and de-sorption are irreversible reactions. On de-sorption sorhe of nuclides sorbed on the
solid phase will remain in the solid phase, and never return to the water phase. Or,
considering their low solubilities, actinides are very likely to form a precipitate in the
medium. So far these are included in few studies of fracture transport [S][21].

For the matter of the near-field, we need to know the limitations of the assumptions
such as an infinite cylinder and a pure diffusion field. By assuming them, we could avoid
quite a lot of mathematical complexity. Yet, we need to test these assumptions. Especially
for the latter, it is desired to know how advection in the fracture affects the mass transfer

from the cylinder. With that, the current analysis becomes completed.
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Chapter 2
Migration of Radionuclide through a Single Fracture Surrounded
by Rock Matrix of Infinite Extent

2.1 Introduction

This chapter establishes the formulation of radionuclide migration through a single,
infinite, planar fracture surrounded by porous rock matrix of infinite extent, and shows the
analytical solutions to (1) the space-time-dependent concentrations of radionuclide in the
water both in the fracture and in the rock pores, (2) the space-time-dependent advective
mass flux in the fracture, and (3) the space-time-dependent cumulative release in the
fracture. |

Analytical solutions are obtained for an arbitrary release mode, and then for a band
release, whose definition is also given. The mathematical problem must be solved
separately for the cases with zero or non-zero longitudinal dispersion in the fracture.
Lateral dispersion will be considered in Chapter 7 with a multiple-patch source.

By numerical examples, several important observations such as retardation effect éf
matrix diffusion, back diffusion after the leach time, and effect of longitudinal dispersion
are made. These observations and the assumptions made in the present model will be

reconsidered in the following chapters.

2.2 Assumptions and Physical Processes

Consider a rock matrix containing multiple parallel planar fractures of width 2,
situated in a water-saturated porous rock of porosity £. Here the fractures are assumed to
be widely separated so that each fracture can be assumed to be surrounded by infinite
porous rock (Sec' Figure 2.1). We consider (a) advective transport along the fracture with
velocity v, (b) longitudinal hydrodynamic dispersion in the direction of the fracture axis in

the fracture, with coefficient D, (c) molecular diffusion in the rock matrix, with coefficient
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Dp, (d) sorption onto the fracture surfaces, (¢) sorption in the rock matrix, and (f)

radioactive decay without any precursors, with decay constant A.

y
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Figure 2.1 Geometry and physical processes considered in
the model with a single, planar, infinite fracture.

In the fracture, water flow is assumed to be laminar, subject to Darcy’s law.
Resistive force due to shear stress acting on the rock-fracture interface results in a
parabolic velocity profile across fracture width with the maximum velocity at the midplane
in the fracture. To simplify, we average velocity over the width. Velocity is assumed to be
constant with time and uniform in space. The fracture is assumed to contain no filling
material, so pore velocity becomes identical to the Darcy velocity.

Longitudinal hydrodynamic dispersion is considered as combined effects of me-
chanical dispersion and molecular diffusion [1]. Mechanical dispersion occurs due to the
roughness of the fracture walls and the parabolic velocity profile across the fracture width
(Figure 2.2). Mechanical dispersion is caused also by channeling effect in the fracture [2].
In reality the both fracture-walls contact with each other at various points, so there would
be multiple paths of water flow between the source location and the observation point in the

same fracture. These water-flow paths would have different length, sorption properties,



and roughness, resulting in different arrival times.

Longitudinal hydrodynamic dispersion can be mathematically treated in several
ways. One of the most common ways is to treat it as a diffusion-like process; dispersive
flux of the contaminant is assumed to be proportional to the concentration gradient. This is
not necessarily true. Because dispersion is a macroscopic view of movement of many con-
taminant particles, it takes some distance away from the contaminant source to avefage
movement of contaminant particles, and in some cases, it is never possible to model dis-

persion by a diffusion-like process [3] [4].

Direction of flOW__g

Fracture

Velocity
distribution

(a) lllustration of mechanical dispersion due to a parabolic
velocity profile and surface roughness

Water conduit

Contacted region
Contaminant ~o :

-
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(b) Hlustration of channeling of water conduits in a fracture
Figure 2.2 Spreading due to mechanical dispersion in a fracture

Other researchers apply channeling dispersion as the principal mechanism for

hydrodynamic dispersion. In this treatment multiple paths are considered to exist between
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the source and the observation point. Due to different properties of each path, the effluent
concentration from one channel at the observation point differs from concentrations from
other channels, resulting in dispersion of the contaminant. It is assumed in Moreno,
Neretnieks, and Eriksen [2] that the fracture widths have a lognormal distribution and the
interconnection between the different channels is negligible. The cdncentration at the
observation point is then obtained by averaging effluent concentrations from all channels,
assuming the lognormal distribution. In other cases, the channeling dispersion model is
used to obtain the property of paths which are observed ocularly in actual fractures by
curve fitting against field measurements [5]. To analyze field measurements, however, the
channeling model has so many degrees of freedom that one can always obtain a very good
“best-fit” curve.

We assume in the present study that longitudinal dispersion can be expressed as a
diffusion-like process with a constant coefficient D, for mathematical simplicity. A
constant longitudinal dispersion coefficient independent of the distance from the source
may be true for a large-distance region where the water in different fractures has been
repeatedly mixed. For a medium where only few of fractures intersect each other, an
advection-dispersion model with constant longitudinal dispersion may not be a good
description.

The diffusion coefficient in the rock matrix Dp includes the effect of matrix
tortuosity. Because diffusion is constrained in a tortuous path in porous rock, the diffusion
coefficient becomes smaller than that in unconstrained water. The diffusion coefficient of a
species of low molecular weight (less than 500) in unconstrained water at ambient tem-

perature is Dy, = 0.05 ~ 0.15 m2/yr [6]. In porous rock this value is reduced by a factor t:
Dp =1, (2.1)

The factor Tt depends on porosity of rock, pressure applied on rock, and temperature.

Some experimental data on various rock types show that T ranges from 0.01 to 0.3 [7].



Interactions of radionuclides with the solid phase are another uncertain factor.
Possible interactions are sorption, precipitation, mineralization, diffusion into the solid
phase and so on. In the last three interactions, radionuclides might not return to the water
phase again. If these occur, the performance of a geologic disposal system will improve.
We assume local chemical equilibrium between the water and the solid phases. Sorption is
assumed to be a reversible reaction with a constant distribution coefficient. Sorption onto
the fracture walls and sorption within the rock matrix are considered separately because of

the possibility of differing chemical properties in the matrix and in the fracture.
2.3 Formulation of Problem

We make the following assumptions relating to the geometry and hydraulic prop-
erties of the system:

(1) The fracture aperture, 2b, is much smaller than the scale considered in the z-direction,

(2) Diffusion and dispersion across the fracture aperture assure complete mixing,

(3) The permeability of the porous rock is very low and transport in the rock will be
mainly by molecular diffusion,

(4) Transport along the fracture is much faster than transport in the rock, and

(5) The contaminant source at the fracture entrance is uniformly distributed over the y-
direction.

By assumptions (1), (2) and (5), mass transport along the fracture éan ‘be repre-
sented in a one-dimensional rectangular coordinate. Assumptions (3) and (4) allow us to
take the direction of mass flux in the rock matrix to be perpendicular to the fracture plane.
We can simplify the basically two-dimensional system iﬁto two orthogonal one-
dimensional systems: one for the concentration in water in the fracture and one for the
concentration in water in the rock pores. The coupling of two one-dimensional systems is
provided by the continuity of fluxes and concentrations along the rock/fracture interface.

The differential equation for the concentration in the water in the fracture can be
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obtained by balancing the total mass of the radionuclide in the fracture:

%It!+v%—1:——DiTIZ+7\N+%+%=0,I>O,z>O. (2.2)
where
Az, t) soprtion rate from fracture water to fracture surfaces [kg-nuclide/m?2-yr],
q(z, t) : diffusive flux from fracture water into rock matrix [kg-nuclide/m?2-yr],

N(z,1): concentration of radionuclide in water in fracture [kg-nuclide/m3],

b: half fracture-aperture [m],

v: water velocity in the fracture [m/yr],

z: distance along the fracture from the source [m], and
t: time [yr].

Denoting the concentration of sorbed contaminant on the fracture surface as Ny(z, t)
[kg-nuclide/m2-surface] and neglecting surface diffusion, the following rate equation

applies:
oN

s

ot

+ M, - r=0, >0, z>0. (2.3)

If we assume that mass transfer of nuclide between fracture water and fracture surface is so
rapid that the concentration of nuclide on fracture surface becomes instantaneously in local
equilibirum with that of nuclide in fracture water, and that a linear sorption isotherm
applies, then we can write the relation:

N, =K N (2.4)
where Kris the sorption distribution coefficient [m]. Substituting (2.4) into (2.3) and can-

celling the ry terms both in the resultant equation and (2.2) yields the equation for the

concentration in the water in the fracture as:

2
oN oN dN q
—_— —_— A - = , 2.
Rf 3 + v 35 D azz +Rf}\.N+ b 0, z>0, ;>0 (2.5)

where Ry is retardation factor for in-fracture transport, and is defined as:



Ky
Rf =1+ 7 (2.6)

Transport processes in the fracture, such as advection and dispersion, are apparently
retarded by the factor of Ry. For the case of no sorption (Ky = 0) the factor becomes unity,
and the nuclide is transported at the same speed of the water in the fracture. If the fracture
width becomes small, the factor becomes large.

On the other hand, the governing equations for the nuclide in the rock matrix can be
written by considering one-dimensional molecular diffusion in the pore water, radioactive

decay, and sorption from the pore water to pore surfaces and by neglecting surface

diffusion:
oM oM |
eE— ~-eD — + M +ar, =0, y>bt>0, (2.6)
ot P 8y2 PP
and
oM
a, Y + a, M, - ay, = 0, t>0, (2.7)

where (2.6) is for the water phase and (2.7) for the sorbed phase, and where
M(y, z, t) . concentration of radionuclide in water in rock pores [kg/m3],
Mg(y, z, t): concentration of radionuclide on pore surfaces [kg/m?2],
€ : porosity of rock excluding the pores which are not connected to the fracture,
ap: pore surface area per unit volume of rock matrix, which are connected to the
fracture [m2-surface/m3-rock], and
rp: rate of sorption from pore water onto pore surfaces [kg/m2-yr].
Assuming the instantaneous local equilibrium between the pore water and the pore surfaces

and a linear sorption isotherm,
Ms = KpM ) (2.8)

where K, is the sorption distribution coefficient [m], we can obtain the governing equation

21
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for M(y, z, t) from (2.6), (2.7), and (2.8) as

2
oM aM -
Rp—a?--—Dps—z—+RpkM=0, y>b,z2>0,1>0, (2.9)
y
where R, is retardation factor for transport in rock matrix, and is defined as: ~;
s
Rp =1+ -e—Kp . (2.10)

Equations (2.5) and (2.9) are the governing equations to be solved. The rate of diffusion

from the fracture to the rock matrix, g(z, t), in (2.5) can be defined by using M(y, z, t) as:

q(z,t) = — €D z2>0,t>0. (2.11)

p d ’
}’y=b

We solve (2.5) and (2.9), which are coupled by (2.11), subject to the following

side conditions:

N(z,0)=0, z>0, (2.12)
M(y,z2,0) = 0, y>b, z>0, (2.13)
N@O,t) = y(t), t>0, (2.14)
N(0,) = 0, t>0, (2.15)
M(,z,t) =N(z,t), z2>0,t>0, (2.16)
Moo, 2,t) =0,2>0, t>0. (2.17)

A prescribed function y(z) in (2.14) represents the time-dependency of the concentration at

the fracture entrance, and is determined by considering how the radionuclide is released

from the waste source. WY(t) is any integrable function. Equation (2.16) is the other

coupling of the two governing equations, representing the continuity of concentration at the

rock/fracture interface. "
In addition to the concentrations, N(z, t) and M(y, z, t), we will derive the

following auxiliary quantities:
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oN

j(z,t)= vN(z,t) — D R t>0,2z20, (2.18)
. t
J(z,t) = J-j(z, t)dt, t>0,220, (2.19)
0
where
Jj(z, t) : the advective mass flux of the radionuclide at position z in the fracture, and
J(z, 1) : the time-dependent cumulative release of the radionuclide across a plane at

z, and normal to z, in the fracture.

2.4 Solutions to General Release Mode

The analytical solutions to (2.5) and (2.9) subject to the side conditions, (2.12) to
(2.17) can be obtained by applying Laplace transform with respect to . We must solve the
case of zero dispersion in the fracture separately because (2.5) becomes the first-order
partial differential equation. Derivation of the analytical solutions is shown in the following
for the case of non-zero dispersion. Because solution procedure is quite similar, all of the
steps for the case of zero dispersion are not shown.

By Laplace transform of (2.9) with the aid of the initial condition (2.13), we obtain:

pM=-2 =22 M, y>b, (2.20)

where the tilde ~ stands for the Laplace-transformed variable and p is a Laplace variable,

complex. (2.20) is solved with the Laplace-transformed boundary conditions,

M (b zp) = N(zp) z>0, (2.16a)
M(,2,p)= 0, z>0. (2.17a)

The solution to (2.20), then, can be written as:

~B(y-b)y p+i

M(y,z,p) =N(z,p)e ,z2>0, y>b, (2.21)

where
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RP
B=_[3 - (2.22)
14

The Laplace-transformed flux across the rock-fracture interface, can be calculated

from (2.21) as

M pBfp+AN(zp) (2.23)
dy P

y=»5

q(zp) = - &,

Applying Laplace transform to (2.5) and substituting (2.23) into the resultant equation

yields, for D # 0,

dz2 D d:z D A
where
bR
A= ! .
DR,
If D is zero, then we have
av R LAl s g (2.24)
dz y \P* A - ' )

(2.24) or (2.24") should be solved with the Laplace-transformed boundary conditions:

N (0, p) = Wp), (2.14a)

N (s, p) = 0. (2.15a)
For (2.24) and (2.24"), we obtain:

1\7(z,p)=\‘|}(p) eazexp —az\/1+[32 (p_l_x_*_____‘/pA”") ,220,D #0,(2.25)

n
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————W)J 220,D=0, (225)

- - zRf
N(z p) = Wp) exp| - —= P+A+ "

where

4R
a=>— and P = ;D . (2.26) and (2.27)

2D v

We will show the steps to the solution for D # 0 below. In order to avoid the difficulty of
the double square root in (2.25), we apply the formula [8]:

- _g X
J'e ¥ = ge‘”‘, X>0, (2.28)
0
obtaining from (2.25)
~ 2 2
N(zp)=e -—= je s p) exp[ -Yy p+A - YA(p+x)]d§,
Ix ;
z20, (2.29)
where )
2,22
y= 2P? (2.30)
4AE

Substituting (2.29) into (2.21) gives the Laplace-transformed concentration in the rock

matrix as:

M(y, 2,p) = TJ \P(p) exp[ {Y+B(y — b)}N p+) —YA(p+?»)]d§,
T
220

(2.31)

(2.29) and (2.31) can be inverted by using the shift property of Laplace transform
[91,

3
-1
L [cﬁ(p) e“”E] =q(r-E)h(t—E), E>O0, (2.32)

and the following formula [8]:



5 1ct3 (2.33)

o(t), k=0,

where £-1 [-] stands for the inverse Laplace transform, and A(-) for Heaviside step func-
tion. We extend the range of & in (2.33) to include zero. This extension is reasonable
because if k¥ — 0 for ¢ > 0, then the inverse vanishes, while if Xk — 0 with ¢t — 0, then the

inverse blows up. The solutions are obtained as follows:
t-YA

N(z, t) = 2 eazJ-G(&; z,t)e A Wt - YA -t') E(¢'; Y)dr' dE,
VAR
220,120, . (2.34)
and
o0 t-YA
M(y, z,t) = 2 eazj GE;z,t)e A Iw(t ~YA - ¢t') E(t'; Y+B(y-b))dt'dE,
Ir
y2b,2>0,120, ~ (2.35)
where
22
2 o7
Gz, t)=e e =L /f-f- (2.36)
1] » - ’ - 2 Dt s .
and
2
e w
E(t; k) = e , k>0, (2.37)
2 m’?
3t’), k=0,

Equations (2.34) and (2.35) are the solutions to the governing equations (2.5) and (2.9)
subject to (2.12) to (2.17).
The advective mass flux, j(z, t), and the cumulative release, J(z, t), can be obtained

from the definitions (2.18) and (2.19) as, using the expression for N(z, t), (2.34):



oo t-YA

iz, :)=— Gtz t)e J' (t—YA —r) E(r; Y) H(t', E; 2) dr'dE,
L 0
t>0,2z20, (2.38)
and
t-YA YA-Y
Jz, 1) = e IG(F; nt)e J' J‘\V(t)th(t Y) H(t', §; z) dr'de,
Jr
t>0, 220, (2.39)
where

H(t',&;z)sv(l'i';?z) «"; {(YZ X 3)-5— YZ—A} (2.40)
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For the case of zero dispersion, we can obtain the analytical solutions in the very

similar way shown above, obtaining:
t-ZA

N(z,t)=e A h(t-ZA) J-\y( t-ZA-t)E(t;Z)dt', z=20,t20, (2.41)

t-ZA
My, z,t)=e€ h(t—ZA)J-\v(t ZA -t)E(t'; Z+B(y-b))dt',y2b,2> 0,120,
(2.42)
J(z, 1) =VN(z,1), 220,120, (2.43)

t7A +-ZAS

Jz=ve P -2za) J J-\v(t)dr CE(;Z)dr, 220,t20, (245)

where

sz
2 245
Z vA ( )
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2.5 Solutions to Band Release

2.5.1 Definition of Band Release

To illustrate fracture-flow transport, we introduce a band release for the nuclide
release mode at the fracture entrance. We follow the definition of a band release given in
[10], and give the fracture-transport version of the definition hereafter.

For a band release, we must assume that:

(1) A constant amount of the total waste material dissolves into ground-water in the
fracture per unit time,

(2) All of the waste material begins to dissolve at z = 0. Dissolution is complete within a
leach time T,

(3) All radionuclides contained within the waste material go into the water phase at the
dissolution location when the waste matrix dissolves, i.e., all nuclides dissolve con-
gruently with the waste matrix, and

(4) The effect of dispersion at z = 0 is neglected.

A “band release” comes from assumption (2).

Suppose the initial amount W2 of the total waste material is available per unit area of

the fracture opening at z = 0. The rate of dissolution M. of the total waste material is,

because of assumptions (1) and (2),

- W lkeim] |
M, = ———— for 0<t<T. (2.46)
T Tiy]
If water flows at velocity v past the waste material, the concentration Ny(z) of a dissolved
radionuclide i at the dissolution location (z = 0) is given by, because of assumption (4),

My [kgim'] - 1 [m’]

v [miyr] - 1 [m2] - T [yr]

N1) =

where n;(t) is the amount of nuclide i per unit amount of waste material. In the denomi-

nator, v-I gives the volumetric flow rate past the unit cross-sectional area of the waste

n (1), 0<t<T, (2.47)

)



29

material exposed to the fracture opening. Since we assume that the radionuclide has no

precursor, we may write n;(t) as

o —Mt

n(t)=n;e , (2.48)

where n ',) is the initial fraction of nuclide i in the total waste material. Because we are
interested in a single radionuclide with no deéaying mother, we can omit subscript i with-
out confusion. Thus, the time-dependent concentration N(z) in the water phase at the dis-
solution point (z = 0) is given by, because of assumption (3),

Nty =N & ™ fhe)— e —T)}, (2.49)
where N0 is the initial concentration in the water phase at the dissolution point and is given

by

0 o
N = 3T n (2.50)

The concentration N(z) are the real concentration N(0, ¢) at the boundary only if assumption
(4) holds. Equation (2.49) is depicted in Figure 2.3. We will use (2.49) for y(z) in the
next section.

w(t)

NO

T
Figure 2.3 Concentration profile at the inlet boundary of the fracture

for a band release. Nuclide release continues for a period
of a leach time, T
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2.5.2 Solutions to Band Release

By substituting (2.49) into function y(z) in the analytical solutions obtained in
Section 2.4, we can obtain the analytical solutions for the case of a band release as follows:

For non-zero dispersion:

Nz 9IN° = Fy(b,2,1)~€ “Fy(b,2,t-T), 120, 220, (2.51)

M, 2, N =F/(y,2,0)~€ "Fyy,2,t-T), t20, y2bz>0, (2.52)

J(z OIN® = Fyz,) —€ " Fyfz,8~T), £>0, 220, (2.53)
Jz N = Fyz, 1) ~ € T Fy(z,t=T), >0, 220, (2.54)
where
5y wf Y + B(y—b)
Fi(y,z,t)="¢ JG(&; 2 1)e erfe T | (2.55)
. ~
8
oz At .
Fy (2 :)=e—fc(a,- z0e ™ 080,20 d 2.56)
T
-1 e -AYA
Fy(a)=""F )+ = | GEzne QEhand  (257)
T
R R,z _
Q(gkz,t)_£(1+——+-—jz— )P(kYt)+ f2 2r-YA X
2 &y 28 aJ(-va/
Yz sz
exp —m—k(t—YA) 2§A kn P_(k, Y, 1), (2.58)
Y/k _.—Y _
Pi(k,)’,t)zie‘/“erfc(2 7 + Kt YA))+ .
-1k — X [ki-va)
+e erfc( Zm , (2.59)

For zero dispersion:



Nz 9N’ =F,(b,2,t)=¢ " F, (b, zt-T), 120,220, (2.60)
- AT
My, 2z, )N =F,(y,z,t)—€ =~ F,(y,2,t-T),y2b, 2>0,120, (2.61)

MzY 50, 220, (2.62)

J(z, t)iIN =v 5
Jz, )IN =Fy(z,0)-€ " F(z,1), 120, 220, (2.63)

where

Z + B(y- b))
—F———|, and (2.64)

-\
F,(y,z,t)=h(t-ZA) e erfc( 2ft—7a

- AZA
e

F.(z t)=-v—h(t-ZA) P Z M L _ (2.65)
514 —x 2 +(?‘o :t)_e erfc 2 t—ZA ¢ ’

2.6 Numerical Illustrations

2.6.1 Description on Computer Codes

Analytical solutions (2.51) to (2.54) and (2.60) to (2.63) are implemented into
computer programs written in FORTRAN 77. For non-zero dispersion cases, integrations

with respect to § in (2.55), (2.56) and (2.57) must be evaluated numerically. We first
introduce a variable transformation:

: R
_z [ 1
&-Zw/Dtu, (2.66)

so that the integration interval is éhanged ﬁ'om; l—)és E<eoto<spus<l.

The term, exp(az), in functions F(y, z, t), F2(z, t), and F3(z, t) causes computer
overflow for large z. To avoid overflow, we combine this exponential term with the

exponential term in G(€, z, t) as

31
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| _g g 2
ot r e % o [D: = [R 1
e GE; z,t)=e ¢ =exp\—-|ap Rf -3 D . (2.67)

After these preparations, we adopt Gaussian quadratures for numerical integration.
Each of the integrands has a sharp peak in the integration interval, i € [0, 1], the inte-
grands become less than the computer underflow limit in most of the 1n;rval We mustw
determine the effective interval inside [0, 1], where the integrands exceed the computer
underflow limit, by checking the magnitude of the exponential term, (2.67), and of the
complimentary error functions in (2.55) or in Q(&, k, z, ), (2.58). The effective interval
becomes smaller for larger times.

Numerical integration was performed by the package subroutine DO1AJF of NAG

library [11]. The relative error of the numerical integration was set to be less than 10-.

2.6.2 Input Data

Numerical results are shown for 237Np in Figures 2.4 to 2.8. There are significant
uncertainties in determining input parameter values. One of the uncertainties comes from
the fact that every parameter value has its distribution. For example, it is observed that
fracture width shows a lognormal distribution [12]. Uncertainties arise also in measure-
ment of parameter values. For example, because actual fractures are not perfect planar
planes, we must introduce some kind of average width for the present model. There are
several ways to measure average widths: by compressing a rock sample containing frac-
tures and observing the volume change with the applied pressure [13-15], or by 'calculating
the width from measured permeability of fractures based on the cubic law [5]. The results
obtained by these methods, however, usually show large discrepancy even for the same
rock sample.

One way to avoid the complexity, keeping the argument still useful, is to take

conservative values. For example, if we take a large value for the fracture width, the



contaminant will be transported faster, which could be a worst-case prediction. Parameter
values for water velocity v, fracture width 2b, and in-fracture retardation factor Ry, shown
in the following graphs, were chosen so that the considered cases become reasonably
conservative.

The diffusion coefficient in the rock matrix is reletively well determined based on
(2.1). We choose Dp = 0.01 m?/yr.for illustration.

We use D = 1 m?/yr for the longitudinal dispersion coefficient in the following
examples. This value is found to be in the range of values obtained from some tracer
experiments in fractured crystalline rocks [16]. Because we have assigned a relatively large
value for velocity, we cannot immediately judge the importance of longitudinal dispersion
in the following numerical examples. We investigate the importance of longitudinal

dispersion in the context of Pechlet number in the next chapter.

2.6.3 Numerical Results

In Figures 2.4 to 2.6, actually two cases are compared: D =0 and D = 1 m2/yr.
However, these two cases give so close results in many cases.

In Figure 2.4, plotted are the normalized concentration in the fracture as a function
of distance along the fracture, at times 10,000 yr and 50,000 yr for three sets of pore
retardation factors. Solid lines stand for the case of 10,000 yr and dashed lines for the case
of 50,000 yr. Because the leach time is assumed to be 30,000 yr, these two cases
represent the cases before and after the leach time, respectively. For each time three curves
are plotted for different R, values.
| Let us look at the three curves for 10,000 yr. The rightmost curve represents the
case without any sorption in the fracture or in the rock matrix, and shows, though, that the
front edge of the contaminant moves more slowly than water flows. Because water

velocity is 10 m/yr, the contaminant front should reach 105 m by 10,000 yr. Due to
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Figure 2.4

Profiles of normalized concentrations and advective mass fluxes
in the fracture for a band release. Curves are for v =10 m/yr, 2b

=0.01 m, e = 0.01, R;=1, D, = 0.01 m2/yr, T = 30,000 yr.

Difference between D = 0 and D = 1 m?/yr is so slight that

curves for these two cases cannot be distinguished. 237Np is
assumed.

diffusion into rock matrix, some of the contaminant in the fracture is taken away, resulting
in rapid decrease in concentration in the fracture. The rest of the solid curves show the
effect of pore retardation in addition to retardation due to matrix diffusion. As the pore
retardation factor increases, diffusion into matrix becomes apparently slower, and
penetration into rock matrix is shallower (See also Figure 2.6). As a result, the concentra-

tion gradient at the rock/fracture interface becomes steeper (See Figure 2.7(a)), and so more
nuclide is taken away from the fracture.

At 50,000 yr, the source at z = 0 no longer emits radionuclide, and uncontaminated
water enters the fracture. This causes reversing the direction of diffusion flux in the rock
matrix (See Figure 2.7(b)); in the region near the fracture entrance the contaminant diffuses
from rock matrix to the fracture again. We call this “back diffusion.” Notice that due to
back diffusion the contaminant exists near the fracture entrance even after the leach time.

We will investigate the back diffusion in detail in Chapter 4.

Because the effect of longitudinal dispersion is so slight, the advective mass flux in
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the fracture, ji(z, t), normalized by the initial boundar}; concentration N? is proportional to
N(z, t) by a factor of velocity v.

In Figures 2.5(a) and (b), plotted are the cumulative release of the contaminant for
D =0and D = 1 m%/yr. Again the effect of longitudinal dispersion is so slight, but in
early times we see slight difference. Figure 2.5(a) shows the profiles against the distance
along the fracture at 10,000 yr and 50,000 yr. Almost all the contaminant released during
the leach time T has passed the region near the fracture entrance by 50,000 yr because, if
one sets z=0and ¢t > T in (2.63), one can get the total amount of the contaminant released

into the fracture from unit cross-sectional area of the source as:

!m—';;ﬂ=% {l—e— u}_% _H{I—e—m—n> = ’;: (I—e_u) =vT

=3%10"[m] (2.68)
Notice that in the small-z region the cumulative release is nearly equal to, but slightly less
than 3 X 105 m at 50,000 yr. On comparison of three dashed curves, more nuclide is
transported in the fracture for smaller pore retardation factors. The difference between the
curves for large and small pore retardations is kept in rock matrix as a sorbed phase.
At every point of z in the fracture the cumulative release reaches the maximum as
time goes to infinity. The maximum at point z in the fracture can be calculated for the

D =0 case from (2.63) as:

lim J(z, IN° = = (1 e )e“m' Y2 .20, (269

t =00 l
The right-hand side of (2.69) is smaller than (2.68) because of the loss by radioactive
decay during transport from the origin to point z. Figure 2.5(b) depicts the change of the
cumulative release with time at z = 102, 104, 106, and 107 m. The maximum value for
each location is obtained from (2.69) as 2.98 x 103, 2.66 x 103, 9.53 x 104, and 3.29
m, respectively. Thus, we can say for 237Np that most of the contaminant decays out

before it reaches the point of 107 m.
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Figure 2.5(a) Profiles of normalized cumulative release in
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before and after the leach time. Parameters are
assumed to be the same as Figure 2.4.
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Change of normalized cumulative release with time
at three locations in the fracture. As time increases,
each curve approaches the value given by eq. (2.69).
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In Figure 2.6 concentration profiles in the rock matrix at 10,000 yr and 50,000 yr at
z =100 m are depicted. In Figures 2.7(a) and (b), diffusive fluxes from the fracture to
rock matrix at the rock-fracture interface normalized by the initial concentration at the
boundary are plotted against the distance frbm the source for ¢ = 10,000 yr and 50,000 yr,
respectively. At 10,000 yr, before the end of the leach time, concentration decreases
monotonically with the distance from the rock-fracture interface. Deeper penetration can be
observed in Figure 2.6 for smaller pore retardation, resulting in smaller concentration
gradient at the rock-fracture interface as shown in Figure 2.7(a).

At 50,000 yr, uncontaminated water enters into the fracture. From dashed curves
for pore retardation factors 1 and 100 in Figure 2.6, we observe that back diffusion occurs,
because concentration in the fracture is less than that in the rock matrix. In Figure 2.7(b)

we see two domains; in the region near the source the diffusive flux becomes negative, and

-t
A

=4 1011

b
<
N

— 10,000 yr
---- 50,000 yr
D =0and 1 m2/yr

M(y, z=100m, t)/N°
o
b

T %1
|

Normalized concentration in rock,

] ]
1072 101
Distance from midplane of fracture into rock
matrix, y, m

—t
N
-~

rock-fracture interface (y = b)

Figure 2.6 Normalized concentration in the rock matrix at z =
100 m as a function of distance from the midplane
of the fracture. The rock-fracture interface locates
at y = b. Parameters for Figure 2.4 apply.
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Figure 2.7 Diffusive mass flux across the rock-fracture interface

from the fracture to rock matrix, normalized by the
initial concentration at the boundary. Negative fluxes
in the bottom figure mean that the contaminant
diffuses from rock to the fracture. Parameter values
in Figure 2.4 apply. Longitudinal dispersion
coefficient is assumed to be zero.
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in the far region positive. The 100-m-point for R, = 1 and 100 is in the domain where the
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contaminant diffuses back to the fracture. Concentration in the rock matrix for Rp = 104

still shows the monotonically decreasing profile at 50,000 yr, meaning that the contaminant
still diffuses from the fracture to the rock matrix at z = 100 m. In Figure 2.7(b) the 100-m-
point for R, = 104 exists in the domain where the contaminant diffuses into the matrix.
Figure 2.8 is a breakthrough curve at the 100-m-point in the fracture. For unit pore
retardation factor the first contaminant reaches this point after 10 yr, and the nearly constant
concentration is maintained until the release of the contaminant ceases at 30,000 yr. The
tail after 30,000 yr results from back diffusion. For pore retardation of 104 arrival of the
first contaminant delays by strong retardation due to sorption in the rock matrix. There is
no flat region as for R, = 1 because strong sorption in rock matrix takes the contaminant
from the fracture before it reaches the 100-m-point. Slight effect of dispersion is observed

for Rp = 1 at early times.
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2.7 Conclusions

Analytical solutions to the quantities describing radionuclide migration through a

planar fracture surrounded by rock matrix of infinite extent have been obtained, for a

general release mode. Analytical solutions for a band release have been derived from these

general solutions. From numerical investigation on the band-release solutions, the

following observations are considered to be characteristic of fracture-flow transport:

1)

)

3)

(4)

5

Even without sorption, nuclide migration through a fracture is retarded by matrix
diffusion.

Greater sorption in rock matrix causes larger concentration gradient at the rock/fracture
interface, resulting in greater retérdation of in-fracture transport.

After the leach time, back diffusion occurs in the region near the fracture entrance.
Back diffusion is one of the most important characteristics of transport through a
fracture-matrix system, and so is thoroughly investigated in Chapter 4.

From observations on the cumulative release, the contaminated area will remain within
limited distance away from the source because of radioactive decay. For example,
only about 0.01 percent of the total amount of 237Np released into the fracture during
the leach time reaches 105-m-point even without sorption in the entire medium.
Longitudinal dispersion in the fracture seems insignificant. This will be investigated in
detail in Chapter 3.

The model has been established based on a number of assumptions, which limit the

validity of the model. We will question several of these assumptions in Chapter 5 and

thereafter, such as (1) the effect of neighboring fractures (Chapter 5), (2) the effect of a

decaying precursor (Chapter 6), (3) the effect of multiple-patch sources of finite areal extent

and of transverse hydrodynamic dispersion in the fracture (Chapter 7), and (4) the effect of

diffusion parallel to the fracture axis in rock matrix and planar geometry (Chapter 8).
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Chapter 3
Effect of Longitudinal Dispersion in Fracture-Flow Transport

with Matrix Diffusion

3.1 Introduction

From numerical illustrations in the previous chapter, longitudinal dispersion in the
fracture seems to be secondary, compared with matrix diffusion. Rasmuson and
Nerernieks [1] investigated effect of longitudinal dispersion with spherical geometry for
matrix diffusion instead of planar geometry used in the model in Chpater 2. They
expressed the analytical solution in terms of Pechlet number. They observed concentration
in the fracture as a function of time at z = 1,000 m for Pechlet numbers of 0.5, 5, and oo,
and concluded that longitudinal dispersion has a large impact on the early arrival of
radionuclides. Assuming that ground water velocity in a fracture is about 1 m/yr and that
the observation point is at 1,000 m, one can obtain the dispersion coefficient D as 2,000
m2/yr and 200 m2/yr for Pechlet numbers of 0.5 and 5, respectively. These values for D
are fairly larger than the values used in Chapter 2.

Tang, Sudicky and Frind (2] studied effect of longitudinal dispersion in a planar
fracture with the same geometry as in the model in Chapter 2, but with a different inlet
boundary condition; a constant concentration boundary condition is assumed at z = 0.
They used the following relation between. longitudinal dispersion coefficient D and

velocity v:

D=oyv+D,, - (3.1)

where 0y, is dispersivity [m] and D, is molecular diffusion coefficient in water. They
assumed 0.5 m for oz, 0.05 m2/yr for D,, and 3.65 m/yr and 36.5 m/yr for v, resulting
in 1.8 m%/yr and 18 m2/yr, respectively. Although these values for D and v imply stronger
advection than those assumed in Rasmuson and Neretnieks, they claimed considerable

effect of longitudinal dispersion in the fracture. This might result from choosing tritium for
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illustration. Because of the constant boundary condition, c_oncentration in the medium
eventually reaches the steady state. For a shorter half-life nuclide time for reaching the
steady state becomes shorter. Within 100 yr concentration of tritium (half-life 12.35 yr)
reaches its steady state. For such a relatively short period of time, however, matrix
diffusion is not so effective, which otherwise would retard nuclide movement by
longitudinal dispersion.

In this chapter studied are the effect of longitudinal dispersion subject to the band

release and the effect of matrix diffusion on the dispersive transport in the fracture.

3.2 Theoretical Development

Importance of longitudinal hydrodynamic dispersion is usually discussed together
with advective transport because hydrodynamic dispersion is caused by advection. To dis-
cuss, we rewrite the analytical solutions (2.34) for a general release mode and (2.51) for a

band release in terms of Pechlet number,
Pe = £D1. (3.2)

As Pechlet number decreases, longitudinal dispersion becomes more prominent. For zero
dispersion Pechlet number becomes infinity. For pure diffusion field Pechlet number be-
comes ze€ro.

We obtain the following rewritten solutions for a general release and a band release,

respectively,

oo | ‘Y
N(T, 1) = Z epe’ZJ'G( E T, t, Pele " jw(t - Y- t)E(t; :}{—)dt’ dt,
g 0

Ix

t20, T, 20, (3.3)

n

N(Ty, 1) = Fy(b, Tp ) =€ TF (b, T, 1-T), t20, T, 20, (3.4)
where



v/ A
F/(b,T, )—-z—epe/ JG(é T,tPe)e rfL{ )dﬁ, (3.5)
2Jt-v
2
G(E: T, 1, Pe) = exp| & ——= (3.6)
» n’ ? 16§ .‘
PeT,

o=/ (3.7)

ZR

-_f
T,=—, (3.8)
PeT, 29
= ) (3.9)

Y pe

and
be

__f [yrIIZ 7.
&/D,

A new variable T}, is introduced as well as Pechlet number. The nuclide travel time, T}, is

A= (3.10)

time for nuclide to reach the location z by advection subject to retardation by surface
sorption on the fracture walls. Function E(t’; k) is defined by (2.37).

Observation of (3.3) and (3.4) tells us that two parameters affect migration: Pe and
A. Pechlet number represents the effect of longitudinal dispersion. Parameter A represents
the effect of matrix diffusion. An infinite Pechlet number corresponds to the case of zero
dispersion, where (2.41) and (2.60) are to be used instead of (3.3) and (3.4), respectively.
By taking A infinity, solutions (3.3) and (3.5) approach

& jG(é; T,tPe)e YJL\y(z -Yd§, 20, T, 20 (3.11)

N(T,, 1) = —2J=
T

and

F,b,T, )=3e”e’2fa(§ 1, Pe) e ThE, (3.12)

respectively (see Appendix A for derivation). Notice that these resultant expressions are
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identical to the solutions to the partial differential equation without the ¢/b term in (2.5)
subject to a general or a band release, respectively. Taking A to infinity is physically
equivalent to making porosity of rock zero (so that no nuclide can diffuse into rock), or to
making the fracture aperture inﬁhitely large (no rock matrix exists). If A becomes smaller,
the magnitude of the integrands in (3.3) and (3.5) reduces, resulting in smaller
concentration. Transport in the fracture appears to be retarded.

An important consequence from these observations is that we must use for D the
value measured without the influence of matrix diffusion. Measurement of longitudinal
dispersion is, however, usually done under the influence of matrix diffusion. Values for D
measured in a porous medium cannot apply, either, because size and shape of pores in a
porous medium are quite different from those of fractures, resulting in different

hydrodynamic properties.
3.3 Numerical Illustrations

Breakthrough curves for different Pechlet numbers are given in Figures 3.1 and
3.2. These graphs show change of 237Np concentration in the fracture with time at the
location, Ty, = 1,000 yr, the distance such that it takes 1,000 yr advection for nuclide to
reach the location subject to retardation due to surface sorption. In each graph, three curves
are depicted for Pechlet numbers of 1, 100, and «. Two graphs compare the effect of
matrix diffusion represented by parameter A. The band release is assumed.

Figure 3.1 is for A = 100 yrl/2, In this case matrix diffusion has very little influ-
ence on transport in the fracture. With values of Rf= 1, € = 0.01, Dp = 0.01 m%/yr, and
Rp = 1, half-width of the fracture b can be calculated as 10 cm, which is unrealistically
large for fractures. Because of very small effect of matrix diffusion, the profile for Pe —
oo keeps the band shape, which is originated by the assumed boundary condition. After the
leach time, T = 30,000 yr, we can observe a trailing tail due to back diffusion. For Pe =

100, the contaminant arrives about 500 years earlier than the case of zero dispersion (Pe —
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o). The maximum concentration is reduced by dispersion. For Pe = 1, the contaminant
appears 100 times earlier than in the case of zero dispersion.

In Figure 3.2 breakthrough curves for A = 1 yr1/2 (strong matrix diffusion) are il-
lustrated. By comparison of zero-dispersion curves in Figures 3.1 and 3.2, we can ob-
serve the effects of matrix diffusion such as retardation of the first arrival of the
contaminant, disappearance of a band shape, and the reduction of concentration. From the
curves for Pe = 100 in the both graphs, it is observed that matrix diffusion weakens
influence of longitudinal dispersion; the difference between the curves for infinite Pechlet
number and Pe = 100 is smaller in Figure 3.2 than in Figure 3.1. But matrix diffusion
becomes less effective for Pe = 1 than for Pe = 100. This comparison implies that,
regardless of its strength as measured by 1/A, matrix diffusion has negligible effect on the
early-time behaviour of radionuclides if Pe is as small as unity.

On the profiles after the leach time, longitudinal dispersion becomes less important
because the principal proéess is back diffusion from the rock matrix as we see in the next
chapter.

Next two figures are given for discussion on conservativeness of the model. Fig-
ures 3.3 and 3.4 show the profiles of concentration in the fracture as a function of the dis-
tance along the fracture at ¢ = 100 yr and 10,000 yr, respectively. In each figure, three
curves are compared: (1) zero longitudinal dispersion, a relatively large velocity
(v = 10 m/yr) and a large fracture aperture (2b = 1 cm), (2) large longitudinal dispersion
(D = 1,000 m2/yr), a smaller, but more likely velocity (v =1 m/yr) and a large aperture
(2b =1 cm), and (3) the same values as (2) for D and v, and a smaller but more likely
value for a fracture aperture (2b = 0.1 mm). Thus, case (3) can be considered to be the

most likely case in actual rock.
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Figure 3.1 Effect of Pechlet number on breakthrough curves
at T = 1000 yr for a band release. 237 Np is
assumed. Concentration is normalized by the
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Figure 3.2  Same as Figure 3.1 except that stronger

matrix diffusion is assumed here.




In many observations [3] a fracture aperture is about 1 mm or less. If we assume

the cubic law for hydraulic conductivity [4], velocity in the fracture can be expressed as:

3
) Z_g 2(Sl_+b) & (3.13)
where
p: density of water ( = 1,000 kg/m3),
g: gravitational constant ( = 9.807 m/s2),
n: viscosity of water ( = 0.001 Ns/m?2),
2S: fracture spacing ( = 50 m), and

hydraulic gradient ( = 3 x 10-3 m/m).

[N
.

Using the values inside the brackets, obtained from [3], and 2b = 1 mm gives velocity as
v =1.55 m/yr. We can consider this value as a reasonable estimate for crystalline rock in
many locations.

By cases (1) and (2) we can observe the effects of Pechlet number. Pechlet
numbers for cases (1) and (2) become infinity and 1 at z = 1,000 m, respectively. We can
see from Figures 3.3 and 3.4 that in early times due to longitudinal dispersion the
contaminant reaches twice as farther in case (2) than in case (1), so that case (1) looks no
longer conservative. In later times (Figure 3.4) because of matrix diffusion longitudinal
dispersion becomes less predominant, and case (1) becomes conservative. If we use a
more realistic value for a fracture aperture, the conservativeness of case (1) is reserved even
for early times. The profiles for case (3) are far behind the profiles for case (1). Thus, if
we choose the large values for velocity and fracture aperture, zero dispersion could be a

conservative assumption.
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Figure 3.3 Conservativeness of zero dispersion against the
case with high dispersion and low velocity. At
time as early as 100 yr zero-dispersion model
cannot be conservative. But compared with a
realistic fracture aperture, 2b = 0.1 mm, zero
dispersion is still a conservative assumption.
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Figure 3.4 Same as Figure 3.3 except that z=10,000 yr.
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In this time region high velocity and zero
dispersion is a conservative assumption.



3.4 Conclusions

In early times longitudinal dispersion has a predominant effect on transport in the
fracture. At about Pe = 1 matrix diffusion has little influence on longitudinal dispersion.
The effect of matrix diffusion becomes significant as Pechlet number increases.

In later times longitudinal dispersion has less effect on transport in the fracture.
Especially after the leach time longitudinal dispersion is negligible.

The case of v= 10 m/yr, 2b =1 cm,‘ and D = ( is conservative against more realis-

tic cases, and so is used in the later chapters.
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Chapter 4

Analysis of Back Diffusion in Fracture-Flow Transport

4.1 Introduction

Transport of radionuclide through a planar fracture after the source at the fracture
entrance ceases emitting the nuclide is of principal interest in this chapter. In fracture-flow
transport we have very different transport path of the contaminant between before and after
the source ceases emitting the contaminant (see Figure 4.1).' During the leach time the
contaminant in the fracture is diffusing into the fock matrix throughout the fracture. After
the leach time, uncontaminated water begins to enter the fracture. In the region near the
fracture entrance, it is expected that the concentration in the fracture is smaller than that in

the rock matrix, so the contaminant is coming out of the rock matrix. We call this back

53

diffusion. Because of back diffusion, non-zero concentration is expected to be observed in-

the near-region even long after the source ceased emitting the contaminant, which is not
observed in the case without matrix diffusion.

To investigate, we first consider a model which is based on a physically
hypothetical situation. The entire rock matrix is initially contaminated uniformly while

there is no nuclide in the fracture. Then, uncontaminated water begins to enter the fracture,

During the leach time After the leach time

= lUncontaminated
< lwater

Back Hi

Matrix
Diffusion

Figure 4.1 Illustration of back diffusion
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and due to the concentration gradient between the fracture and the rock matrix, nuclide in

the rock matrix diffuses out to the fracture.

4.2 Formulation of Problem

Except that the longitudinal dispersion in the fracture is not included based on the
argument in the previous chapter, we make the same assumptions made in Chapter 2 for

deriving the governing equations (2.5) and (2.9). Then we have the following governing

equations as:
oN odN q
_— — 1= 4.
_Rfa:‘“"az*RJM*b 0, t>0,z>0, (4.1)
and
2
oM oM
Rp 3 —Dpayz +RP7LM=0, t>0,y>b,z>0. (4.2)

Refer to Chapter 2 for nomenclature. These two governing equations are coupled by

(2.11). We cite again here for further reference:

M
q(z, t) =—£Dp 3y b, z>0,t>0. (4.3)
y=

We solve (4.1) and (4.2) subject to the following side conditions:

Initial Conditions:
N(z, 0) = &(z), z2>0, (4.4)
M(y,z,0) =¥(y,z), y>b, 2>0, (4.5)
Boundary Conditions:
N(O, t) = 1), t>0, (4.6)
M(b, 2, t) =N(z,t), t>0, z>0, (4.7)
M(oo, 2, 1) < oo, t>0, z>0. (4.8)

(4.4) and (4.5) characterize the present problem. In Chapter 2, we solved the problem with
O(z) =¥(y, z) = 0. Note that initially N(z, 0) is not necessarily identical to M(b, z, 0) by

the initial conditions (4.4) and (4.5). As shown later the inhomogeneity on the initial con--
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ditions requires a more complex procedure to solve the problem.

4.3 Derivation of Analytical Solutions

We will develop the solution to the coupled system of (4.1), (4.2), and (4.3) sub-
ject to the side conditions (4.4) through (4.8). The method is basically as follows: First
apply the Laplace transform on (4.2) and solve the subsidiary second-order ordinary
differential equation. Second express the concentration gradient at the interface g(z,z) in
terms of Laplace transform, substitute the Laplace-transformed concentration gradient into
the Laplace-transformed (4.1), and solve the subsidiary first-order ordinary differential
equation. Finally, invert the solutibns of the subsidiary problems to the real time domain.

Applying the Laplace transform to (4.2) yields

@-:- _Bp+MM + B¥(y,z) =0, y>b 250, (4.9)
subject to
M(b,z,p) =Nz p), z>0, (4.10)
M(e,2,p) <o, 250, 4.11)
where
RP
B=_ |2, (4.12)
DP

and the tilde, ~, stands for the image function of the Laplace transform of a function and p a

Laplace variable, complex. When we obtained (4.9), we used the identity [1]:

oM -
3t | = pPM ~M(y, z, +0), | (4.13)

where L[] represents the Laplace transform, with the help of the initial condition (4.5).
The ofdinary differential equation (4.9) can be solved with the help of the Green’s function
method. The derivation of the Green’s function is shown in Appendix B. We write only

the result here. The Green’s function for (4.9) is written as:
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Lsinh{B(y—- bje B(s-b), b<y<s

G(y,s) = byt (4.14)
Esinh{B(s—b)}e YTV s<y<o

where
B=BJp+h. (4.15)

Knowing the Green’s function, we can write the solution to (4.9) subject to (4.10)

and (4.11) in terms of the Green’s function and the inhomogeneity function as:

. < - P
M(y,z,p) = jG(y, $)B™(s, z)ds — [M(s, 2 p)5=G(, s)] . (4.16)
b b

Differentiating (4.14) with respect to s, substituting the resultant expression into (4.16)
together with (4.10) and (4.11), and considering that the derivative of G(y, s) with respect

to s vanishes if s tends to infinity, we obtain the solution to the subsidiary problem (4.9):

~ ~ - -b
M(y,zp) =Nz, p)e ™"

B2 ¢ b
- sinh{B(y - b)} Ie_ B~y 2) s
Yy
Yy

sinh{P(s - b)} ¥(s, z) ds. (4.17)
b

2
~B(y-b
+B eB(y)

Next, we apply the Laplace transfom on (4.11), obtaining

aN B - R q
= + ” (p+A)N - ” D(z) + by = 0, z>0, (4.18)
subject to
N(0, p) = W(p). (4.19)

Differentiating (4.17) with respect to y and substituting y = b, we obtain

a(z,p) = &/DR,\p + AN(z p) - R, fe‘ Bs=Bhgyis, 2) ds. (4.20)
b

Upon substitution of (4.20), (4.18) becomes



~

dN

=+ W - Azp) =0, z>0, (4.21)
where
R [ bR

E—f(p+}‘,+pT”\'—), A.=_——f—, and (4.22)

DR,

Ry B[ -Bo-bly, -
Az =L{om+ 2 [ M w5, 4.23)

b

Equation (4.21) is a first-order ordinary différential equation which has a solution of the

form:

Nep=wp) €™ + [agpe™ Ve (4.24)
0

Here we used the boundary condition (4.19).

Now we make inverse Laplace transforms of (4.24) and (4.17) to a real time
domain. On inversion we make use of the shift property of Laplace transform [1], (2.32),

(2.33), and, from Reference [2],

1 -ifp :
- — ¥4 -
L [Te }—Le “ k20,t>0, (4.25)
p \/ Tt
and the convolution theorem:
1 y
L [f /D) f Z(P)] = If,(t— T) fR(T)dr. (4.260)
0
Notice that (2.33) becomes a Dirac’s delta function as & goes to zero. Atk =0,
lim £’ [e "‘/;] = &1). (4.27)
k—>0

Applying these identities, we can finally obtain the solution to the problem (4.1)
and (4.2), coupled by (4.3), subject to the initial and boundary conditions (4.4) through
(4.8) as follows:
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N(z,t)=P(b,z,t), 220,120, (4.28)
- A -A
M(y, z,t) = P(y, z,t) + JBe (s, z)x(t; B(y-s))ds + jBe (s, z)x(t; B(s—y))ds
b

y

- J‘B e “‘I’(s, z)K(t; B(y+s-2b))ds. y=2b,z>0,t20, (4.29)
b
where
.. ¢R RE R &R _
P(y,z,t)=e MJ‘Tf K{t—-£—£+3(}’—b))d§ +_l;;P_eN
0
R
J J“P(s - §)K{ t- —fg ——é + B(y+s-2b ))ds dg
Rz R
+ _[w(t —ye ke ——fz —fz- + B(y-b))dr, (4.30)
0
_u’
K(o; ) = hio) —h— ¢ ** (4.31)
2 1ta3
and
X(t; ) = e (4.32)

1
2‘/ e
4.4 Analysis of Back Diffusion

4.4.1 Assumptions and Analytical Solutions for Hypothetical Model

To simplify, we will observe the back diffusion under the following assumptions
(see Figure 4.2):
(1) The same physical processes related to nuclide transport as mentioned in Chapter 2

except longitudinal dispersion in the fracture are considered here. Thus, the governing



equations (4.1) and (4.2) hold.
(2) Initially, the uniform concentration M° is loaded in the pore water throughout the rock
matrix (y > b, z > 0), whereas the initial concentration is zero in the entire fracture
- (z > 0).
(3) After ¢t =0, uncontaminated water enters the fracture.
With these assumptions, the present problem can be described by the governing

equations (4.1) and (4.2) subject to the following side conditions:

N(z, 0)=dz)=0, z>0, (4.33)
M(y,2,0)=¥(y,)=M, y>b2>0, (4.34)
N, t) =y(t)=0, t>0, (4.35)

M(b, z,t) = N(z,t), t>0,z>0, (4.36)
Mz, )=Me ™ 150, 2>0. (4.37)

Assumption (2) provides the initial conditions (4.33) and (4.34). Boundary condition
(4.35) is based on assumption (3). (4.37) comes from physical consideration.
We can obtain the solutions on substitution of these side conditions into (4.28) and

(4.29), resulting in

Uncontaminated __ concentration = 0 Fracture
water

Figure 4.2 Ilustration of initial conditions for the hypothetical
model. 4
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Nz, 1) = Me [Fib ) -Ffb.z0] 120, ¢20, (4.38)

My, 2, t)= M€ “[FO0-F0.20],  y2b,2>0,120,  (4.39)

where
2 2
_ B'(y-b) -/_ B(y-b) b)

F(yt)=1- exp(— —a ) 2‘/— (4.40)

AT Z+B(y-b)

Z+ B b £TBPy—Y9)

F 3,2 1) = ht-24) exp(— o) ){H( P )
_H(Z+B(y—b)+,/t;ZA) , (4.41)

2Jyt-ZA
2 R bR
H(x) = e erfe(x), Z = v—fz A= ———f——-. (442)
DR,

We derive here the concentration gradient at the interface y = b for further observa-

tion. Differentiating (4.39) with respect to y and substituting y = b into the resultant ex-

pression yields:
oM -
9(z,t)5—q(z't)=ay _ﬁMO o H(‘/—)+g(z t) ,z>0 t>0,
EDP y=b
(4.43)
where

8(z, t) = h(t - ZA) ex,

l-/{ ‘/t__m ,/f-_ZA) . (444)

4(t—ZA)

4.4.2 Numerical Illustrations and Observations

For illustration, we take a stable nuclide (A = 0), and assume that the nuclide is not
sorbed either on the fracture walls or on the rock-pore surfaces (Rf=1 and Rp = 1). The
porosity € of the rock matrix, the fracture width, 25, water velocity v in the fracture, and
the molecular diffusion coefficient D, are chosen based on the argument in Chapter 3, and

shown in Figure 4.3.



Figure 4.3 shows the relative nuclide concentration in the fracture as a function of
the downstream distance z, for six values of time. In each curve we can see two apparent
regions; the concentration increases with the downstream distance z up to a certain point,
and beyond that point the concentration becomes independent of z. We can also observe
that the location of the point dividing the two regions proceeds with time along the fracture,
and that the concentration of the plateau region in each curve increases with time.

The analytical solution (4.38) implies that because of the existence of the Heaviside
step function h(t — ZA), F,(b, z, t), (4.41), vanishes in the region ahead of the point z; =
%, so that the concentration becomes only dependent on time. We call the point z, = ;—;
the advection front. We denote the region z <z, as region A, and the region z > z,
region B.

Let us take the curve for z = 10 yr for example. Water which entered the fracture at
t = 0 reaches the location z = 100 m. The region between z =0 and z = 100 m, i.e.,
region A has already been washed by water which is uncontaminated at the entrance.
Uncontaminated water entering the fracture receives nuclide from the rock matrix as being
transported along the fracture because the concentration in the fracture is lower than the
concentraﬁon in the rock matrix. And the concentration in region A increases linearly with
the distance z although linearity is not clear in this graph because of the semi-log plot. The
increase rate, or the slope against the z-axis becomes smaller as time increases. This
implies that the mass flux from the rock matrix decreases with time, uniformly with z in the
entire region A. We will investigate this fact in a more detailed fashion in the next figure by
observing the gradient at the interface. Beyond the advection front located at z = 100 m,
the fresh water has not arrived yet. The water in region B had already existed in the
fracture at ¢t = 0. Region B advances in the fracture by advection, receiving nuclide from
rock matrix by back diffusion, and so the concentration is independent of z there.

Region B conincides with the plateau region at early times. However, at later times

the concentration reaches the plateau value inside region A. For example, at ¢ = 1,000 yr,
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the advection front is advanced as far as z = 10,000 m while the plateau region seems to
exist in the region z greater than 5,000 m. This tendency can be observed slightly at ¢ =
100 yr and clearly at r = 1,000 yr or later. This fact is newly discovered in the present
study, and because of its importance, we will pursue later the physical mechanism with
which the discrepancy between the advection front and the plateau edge occurs. However,
from the mathematical point of view, we can say that the discrepancy occurs because the

exponential factor,

4

ex, " s ZA)) (4.45)

in F4(b, z, t), (4.41), becomes so small for large z values that F,(b, z, t) becomes negligible

to Fy(b, t). Then the concentration N(z, t) can be approximated as

1.0 - -
* Advection front
08 r -
S 05t .
5
Z 04t -

’OYr

| //// |

: —t’ | 1 1
0
100 101 102 103 104 105 106 107
Distance along fracture, z, m

Figure 4.3 Relative concentration in the fracture as a function of

distance along fracture. Assumed parameter values
are: v=10m/yr,b = 005m,D =0.01 m /yr,Rf 1,

Rp =1,A=0,e=0.01. The asterisk represents the

point where the advection front reaches at the
corresponding time. Region A and B are located to the
left and right of the advection front, respectively, at
each time.

o
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Nz t)=Ne ™ Fb, 1), (4.46)

which is identical to the functional form that represents the plateau region. Thus, we can
point out from the mathematical observation that the argument of the exponential factor
(4.45), which is a dimensionless number, acts a very important roll in a fracture-flow
transport associated with matrix diffusion.

Figure 4.4 shows the concentration gradient at the interface of the fracture and the
rock matrix as a function of the downstream distance z. The gradient is normalized by the
initial concentration M° in the rock pores. In each curve there are two distinguishable flat
regions. At every time shown in the figure the concentration gradient in the near-region is
greater than that in the far-region, and the difference of these two gradients increases with
time. The concentration gradient, however, decreases with time in the entire interface.

At a very early time because the concentration in the fracture is very small, the
gradient at the interface is large. The gradient in the near-region is slightly greater than that
in the far-region because uncontaminated water carries the radionuclide discharged from the
rock matrix, so that the concentration is maintained lower than that in the far-region. In the
far-region the gradient decreases with time because of the accumulation of nuclides by back
diffusion. The gradient in the near-region decreases with time at a smaller rate than in the
far-region. Because the concentration in the fracture in the near-region is kept low due to
the wash-out by the fresh water, the concentration difference between the fracture and the
rock is greater than in the far-region. 'I'herefore, the difference between the gradients in tﬁe
two regions increases with time. Regions A and B mentioned in the previous figure, i.e.,
the regions to the left and right of the advection front, respectively, coincide with the near-,
and the far-regions, respectively in early times. Later there occurs a region inside region A
where the gradient is the same as that in region B. The flat profile in the near-region results

in the linear increase of the concentration in region A as shown in Figure 4.3.
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Figure 4.4 Concentration gradient at the interface y = b,
normalized by the initial concentration in the rock.
The same parameter values as Figure 4.3 apply.

Observing the analytical solution (4.43), one can see that the exponential factor
(4.45) is included in g(z,t), (4.44), and égain controls the position of the point dividiﬁg the
near-region and the far-region. As observed in Figure 4.3, the dividing point does not
coincide with the advection front, especially for the large-z cases. If the argument of the
exponential factor approaches zero, g(z,t) becomes very close to the H function in (4.43) so
that the two functions cancel. Thus the value of the concentration gradient in the near-

region is expressed as
- A

B o
0(z,t)=—M e ,
A /
Tt

As z increases, the exponential factor becomes so small that g(z, ¢) becomes negligible even

for small z. (4.47)

in the near-region, and the gradient can be expressed as;

8(z, t) = %M” ke 7’.‘_— - H(%) . (4.48)
t

Thus for a large ¢ the gradient begins to decrease at the point much to the left of the

advection front. This observation coincides with what we have observed in Figure 4.3.



Figure 4.5 shows the time-dependency of the concentration in the fracture and the
concentration gradient at the interface observed at two fixed locations, z = 100 m and
100,000 m. The left vertical axis represents the concentration in the fracture and the right
vertical axis the gradient at the interface, both normalized by the initial concentration in the
rock. The advection front passes the z = 100 m point at ¢ = 10 yr. Before ¢ = 10 yr, the
concentration increases with time due to the back diffusion, and the location z = 100 m is
situated in region B in Figure 4.3. Water reaching z = 100 m after ¢ = 10 yr is the one
which entered the fracture after £ = 0. After 10 yr the concentration decreases with time at
z = 100 m because of the wash-out by uncontaminated water entering the fracture.

| The gradient at z = 100 m decreases with time until the advection front reaches this
point because the nuclide coming out of the rock matrix accumulates in the fracture. The

gradient increases for a short period of time after the advection front has passed, because

1 I 1 I ] 1 I I 10!
1.0 >~ —1100
-{10-1
081 12 T
o - =102 2
Z 06 ~-- s =
N N
Z04¢ 0
—{10-6
Advection front 7
0.2 passes z = —{10~
100,000 m. 1i0-8
0 1 | I | 10-9
100 1?1 102 103 104 105 106 107 108 109

Time, t, yr
Advection front
passes z= 100 m.

Figure 4.5 Changes in time of the relative concentration in
the fracture and the concentration gradient at the
interface y = b, normalized by the initial concen-
tration in the rock matrix, at z =100 m and
100,000 m.
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the water of the advection front reaches z = 100 m with very small concentration.
However, molecular diffusion soon smooths the steep concentration gradient so that the
gradient is eventually controlled by molecular diffusion and decreases with time. Note that
before ¢t = 10 yr the gradient obeys the function (4.48) while after ¢ = 10 yr the gradient
approaches the value expressed as (4.47).

At z = 100,000 m the concentration keeps increésing after the advection front has
passed, and starts decreasing at about ¢ = 300,000 yr. The similar observation can be made
for the profile of the gradient at the interface. During the period from 10,000 yr to 300,000
yr, the point z = 105 m is in the intermediate region which has been observed in region A in

case of Figures and 4.3 and 4.4.

02 ¢ before advection front reaches z = 100,000 m _
------ after advection front passed z = 100,000 m
0 ] I I | |
102 10-1 100 101 102

rockfracture interface  Distance into rock matrix, y, m

Figure 4.6 Changes in time of the normalized concentration
profiles in the rock matrix at z = 100,000 m. The
same parameter values as Figure 4.3 apply.

Figure 4.6 depicts the changes in time of the concentration profiles along the y-
direction in the rock matrix at z = 100,000 m. The advection front arrives at z = 100,000 m
at ¢ = 10,000 yr. At early times including 10 yr and 100 yr the radionuclide existing in the

vicinity of the interface diffuses out to the fracture. As time proceeds, the initial steep



gradient becomes gradual, and the effect of back diffusion can be observed in a thicker
layer intimate to the interface. By the time when the advection front arrives at z = 100,000
m, the concentration in the rock matrix almost recovers the initial concentration (see the
profile for ¢ = 104 yr). After the advection front passed, the interface concentration keeps
increasing (compare the curves for 104 yr and 105 yr) as observed in Figure 4.5, and then
decreases again with time. Note that although the interface concentration increases or
decreases with time, the thickness of the layer where the concentration is apparently lower
than the initial concentration M° constantly increases.

We could observe in Figure 4.3 that for the case of a large time the concentration in
the water flowing behind the advection front (region A) becomes as much as the concentra-
tion of the foregoing advection front, or in Figure 4.5 that for the case of a large z the
concentration keeps increasing for a certain time period after the advection front passed that
point. These observations imply that the concentration in the water which enters the
fracture at later times increases in a different way from the concentration of the water
entering at earlier times. To confirm, we will show Figure 4.7, where plotted are the
concentration in the fracture and the concentration gradient at the interface expressed in

terms of the nuclide travel time T, and the water entrance time T:

NT,9=Me T H{V”T
’ 4AT

H(Z.:};) B H(£+ zjf ) ’ “4)

A

9( _ _M,, -Mt+T,)

< / n(t+T,)
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44’ 4 2A‘/;
where
sz
t=t-T, Tn=—v—. (4.51)

By this variable exchange, we can now observe the concentration and the gradient
while moving along the fracture together with the same water volume. The water entrance
time is defined as the real time ¢ subtracted by the nuclide travel time. Therefore the water
entrance time is considered as the time when the water entered the fracture first. For
example, if T = 10 yr, then the water with which the observer is moving enters the fracture
at 10 years after ¢ = 0.

Figure 4.7 illustrates the profiles of the concentration in the fracture and the con-
centration gradient at the interface as a function of the nuclide travel time for the water
entrance time T = 0 and 10,000 yr. With the curve for © = 0 we can observe how the
concentration and the gradient inside region B (the region to the right of the advection front)
change as the water advances in the fracture, whereas the curve for T = 104 yr inside region
A. The gradient for the water T = 10,000 yr shows a quite different profile from that for
the advection front; in the region near the entrance the water which enters the fracture at
T = 10,000 yr feels a uniform gradient, and as the water proceeds, the gradient becomes
small suddenly at T, = 2,000 yr. Finally the gradient becomes close to the gradient of the
advection front. The flat profile in the region near the entrance occurs because advective
transport is much faster than molecular diffusion. Uncontaminated water makes the
concentration in the near-region in the fracture small very quickly compared with the speed
with which the diffusion process takes place in the rock matrix.

The concentration increases linearly with the distance transportedralong the fracture,
or the nuclide travel time, because of uniform mass flux in this region, and finally becomes

as large as the concentration of the advection front. When the water labeled as © = 104 yr



reaches the point of T, = 2,000 yr, the advection front exists at T, = 12,000 yr. The
concentrations at the points of T, = 2,000 yrin T = 104 yrand T, = 12,000 yrint =0
- become very close to each other. Thus the concentration in the water that entered the
fracture later becomes the same as that of advection front with smaller nuclide travel time.

This is the reason why at later times in Figure 4.3 the plateau region extends into region A.
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Figure 4.7 Profiles of concentration in the fracture and the concen-
tration gradient at the interface y = b for two sets of the
water entrance time. The same parameter values as
Figure 4.3 apply. Curves for t = 0 and 104 yr show the
changes inside region B (ahead of the advection front)
and region A (behind the advection front), respectively.

4.4.3 Observation of Back Diffusion in Fracture-Flow Transport by a
Band Release

With the knowledge obtained by the hypothetical model, we now observe transport
through a single fracture caused by a band release at the fracture entrance. The model and
the mathematical formulation are given in Chapter 2.

Figure 4.8 illustrates the profiles of the concentration of 237Np in the fracture as a

function of the downstream distance z. Parameter values chosen for this illustration are the
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same as in Figure 4.3. The dashed curves stand for the case without matrix diffusion, and
the solid curves are for the case with matrix diffusion.

Without matrix diffusion, all the contaminant released into the fracture during the
leach time is kept in the fracture except the loss by radioactive decay, and forms a
contaminant band in the fracture. This band travels at water velocity because no sorption
on the fracture wall is assumed. At 30,000 yr, the front edge of the band reaches 300,000
m, and at 70,000 yr the front edge reaches 700,000 m and the trailing edge at 400,000 m.

With matrix diffusion, at ¢ = 30,000 yr, the concentration in the fracture becomes
significantly smaller than that in the case without matrix diffusion as the distance from the
origin becomes large. The profile shows that the apparent front of the contaminant moves
much more slowly than the advection front. This is because the contaminant is taken away
from the fracture to the rock matrix by matrix diffusion.

At ¢t = 30,001 yr, one year after the leach time, uncontaminated water is flowing
into the fracture, and the front of the> uncontaminated water reaches z = 10 m. What is
happening in the fracture is depicted in the bottom diagram of Figure 4.8. Because the
concentration in the fracture in region A (the region to the left of the uncontaminated-water
front) becomes smaller than the concentration in the rock matrix, the nuclide diffuses out to

the fracture. The gradient at the interface of the fracture and the rock matrix, i.e.,

B -xu 4(t-ZA-T) 41-7A)
oY =T1ce h(t_ZA_T)‘e: ZA-T - =24 e,/t ZA Rl

shows that in the region between z = 0 and z = 10 m the nuclide diffuses out to the fracture
while in the region z > 10 m the nuclide diffuses into the rock matrix. At this time, the
leading edge of the uncontaminated water, or the edge of region A, coincides with the
location where the mass flux reverses its direction. At = 30,010 yr, the leading eadge is

still located at the same point as the reversing point.
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However, at t = 31,000 yr, the region of back diffusion exists in between 0 and
3,563 m, whereas region A extends up to 10,000 m. The discrepancy becomes greater as
time proceeds. At ¢ = 50,000 yr, the advection front reaches at z = 5 X 10° m while the
flux-reversing point is at z = 12,075 m, and at ¢ = 70,000 yr, the advection front is at
z=7 x 10° m while the fiux-reversing point is at z = 15,900 m.

This discrepancy occurs due to the same mechanism as observed in the hypo-
thetical model, where the advection front does not match the point dividing the plateau
region and the increase region in Figure 4.3. Note that in (4.52) there is an exponential
factor identical to (4.45), which causes the discrepancy in Figure 4.3. In region A’ in the
diagram of Figure 4.8 the contaminant is diffusing into the rock although the region is
included in region A. This is because the contaminant builds up in the fracture due to back
diffusion while being transported along the fracture. For example let us take notice of
region A at 30,001 yr in the diagram. The water in region A will be transported to the
position near the edge of region A at 31,000 yr. The concentration in region A at 30.001 yr
increases by back diffusion, and, by the time when the water in region A reaches about
10,000 m position, becomes larger than the concentration in the adjacent rock. Then, the
flux reverses its direction.

At 70,000 yr the advection band of width 300,000 m ranges from 400,000 m to
700,000 m. The apparent contaminated area stays in the region less than 100,000 m. The
nuclide in the rock matrix in the small-z region diffuses out to the fracture, flows along the
fracture, and then again diffuses into the rock matrix. The nuclide migration along the
fracture is, therefore, retarded significantly compared with transport without matrix

diffusion, especially at time after the leach time because of this complex transport path.

4.5 Conclusions

To observe back diffusion, we considered a hypothetical model. From the obser-

vations of numerical results, we found primarily two regions in the concentration profiles



against the downstream distance z: the near-region where the concentration increases with
z and advection is dominant to molecular diffusion, and the far-region where the concen-
tration is independent of z with dominant back diffusion. As time proceeds, we could find
an intermediate region between these two regions. Because advective transport is much
faster than molecular diffusion by assumption, the sweep-out by the uncontaminated water
is predominant against back diffusion in the vicinity of the fracture entrance. However, as
the uncontaminated water is transported along the fracture, contamination due to back
diffusion accumulates in the fracture water and the concentration becomes the same as that
in the far-region. Then, the intermediate region occurs inside the near-region. This region
is characterized by the dimensionless factor shown in (4.45)

The intermediate region between the two primary regions could be observed in the
single-fracture model with the band release. At time right after the leach time in the entfre
region of the uncontaminated water the nuclide in the rock matrix diffuses out to the
fracture, while beyond the point the nuclides still diffuse into the rock matrix. However as
time increases, the point where the gradient at the interface reverses its direction moves
much more slowly than the leading edge of the uncontaminated water moves. Tﬁe
diScrepancy between the leading edge and the flux-reversing point is also characterized by
the dimensionless parameter (4.45). The complex transport path of the nuclide after the

leach time retards the nuclide movement significantly.
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Chapter 5
Radionuclide Migration through a Multiply Fractured Rock

5.1 Introduction

This chapter presents the results of an analytical study of hydrogeological transport
of a radioactive contaminant through porous rock with a system of multiple parallel planar
fractures. In some instances the contaminant penetrates so deeply into the rock matrix that
concentration fields from adjacent fractures overlap, requiring consideration of multiple
fractures in predicting contaminant transport.

Sudicky and Frind [1] gave analytical solutions for this problem, assuming zero or
non-zero longitudinal dispersion in fractures. Their solutions for concentration in
fractures, however, do not satisfy the boundary condition at the fracture entrance, and their
solutions for concentration in porous rock do not satisfy the boundary condition at the
rock-fracture interface.

Corrected solutions are provided in this chapter. The exact solutions, however,
require evaluation of multiple integrals and summation of an infinite series, which
converges slowly because of its alternating signs. The convergence of the series becomes
slower for strongly sorbing rock, large spacing of two adjacent fractures, and early times.
In other words the exact solutions are not suitable for numerical evaluation for the cases of
slight overlap of concentration fields from two fractures.

Then, proposed is a simplified analytical method that superposes two single-frac-
ture solutions which have been obtained in Chapter 2. The superposition approximation is
valid for the cases of slight overlap. The validity is expressed in terms of Fourier number

and the (1, Rp) space. Numerical illustrations are given for the band release.

5.2 Evaluation of Sudicky and Frind’s Solutions

The problem of interest in this chapter is the same as what is described in Chapter 2
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except that here multiple parallel planar fractures situated in equal spacing are assumed
(Figure 5.1). The distance between the centers of two adjacent fractures is assumed to be
2S. We consider that infinitely many fractures exist so that we can neglect the end effect.
Each fracture has the identical property, and the contaminant is released into each fracture in

the identical fashion. Then, we may consider a half fracture extending in the region

0< y £ b and a half rock matrix extending in the region b <y < S.

The same governing equations as (2.5) and (2.9) linked by (2.11) apply here except
that the domain of definition for (2.9) now should be written as b <y < §, z> 0, and

t>0. Also apply the same side conditions as (2.12) to (2.16). Instead of (2.17) we use:
oM ;
3 =0, z>0,t>0. (5.1)
y=S
Side condition (5.1) limits the amount of rock surrounding each fracture. For a release
mode represented by y(¢) in (2.14), Sudicky and Frind chose a constant concentration
boundary condition:
N(O, t) = y(t) = N h(t), t>0. (5.2)

For nomenclature see Chapter 2.

y

Fracture Advection

Figure 5.1 Cross-sectional view of system of multiple parallel
fractures in porous rock.
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They obtained solutions to N(z, t) and M(y, z, t) for zero and non-zero longitudinal
dispersion, by making use of Laplace transforms. However, their solutions contain appar-
ently incorrect expressions. We first show the corrected solutions below:

For non-zero D:

T

N(z, )N’ = —e _[G(a 2,0 ¢ e Jue “cos(h | Jdndrde,
g 0 0
220, 120, (5.3)
_ < P cosh B\/I S—- |
My, 2 N = === "*[6E: 2 t)fpe”” - E ( y))
n 2 (7» +LL /4)cosh(o-/—):)

2 2
X {%— sin(W,| t) - Xcos(ugl !) + eM{%— sin(Q) + Mos(Q)}

. . ,
S Ve 1 :( (2n+1 )u(S—y))[ o

sin(u,| ) + acos(i,| )
n=0 (2n+1 )2n2+4x02 co2+u4/4 2(5-b) 2 T T

}dudé. b<y<2S-b, 2>0,t20 (54)

2 .
+e“"‘{%— sin(Q) — cocos(Q)}

ForD =0:

N(z, )iN° = £
19

T o
h(t")fe' . fpe””cos(p;wdudz', 220, 120, (5.5)
0 0 ,

m

h('!:o)j:ueu; cosh(Bw/-;. (S - y))

5 (Xz+u4/4 )cosh( ow/; )

4 2 0, 2
x [ P {%— sin( U-:lta) - Acos( P-glto)} + {17:_ sin(Q°) + Acos(Q)

M(y, z, t)iN° =

T

sin(l| ) + acos(i] )

N (-1)"(2n+1) e (2n+1)7(S - y) ;ﬁ
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of 2
+e & (J;— sin(Q’) - mcos(Q”))J}dp, b<y<2§-b, z>0,t20, (5.6)

where
t=t-YA, T =t-ZA,

Y Y Y
e =3P, M= %—5— TP, Q=3 Py,
2
o Z 0 Z z
Hr=-5Piw,  wp=E-ZPa, 9 =ZPw,
P = sinh(oW) — sin(c|) sinh(cl) + sin(ow)
=4 cosh(op) + cos(on)] cosh(ow) + cos(on)) ’

z T (2n+1
c=B(S-b), g=% /D—f; @= —(;”—2-)— (5.7)
o

Definitions for A, a, B2, ¥, Z, and B are given in Chapter 2. G(&; 2, t) is defined by |
(2.36). The errors committed in Sudicky and Frind’s solutions are explained in Ap-
pendix C.

In these correct solutions the multiple integrals and the infinite series must be
evaluated numerically. The alternating series converges very slowly especially for
strongly-sorbing rock (large Rp), large spacing of two fractures and early times. This

could be one of the reasons why they have not shown any numerical results for M(y, z, t).

5.3 Superposition Approximation for Parallel Fracture System

5.3.1 Formulation

Solutions for a single fracture have been derived in Chapter 2 based upon the as-
sumption that the fracture spacing is such that there is no overlap of two concentration
fields produced by the adjacent fractures. If the contaminant penetrates so deeply into the

rock matrix that concentration from adjacent fractures overlap, consideration of multiple



fractures is required. However, the single-fracture solutions are applicable if the overlap is
acceptably small.

In Figure 5.2(a), virtually no overlap is observed. This is the situation considered
in the single-fracture model. In Figure 5.2(b) moderate overlap is observed inside the rock
matrix, but there is no, or negligibly small influence observed at the neighboring fractures.
In such a situation the single-fracture solutions still satisfy the boundary condition (2.16) at
the rock-fracture interface with negligible errors. The concentration in the fracture may be
calculated by the single-fracture solutions exactly in case of Figure 5.2(a) and approxi-
mately in case of Figure 5.2(b). For the concentration in the rock matrix we can use the
single-fracture solutions for Figure 5.2(a), while we cannot for the case of Figure 5.2(b).

However, in the latter case we can approximate the concentration in the rock by superpos-

79

ing two single-fracture solutions. As the overlap develops, significant amount of contami- .

nant penetrates to the adjacent fractures so that superposition approximation fails (Figure

5.2(c)). In this case we must use the exact solutions (5.3) to (5.6). The alternating series

converges so fast that using the exact solutions might be affordable. Thus by superposition .

.approximation we can extend the applicability of the single-fracture solution.
Denoting the single-fracture solution for concentration in the rock matrix as

M(y, z, t) and the superposed solution as My, z, t), we can write My, z, t) as
M(y, z,t) =My, z,1) + M(2S -y, z,t), b<y<2§5-b,z>0, t20, (58)

We impose the condition for a valid superposition based on the argument with Figure 5.2

as
M(2S ~b,2,1)
M(b, 2, 1)

<0.01, (5.9)

so that the influence of the concentration field by the neighboring fracture is less than one
percent of the concentration produced by the fracture of interest (Figure 5.3). One percent-

criterion is set arbitrarily. Then the boundary condition at the interface can be satisfied by
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Concentration

(a) Overlap is negligible.

Single-fracture model
/@ / applies for both concen-

s>/ trations in fractures and

il = rock.
ol ok “

(b) Influence of adjacent
fractures is still negligi-
bly small. Concentration
in fractures is still well
approximated by single-
fracture solutions. Con-
centration in rock is ob-
tained by superposition.

(c) Significant amount of
nuclides penetrates to
the adjacent fractures so
that concentration in
4 /., /fractures is no longer
5:‘? expressed with single-
T fracture solutions. Exact
Aok “ solutions must be used.

M
Qtuh\ Concentration
\j

Figure 5.2 Effect of neighboring fractures

the single-fracture solution within one percent accuracy.

Let us consider constraint (5.9) in terms of the Fourier number:

D
F=2t L (5.10)
p (25)

The Fourier number measures the time in which the diffusion process is continuing. A
large Fourier number means that the long time has passed since the diffusion process

started. Hence, the diffusion front has penetrated deeply into the medium. Since the valid
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superposition can be interpreted as shallow penetration by diffusion, we should be able to
find an upper bound of the Fourier number for a valid superpositiori. We can survey the
range of the Fourier number, where (5.9) is satisfied, by changing ¢ and R), fixing the
values of Dp and S. The validity domain in (¢, Rp) space can be expressed by an inequality

for t/Rp:
t/Rp <C, (5.11)

where C is a constant obtained from numerical evaluations. Then the condition for the

Fourier number is obtained as:

D

Fs—2-c (5.12)

(25)

To illustrate, we consider the band release for the boundary concentration atz=01in -
each fracture. Based on the argument in Chapter 3 we do not include longitudinal disper-
sion; instead we take large values for fracture width and velocity. Then the concentration

M(y, z, t) is expressed as (2.61).

Concentration in rock by an
individual fracture

~

=b Distance intorock,y y=2S-b

Figure 5.3 Illustration of constraint on valid super-
position. Constraint is imposed so that
M(2S-b, z, t) becomes one percent of M(b, z, t).
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5.3.2 Validity of Superposition Approximation

The inequality (5.9) is checked at z = 1, 100 and 10,000 m for various (¢, Rp)
points with the common parameter values shown in Figure 5.4. Although 237Np is chosen
for illustration, Figure 5.4 would be the same for any radionuclide because the factor
exp(-A?) in the single-fracture solution (2.61) cancels when substituted into (5.9). For dif-
ferent boundary conditions the validity-domain graph would be different from Figure 5.4.

In Figure 5.4 superposition is valid to the left of each line. The dashed line shows
the line dividing the valid and invalid regions for the time before the end of the leach time.
Here T = 30,000 yr is assumed. After the leach time there is a transition from the dashed
line to the solid line; thereafter the constraints on t and Ry, are more limited. For large z this
change becomes smaller, and at z = 10,000 m the stepwise change disappears. Atz =
10,000 m, the leach time does not affect the validity domain. From Figure 5.4 the constant
C in (5.11) and the upper bound of the Fourier number are obtained as Table 5.1. Different
upper bound of the Fourier number will be obtained for different Rfvalues. One can see
the advantage of the superposition method from this figure. In early time region, where the

exact solutions are difficult to evaluate, the approximation is valid regardless of R, values.

Table 5.1 Constant C and the constraint on the Fourier number for valid superposition

Time z=1m [z=100m z=10,000 m

t< T C = 3000 yr - F £0.075 C=8000yr —» F 0.2

T>T =800yt C=1300yr C=3000yr = F <02
— F <0.02 — F <£0.033

The reason why there is no stepwise change at the end of the leach time in the re-
gion far from the fracture entrance is explained by the observation on back diffusion. After
the leach time the contaminant diffuses back to the fractures in the near region including
z=1 and 100 m. In the far region including 10,000 m, however, the concentration in the
fractures is still larger than in rock matrix. From Figures 2.7 and 4.8 in case of R, = 1 and

Ry=1 the direction of mass flux at the rock-fracture interface reverses at z = 12,075 m at
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50,000 yr. As the pore retardation increases, the flux reversing point shifts to smaller z.
For Ry = 100, it is located at 1,616 m. Thus, because the contaminant is always diffusing
into the rock matrix, i.e., there is no change in migration behaviour before and after the
leach time, there does not occur the stepwise change.

The limit line for 10,000 m is located to the right even before the leach time com-
pared with those for smaller z. Because diffusion starts after the contaminant reaches the

location z = 10,000 m in the fracture, there is larger time lag at large z.

103 . T

After leach time,

z=1m —

-

o
N
1

Invalid

v =10 miyr
e=0.01
2b=0.01m
D=0

Dp = 0.01 m2/yr

Rf=1

1 1 2.S=i2°,m

103 104 108 108 107
Time, t, yr

Valid

Pore retardation, Rp
)
I

Figure 5.4 Validity domain for superposed solutions. Each line is
the divider of the valid and invalid domains. Forz =1
and 100 m, superposition is valid to the left of the
dashed line before the leach time. If the leach time is
assumed to be 30,000 yr, the divider shifts upward at
30,000 yr. For z =10,000 m, no shift is observed before
and after the leach time.

We can confirm the observation in Figure 5.4 by calculating the actual concentration
profiles in the rock matrix for various combinations of ¢ and Rp. In Table 5.2 summarized
are the calculation conditions and the validities of the resultant profiles, which are judged

by Figure 5.4.
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Table 5.2 Calculation conditions and Validity of resultant profiles

Figure | Distance Leach time Rp Time VALID/
Z, m T, yr t, yr NOT VALID
5.5 100 > 106 100 1x104 VALID
6 x 104 VALID
2x 105 VALID*
1 x 106 NOT VALID
5.6 100 3x 104 100 1x 104 VALID
6 x 104 VALID
2x 103 NOT VALID*
__1x106 NOT VALID
5.7 100 3x104/>1x%x105 2 2 x 103 VALID
3x104/>1x105 1x 104 NOT VALID
>1x 105 1x105 = [NOTVALID
3x 104 1 x 103 NOT VALID
* These two show that the constraint for valid superposition is more limited after the leach

time than before the leach time.

Figure 5.5 shows the calculated concentration profiles for z = 100 m, provided that
the leach time is larger than a million years. Figure 5.4 indicates that for R, = 100, the
three eai‘ly-time profiles yield valid superposition. Actually these three show shallow
penetration into rock matrix, while at £ = 106 yr the overlap is considerable, resulﬂng in
invalid superposition.

In Figure 5.6 the same time points énd the pore retardation factor in the previous
figure are assumed, but here the leach time is as small as 30,000 yr. As can be deduced
from Figure 5.4, with R, = 100 the superposition is valid if 7 = 2 x 105 yr is before the
leach time (Figure 5.5), but invalid if it is after the leach time (Figure 5.6). After the leach
time uncontaminated water enters the fractures, and so the concentration profile in the rock
originated by each fracture has a maximum along the y-axis. Because the denominator of
the condition (5.9) becomes smaller after the leach time, it becomes more difficult to meet
the condition, and the upper bound of the Fourier number becomes smaller. Two early

time profiles in Figure 5.6 show valid superposition. At 60,000 yr, greatér than the leach
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Figure 5.5 Concentration profiles in the rock matrix 100 m
far from the source, normalized by the initial
concentration at the source, N°. Pore retarda-

- tion is assumed to be 100. Leach time is consi-
dered to be longer than the times shown in the

figure.
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Figure 5.6 Same as Figure 5.5 except that the leach time is
assumed to be 30,000 yr.
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time, the superposed profile shows two peaks along y-axis. Two concentration fields
originated by diffusion from two adjacent fractures are about to overlap at the midpoint, y =
10 m. Two later profiles show invalid superposition, where diffusion from each fracture
has continued for such a long time that diffusion front exceeds the adjacent fracture
location. As a result we no longer observe two-peak profiles as that observed at 60,000 yr.

Figure 5.7 shows the concentration profiles at z = 100 m for a smaller pore retarda-
tion than Figure 5.6. Two leach times are assumed here: T = 30,000 yr and T greater than
100,000 yr. For both leach times two early time profiles are identical, because these times
are both before the leach time. The superposition becomes invalid even before the leach
time (10,000 yr). At 10,000 yr for the leach time greater than 10,000 yf, the concentration
at the interface is significantly higher than unity, meaning immediately invalid superposition
because the maximum possiblé concentration is unity. For the leach time of 30,000 yr, we

observe a single peak profile, which means invalid superposition.

e Y Y

105 yrfor T > 105 yr**
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o
||
1
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** Invalid

o
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105 yr for T = 3 x104 yr**
T —— [

10 20
Distance into rock matrix, y, m

Figure 5.7 Concentration profiles in the rock matrix 100 m
far from the source for pore retardation of 2.
Two leach times are assumed here: 30,000 yr
and > 100,000 yr. Two early-time profiles are
identical for both leach times.
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o
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5.4 Conclusions

Analytical solutions for a system of multiple planar parallel fractures obtained by
Sudicky and Frind have been found incorrect. The corrected solutions have been given.
The exact solutions, however, require multiple integrations and a summation of infinite
series, whose convergence is slow in case of shallow penetration into rock matrix by
diffusion. Approximate solution by superposing two single-fracture solutions have been
proposed, and found to give fairly good approximation in case of shallow penetration.
Validity of approximation has been expressed by showing the upper bound of the Fourier
number for the band release.

Validity is affected by whether the observation time is before or after the leach time
and how far the observation point is from the source. Validity becomes more limited after
the leach time than before and in the near region than in the far regiori. Radioactive decay
does not affect the validity because of a band release and the chosen constraint for the
validity.

From the present analysis it is found that the single-fracture solution is still

applicable for the case that the neighboring fractures affect each other moderately.
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. Chapter 6
Transport of a Two-Member Decay Chain Through Fractured

Porous Rock

6.1 Introduction

Neglecting radioactive-decay precursors affects in two ways. First, total amount of
a daughter radionuclide in the source and in the medium would be underestimated, which
results in underestimate of maximum concentration. Second, if the daughter nuclide is
strongly sorbed in the medium and the mother nuclide is assumed not to be present, one
might expect that the contaminated area is limited in the region near the source. However,
if the mother is transported faster, the daughter would exist in a more extended region than
expected because the daughter is generated in the medium.

Transport of a multiple-member chain through a single fracture has been considered
by Chambré et al. [1] and Sudicky and Frind [2]. In [1] an analytical solution is given for
a decay chain of arbitrary length in a recursive form. An analytical solution in a recursive
form is not suitable for numerical evaluation because it requires increasingly intensive
computation for higher members in a chain. They, instead, introduced an approximation
that neglects decay in the rock matrix to obtain a non-recursive solution, and showed
numerical illustrations for 237Np — 233U — 229Th — and 234U — 230Th — 226Ra —
chains. This approximation is not tested for the concentration of the daughter nuclides,
however. Sudicky and Frind obtained non-recursive analytical solutions for a two-
member chain with an instant;heous release at the fracture entrance. Although their
solutions contain several incorrect expressions, we can utilize their solutions as the Green’s
functions for the boundary conditions prescribed by an arbitrary function of time after
correction of these errors. We can write a corresponding analytical solution by a form of a

convolution integral of the Green’s function and the prescribed function for the boundary

condition.
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In this chapter the Green’s function obtained from the Sudicky and Frind’s solution
is given. Numerical results are shown for the band-release boundary condition, and com-
pared with the numerical results from [1]. Approximation of neglecting radioactive decay
in rock matrix will be tested by this comparison. In the previous chapters 237Np is consid-
ered as a mother nuclide. Actually this radionuclide is also a daughter of 241Am. Effect of
the presence of 241 Am in the initial inventory in the source is illuistrated by comparison of

results from a two-member calculation with results from a single-member calculation.

6.2 Theoretical Development

We will extend the model described in Chapter 2 to a two-member chain. Longitu-

dinal dispersion in a fracture is neglected. The governing equations are:

oN, oN,; q
R, ——=+v 5 +MReN, +7=0, z2>0,t>0, (6.1)
Ry + V5, * MRNy - MRN, + - =0, 2>0,¢>0, (62)
M, M,
nor Py tMRMi =0 y>bz>00>0  (63)
2
oM, oM,
R, 5~ - D,,z—ay—2 + MR, My - MR, M) = 0, y>b,z>0,t>0. (64)

Nomenclatures are given in Chapter 2. Subscripts 1 and 2 stand for mother and daughter

nuclides, respectively. gi(z, t), i = 1, 2 are defined as:

aM" .
q4z, t)=—eri 3y , 2z>0,t>0,i=1,2. (6.5)
y=b
Side conditions are given as follows:
Nyz,0) =0, z>0, (6.6)
My, z,0)=0, y>b,z>0, (6.7)

N{0, 1) = y{1), t>0, (6.8)
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N{foo,t)=0, >0, (6.9)
Myb, z,1) = Nz, 1), z2>0,t>0, (6.10)
Mi(e,2,t) =0, z2>0,t>0, (6.11)

wherei =1, 2.
Sudicky and Frind [2] solved the problem by taking
N{O, 1) = 1) =S; &t-0), 1>0, (6.12)

where S f , i = 1, 2 are the strengths of the impulse for nuclide i at the repository at =0

and 8(z) is a Dirac’s delta function. The solution is written as follows:

Nyz,t) =S, Wb, z,1), 220,120, (6.13)
My(y,2,8) =S, W,(y,2,1), z>0,y2b, 20, (6.14)
Ny(z,1) = S;Uy(b,2,1) + Sy Wy(b,z,1), 220,120, (6.15)

My, 2,0 = S{UL0 20+ U0, 2.0} 4 80 Wy, 2, 1),

z2>0,y2b,t20, (6.16)
where

zA

Wy, 2,1) = h(t-ZA) (Z#B.(y-b)}E‘(:—z,.A‘., Z+B{y-b)) e 121, 2(6.17)

Ui(y, z, t) has three different forms depending on the parameter values:

;“IRp, ~Mt+o(t-Z,A))

Uz20)=——F— {h(t—ZIAI)e

e—v’; 2Byl Zi+Biyh) [a(-2,4,) +e/§ @ B0l Z,+B,(y-b)
22,4, 2/t-Z,A,

B.(y-b) 1-ZA, ‘

y- A (t-u)+o(t—2Z,A, —u)
+\/c(t—ZzA1)) - 22 h(t—ZIAI)IEZ(u,BZ(y—b))e S
0

_y/;zl ZI

ZI v/;Z
————— [ O(t-Z,A; - u) ! = a———
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+f c(t-z,A,—u)”du ,y2b,forB: #B,, (6.18)

=24
Wy, 2, t)=Z,B,(y - b) (1~ Z,A,) sz(u, B,(y—b))
0

xlDPz

Uy, z,t) =
Dpz()"z ~A)

v -MZA, 2 2
E(t-ZA;-u,Z))e du|,y2b, forB, =B, and)\;# A,  (6.19)

D
P 2,Z,A
Uyy, 2, 1) = MBy(y-blo— ht =Z)A}) (1= Z A E (1 - Z)A, Z+By(y-b)e ',
P2
2 2
y2b, forB, =B, and\; =, (6.20)

and

v v

XIRfI(Z—g) xQRfZ&.') "

Uy(y, 2, 1) =.7»1‘\§ J‘ exp(_ h(t - C)j E, fu, y(z-§))
0 0

Ey(t—u - %E+B,(y-b)) F(E,u; y, z, t)dudk. (6.21)

Here the parameters and functions used in Uy(y, z, t) and Wy(y, z, t) are defined as follows:

1 T
Efu, k)= > e ,i=1,2 (6.22)
2N/ mu
R W{(WE+B,y-b}(z-8) R,
FE uy zt)= +
: vY, R D

P2 P2

&
Ysz(z -&)+ B, {'\Qé'*'Bz(y_b)} 31329 4_& N CE
——+ -g;— e e
D

20 4 2*/8

@,
+
o

Y, (%E+B,y(y-b)}(z-§) @[7132( z-&)+B {pE+B,(y - b)}] 3132( 2
2 - 4D + 4(1)2
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. Rf_z be Rp.

= DR , Z.=—, = — = —,i=1,2(624

Y; . Ry, =4 A, Ton B, Dp. i (6.24)
\/ P; P; ' ’

Riz-8) RE  yB-& |1nE+B0-b)]p,
+ 0= +

- , , (6.25)
< v v 2u 2(t-u-0)
2 2 ' 2 2
B, B, BiA; - B\,
(D=T+__——_—-’ 0’=A.1+—2——T— (6.26)
“ 4t-u-0) B, -B;

If the boundary condition at z = 0 is prescribed by a function y;(#), ¢ > 0 as (6.8),

the corresponding analytical solution can be written by applying the convolution theorem

with respect to time as:
t
Nz 1) = J’\yl(t -DYW(b,z,T)dt, 220,120, (6.27)
0
t
My, z,t) = le(t -9 Wy, z,v)dt, y2b,z20,120, (6.28)
0

t 4

Ny(z,t) = (1 —DUyD, z, )dt + Iwz(t -OYWy(b, 2z, 7dt, 220, t20, (6.29)
2 0

t t
My(y,z,1) = d v, (t— c){U 10, 2,7 + Uyly, 2, T)>d1: + W, (1= YW,(y, z, 1)dT,
0 0
y2b, 220,120 (6.30)

To illustrate, we take the band release for a two-member chain. The prescribed

functions y;(2), i = 1, 2, are obtained from the Bateman equation [3] as follows:

v =Ne {h-he-Ti, r20, (6.31)

0,
o —Mt N,
+

Vo) = |Npe " (e‘ "_e““ﬂ‘) {ho-ht-T)}, 120, (6.32)
27 M
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where N f , i =1, 2 are the initial concentrations in the water at z =0.

From the standpoint of numerical evaluation there are two major difficulties in the
above solutions: to evaluate the triple integral in Ny(z, ) and to evaluate the complementary
error function for a complex argument, which occurs in Uj(y, z, t) in case of A1 <A2. In
the next section numerical evaluations are given for the concentration in the fracture because
of its primary importance. So the latter difficulty is avoided. For the former difficulty two
package subroutines from NAG library [4] are used: DO1DAF for two-diménsional
integration and DO1AJF for one-dimensional integration. DO1DAF is used for the

evaluation of the U function.

6.3 Numerical Illustrations

6.3.1 Effect of Radioactive Decay Chain in Rock Matrix

We compare the results obtained by approximation in [1] with the results from the
exact solutions obtained from (6.1) to (6.5). In the approximation, radioactive decay in the
rock matrix is neglected; the third term in (6.3) and the third and fourth terms in (6.4) are
not included.

Figures 6.1 and 6.2 compare the both models. In Figure 6.1 profiles of
concentration in the fracture for a chain, 237Np — 233U—, at 10,000 yr and 50,000 yr are
plotted. The dashed curves stand for approximated solution. It is assumed that initially
only 237Np exists in the repository. Retardation factors due to sorption on the fracture
surfaces are unity for both nuclides. Pore retardation for 233U is set 150 times greater than
that for 237Np. Therefore, the mother is transported faster than the daughter.

For the mother, the approximate solution shows good agreement with the exact
solution both at 10,000 yr and 50,000 yr. For the daughter, however, the approximate
solution underestimates the concentration in the fracture. Especially in the ranges of 100 to

1,000 m at 10,000 yr and 600 to 3,000 m at 50,000 yr, the difference is more than two



orders of magnitude. The neglected terms in (6.4), lszzMz - MRP 1M, would have
given the negative contribution to the governing equation (6.4) at the far field for the
parameter values shown in the caption of Figure 6.1. The orders of M; and M2 can be

roughly estimated from those of N7 and N2 in the figure. M; is about 104 times larger

T i |

1 — (a)10,000 yr

10-1p~ ]
(\{ 10-2 - 233U ]
L 1] o }
o_
Z 1074 ]
& 05} ]
p-d c—

106} Exact -

...... Approximate TN

10~7 } ' : I '

E (b) 50,000 yr = -

o 23TNQ o
~ 1072
X908
o_
Z 104
& 105
2 i Exact

107 e Approximate il

10-7 l ' L

101 102 103 104

Distance along fracture, z, m

Figure 6.1 Concentration profiles of a 2"Np — 233U — chain.
Approximate solution from Ref. [1] is compared with
the exact solution. Assumed parameter values are the
following: v =10 m/yr, € =0.01,2b =1 cm, N%3;,=1,
N0233= 0, sz37 = sz33 = 1, Rp237 = 100, Rp233 = 15,000,

- - 2
DP237 = Dp233 =0.01m /yr.
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than M3 in the ranges of 300 to 1,000 m for 10,000 yr and 600 to 3,000 m for 50,000 yr.

Therefore, neglecting the decay chain in the rock matrix makes the concentration in the rock
matrix lower, resulting in the overestimate of concentration gradient and diffusive flux at

the rock-fracture interface. Thus the uranium concentration in the fracture becomes

underestimated.

There observed are two regions in the profiles of uranium concentration. Because
there is no uranium in the source initially by assumption, two regions in the 233U profile
are originated from uranium generated from 237Np in the source and in the medium. The
plateau sifuated in the near-field region is formed by the contribution from the source, and
the plateau in the range of 300 to 1,000 m is by the genération in the medium.

Figure 6.2 shows the concentration profiles in the fracture for a chain of 234U —
230Th — at 50,000 yr. Assumed parameter values are shown in the figure. Again the
approximation introduces considerable error for the daughter nuclide. In this case because
close Qalues are assumed for pore retardation for the both members of the chain, the second
plateau due to the generation of 230Th in the medium is not observed. This is because the
more dominant plateau caused by the 230Th generated in the source travels nearly as fast as

the uranium plateau so that the second region is covered.

6.3.2 Effect of Precursors

Radionuclides such as 230Th and 226Ra must be considered in the context of a
decay chain because there is very small initial inventory in the waste solid or spent fuels,
and most of those nuclides are generated from their mother nuclides 234U. On the other
hand for the evaluation of 234U concentration we can use the single-member model
desicribed in Chapter 2.

There is a third category of radionuclides. 237Np is included in that category.
237Np has a considerable initial inventory in spent fuel, so it can be considered as a mother

nuclide. However, there coexists a comparable amount of 241 Am initially in spent fuel,
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which decays to 237Np with a half-life of 433 yr. Because 241Am has a much shorter half-
life than 237Np, initial inventory of 241Am may be included in that of 237Np for the long-
term estimate of 237Np concentration, but for the time span up to tens of thousands of years

we cannot neglect the effect of chain transport.

. F ! ! ' 50,000yr =
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Figure 6.2 Concentration profiles of a 234U — 230Th — chain.
Approximate solution from Ref. [1] is compared with
the exact solution. Assumed parameter values are the

following: v =10 m/yr, € =0.01,2b =1 cm, N%3, =1,
N0230= 0, Rf234 = Rf230 = 1, Rp234 = 15,000, RP230 = 50,000,

Dp234 = p230 =0.01 m2/yr.

In Figure 6.3, two breakthrough curves for 237Np at 1,000 m far from the source
are compared. Concentration is normalized by the initial concentration of 237Np in the
water at z =0. The solid line is obtained by assuming a decay chain of 241Am — 237Np —
and the dashed line is by assuming that 237Np is the mother nuclide. For the chain
‘calculatioﬂ the initial concentrations for both nuclides are assumed to satisfy

N, = 1.095N,, | (6.33)

based on the fact that the initial inventories of 241 Am and 237Np in 1.8 Mg of spent fuel

from the pressurized water reactor are 230 g and 210 g, respectively [5].
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Figure 6.3 Breakthrough curves of 23TNp at z =1,000 m in the
fracture. The solid curve is obtained by assuming that
237Np is the daughter of 24LAm. The dashed curve is
based on the assumption that 237Np has no precursors.
Parameter values are summarized below.
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Because smaller pore retardation is assumed for 241Am than for 237Np, the first

arrival of Np is faster in case of a chain than in case of a single nuclide. The peak

concentration is larger for the chain case than for a single-nuclide case. The reason for the

higher maximum concentration for the chain case is the following. Because 241Am is

transported faster than 237Np, there already exists neptunium in the rock matrix when the

neptunium released from the source catches up, resulting in smaller concentration gradient



and diffusion flux at the rock-fracture interface. Consequently, concentration in the
fracture becomes larger than in case of a single nuclide. In later times, effect of the

precursor is negligible.

" 6.4 Conclusions

Analytical solutions for a two-member chain and an arbitrary release mode are
obtained by utilizing corrected Sudicky and Frind’s solutions for an impulse release.
Numerical illustrations have been given for the band release.

It has been known by comparison with the exact solution that approximation by
neglecting radioactive decay in the rock matrix introduces significant error even for the
concentration of the second member of a chain. Although by approximation we can have
non-recursive analytical solutions for a chain of arbitrary length, we should not use the
approximate solutions.

Assuming that a nuclide does not have a precursor although it does results in unsafe
estimate of the first arrival of the nuclide at a certain point in the fracture. A precursor,
which is transported faster, decays to the daughter in rock matrix so that the diffusion flux
of the daughter at the rock-fracture interface becomes smaller in the chain case than for the
single-nuclide case. Therefore, the concentration in the fracture becomes larger with a

precursor than without a precursor.
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~ Chapter 7
Radionuclide Dispersion from Multiple Patch Sources

into a Rock Fracture

7.1 Introduction

In Chapter 2 the analytical solutions for concentrations of a radionuclide released
from a source of infinite extent with zero and non-zero longitudinal dispersion in a fracture
have been presented. In a real waste repository waste packages will be arranged in an
array, and thus we need to investigate how local transverse dispersion affects the
radionuclide plumes produced from multiple sources of finite areal extent, and under what
conditions we can use the infinite-source solution.

The solutions for the concentration of a radionuclide released from multiple-patch
sources with transverse dispersion, similar to the current problem, were given by Kanki
[1]. Kanki’s sﬁlutions, however, do not include sorption on the fracture wall. In the
present chapter the effect of sorption on the fracture walls is included.

We shall compare the results for radionuclides released into a planar fracture from a
multiple-patch source to the results for radionuclides released into continuous porous media

from multiple point sources [2].

7.2 Conceptual Configuration of a Geological Repository

We consider a geologic repository with an array of point sources. The repository
configuration is shown in Figure 7.1. We assume:
(1) The waste canisters are arranged in a square planar array of overall dimensions A2,
(2) The waste consists of 10-year old waste from the pressurized water reactor, with heat
generation rate of:
Spent fuel: 550 W/assembly, with one assembly per canister,

High level reprocessing waste: 1740 W/canister.



102

(3) The areal loading of the repository is 20 W/m2.

(4) From assumptions 2 and 3 we will adopt for the present analysis typical container
separation distance d of 10 m and 5 m. The approximate overall dimension A of the
repository is 900 m.

This repository is assumed to intersect a planar fracture of infinite extent and of
width 2b. To establish a nuclide-transport problem, we make the following further
assumptions:

(5) The fracture intersects with the repository so that the width of the cross-section of the
repository becomes A.

(6) Each waste container is exposed on_ly to the fracture wéter and can be approximated as
a planar patch source; the rest of the waste canister imbedded in the rock matrix is
sound, so no nuclide is released directly to the rock matrix. The dimensions of an
individual plane patch source are 2a x 2b, where 2a is the width of a patch source
which is assumed to be equal to the diameter of the waste canister and 25 is the
fracture width.

By assumptions 5 and 6 multiple-patch sources are located within the width A with a

separation or pitch d. The number of patch sources is, therefore, calculated as m = A/d.

In Figure 7.2 physical processes considered in the model are shown. Difference
between the model in Chapter 2 and here is that hydrodynamic dispersion transverse to the
direction of water flow in the fracture is assumed instead of longitudinal dispersion.
Geometry of the source is also different from that in Chapter 2. Here m patches are located

at z =0, while in Chpater 2 the source has an infinite extent along the x axis.

7.3 The Transport Equations, Initial and Boundary Conditions

The transport processes in the system described above can be written in terms of
two coupled differential equations very similar to those given in Chapter 2. The governing

equation for the concentration in the water in the fracture is written as:
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2

dN odN dN q
R — r—— —— —_— — o0 o0
3¢ +vaz Dr— +Rj}\N+ 0, t>0,z>0, <X < oo,

(7.1)

where Dr is the transverse dispersion coefficient. The governing equation for the porous

rock matrix is identical to (2.9):

Z

ARepository

Fracture
opening Rock

| .
,/Pltch, d 4 $ .
—_-— Waste form “oq
d
Z

Figure 7.1 Conceptual configuration of a geologic repository and
a plane fracture of infinite extent. In the right-
bottom figure waste forms are assumed to be plane

patch sources of dimensions 2a x 2b.
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Figure 7.2 Geometry and physical processes to be considered
in mathematical formulation.

2
oM oM
RP_t-—DP—Z—+ RP7LM =0,y>b,2>0,-c0c<x<0o,t>0. (7.2)

Diffusion flux at the rock-fracture interface is given by (2.11). See Chapter 2 for

nomenclatures.

We solve these governing equations subject to the following initial and boundary

conditions:
Initial Conditions:
N(x,2,0) = 0, —e0o<Xx <00, 2z>0, (7.3)
M(x,y,2,0) =0, —oo<x<e, y>b z2>0, (7.4)
Boundary Conditions: ,
N(x, 0, 1) = w(t){hx+a) ~h(x-a)}, —co<x<oo, >0, (7.5)

N(x,00,1) =0, —0<x<o, >0, (7.6)
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N(teo,z,t) =0, z>0, t>0, (7.7)

M(x, b, z,t) = N(x, z, t), —~e<<x<oo, z>0, 1>0, (7.8)
M(x, +00,2,t) =0, —o0<x<o, z>0, >0, (7.9)

where (t) represents a time-dependent strength of a single-patch source and A(-) thé
Heaviside step function. (7.5) assumes that the center of a single patch source of dimen-
sions 2a x 2b is located at the origin of the system. For multiple-patch sources we can
superpose the solutipn for a single-patch source. Also assumed is that within each patch
source the time-dependency is uniform. To illustrate, we consider the band release mode

for y(t) (see Figure 2.3 and equation (2.49) for definition.).

7.4 Transport of Radionuclide Released from a Single Patch Source

7.4.1 The Analytical Solution for a Single Patch Source

We obtain the solution to the governing equations by taking Laplace transforms of
(7.1) and (7.2) with respect to ¢t and Fourier transform of the Laplace-transformed (7.1)
with respect to x, with the aid of the initial and boundary conditions. The analytical
solutions for N(x, z, t) and M(x, y, z, t), subject ‘to side conditions (7.3) through (7.9), are:

N(x,z,t; m=1) = N°F (b, z, )X(x; 0, @, 0), —oe<x<00,220,t20, (7.10)

M(x,y,2,t;,m=1)=NF (y,z,t)X(x; 0,a,0), —0o<x<o,y2b,z20,120,

(7.11)
where
Fo0,20) =Fyy,2,00—€ "Fyy,2,t-T), (7.12)
1 X —xl +a X —xl -a
X(x; 6, z,x1)=3 e ——Z—é— -e ——29— , (7.13)
2D
9=. /=L (7.14)

v
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m the number of patch sources, and x; the coordinate of the transverse axis of the center of
the patch source. The function Fy(y, z, t) is defined in (2.64). The parameter 0 is called a
distance parameter, whose dimension is [m]. The distance parametér is a key parameter in
evaluating the effect of the transverse dispersion, as will be shown in the next section.
Because the center of the patch source is located at the origin of the system, we set x; =0 in
(7.10) and (7.11). Since the solutions to N(x, z, t; m) and M(x, y, z, t; m) have the same
structure, any observation made for M(x, y, z, t; m) can be applied to N(x, z, t; m), and
thus we will make use of the solution to M(x, y, z, t; m) for further analysis.

In the analytical solutions we find that the effect of transverse dispersion appears in
the function X(x; 0, a, x;). The rest of the solution, i.e., N°F>(y, z, t) in (7.11), is
identical to the solution for an infinite-plane source, (2.61):

M (y,z2,t)=NF (y,z,1. (7.15)
As a approaches infinity, X(x; 0, a, x;) becomes unity. If we take DT to zero, or 0 to
zero, X(x; 9, a, x;) also becomes unity. In the latter case the function M*°(x, y, z, t) can be
considered as a solution to zero transverse dispersion.

In numerical evaluation of the analytical solutions (7.10) and (7.11), if we make a
computer program in such a way that (7.13) is calculated by subtracting two error
functions, which is apparently done in Kanki’s program, for a large x value and a
comparably small a value, the two error functions in (7.13) yield very close values, and on
the subtraction a numerical error occurs because a digital computer can handle only a
limited number of significant digits. To avoid this, we return to the original definition of an
error function expressed with an integral, and combine the two error functions in (7.13)
into one integral, which is now evaluated numerically with the Gaussian quadrature
method. For numerical integration we use the NAG [3] subroutine DO1AJF, which is a

general-purpose integrator.
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7.4.2 Numerical Illustrations and Observations

With analytical solutions (7.10) and (7.11), we now observe the time-dependency
of concentrations and the effect of transverse dispersion on concentration profiles. To
illustrate, we consider 237Np released from a single-patch source with the band release. We
conservatively assume that there is no sorption on the fracture walls (R=1), but that in a
porous rock matrix sorption is moderate (R, = 100). Other parameters are set equal to the
previous chapters, and listed in each figure shown later in tlﬁs chapter.

The concentration profiles of 227Np released from a single-patch source along the
transverse direction x at various values of the downstream distance z are shown in Figure
7.3. These concentrations are normalized to the initial concentration at the source. The
transverse hydrodynémic dispersion coefficient Dt is assumed to be 0.05 m2/yr. Consi-

dering the value for molecular diffusion coefficient in the rock matrix (Dp = 0.01 m?/yr)

N(x, z, t; m=1)/N°
333

it

105

10-6

10~7 : . |

Distance, x, m

Figure 7.3 Concentration profiles of 237Np in the fracture in trans-
verse direction, at ¢ = 10,000 yr, a band release. Parame-
ter assumed here are: T = 30,000 yr,a=0.14m, x; =0,

v =10 m/yr, A =3.24 x10~7/yr, 26 =0.01 m, £€=0.01,D, =
0.01 m?/yr, D = 0.05m?yr, R, =100, Re=1.
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and the tortuosity in the rock matrix, we may say that the value chosen for D here neglects
mechanical dispersion which is usually included in hydrodynamic dispersion together with
molecular diffusion. By neglecting mechanical dispersion, we underestimate the effect of
transverse hydrodynamic dispersion on fracture-flow transport, but by Figure 7.3 we see
remarkable influence of the transverse dispersion even with the small value of
D1 =0.05 m2/yr.

For a small downstream distance z the concentration profiles in Figure 7.3 show a
smaller dispersion path length and a steeper concentration gradient along the transverse axis
x, and a larger peak value at x = 0. As pointed out in [1], this dispersion behaviour is quite
different from the diffusion behaviour into the rock matrix in the y-direction. In the case of
molecular diffusion into the rock matrix, a smaller diffusion path length in the y-direction is
observed at a larger downstream distance z. This difference is explained by introducing the
concept of an effective diffusion or dispersion time #, (see Figure 7.4). Since the
dispersion field in the x-direction moves with the water at the velocity v/R;, the effective

time for the transverse dispersion at a location z can be determined by:

zRf v
t, = 5 (7.16)

while the effective time for diffusion in the y-direction is given by:
ZR

t,=t-—=

g a (7.17)
since the diffusion field in the rock pore is at rest.

The peak value shown in each profile of Figure 7.3 is attenuated by both the
transverse dispersion in the x-direction and the molecular diffusion in the y-direction. To
contrast these effects, plotted in Figure 7.5 are the concentrations of 237Np along the x =0
line in the fracture at ¢ = 10,000 yr (before the end of the leaching period) for the

following three cases: the concentrations with both the dispersion in the x-direction and the

molecular diffusion in the y-direction (solid lines), the concentrations with the molecular
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diffusion but without the transverse dispersion (a dashed line), and the concentrations
without them (a dotted line).
Without transverse dispersion or matrix penetration the leading edge travels as a

square wave at the velocity v/R. If matrix penetration in the y-direction is considered,

Plume in the rock matrix

| Plume in the
fracture

Flgure 74 Difference in transverse dispersion along the x-axis and
molecular diffusion in the rock matrix along the y-axis.
Radionuclides take time t, = z Ryfv to reach point A in the fracture

by advection and transverse dispersion. Since advection and
transverse dispersion take place together, the plume in the
fracture shows a diverging shape. On the other hand, in order
for radionuclides to reach point B in the rock matrix, they must
first reach point C in the fracture, and then by molecular
diffusion radionuclides reach point B for time 1, = ¢ - zRdv. Thus,

at more distant points from the source, the region affected by
molecular diffusion becomes small.
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some of the radionuclide is removed from the fracture by matrix penetration, resulting in
the retardation of nuclide movement along the fracture. If we consider both matrix
penetration and transverse dispersion in the fracture, the concentrations are further
attenuated along z. This combined effect is more pronounced for larger values of Dt. For
instance, the concentration at z = 1,000 m for Dy = 0.05 m?/yr is only about 1 percent of
that without transverse dispersion.v However, transverse dispersion has no significant
effect in retarding the movement of the leading contamination edge in the fracture even for a
large value of the dispersion coefficient. This is explained by the fact that around the
leading edge the gradient due to transverse dispersion becomes quite low.

These observations can also be made for the profiles after the end of leaching
period. Figure 7.6 shows the concentration profiles of 22’Np at x = 0 in the fracture for
Dy =0.05 m?/yr and Dy = 0. As was observed at a time before the leach time in Figure
7.5, the loci of the leading edge and the maximum are not retarded by transverse dispersion
although the concentrations are attenuated by several orders of magnitude due to the
transverse dispersion.

Without molecular diffusion into the rock pores, the band-shaped concentration
profile moves along the z-direction after the leach time (the dotted curve). On the other
hand, with molecular diffusion and without transverse dispersion in the fracture, a trailing
tail in the near-field from the source in the dashed curve in Figure 7.6 results from uncon-
taminated water flowing into the fracture after the leach time as observed in Chapter 4. The
observations on back diffusion made in Figure 4.8 all hold here, because from (7.11)
influence of transverse dispersion is completely separated from back diffusion.

In Figure 7.7 we can confirm that the nuclide diffuses out to the fracture at
z=10m. The profiles for zero transverse dispersion and for non-zero transverse
dispersion seem parallel to each other, which means that the ratio of the two concentration

is independent of y, and even of time. If we take the ratio of the analytical solution for the



.....

Dr=0
S xg=0 \
I v=10 my
=L -
E 10 A=3.24
*-110_4 10'7/y
N

= Dp=0.01m2y
=105 | Ri=1
Ry = 100 t=10,000y

. T =30,000y
106 |- £=0.01 (Before leach time)
2b=001m

107

1 101 104 103 104 10° 106
Distance, z, m

Figure 7.5 Effect of transverse dispersion on fracture flow transport,
concentration profile of 23’Np at x = 0 in the fracture at t

= 10,000 yr (before the leach time T = 30,000yr) with
three different transverse dispersion coefficients.
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Figure 7.6 Concentration profiles of 22’Np at x = 0 in the fracture
at times after the leach time T = 30,000 yr. Assumed
parameter values are the same as in Figure 7.5.
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Figure 7.7 Time-dependent concentration profiles at (x, z) = (0,
10m) in the rock matrix. The same parameter values
as Figure 7.5 apply.

case of non-zero transverse dispersion with that for the case of zero-dispersion, the ratio
becomes independent of time, nuclide, the distance into the rock matrix, and other rock-
related parameters. We will observe the behaviour of multiple-patch sources by using this

ratio with an appropriate definition of equivalent source strength in the following sections.

7.5 Transport of Radionuclides Released from Multiple-Patch Sources

For multiple-patch sources, we would expect to see the effects of individual sources
near the sources. At some distance away, local dispersion would merge individual plumes
so that an equivalent infinite plane source might give equally satisfactory results. At still
larger distances the effect of transverse dispersion causes multiple-patch sources to behave
like a single, large patch source. To quantify these regions, we first derive the analytical
solutions for multiple-patch sources by superposition of the single-patch-source solutions

shown in the previous section. We take the ratio of the concentration resulting from
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multiple-patch sources to the concentration resulting from an infinite source and the ratio of
the concentration resulting from multiple-patch sources to the concentration resulting from a

single patch of equivalent source strength. These ratios would predict the three regions.

7.5.1 Formulation for Analysis

The analytical solutions for multiple-patch sources are obtained by superposing the
solutions for a single-patch source. The geometry studied was described in Section 7.2.
Each patch source has an identical width 2g with the same initial concentration N° at z =0,
the same release characteristics, e.g., the band release, and is separated by a pitch d. All
sources begin to release radionuclides at the same time. Then the solutions for m patch

sources are:
m »
M(x) 2zt m) = NOF“()’, z, t) zx(x; e’ a, xk)’ (7'18)
k=1

where xi, is the location of the center of the k-th patch on the transverse axis x, and can be

expressed as:
r m+1 '
xk= - 2 » k=1,2,...,m (7]9)

To compare the solution (7.18) with the solution for an infinite source, we must
define the source strength of each patch source properly. For a patch source of initial total
mass w? [kg], distributed uniformly over the patch cross-sectional area 2a x 2b, and a
leach time T [yr], the rate of dissolution of total mass from the patch is wo/T [kg/yr]. From

(2.50) the initial concentration in the water phase at z = O for the patch source is:

N’ = _w . Igg (7.20)
~ vT (2a) (2b) " m yr| '

where n is the initial mass fraction of the nuclide in the waste (dimensionless). On the
other hand, if we assume that the same amount of waste w? [kg] is distributed over a patch

of cross-sectional area d x 2b, then we obtain the initial concentration N, for the patch
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source of dimensions d X 2b as:

N’ ——Wo—n" lgg (721)
«a” yT(2b)d ' |m yr| ' ‘

From (7.20) and (7.21), we can obtain a simple relation between N° and Niq in terms of

the dimensions of the both sourcés:
N o_d
o T 2a
N eq

(7.22)

We can now write the solution for an infinite source of strength equivalent to the
multiple-patch sources located in a pitch d by connecting infinitely many patch sources of
width d which produce initially the concentration qu atz=0:

M (y,2,8)=N,F (y,21). (7.23)

Similarly the solution for an equivalent single patch source which should be compared with

the multiple-patch sources consisting of m patches located in a pitch d can be written as:

M 3,20 = NoF 0, 2,0 X 0,22,0), (7.24)

In the following we will observe the effect of transverse dispersion with the help of

the ratio of (7.18) to (7.23) and the ratio of (7.18) to (7.24):

m
M Lt
(x;y, z, t;m) = iZX(x; 9, a, x,), (7.25)
M (y,z,1) 2a =4
m

z X(x; 9, a,x,)
M(x,y,z,t; m) _ d k=1

(7.26)
md o)

Meq(x, ¥,z t) 2a X(x; 6, 2

7.5.2 Comparison for Multiple-Patch Sources with an Infinite Source

Figure 7.8 shows the relative nuclide concentration along the transverse coordinate,

x, normal to the direction of the water flow, for the values of 8 = 0.2, 0.4, 1 and 10 m.
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The radionuclide source consists of 10 waste packages intersected by a fracture. The width
of the overall source with 10 waste packages separated on 10 m centers is 100 m. The
centers of the patch sources are located at + x = d/2, 3d/2, ..., etc. For constant values of
DT and v, 0 is a downstream distance parameter. Figure 7.8 shows that for small values of
0, the concentration profile along the transverse coordinate predicted by the muliple-patch-
source model is quite different from that predicted by the infinite-source model. Near the
sources, the local plumes are evident. At 6 = 10 m, local transverse dispersion has

smeared the plumes together so that the two models give identical results.

m=10 a=0.14m NO=1
101 | Piteh,d=10m Ngq=0.028 -
oy 6=10m A\ /A\
£ Q
g 10-1 p— \) —
=) 2>
g 102
N
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F e Ak
10 ol >
- et I -
3
10°5
0 5 10 15 20 25 30

Distance, x, m
Figure 7.8 Distribution of the relative concentration
(multiple-patch sources/ an infinite source) for four

values of the distance parameter along the transverse
coordinate x. '

The deviation from the infinite-source solution can be observed more clearly in
Figure 7.9, which shows the relative nuclide concentration as a function of the distance
parameter 0 for a series of patch sources, with a source spacing of d = 10 m and for the

number of patch sources vérying 10 to 80. The “peaks” are clearly seen in Figure 7.8, and
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the “valleys” can be seen for the © = 1 m curve in Figure 7.8. The near-field concentration
ratios, for less than 6 = 3 m, are shown for two branches. The peaks occur opposite the
patch locations (x = d/2) and the valleys occur at the midpoint between adjacent sources
(x =0). These two branches coincide at greater than about 6 = 3 m, where the multiple-
patch concentration becomes identical to that from the infinite-source model. The
concentration ratio remains at unity until a larger value of the distance parameter is reached,
depending ﬁpon the number of patches. The multiple-patch concentration then becomes

less than the infinite-source concentration, because of overall transverse dispersion.

102 1 1 !
Pitch,d=10m
=, a=0.14m
~ 10 NC = 1 —
! o
§ NQq=0.028
1 |
N
= !
3 —11. "
%10 \’S.'l'
2}
@Oy
10-2 > 1 l
10~1 1 101 102 103

Distance parameter, 6 = (zD/v)1/2

Figure 7.9  Effect of the size of multiple-patch sources on
relative concentration profiles as a function of
the distance parameter. For physical meanings
of the peak and valley, refer to Figure 7.8.

From Figure 7.9, we can observe three regions according to the distance parameter
6: (1) Fo; 0 less than about 3 m, the multiple-patch concentration departs significantly
from the infinite-source concentration due to discontinuities between discrete patch sources.
(2) For 0 between 3V m to 10 or 100 m, depending upon the number of patches, these two

concentrations become identical because of local transverse dispersion. (3) For larger 6
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values, the multiple-patch concentration becomes less than the infinite-source concentration
because of transverse dispersion into the region outside the projected m-patch area. These
observations are independent of radionuclide, time and rock.

In Figure 7.10 we observe the effect of patch-source separation. By decreasing the
source separation the plumes merge at a shorter downstream distance, as might be

expected. The effect of overall transverse dispersion also occurs a shorter distance -

downstream.
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Figure 7.10 Effect of source separation on relative concentration
profiles as a function of the distance parameter.

7.5.3 Comparison for Multiple-Patch Sources with a Single Equivalent
Source

In this section we compare the nuclide concentration fields predicted by a multiple-
patch source and a single equivalent-strength source. Figure 7.11 shows the relative
nuclide concentration as a function of the distance parameter 6 for 10 to 80 patch sources,
spaced 5 m or 10 m apart. In Figure 7.11 the plumes-merge points are identical to those in

Figure 7.10. However, there is no third region where transverse dispersion reduces the
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concentrations at the edge of the merged plume. This is because an equivalent patch source
is created depending on the number of patch sources. The single equivalent patch source
predicts identical concentrations as the multiple-patch source for 6 greater than about 3 m.
Figure 7.11 implies that for estimation of far-field concentrations we can consider
the repository which actually consists of m patch-sources as a large single-patch source of
width A (see Figure 7.1 for definition). The strength of that large single-patch source can

be calculated by (7.22), as shown in Section 7.5.1. Thus we can investigate the effect of

the size of the repository with the aid of an equivalent-single-patch-source solution.
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Distance parameter, 6 = (zD:r/v)1/2

Figure 7.11 Relative concentration (multiple-patch sources/

an equivalent patch source) as a function of the
distance parameter.

Figure 7.12 shows the relative concentration at x = 0 as a function of the variable 0
for three widths of the repository. Note that, as long as we follow the procedure for
definig the equivalent source strength as shown in Section 7.5.1, this graph is valid for any
set of source separation distance and dimension of waste packages. In the case of a
relatively small repository of A = 200 m, the relative concentration at x = 0 begins to

decrease at 8 > 30 m. For example, if v = 10 m/y and Dy = 0.05 m?/y, the effect of the
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transverse dispersion becomes important at z > 1.8 x 105 m. For the larger repository of
A = 800 m, the concentration profile in a normal plane through the center of the patch
(x = 0) is identical with the concentration profile resulting from an infinite source up to

0 =100 m.
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Figure 7.12 Effect of a repository size on the far-field concent-
ration evaluated by the equivalent-single-solution.

7.5.4 Comparison for Transport in Fractured Media with Transport in
Porous Media with Arrayed Point Sources

In Reference [4] presented is an analytical study of the effect of transverse
dispersion on migration behaviour in one-dimensional flow in a porous rock. The analyses
were performed for the geometry shown in Figure 7.13. A two-dimensional repository of
dimensions A2 consists of an array of point sources in a pitch 4. The porosity of the rock
is €. Water flows at pore velocity v in the direction perpendicular to the repository plane.
Linear sorption equilibrium is assumed in the porous rock, so nuclide movement is
retarded. Dispersion transverse to the water flow is then two-dimensional, and transverse

dispersion coefficient for each direction is assumed to be equal.
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transport.

The analytical solution for a point source with transverse dispersion was first
obtained. This solution was used for obtaining the solution for an array of point sources
with transverse dispersion by supérposition. The plane source of dimensions d? which has
an equivalent strength to a point source was obtained in a similar way to that described in
Section 7.5.1. By connecting infinitely many plane sources of equivalent strength, an
infinite plane source of equivalent strength was defined. Then the ratio of the concentration
resulting from an array of point sources to the concentration resulting from an infinite-plane
source of an equivalent strength was taken to clarify the effect of transverse dispersion.

The ratio has the form of:

a m n 2 2
(x-x) +(y-Y)
Ny, 21 ed expl| - W T2 | (7.27)

Nz 1)  4n6° =1G 40

where N4(x, y, z, t) is the concentration resulting from an array of point sources, N=(z, t)
the concentration resulting from an infinite-plane source, 0 the distance parameter. (x;, ;)

are the coordinates of point source location. There are m point sources on the x-coordinate
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and n point sources on the y-coordinate. The factor consisting of €, d, and 0 ahead of the
double summation comes from the ratio of the initial concentration at z = 0 resulting from a
point source to the initial concentration at z = 0 resulting from an infinite-plane source.
Equation (7.27) can be compared with (7.25), which is for transport in a fractured
medium. Both formula have a very similar structure; (7.27) contains an exponential
function under the summation while (7.25) contains two error functions. This is because
the ratio (7.27) is taken for point sources while the ratio (7.25) for patch sources, which

can be rewritten in integral form:

m &+a

Mx.y 2t m) = d e_‘zdt where § = %
M.20  2aln B,

and o = = .(7.28)
20

Figure 7.14, taken from Reference [4], shows results fof the porous-media
analyses. Comparing Figure 7.14 with Figure 7.9, we can make several observations.
First, there are three regions for the distance parameter 8. Second, the 8 values dividing
the three regions are almost equal. In fact in Figure 7.9, the peak and valley branches
coincide at 8 = 3 m, the same as in Figure 7.14. The m = 10, 20, 40, and 80 cases in
Figure 7.9 correspond to the arrays 10 x 10, 20 x 20, 40 x 40 and 80 x 80 in Figure 7.14,
respectively. For each pair the ratio starts to deviate from unity at approximately the same
0 values. For example, in Figure 7.9, for m = 10 the curve starts to deviate from unity at 6
slightly larger than 10. In Figure 7.14, the 10 x 10 array case shows that the curve also
becomes smaller than unity at 6 approximately equal to 10 m.

This observation implies that multiple-patch sources which we have investigated in
the preceding sections have a behaviour very similar to multiple-point sources. In the
analytical solution (7.28) this can be explained as follows. Since the width 2a of a patch
source is very small compared with the pitch d (we took a =0.14 m andd = 10 m), for a
relatively large O the integration interval in (7.28) becomes very small so that we can

approximate the integral as follows:
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&+a
_ _ 2 xXxX—-X, .
J'etzdtzieé, where & = kanda=i. (7.29)
0 ' 20
&

Substituting (7.29) into (7.28) and comparing with (7.27), we can immediately see the

similarity between (7.27) and (7.28) for a relatively large 0.
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Figure 7.14 Relative concentration as a function of the distance
parameter for an array of point sources at y = 0 for
a porous medium.

7.6 Conclusions

From analyses on the single-patch solution, we can obtain the following insights:
(1) At alarge downstream distance the concentration in the fracture shows a broad profile
along the transverse direction. This is quite different from the behaviour of molecular
diffusion into the rock matrix. At a large downstream distance matrix penetration by
molecular diffusion is yet very shallow.
(i1) Transverse dispersion attenuates the concentrations significantly both in the fracture

and in the rock matrix, but has no significant effect in retarding the movement of the
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leading advection edge. This is also quite different from molecular diffusion into the
rock matrix, which retards the movement of the advection edge significantly.

Comparing the multiple-patch concentration with the infinite-source or the

equivalent-single-patch concentration, we can distinguish three regions using the distance

parameter 8 = (z Dy / v)12:

| Applicable Solutions
Patch separation multiple-patch infinite-source equivalent patch
10m 0<3m 3<0<6; 6. <0
Sm 06<15m 1.5<6<6; 6 < 6

where 6. depends upon the number of patches. This table is valid for any nuclides, rock,
time, and transverse distance in the region projected m-patch area. Close to the individual
patch sources, plumes produced from multiple-patch sources are isolated from each other,
and we must use the multiple-patch solution for evaluation of the concentration field. In a
mid-region due to local transverse dispersion the plumes merged to one overall plume, and
both the infinite-source and the equivalent-source approximation give identical results. At
large distances downstream region the overall plume spreads out due to overall transverse
dispersion. In the far field we can consider a repository as a single patch source for
prediction of the resulting radionuclide concentration field.

The results presented here are similar to results for point-source arrays in porous
media, because the size of patch sources used in the current analysis is small compared to

the separation between patches.
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Chapter 8
Transient Diffusion of Radionuclide from a Cylindrical Waste

Solid into Fractured Porous Rock

8.1 Introduction

Analytical studies of the advective transport of dissolved contaminants through
fractured rock in the previous chapters have emphasized the effect of molecular diffusion in
the rock matrix in affecting the space-time-dependent concentration of the contaminant as it
moves along the fracture. Matrix diffusion only in the direction normal to the fracture sur-
face was assumed (see Figure 2.1). Such studies illustrate the far-field transport features
of fractured media. To predict the time-dependent mass transfer from a long waste cylinder
surrounded by porous rock and intersected by a fracture, a study to be shown in the present
chapter includes diffusion from the waste-solid surface directly into porous rock, as well as

the more realistic geometry shown in Figure 8.1.

Solubility-limit?Qq
concentrati s Bl -
g_

B t Diffusion
! \ ; po—— -
o ?B Diffusjon Fracture

———————————————

g —
o
>

Figure 8.1 Cylindrical geometry and three dimensional diffusion
in rock matrix and two dimensional diffusion in
fracture. Angular symmetry is assumed.
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In the following presented are the derivation of an analytical solution for the time-
dependent mass transfer from the cylinder for the low-flow conditions wherein near-field
mass transfer is expected to be controlled by molecular diffusion [1], and then description
on computer-code implementation and numerical results obtained from the computer codes.
The problem was first proposed and solved analytically by Chambré. The derivation is

discussed below.
8.2 Assumptions and Mathematical Formulation

We consider a cylindrical waste solid of infinite length and constant radius 2 [m],
intersected by a planar fracture (Figure 8.1). To make the model conservative, we assume
that no waste container is present. An infinitely long cylinder is a good approximation for a
long cylinder with negligible end effects. A constant concentration & [kg/m3] of low-sol-
ubility dissolved species is prescribed in the water at the waste surface. The contaminant is
transfered by molecular diffusion both in the fracture and in the rock matrix. The porosities
of fracture and rock are €; and €3, and water in pores is at rest. Notice that we assume that
in some cases the fracture is filled with a certain material. If €; is unity, then the fracture is
completely open. Width of the fracture, 26 [m], is considered to be much smaller than
other dimensions such as the cylinder radius, so we assume that complete mixing across
the width is achieved. Then, the concentrations in the fracture and in the rock matrix are
described in two-, and three-dimensional cylindrical coordinate systems, respectively.
Different properties are assumed for the local sorption equilibrium in the fracture and in the
rock matrix. Radioactive decay is included without any precursors. If we assume angular
symmetry, the governing equations for the space-time-dependent concentrations in the

fracture and in the rock matrix are written as:

3N, D aN
A A AA A ot A A A »
K, L o ZL 8T RkN, -2 Lo is0, (81)

a? r or or b
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A A A 2 A
A ON D A N A ON AA A
K, — = — 91,2 +D2—Az-2-—lK2N2,
ot r or or 0z
t>0,r>a,2z>0, (8.2)
where
A
AANA A aN 2 A A A
qr,t) = - D, = , t>0,r>a, (8.3)
0z . :
z=0
K i contaminant concentration in water in region i [kg/m3],
D i diffusion coefficient of the nuclide in region i [m?/yr],
c’} : diffusive flux from the fracture to rock matrix at the interface between rock
and fracture [kg/m2-yr].
¢ i retardation factor for region i, dimensionless, defined as
A 1- EX A
K,=1+ Kd;, (84)
g ‘
L radioactive decay constant [yr-1],
€ porosity of region i, dimensionless,
ro: distance from the center of the waste cylinder [m],
z distance from the interface between fracture and rock [m],
o time [yr], and
kdi : sorption distribution coefficients in region i between concentration in water

phase and concentration in solid phase, dimensionless.
Subscripts 1 and 2 stand for fracture and rock, respectively. The symbol # is put to
indicate that these quantities have actual physical dimensions; later we will introduce non-
dimensionalization.

From the assumptions, we can set the side conditions as follows:

T
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A A A A
N,r0) =0, r>a, (8.5)
N,(r,20) =0, r>a z>0, (8.6)
N a1 =N, >0 (8.7)
N (1) =0, >0, - (8.8)
A A AA Ay A A
N,(a,z,t) = N, z>0, t>0, (8.9)
N,(e, z,8) = 0, z>0, t>0, (8.10)
A A A A A A A A A
N,(r,0,t) = N,(r, 1), r>a, t>0, (8.11)
aNZ A A A
—~ =0, r>a, t>0. (8.12)
0z R
Z —=y00

(8.3) and (8.11) provide the coupling of the governing equations.

To simplify further mathematical manipulations, we introduce the following non-

dimensionalization:
A A D t
reL, 22X, 1= 2, (8.13)
2
a a K,a
A A A A AZAA
A= ———, b= ———, A= —tr—, (8.14)
D, K, gak, _ D,
and
N,(r.t) Ny(r,z,1) A
N](r:t)ET_: Nz(r)z9t):‘—-—7\._-; qE_ﬁ—;q- (8'15)
N N &D,N

The variable ¢ is called Fourier number, which measures the time of diffusion process. A is
called Thiele modulus. Then, the system of equations (8.1) to (8.3) and (8.5) to (8.12) can

be rewritten as:
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oN,; Py oN
_L_Ace) _1)_ _4q
% -y (r 3 AN, b r>1, t>0, (8.16)
N, ; 5 N, N, ' .
_a?'=7'a7’ar + azz - AN,, r>1, z>0, t>0, (8.17)
where
oN,
qr,t) = - 3, , r>1,t>0, (8.18)
z=0
subject to
N((r,0)=0, r>l, (8.19)
Nyr,z,0) = 0, r>1, z>0, (8.20)
Nl,t)=1, >0, (8.21)
Nie,1)=0, >0, (8.22)
Nyl,z,1)=1, z>0, t>0, (8.23)
Nyfeo,z,8)=0, z>0, t>0, (8.24)
Ny(r,0,t)=Nyr,1), r>1, >0, - (8.25)
oN, v
‘ =0, r>1, t>0. (8.26)
0z
Z—yco

We will solve the problem (8.16) — (8.26). Since one of our major concerns here

is mass transfer from the waste solid, we will derive the following auxiliary functions:

A A A A ON, gD, N N, eD,N
Jat)=-gD —3 = - A W Il =—F—J,(t) (8.27a)
or . a r=1 a
r=a
where
oN,
Ji(t) = - > , (8.27b)

and
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A A AA A aNZ 9,21)2]\["l
jaaz,)=—gD, —x =—Fx—j)(z1) (8.28a)
or . a
r=a
where
oN,
Jo(z, 1) = — 3 . (8.28b)
’ r=1

(8.27a, b) and (8.28a, b) are considered as the diffusive fluxes of the nuclide at the waste
surface from the waste to the fracture and to the porous rock, respectively. In the follow-
ing sections analytical forms are obtained and numerical evaluations are shown for (8.18),

(8.27b), and (8.28b) as well as for the concentrations N;(r, ¢) and Na(r, z, ).

8.3 Derivation of Analytical Solutions

The outline of the solution method is the following: First, apply Weber trans-
form [2] with respect to r and Laplace transform with respect to ¢ for (8.16) to (8.18).
Second, solve the second-order ordinary differential equation resulting from (8.17) and
obtain the double-transformed q(z, #). Third, substitute the transformed q into the algebraic
equation resulting from (8.16) and solve the resultant equation. Finally make the inverse
transforms twice to obtain the solutions. Important steps to the solution are discussed

below.
8.3.1 Application of Integral Transforms
The Weber transform of a function f{r) for the domain r > 1 is defined as:

fo)= [y orsrar, s> 0, (8.29)
1

where s is a Weber variable, real, and
D(r, s)=Jy(rs)Yy(s) — Yy(rs)Mys), (8.30)

The overbar symbol stands for a Weber-transform of f{r). With the following formula (see
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Appendix E for derivation):
e 3f) 2 2=
_——— ) = P —_—
" ar( r d(r, s) rdr - fll) —s f(s), s>0, (8.31)
(8.16) and (8.17) can be transformed as
dN _
L i @N +L+2a=0 s>0 1>0 (8.32)
dt b g
-— 2_.
oN, 2 5 IN, 2
—— + ILN, - +—=0 s5>0, 2z>0 >0, (8.33)
at azz T
where
W=saen, =5+ (8.34)

and the boundary conditions (8.21) and (8.23) have been used.
Next, we apply Laplace transform on (8.32) and (8.33) with the help of (4.13),

obtaining -
(uf+p)lvl + 15 A1 =0, s> 0, (8.35)
b gxp
N -
L _wepN, =210 ss0 20 (8.36)
dz t P

where p is a Laplace variable, complex, and the tilde, ~, stands for a resultant of Laplace

transform. We will solve (8.36) subject to the boundary conditions:

N,(s5,0,p) = N (s,p), >0, (8.37a)
N _o s>o. (8.37b)
dz
Z—> oo

The solution to (8.36) satisfying (8.37a,b) is written as
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N = 1 2
N _AN,5p)+—5 — - B
Vet n) = { 1 plp + 1) “}e T p45+p)
220, s20. (8.38)

To obtain N 1(s, p), we need the expression for z(s, p). Differentiating (8.38) with respect

to z and setting z to be zero in the resultant expression, we obtain:

~ = 1 2
qa(s,p) =/ H§+P{N1 (s:p) + p(u§+ p) ;t_} (8.39)

Substitution of (8.39) into (8.35) yields

A 1 1

= PR A O S
N,s,p)=———1 ~ ~ s > 84
1(5,p) ~ 7 {g(p) b a0) H§+P} §20 (8.40)

- 1
gp) = p+ 1 + ;,/pﬂé . (841)

Finally, substituting (8.41) into (8.38) yields:

where

= 21
N Z(S, z, p) = —; ~ 2 2
T &(p) bg(ph/p + 15 P+, ptly

8.3.2 Inversion of Integral Transforms

We first make inverse Laplace transforms of (8.40) and (8.42). Considering that

gp-13) = (fp+0)([p+B) (8.43)
where
_1-T 1+T 2 2
a=—=, B=ppr r=Ji1-4fa-ns, (844)
the reciprocal of g in (8.40) and (8.42) can be reduced to
! ! { ! - ! } (8.45)
a1l B-c Jora Jp+B

Using (8.45) and the following inversion formulae [3]:
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t

[ ~
L [; fin)| = J' f(z) dr, (8.46a)
0
| e £ k
1 1 % ak &t
L [e = e —ae e erﬁ{a‘/;*'_),k?_O, (8.46b)
Jp+ a} ‘/; 2t
>
Al _e o ({a‘/; +L)
x| = , k20, (8.46¢)
‘/;(J;+a) e e e 2‘/; C
1| ~kp k
L [e ]=e c(;J_;) k=0, (8.46d)
P

the Weber-, and Laplace-transformed solutions (8.40) and (8.42) can be inverted to:

— ' 1 1
Nis, 1) = - 2 ;[(BA _E)F(B” 0,t) - (OCA —;)F(a; 0, t)J,

T B-o
520, t20, (8.47)
4
= 2( -pr [ Z_ 2 1 1
N(s,z,t):——J‘e en{ )d‘t———[(BA——F( ;2 1)
2 Ty 2‘/: T B-o bF P
1
- (aA-;)F(a; z, t)], §20,220, 120, (8.48)

where

t
2 2
Flxiz, 1) =€ je( ~H) Terﬁ(x‘/: + ——z—)dt. (8.49)

0 V1

The integral F(x; z, t) converges uniformly in s over {s 20} fort=20andz2>0to

2
2 4
1 “hi-g z X-Hy -y z )
F(x;z,t) = e xJt+ + e erfd ——=-unt
% -1 H( Zﬁ) 2n, 2/t ok

X+
Rl e""’ze;ﬁ{u z+—z—)}, 120, 220, 520, (8.49a)

2w, Zﬁ

where
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(8.50)

2
H(x) = e erfc(x), x complex.

The first integral in the right hand side of (8.48) can be obtained by setting x = 0 in

(8.49a). Then, we obtain the Weber-transformed solutions as
520,120, (851)

Ni(s,t) = =Wy(s) - W,(s; 0, 1) ~Wy(s; 0,1) —=W,(s5; 0, t)

Ny(s, 2, 1) = —Wy(s) = W,(s; 2,8) = Wa(s; 2, 1) + Wy(s; 2, 8) - W,(s; 2, 1),
(8.52)

$20, 220, 120,
where
Wy(s) = 2 iz- (8.53a)
(T
Wisiz ="t LA=DA e’“’e,ff(L + pT/?) (8.53b)
n 5 p,z 2‘/;
s B . _
Wy(siz,t) = L _A-DA -2 f 2 wel, (853c)
T 2 K 2/t
MR W+ 5
2
Wiisiz,1) =2 12- ¢ erf| 2=, (8.53d)
LT 2yt
and

S -l 1
y  H BA H(BJ?+2J—) :A_bH(a”Z/:)

” s; Zy 1=
4( )
(8.53¢)

Because of the uniform convergence in (8.49a) with respect to s, we can make

inverse Weber transfofms on (8.51) and (8.52) without any restriction on s, obtaining

Ko(‘/—;r)
- {11(" 0’ t)+12(rr 0’ t) + 14(7', 0; t)}, rZ .I, t_>.0,(854)

N,(r,t)=
1 Ko( k)
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Ko(w/; r)
Ny(r,z,1) = <11(r, 2,8) + Iy(r, 2z, 8) = Iy(r, 2, 1) + I (r, 2, :)},

&{/2)

r21, z20, 120, (8.55)
where
Ifr,z,1) = J’Wl(s; z,1) 91”—”3—‘2“—, i=1,234, (8.56)
0 P%“ﬂ

M(s) = \/ [Jo(s)]z + [Yo(s)]z, | (8.57)

and K(x) modified Bessel function of the zeroth order, Jy(x) and Yy(x) Bessel functions of
the zeroth order, and ®(7, s) is defined by (8.30). The first term in the right hand side of
(8.54) and (8.55) is obtained by the inverse transform of Wy(s) (see Appendix D for
derivation).

(8.54) and (8.55) are the final solutions for the problem (8.16) to (8.26). The dif-

fusive fluxes from the waste solid to the fracture and to the rock matrix can be calculated as

follows:
K
jI(t) J— 1(‘/;) 2 <I (0,1) +I' (0, t) +I' (0, t)} t>0, (8.58)
kfx)
Jofz 1) = J_ (‘/;:) 2{nEy+ Iz -z 0 + [(2 0}
& x) T
220, >0, | (8.59)
where
I(z,1) = jW{s, t)——s, i=12,34 (8.60)
i
and the identity [4]:
Q%:—”' = —s{ TS Yols) = To(s) Y ()} = _ % (8.61)

r=1
is used on the course of the derivation.
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By differentiating (8.52) with respect to z and setting z to be zero, we obtain the

diffusive mass flux from the fracture to the rock matrix at the interface as:

q(r’ t)=—1:5'(r! t)"‘lg("»t), (862)
where
Ii(r,y) = j—u—’i(si 1) M; sds, i=35,6, (8.63a)
0 [Mo(s)]
2
)
L + —Ierj(l‘lzv/;)
= 2 by,
Wys; t)=—(A-1) A 3 , (8.63b)
kL u4 _,,2
1 bz
2 1 1
-wt | BBA-—) (el —-—)
- 2 b b
Wy(s; 1) =— ¢ > H(Bﬁ)—-—-;—TH(aﬁ) . (8.63c)
TR-a | Bk o - 1

8.4 Mathematical Preparation for Numerical Evaluation

8.4.1 Classification with A

We must consider three cases, A> 1, A =1, and A < 1, separately. By definition
of A, (8.14), A > 1 means that diffusion is faster in the fracture than in the rock matrix,
which can be considered as the most likely case. The case A < 1 could happen if the frac-
ture is filled with highly sorbing material such as clay. In the case of A = 1, the waste
cylinder is surrounded entirely by porous rock. The solution to Ny(r, t), (8.54), becomes

identical to that to Na(r, z, t), (8.55). By setting A to be unity, we have:

Wj(s; z,t) = Wz(s; z,t)=0, 220,120, s20,

anda=0,B8= é— Therefore,
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2
_— e ¥4
W(s; z,t)=~-— erfd —=|.
! Ty L(Zﬁ)
Then, (8.54) and (8.55) both reduce to
oo 2
7\, r Ha!
N,(r, 1) = Nyr, t)- +2 f — o s) > s ds. (8.64)
o Ty M Mo(s)]

Notice that (8.64) is independent of z. For a stable nuclide (A = 0), the first term in the
right hand side of (8.64) becomes unity, and the solution (8.64) becomes identical to the
solution for temperature in the region internally bounded by the circular cylinder with a
constant temperature at the boundary, obtained by Carslaw and Jaeger [5].

From the standpoint of safety assessment of waste disposal, A > 1 can be
considered as the most undesirable case. So we assume A > 1 below. In the rest of this
section we take N(r, z, t) and consider mathematical preparation for numerical evaluatio;l.

j1,J2, and g can be treated in a very similar way.

8.4.2 Evaluation of I4(r, z, t)

Assuming A > 1 results in evaluation of complementary error functions of a com-

plex argument in Wy(s; z, t), (8.53¢). From (8.44) o and B become complex for s in

1
§>5, 8 ——. (8.65)

2y A -1
Therefore, we must divide I4(r, z, t) into two parts:

I(r,z,t)= Ly(rz, 1)+ Iy(r, 2, 1), (8.66)
where
_D(r.s)
o(s)]

Lyr,z,t)= JW4(s, 2, 1) —— s ds, (8.67a)

2
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Iy(r2,0)= JW,,(s; 2 208 g, (8.67b)
s, [Mo(s)] |
22 Y
W4(S.' z,t)= <W( Bz, t) — wa,z t)> 2 e * (8.67¢c)
T
and
' e’ xA —% z
wix, z,t) = 7 H xJ/1+—=], x=a, p. (8.67d)
-0 x - K, 2yt
@) Iyi(r, z, 1)
By variable transform from s to I', defined as
S=1-1)s, | (8.68)

the integration interval is changed to 0 £T" < 1, and I4j(r, z, t) can be written as

2
H

2 & + -
I4l(r, z, t)="' e “ é" 141(", Z, t) - 141(": z, t)}, (869)
T
where
1 /
+ —(1—1—2)8;‘:[ 4"’ So I _1'2)
Iy(r,z, t)= J‘e wy(l;z1) 3 dr, (8.70a)
0

ool 17
AT+ (A-2)

Jt 2
wy(T;z,t)=— H(—(l D) +—=|. (8.70p)
{arx@a-2}a+n-4 2b 2/

so

Assuming A # 0, one may notice that either w, or w_ has a singularity inside 0 <T' < 1,
depending on the values of A, b,and A. If 1 <A <2+ k/s%), then w4 (T, z, t) becomes
singular at T =T = {1 - A + «/ 1+AA/sS /A, IEA > 2 + A/s3, then wo(T; z, 1)
becomes singularatI'=Ts3={A-1 - m }/A. These singular points are never
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the end-point of the integration interval, and so Ifl( r, z, t) can be considered as Hilbert

transform:

41(r z,t)= J‘f(l‘)) ar, 0<I;<1, (8.71)

where f(T") can be obtained from (8.70 a,b). The integral is interpreted as a Cauchy princi-
pal value. DO1AQF from NAG library [6] is the suitable package subroutine for this type
of integration. The subroutine employs modified Clenshaw-Curtis integration scheme [7]
and global acceptance criterion for error estimation [8]. The same type of singularity is
found also in Iy(7, z, t).

If L =0, w(T'; z, t) has an end-point singularity at I’ = 1, while w4(T; z, ¢) has no
singularity point inside the interval. This singularity can be removed by the variable trans-
formation from I to & by

F=7l-¢° (8.72)

Then, I4; reduces to

e 5 s o) onsl4)
oo FAE T

where A =2¢~8 — - 28, As & tends to infinity, A tends to zero, and the H function tends

dE, (8.73)

to H(z/2+t). If A approaches to zero, Y(s,VA) in ® and My tends to — =, To avoid this
difficulty, let us consider the following polynomial approximation [9]: |
12

Yy(x)=— Jo(x)+ao+a1 +a) 7 otagF| +E
n

0<x<3, el <14x107 (8.74)
where
a,= 036746691, a, = 060559366, a,=-0.74350384, a, = 025300117

a,=-0.04261214, a;=0.00427916, as = -0.00024846
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Substituting s,VA into x in (8.74), we may approximate Y,(s,VA), for large £, by

2
Yy(s /A )zl—(,,,sz_o _ g) +a, JfsJA)=1. (8.75)

T
Then, ®(r, s,YA) can be approximated, for large &, by

1
o(r, s /4 )=+ zn(;), (8.76)
L

and [My(s,VA)]2 becomes proportional to (€2 + const) for large £&. Thus in the interval
[€c, =), where & is determined so that the approximation (8.75) holds, (8.73) can be
calculated as [10]

-1
2

z Y1 a1¢l [ $
H(2 t);bl:j 1+ ;(In 2—0_.§ +a0 dé
g,

2
Z _ - - s/Z)
=!_,,,i”{—f) T ggn”l| 5= ”‘(" . (8.77)
T

R

In the rest of the interval, i.e., [0, &c], (8.73) is evaluated numerically by Gaussian

quadratures without any difficulties. The same type of singularity occurs also in [3(7, z, t).

(b) 142(1', 1)

In the interval s > s5,, @ and B become complex. For a complex argunent, error

function can be evaluated by the following formula [11]:

erf(x + yi) = R(x, y) + i I(x, y),  (8.78a)
where
1 2
2 o )
—X
2 _ 2
R(x,y) = erfx) + S (1 ~cos 29) + 257 Y S £ 1xy), (878b)
2nx R n=ln +4x
12
2 —-—n
e 2 4 e
Ix, y) = sin2xy + —e 22—‘2‘ 8.(%. y), (8.78¢)
2nx T n=l n +4x



f.(x, y) = 2x — 2x cosh(ny) cos(2xy) + n-sinh(ny) sin(2xy), (8.78d)

and
8a(X, y) = 2x cosh(ny) sin(2xy) + n-sinh(ny) cos(2xy). (8.78e)

With (8.78a—€) and the variable transformation:
2
s
Y= -1, ' (8.79)
so

L4y(r, 2, t) can be rewritten as follows:
2

2 T (b )
Iyrz,n="e" e —;'Q Ly (r, 2, ) =L, z,1)),  (8.80)
T

r, so\/ 1+72)

{Ay sin(@) - Bycos()} 0( 7 dy

ufsof17)]
it sl )

where

Ipy(riz, 1) = j

~Asl ey

141

I,(r, 2 1) = = dy (8.81b)
D(y
6, [Mo(sox/ 1+y )]
L
1 4x < e
=Hx)-— - 2= , 8.81
¢(x) = H(x) o m ;nz PX. (8.81c)
| Y oy +XA

A(Y=0oY-(A-2)5, B(yY= < [ (8.81d)

S, o

2
D(Y = (¥+1) o(y)+%(Ayz-A+2) o (8.81e)

So So

% 1§ (genie) A5
Sm_B(w _z xB(y+nA(Y b

5 +
2nx T n=l n +4x




142

, (8.81f)

2
- i o
1 = {2xB(y - nary} ‘z("*‘i‘*)
"'—Z 2 2 ¢
N n=1 n +4x

ory = A% +(a-2), Q=—t;+i =20 (8.81g)

w2 Jt

The function ¢(x) vanishes quite rapidly for x > 1. Therefore, 142;(r, z, t) may be

evaluated only for x < 1.-

8.4.3 Oscillation of Integrands

Due to the presence of ®(r, s), all integrands in Ny(r, t), N2(r, z, t), and g(r, t)
oscillate. How rapidly they oscillate depends on how large r is. For the cases of I3(r, z, t)
and I4(r, z, t), the integrands vanish quite rapidly because of the term, exp(— ugt), so that
the integration interval can be considered to be finite. If the computer underflow limit is
e-U, then the integration may be performed in the interval of 0 < s < ‘\/ tg" A. On the
other hand in case of Ij(r, z, t) and I(r, 2, t), their integrands vanish much slbwer, SO one
may have to integrate over hundreds of cycles of oscillation to evaluate the integrals with
enough accuracy. For such slowly convergent integrands, €!-transformation for slowly

convergent series and integrals [12] is employed.

8.5 Numerical Evaluations

Computer programs are implemented for Na(r, z, t), j2(z, t) and q(r, t). Ni(r, t)
and jj(t) can be calculated by setting z = 0 in the input data for the programs for Na(7, z, t),

and j2(z, t), respectively. Programs are written in FORTRAN 77.

8.5.1 Input Data

We assume that the waste solid comes from the spent fuel of the pressurized water

reactor. The radius of the cylinder is a=25cm. Fracture width 2bis 1.cm. Surrounding
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rock has porosity €3 = 0.01 whereas the fracture has no filling material (€1 = 1). The
diffusion coefficient is the same for both fracture and rock, and is conservatively chosen as
that for a liquid continuum (500 cm?/yr). Sorption in the fracture walls is neglected (k 1=
1) while sorption m rock matrix is assumed to retard diffusion process by the factor of kz
=500. Three actinides and a stable nuclide are compared in the numerical results: 234U Q
= 2.806 x 10-6 yr-1), 241Am (ﬁ = 1.513 x 10-3 yr-1), and 239Py (i\. = 2.841 x 10-5
yr'1). With these values, non-dimensionalized parameters can be calculated as:

b=0004, A=500, t=16x10"1/[yr]
and

A=1754x10" for U, A = 0.9456 for*'Am,  and\ = 1.7755 x 10 for " Pu

8.5.2 Features of Diffusive Mass Transfer in Cylindrical Geometry

Figure 8.2 gives an overall idea of how the contaminant is transfered from the
cylinder, and is transported in the fractured porous rock. There shown are instantaneous
concentration isopleths, mass flux from the cylinder to rock, mass flux to fracture, and flux
across the rock/fracture interface for 239Pu at Fourier number ¢ = 1, which corresponds to
625 yr for the parameter values shown above. Concentration in rock is larger near the
cylinder and near the fracture. Concentration isopleth shows that influence of the fracture
in rock matrix becomes negligible beyond five radii from the rock/fracture interface. The
mass flux into the fracture is calculated to be about two orders of magnitude greater than
that into the rock matrix because of the assumed hundred-fold greater porosity in the frac-
ture. The mass flux into the rock matrix becomes smaller in the vicinity of the fracture
because contaminant diffusing from the fracture reduces the concentration difference be-
tween the surface of the cylinder and inside the rock matrix.

The mass flux across the interface between rock and fracture is zero at the surface
of the cylinder (» =1) because of the boundary conditions at r =1. Then, the concentration

difference increases with the distance from the cylinder surface because due to the assumed
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Figure 8.3 shows the changes of mass flux from the cylinder to the fracture with
Fourier number for three actinides and a stable nuclide. In very early times effect of decay
is not apparent. Curves for shorter half-life nuclides deviate from that for a stablé nuclide
at an earlier time, and reach the steady state. For a stable nuclide the mass flux approaches
to zero as time increases. Because of the loss by radioactive decay during diffusion in the
medium, less amount will reach a certain point from the surface for shorter half-life
nuclides. Therefore, in the steady state the concentration gradient becomes steeper for
shorter half-life nuclides. Thus, radioactive decay enhances the mass transfer from the

cylinder to the rock matrix and to the fracture.
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Figure 8.3 Mass fluxes for three radionuclides and a stable
nuclide from the cylinder to the fracture at the
cylinder surface as a function of time. Parameters
from Figure 8.2 apply.

In Figure 8.4 mass flux of 239Pu from the cylinder to the rock matrix is depicted as
a function of Fourier number. The location z = 0+ is considered to be located at the rock-
matrix side of the interface. The curve for z = 0+ is, therefore, hundred-fold less than that

for jj(t), shown in the previous figure. In very early times effect of the fracture is limited
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in the very vicinity of the fracture in the rock matrix, but the mass flux from the cylinder in
the fracture-affected region is much lower than the mass flux in the rest of the cylinder-
“surface in the rock matrix. For example, at t = 10-3, in z > 0.1, the mass flux from the
cylinder is virtually uniform, but the difference between the flux in the region z > 0.1 and
the flux at the interface is large. As time increases, the affected region extends while the
difference between the affected and not-affected regions becomes very small. At =102

and later we no longer observe significant difference.
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Flgure 8.4 Normalized mass flux of 239Pu from the cylinder to
the rock matrix at the cylinder surface as a function
of Fourier number. Four curves depict the effect of
diffusion from the fracture to the rock matrix.
Parameters from Figure 8.2 apply.

Figure 8.5 illustrates the effect of Thiele modulus, or radioactive decay on the mass
flux to the fracture. In early times for long half-life nuclides radioactive decay has no
effect. Atr=10-2 only 90Sr and 3H can feel the effect slightly. By ¢ = 102 for almost all
radionuclides, which are of interest in waste disposal, mass flux is affected by radioactive
decay. A curve for each Fourier number starts to increase at some value of Thiele
modulus. Curves merge with each other, and for large Thiele modulus, become expressed

with the first term in the right hand side of (8.82).
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Figure 8.6 shows the profiles of the mass flux of 239Pu at the rock/fracture inter-
face from the fracture to the rock matrix as a function of distance from the waste surface.
Important observation is that there is a maximum along r, which is quite different from
what has been observed in the planar geometry in Chapter 2. The comparison between the
cylinder model and the planar model is made in Section 8.5.4. At r =1, the mass flux is
zero because of the boundary conditions (8.21) and (8.23). Because diffusion in rock
matrix is slower than in the fracture, concentration in the fracture is always larger than that
in rock matrix if compared at the same distance from the cylinder surface. As r tends to
infinity, both concentrations tend to zero. Therefore, there should be a maximum mass
flux in between r =1 and infinity. The maximum value decreases and the location of the
maximum advances with time. Because the both concentrations approach to the steady

state, the profile for ¢ = 104 shows slight change from ¢ = 102.
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Figure 8.5 Mass flux from the cylinder to the fracture as a
function of Thiele modulus. Typical radionuclides
are indicated at the corresponding Thiele moduli,
which can be calculated by assuming the parameter
values applied in Figure 8.2.
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Normalized diffusive flux from fracture to
rock matrix, eoq(r, t)
S
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Figure 8.6 Diffusive flux across the interface between rock and
fracture from fracture to rock matrix, as a function of
distance from the cylinder surface. The curve for
Fourier number of 10,000 is so close to that for 100.

8.5.3 Validity of the Cylinder Model

As the material is released, the cylinder radius will decrease with time. So the
boundary conditions (8.21) and (8.23) might be valid within limited time. Considering that
actinides have very low solubilities [13], one could make the following argument related to
the validity of the assumption of constant cylinder radius. Because of their low solubilities,
actinides will precipitate immediately after they are released from the cylinder. Even though
the cylinder itself shrinks, nuclides will remain as a form of precipitates around the region
Where originally the cylinder exists, and the concentration at r =1 might be maintained at
their solubilities.

Rather, from assumed finite initial inventory of radionuclides in the waste cylinder,
we must have an upper bound of time for applicability of the present model. For this pur-
pose we consider a cumulative mass release from the cylinder. Here, to simplify, we

assume that radionuclides do not move inside the cylinder along the z-direction. Then, the
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material diffusing into the fracture comes only from a slice of the cylinder of width 25.
Because the material in the slice is released faster than that in the rest of the cylinder ex-
posed to the rock matrix, we consider a cumulative mass release from the entire surface

connected with the fracture to the fracture, which is defined as:

A
t
A

M, () = I; (0 dv-2ma - 2b [g]. (8.82)
0

By (8.27) and (8.13), (8.82) can be written in terms of Fourier number and nondimen-

sionalized flux as:
A t
:\ A AA DI A *
M, (t)=4ra bK,——N jjl(t)dt [g], (8.83)
D
2 0

where ¢ is Fourier number. If the initial inventory of the nuclide of interest in the unit
length of the waste cylinder is wo [g/cm], amount of the nuclide in the slice of the cylindef
23 is 23-(4\:0 [g]l. Normalized with this amount, the cumulative release of the nuclide is now

written as:

t A

M) = Rjjl(r) dt, where R =

(8.84)

Then thc present model is considered to be valid until M 1(t) becomes unity.

For a spent fuel we assume £ =300 cm, where L is the length of a spent-fuel
assembly. In one assembly, there are 2,300 g of 239Pu, 230 g of 241Am, and 88 g of 234U
[13]. If the solubility of these three nuclides is assumed to be M =109 g/cm3, we have:

For 239py, WO =767 g/em, R =2.56x 10~
For #1Am, w0 =0.767 glem, R =2.56x 10-3
For 234U, w0 =0293 g/cm, R =6.70 x 10-3.

In Figure 8.7 plotted are M 1(2) versus Fourier number. These curves reach unity at

104 for 239Pu, 470 for 241 Am and 234U.
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Figure 8.7 Cumulative mass release from the cylinder to the
fracture, normalized by the initial inventory of each
radionuclide in the slice of the cylinder exposed to the
fracture.

In Figure 8.8 amount of radionuclide released into rock matrix is compared with

that into the fracture. Instantaneous release rate into the fracture is defined as:

my(1) = 2b-2ra () = 4na D,N & %2—1- Jy(t) (8.85)
a D,
Instantaneous release rate into the rock matrix is defined as:
L b
5 Ly | % 4
my(t) =2 X-Zﬂaj }2(;, 1) d; = 47t21321<\/ *82 Jolz, 1) dz. (8.86)
0 0

' AN A
In Figure 8.8 release rates are normalized by the factor 4taDoN”*. Even through
the mass flux from the waste into the rock matrix is low relative to that into fracture, the
larger waste surface exposed to the matrix and the greater assumed matrix sorption result in

greater release rate to the matrix than to the fracture. This indicates that for the parameters
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assumed here, the earlier mass-transfer theory [14] for a waste solid completely surrounded
by porous rock can adequately predict release rates in low-flow conditions in fractured
rock. If tortuosity significantly reduces the diffusion coefficient in the rock matrix and not

in the fracture, mass-transfer directly from the waste to the fracture becomes more

important.
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Figure 8.8 Normalized release rates of nuclides from a 3 m-high waste
cylinder. Geologic parameters from Figure 8.2 apply.

8.5.4 Comparison for the Cylinder Model with the Plane Model

In Chapter 2 we studied the one-dimensional advective-dispersive transport in the

fracture associated with one-dimensional matrix diffusion in the planar geometry. The
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contaminant is released only to the fracture. We compare in this section the plane model
with the cylinder model.

To compre, we make the following assumptions for the plane model. The planar
source exposed to the fracture is assumed to be the constant-concentration boundary.
Then, the boundary condition (2.14) can be written as:

N(O, t) = w(t) = N k(). (8.87)
No advection is assumed in the fracture (v = 0).

The both models can be compared in two ways. First, we can compare them from
the standpoint of mass transfer from the source. The diffusive mass flux from the source
to the fracture is obtained in the both models. Second, comparison is possible from the
standpoint of far-field transport.

For the mass transfer from the source, we need to derive the expression for the
mass flux from the plane source to the fracture, comparable to (8.27a). By setting v and z

to be zero and y(?) to be as (8 87) in (2.38), we can obtain the mass flux as:

AAA A ‘/_X 2
(z)_ ,/ADR J exp( -xt) A=A g i‘
4(t-uA) A Zx/l(t—uA)
A A " ZA A A
+ K(t—uA)) 1 ———2 2“';/2 + k+‘/,\— e"Mll J_

A (t-124) A
xerfe| —tee _ -2 \an >0, (8.88)
PN
where
A bR
A= A fA !
D,R,

and &, kf, R p» ﬁf, and ﬁp are defined in Chapter 2. Here the symbol A is put to make the
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notation consistent with that of the cylinder model. The subscript p stands for the planar
geometry.

For the comparison of the features of the far-field transport, the steady-state
solutions are useful. From (8.54), as ¢ increases, the concentration in the fracture for the

cylinder case approaches:

Ko(ﬁ r) 2 J’ 1 @(r, p)

Nyr) = S (-1

gJ2) ™ J 1K+ m) [My0)]

Superscript s stands for steady state. For the plane model, we can obtain from (2.41) the

> pdp,r21. (8.89)

steady-state solution for the concentration in the fracture for the case of zero advection and
the constant-concentration boundary as:

A A A iﬁ DAX.& A )
* —L, N e r oy, (8.90)
Db

Ns(z) =N exp\-
D

where Z is the distance from the plane source.
In the numerical results shown in Figures 8.9 and 8.10, the following values are
assumed:

Table 8.1 Summary of Assumed Parameter Values

nomenclature value
) cylinder| plane

cylinder radius a — 25cm
fracture aperture ' b l1cm
porosity: fracture €1 —_— 1

rock %) (3 0.01
water velocity — 2 0
retardation coefficients  fracture R 1 R f 1

rock .0} R, 500
diffusion coefficients fracture D; D 0.05 m2/yr

rock Ds D, 0.05 m2/yr
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Figure 8.9 Comparison of the diffusive mass flux from the
source in the cylinder model with that in the plane
model. Parameter values in Table 8.1 apply.

In Figure 8.9 the mass flux from the source, normalized by the source-boundary
concentration, is plotted against time in years. For the cylinder case, the curves are
identical to the curves in Figure 8.3; the scaling of the both axes are changed. In early
times the both geometry gives very close results. As time proceeds, the plane model yields
smaller mass fluxes, and the difference between the two models at the steady state is greater
for longer-lived radionuclides.

In the cylindrical geometry, the contaminant is diluted with more volume of the
medium as it progresses farther away from the cylinder-source surface. So the mass
transfer from the source is enhanced in the cylindrical geometry, compared with the planar
geometry. On the other hand, becuase there is no matrix diffusion parallel to the fracture,
the diffusive flux at the interface between fracture and rock becomes larger in the plane
model than in the cylinder model, especially in the vicinity of the source surface. More
nuclides would be removed from the fracture in the plane model, resulting in the enhanced
mass transfer from the source. Then a question is, which is more dominant, the geometry

effect or the diffusion into the rock matrix? The numerical results in Figure 8.9 show that
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the cylindrical geometry enhances the mass transfer from the source more than does one-
dimensional matrix diffusion. |

In Figure 8.10, the normalized concentration in the fracture at the steady state is
compared. The horizontal axis represents the distance from the source surface; in the
cylindér case, 7 —a, and in the plam'; case, z. In the rcgioh near the source, the plane model
gives greater concentration, whereas in the far region the cylinder model is more
conservative. For shorter half-life nuclides such as 241 Am, the difference is negligible, but
for 234U, the difference is prominent.

Because the contaminant is released into the rock matrix as well as to the fracture in
the cylinder model, less contaminant in the fracture can diffuse into the rock matrix than in
the plane model. Consequently, more nuclides stay and are transpofted in the fracture,
resulting in greater concentration in the far field. For short-lived nuclides, because

radioactive decay is predominant, effect of parallel matrix diffusion is not apparent.

! Steady state —

-t

;!

3

it

Normalized concentration in fracture
-t
o
b

10-5 Cylinder .
-------- Plane
|
1078 -1 1 101 102

Distance from source surface, m

Figure 8.10 Concentration profiles in the fracture, normalized by
the source concentration. _Parameter values in Table

8.1 apply.

Thus both for the near-field mass transfer and for the far-field transport, the
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cylinder model gives conservative results, provided that molecular diffusion is the sole

transport mechanism in the medium.

8.6 Conclusions

Both mass fluxes to the fracture and to the rock matrix for radionuclides reach the
steady state. Shorter half-life nuclides reach the steady state earlier. In very early times
effect of radioactive decay is negligible.

Because of diffusion from fracture to rock, the mass flux from the cylinder to rock
matrix is smaller in the region near the fracture than in far region. The effect of presence of
the fracture is limited in a very shallow region in the rock matrix in eaaly times. From the
numerical result for 239Py, after Fourier number of 100, the fracture effect on the mass flux
from the cylinder to rock matrix can be neglected, and the mass flux to the rock matrix
becomes virtually independent of z.

The present model is applicable until the nuclide, which initially exists in the slice of
the cylinder exposed to the fracture, is all released into the fracture.

Although the mass flux to the fracture is hundred-fold larger than that to the rock
matrix because of complete openness of the fracture, total amount of the nuclide released
into the rock matrix at a certain time becomes in some cases greater than that to the fracture
because the surface area contacted with the rock matrix is much larger than that with the
fracture. Ifitis the case, the model for the cylinder surrounded completely by rock matrix
is still good.

Three-dimensional diffusion in the rock matrix and the release from the cylinder to
the rock matrix as well as to the fracture result in a quite different feature of transport in the
fracture, if compared with the transport in the planar geometry as done in Chapter 2. The
cylinder model is more conservative than the plane model with respect to the mass transfer

from the source and to the far-field transport.
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Chapter 9

Conclusions

The purpose of this dissertation is to obtain a bounding model which predicts
transport of radionuclides through a fractured porous rock.

As a conclusion, the following bounding model has been obtained. Proceeding
from the assumption of a discrete planar fracture surrounded by porous rock, where water
is assumed to be at rest, the iransport of radionuclides can be conservatively predicted by
taking into account one-dimensional advection in the fracture, one-dimensional molecular
diffusion perpendicular to the fracture in the rock matrix, sorption equilibrium in the
fracture and in the rock matrix, and radioactive decay without precursing nuclides. Matrix
diffusion is the most important feature in the fracture-flow transport. |

The bounding model has the following limitations:

(1) In early times, longitudinal hydrodynamic dispersion enhances advective transport in
the fracture. One can neglect longitudinal dispersion by assuming large fracture
aperture and water velocity.

(2) The bounding model can be used for the case of the multiple-patch source with
transverse dispersion in the fracture at some distance away from the source. In very
far region the equivalent-single-patch model is more accurate.

(3) The discrete-fracture model can be used for the case of moderate overlap of
concentration fields in the rock matrix in between two adjacent parallel fractures. If
fractures are intersected each other frequently, the analysis based on the assumption of
parallel fractures does not apply; effects of intersection may be taken into aacount by
longitudinal dispersion.

(4) Neglecting the mother nuclide results in optimistic estimates of concentration in the
fracture in early times, if both the mother and the daughter nuclides exist in the source

initially. For the nuclides that initially do not exist in the source, such as 230Th and
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)

226Ra, decay chain must be included in the formulation.

If advection is negligible and mass transfer from the source and transport in the
fracture and in the rock matrix are controlled by molecular diffusion, the cylindrical
geometry and the molecular diffusion parallel to the fracture in the rock matrix must be
assumed for obtaining conservative evaluations. The planar geometry and one-
dimensional matrix diffusion perpendicular to the fracture no longer give conservative

results.
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Appendix A: Derivation from (3.3) to (3.11)

Suppose the function y(z) can be differentiated once, and its derivative is again an

integrable function. By integrating (3.3) by parts with respect to ¢, we obtain:
Pe =

MT,, 1) = % e7 J-G(ﬁ; T, t, Pe) e""<f(t — Y WO0) - f{0) w(t - W}dé
.

g
Pe= .y
- % e 2 jG(&; T.,t Pe)e L J‘%V,-(t —y-)f(t)dr dE, (A.l)
T
g 0

where f{t') can be defined as the indefinite integral of E(t; ry )
¢
ftt) sjE(t'--'Y-) ar ==L yéi_ (—3'-—4- x:') —x{‘_; (—Y-——\/;)
" A 2 \e eerAth +e ersz‘/?
+ Constant. (A.2)

Now we taﬁe A to infinity. The first integral in (A.1) satisﬁés the following
conditions [1]: (i) fG( E,; Tp, t, Pe)) e A d§ converges absolutely, and (ii) {f(z - Y)y(0)
- f0) y(t-7v)} cgnverges uniformly over any finite subdomain of & 2 g to a function
y(z —y) by taking A to infinity. Then, we can change the order of integration with respect

to € and the limit operation with repsect to A, obtaining

Pe :
(t}fze i{irst ;erm) 2 T -
ofther.h.s. | =——¢ G, T, t,Pe)e t —Yd
ofther b | =L ! : —

The second integral in (A.1), we consider the limit:
i
. d‘l’ ’ ’ ’
lim] —(t-vy-10)f(t') dt
A0 dt
0
In0 <t <t-1v,f(t') is continuous, and converges uniformly to zero by taking A to

infinity for § > g, t20, T, 2 0. Hence the above limit converges uniformly to zero. The
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two conditions given above for changing the order of integration and limit operation are
satisfied also in case of the second integral. Then we can change the orger of integration

with respect to & and the limit operation, obtaining zero. Thus the result follows.

Reference for Appendix A

[1] Chambré, P. L., and E. J. Pinney, Notes for Mathematics 120, Theorem 6.1.9,

Department of Mathematics, University of California, Berkeley, 1985.
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Appendix B: Derivation of the Green’s Function for 4.9)

In eq. (4.2), we change the variables as follows:

My,z,0=¢ " Km; 2, 1) (B.1a)
n=B(y-b). (B.Ib)
Then, (4.2) reduces to
2
2I-<-=a—1§, n>0,t>0,z>0. (B.2)
ot on
The initial condition for (B.2) is defined as
KMm;z,0)=¥M, z), n>0,z>0. (B.3)

Applying Laplace transform on (B.2) yields:

Lk

-d—T-F -pK + ¥M,z) =0, n>0. (BA4)

Instead of (4.9), we consider the Green’s function for (B.4).

(1) First, we solve (B.4) in a finite span, 0 < M </, with homogeneous boundary
conditions, i.e., -

K(0;2,p)=K(l;z,p) = 0. (B.5)
To have a unique solution, which can be written in terms of the Green’s function 5(71 , S)
for a finite span, p must not an eigen value of the self-adjoint linear operator, %
Otherwise, the problem becomes the Strum-Liouville problem. Thus p must satisfy the

restriction:

p#—-T, n=0,1,2,.... (Bd)

If the Green’s function is obtained, the solution for (B.4) subject to the

homogeneous boundary conditions (B.5) ivs written as
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I
KM; z,p) = J' G(n, s) ¥(s, z) ds. (B.7)
0

Th following is the derivation of the Green’s function for the finite span. The

Green’s function can be obtained by solving a problem:

dz—cj—pZ?:—S(Tl—s), o<n<l!l, 0<s<| (B.8a)
dan
subject to

G(0,s)=G(l,s5) = 0. (B.8b)
Let u;(M), ua(n) be the solutions to the problem (B.8a,b) satisfying the boubndary
conditions of (B.8b) individually, and Cj, C2 be certain constants. Then, the Green’s
function has the form of
Cuy(m), 0<n<s

= (B.9)
G s) Couy(M), ssns<l

By continuity at =5, C7 = Cua(s), C2 = Cuj(s), C a constant. Then, (B.9) can be written

as:
_ C uy(s) u,(m), 0<n<s
G s) = C uy(s) uy(m), s<sn<l
The constant is obtained by the jump conditions [1] at N = s:
cluls) uy'(s) ~u(s) uy’(s)] = _ 1. (B.10)

Considering that u; (1) = sinh(Np M), uz = sinh(\\p (m - 1)), we obtainn from (B.10) the

constant as
C=- ! ! . (B.11)
Jp sinh(/p 1)
Thus, the Green’s function for the finite span is obtained as:
_ ] sinh(fp (1-5)) sinh({pm), 0<n<s
Josint(fp )~ \sink(fp s) sinfp 1-m),  s<n<i
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(2) Next, we consider the problem (B.4) in a semi-infinite span, 0 <N < .. The solution

for this problem is obtained by taking the limit of / — e in (B.7), i.e.,

n
KM, z,p) = lim sinh(s/p (- ) sinh({p 5) ¥(s, z) ds
1> psink({p ) :

I .
+ lim sink/p ) j sinhtp (1-5)) (s, z) ds (B.13)
1= P sinh({p 1)
n

Let us conisder the factor before the first integral of the right hand side of (B.13).

Substituting p =R €i® , R > 0, ~ & < 8 < T, into VP! yields
' --Jile:o.s:Q ‘
e.’/;l =e 2{(:0 ,/-Elsin—g—) - sin(ﬁl sing-)} (B.14)

Since co.szg> 0, the exponential factor in the right hand side of (B.14) vanishes if / goes to
infinity. Thus (B.14) goes to zero if / becomes infinity. Similarly, e=VP(!~7) becomes
zero since [ > M. Therefore, the factor before the first integral in (B.13) becomes eNpn Hp
if [ = oo,

For the second integral, we show the following points to exchange the order of

limit operation and integration [2]:
sinh{\p(l - 5)}
sinh(\pl)

. |sine(\p - )}
(i Sinh(Np]) I <3G(s),0<s<.

converges uniformly to a certain function F(s).

(i) As/tends to infinity,

(iii) fG(s)‘I‘(s, z)ds converges absolutely.
n

For point (i), we have already shown in the first integral of (B.13). For the second
point, G(s) = C e~ %S, 0 < s < /. If we assume that the obtained G(s) satisfies the third
condition, we can exchange the order of limit operation and integration in (B.13), resulting

in:
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KM zp) = J'L <e" m-stlp _ - ”’5> (s, z) ds (B.15)
3 2lp

Therefore, the Green’s function for the semi-infinite span is obtained as

<e—h1‘-‘1l;_e-m+s)/;>’ 0<MN<eo, 0<s<oo (B.16)

GM, s) =
2yp

By the variable transformations defined by (B.1a,b), the Green’s function for (4.9) is

finally obtained.
References for Appendix B

[1] Chambré, P. L., Notes for Mathematics 220A/B, Department of Mathematics,
University of California, Berkeley, 1984—1985,
[21 Chambré, P. L., and E. J. Pinney, Notes for Mathematics 120, Theorem 6.1.9,

Department of Mathematics, University of California, Berkeley, 1985.
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Appendix C: Errors in Sudicky and Frind’s Solutions for Multiple Parallel
Fractures

In Sudicky and Frind’s solutions for N(z, t), they changed the order of the integra-
tions of i and ¢’ in (5.3) and (5.5), and performed the integration with respect to ¢. This

results in, for the case of D =0,

N(z, t)/

L sin(uy)] ,) - Aeos(] )}
l+u/4[ _ <2 o ?

2
+ {,‘1,— sin(Q°) + lcos(Qo)] dy, (C.1)

However, (C.1) does not satisfy the boundary condition at z =0, (5.2). If we substitute

z =0 into (C.1), we obtain:

2 2 2
N, )N’ = h(')f ¢ {”— sin(u—t)—lcof(u—t)} Al (€2)
A +i ‘14 2 2 2

which cannot be reduced to (). This error stems from changing the order of integration

of u and ¢". This operation is valid only if the following conditions are met [1] (We con-
sider the case for zero dispersion, but very similar argument applies for the case of non-
zero dispersion): (1) exp(—h’)cos(u‘;l,') is continuous and tggunded for ¢’ and W on the in-
tervals 0 <¢' <19 and 0 < L <o, and (2) the integral p.exp(p.;)dp. converges abso-
lutely. The second condition cannot be met if z =0 because with z=0 we have
u; =0, and the integral does not converge at all. Thus (5.3) and (5.5) must be the exact
solutions for N(z, t) instead of theirs.

Let us check if (5.3) and (5.5) actually satisfy the boundary condition (5.2). By

substituting z = 0 into (5.5) we obtain:

N, tyiN° = = J' ""ﬁw J{

Considering the integral with respect to p,

2

)dudt | (C3)
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-]

N 2, PP sin(xt’) o
juco{%i)du=jcos(x’) dx=[ , } = tim 22 _ 5y, (ca)
o 0

T it 0 X e

where 8(¢’) is Dirac’s delta function, (C.3) becomes unity for positive z. Thus (5.5) satis-
fies the boundary condition (5.2). For (5.3) procedures are very similar.

Their solutions to M(y, z, t) contain two different kinds of errors. These are
pointed out independently in [2]. One type of errors comes from the incorrect time integra-

tion. When they obtained the expressions for M(y, z, t) by inverse Laplace transform of

M(y, z, p) = N(z, p) fip), (C5)
where

.(p)'= cosh((B pP+A (S - y))
cosh(B p+A (S—b)) .

With the convolution theorem:

t
£l [1; (p)f, (p)] = I ft) fo(t = t) ar’, (C.6)
' 0

they ignored that the lower limit, g, of the integration in N(z, ) for non-zero dispersion
with respect to £ becomes a function of ¢’. In case of zero dispersion they apparently ig-
nored the presence of (1) in (5.5) on substitution of their solution to N(z, ¢) into (C.6).

After correction of these errors, their solution to M(y, z, t) for zero or non-zero
dispersion does not satisfy the boundary condition at the rock-fracture interface, (2.16).
This is because the inverse transform of f(p) in (C.5) is valid only in the region
b <y <25 -b[3]. Hence their solutions for N(z, t) are correct only in this region. In or-
der to avoid this difficulty, we write the Laplace-transformed solution MINo explicitly by
substituting the Laplace-transformed solution NINe into (C.5), and rearrange the terms as
follows:

M(y, z, p) =f1 (p)fz (p)

where
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cosh(B D+A (S - y))

fl (p) = , (C7)
P cosh(B p+A (S - b))
and
]:2 (p) = Noe“zexp - az\/l + BZ(———“D;'X tanh(m/p+k) + (p+?\.)) ,
forD #0, (C.8a)

iz (p) = Naexp{_ sz (p-{-l + .._.__"p”\' tanh(o‘/ p+),))}, forD=0. (C.5b)

v A
The inverse for (C.7) is now valid for b <y <25 - b. And the correct solutions (5.4) and
(5.6) are obtained.

Note that for (5.4) and (5.6) z = 0 is carefully excluded from their domain of defi-
nition because the cocnentration in the rock is considered only in the region z > 0. There-
fore, we can exchange the order of integration with respect to |t and ¢’ this time in the pre-
ceding forms of (5.4) and (5.6), which contain very similar forms to(5.3) and (5.5) re-

spectively.
References for Appendix C
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Resources Res., 20, 1321, 1984,
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New York, 1973.
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Appendix D: On Weber Transforms

(1) Derivation of (8.31)
Integrating the left hand side of (8.31) with respect to 7, we obtain:

J’—i-%(r%) (r, s) rdr = l:r%d)(r, s)]l —J‘r%f sg;dr. (D.1)
1 1

For large arguments of Jy(z) and Yy(z) [1],

= mz
Jy(z) = i{cos(z-—i)+0(|2| )ell l}
\/ =z 4
4\ |imz
Yo(z)z\/z{sin(z—%)+0(|2| )ell '}, (D.2b)
nz

Iargzl <m, IZI — oo, z complex.
For a real x, these reduce to

Jy(x) = 2 {coa(x - 3—) + O(x—l)}, (D 3a)
\ nx 4
Yolx)~_ | 2 {sirt(x - f) + o(x" )} . (D.3b)
X

X oo

, (D2a)

Therefore,

O(r, s) ~ 0( r-m) (D4)

o0

We assume that f{r) is Weber-transformable, i.e., the integral I[f( rNrdr exists [2], and f{r)

is continuous over re [/, =) . Then,

fir) ~ 0(;”2'“), | %r’-r~o(,"3’2‘°‘), a>0. (D.5)

Because ®(1, s) =0, the first term of the right hand side of (D.1) vanishes. If we integrate

the second term in the right hand side of (D.1) by parts once more, then we obtain:
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o 90
J'rg; 35,9 { f(r) 3 } jf()a ( )dr- (D.7)
1
Similarly,
lim rf(r)—-— =0

Atr=1, _8_?; can be evaluated as follows [3]:

od 2 2
> 1= s{— J(rs)Y o(s) + Jo(s)YI(rs)>r= ) =g (— ———) =_ ;

r=

Therefore, the first term in the right hand side of (D.7) becomes:

[rf(r) %,‘P-] = Zm) (D.8)
1

By differentiating @(r, s) twice with respect to ,

% (r %r?i) = —5 ). (D.9)

From (D.8) and (D.9), the result follows.

(2) Inverse Weber Transform of Wo( s)
Consider the following problem:

14 4
,dr( dr) AM=0 r>1, (D.10a)

subject to

fil) =1, fles) = 0. (D.10b)

Applying Weber transform on (D.10a) yields

fio == 51—, (.11)

T s +A

This implies that the Weber transform of the solution to (D.10a) is written as (D.11). The

solution to (D.10a) is known as
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Then, the result follows.
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